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Abstract. This paper is devoted to obtaining a unique solution to an inverse problem for a multi-
dimensional time-fractional integrodifferential equation. In the case of additional data, we consider
an inverse problem. The unknown coefficient and kernel are uniquely determined by the additional
data. By using the fixed point theorem in suitable Sobolev spaces, the global in time existence and
uniqueness results of this inverse problem are obtained.
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1 Introduction and setting up the problem

Fractional calculus plays an important role in mathematical modeling in many scientific and en-
gineering disciplines. They are used in the modeling of many physical and chemical processes and
engineering (see, e.g., [1]-[7]). A fractional integrodifferential equation can be used to simulate a wide
range of problems in the basic sciences, many scientists have focused their attention on presenting
the solutions for these systems. That equation has played a significant role in finding solutions using
diverse methods, which is in line with the rapid development in finding the answers to diverse prob-
lems originating from the basic sciences. The linear/nonlinear equations fractional integrodifferential
equation has various uses in fluid mechanics [8], Stokes flow [9], airfoil [10], quantum mechanics [11],
integral models [12], mathematical engineering [13], nuclear physics [14] and the theory of laser [15].

Other studies [16]-[21] demonstrate several interesting features of the fractional diffusion-wave
equations, which represent a peculiar union of properties typical for second-order parabolic and wave
differential equations. Fractional evolution inclusions are an important form of differential inclusions
within nonlinear mathematical analysis. They are generalizations of the much more widely developed
fractional evolution equations (such as time-fractional diffusion equations) seen through the lens of
multivariate analysis. Compared to fractional evolution equations, research on the theory of fractional
differential inclusions is however only in its initial stage of development. This is important because
differential models with the fractional derivative provide an excellent instrument for the description of
memory and hereditary properties, and have recently been proven valuable tools in the modeling of
many physical phenomena (see, [22] and the references therein).

According to the fractional order «, the diffusion process can be specified as sub-diffusion (« €
(0,1)) and super-diffusion (a € (1,2)), respectively. There is abundant literature on the studies of
fractional equations on various aspects, such as physical backgrounds, weak solutions, and maximum
principle and numerical methods (see, [23] and the references therein).

Practical needs often lead to problems in determining the coefficients, kernel, or the right-hand
side of a differential equation from certain known information about its solution. Such problems have
received the name inverse problems of mathematical physics. Inverse problems arise in various domains
of human activity, such as seismology, prospecting for mineral deposits, biology, medical visualization,
computer-aided tomography, the remote sounding of Earth, spectral analysis, nondestructive control,
etc., (see [24]-[26]). In this paper, we discuss an inverse problem of determining a source term only
depending on the time in a fractional-differential equation by the measurement data of time trace at
a fixed point x;.

Let QF := Q x (0,7) for a given time 7' > 0, where 2 be a bounded domain in R? with sufficiently
smooth boundary 99 and XF' = 9Q x (0, T). We consider a fractional integrodifferential equation with
a fractional derivative in time ¢:

Ofu(x,t) + Au(x,t) = q(t)ue(x,t) + k xu(x,t) + f(x,t), (x,t) € QOT, (1.1)



where 1 < o < 2 and 9fu(x,t) is the left Caputo fractional derivative with respect to ¢ and defined
by [33]

Fo(t) =

t e
ey Jot =)D (r)dr, d-1<a<d, dEN,
U(d)(t)7 a=d¢e N,

I'(-) is the Gamma function and the operator A is a symmetric uniformly elliptic operator defined on
D(A) = H?2(2) N H}(Q) given by

d

Av(x,t) = — Z 8(; (a,»j(x)aiiv(x, t)) +e(x)v(x,t), (x,t)€ QOT,

i,j=1

in which the coefficient satisfy

aij = a;; € CHQ), c€C(Q), cx)>0, z€Q
and there exists a constant p > 0 such that
d d
> ap(x)&E = py G, forall xeQ, eRY
i,j=1 i=1
and Laplace convolution ,
fratt) = [ 5e=rigriar
We supplement the above fractional wave equation with the following initial conditions:
u(x,0) = a(x), ui(x,0) = b(x), x€Q (1.2)
and the zero boundary condition:
u(x,t) =0, (x,t)ex]. (1.3)

If q(t), k(t), f(x,t), a(x) and b(x) are known, then problem (1.1)-(1.3) is called a direct problem.
The inverse problem in this paper is to reconstruct ¢(t) and k(t) according to the additional data

U,(Xi, t) = hi(t), te (O,T) (14)

where h;(t), i = 1,2 are given functions and x; € Q (i = 1,2) are given numbers.

We investigate the following inverse problem.

Inverse problem. Find u € C ([O,T];D(A"H‘%)) NCY ([0, T); D(AY)), ¢ € CH[0,T] and k € C[0,T]
to satisfy (1.1)-(1.3) and the additional measurement (1.4), where D(A7) is a Hilbert space with some
positive constant «y, see (1.6).

For the convenience of the reader, we present here the necessary definitions from functional analysis
and fractional calculus theory.

For integers m, we denote H™(Q2) = W™2(Q) (see [28]) and H*(Q) is the closure of C§°(9) in
the norm of space H™(2). For a given Banach space V on (£2), we use the notation C™([0,7]; V) to
denote the following space:

Cc"([0,T];V) := {u o |87 u(t)||v is continuous inton [0, 7] for all0 < j < m} .

We endow C™([0,T]; V) with the following norm making it to be a Banach space:

, 0<t<T

lllon oy =3 ( i ||azu<t>||v) .

In addition, we define Banach space X{ by

X{ = C([0,T]; D(A7=)) N C*([0, T]; D(A)).



Furthermore, we set
Yi = XJ x CH0,T] x C[0,T)

endowed with the norm

(s @ B)llygr = Nlullxg + llgllorory + 1kl ego.r-

It is well-known that the operator A is a symmetric uniformly elliptic operator, the spectrum
of A is entirely composed of eigenvalues, and counting according to the multiplicities, we can set:
0<A <Ay<--+, lim A\, =o00. Bye, € H*(Q) N H}(Q), we denote the orthonormal eigenfunction

n—oo
corresponding to A,

Ae, = Mpen, in Q,
e, =0, on 0f).
It is well known that, if the coefficients a;;(x), ¢(x) are real-valued functions and a;;(x) = a;;(x

x)
L>(Q), ¢(x) € LOO(Q) then the eigenfunction sequence {e,},eN is a orthonormal basis in L?((2
Then for v € R we define a Hilbert space D(A") by

€
)-

D(AY) = {u € L*(Q): Z)\QVKU en)? < oo}, Ay = Z)\ZL(U,en)e

equipped with the norm

o0

HUHD(A”f) = (Z )\i”(u’@n )
n=1

We note that the norm ||ul|p(a~) is stronger than |ul|p2(q) for v > 0. Since D(A7) C L3(Q) for v > 0,

identifying the dual of L?(Q) with itself, we have D(AY) C L?(Q2) C (D(AY))" and D(A~7) = (D(AY)),

which consists of bounded linear functionals on D(A7). For u € D(A™7) and ¢ € D(A"), the value

obtained by operating u to ¢ is denoted by __(-,-).. D(A™7) is a Hilbert space with the norm:

2
C

1
3
H‘PHD(A vy = <Z)\ 27‘ u en> |2> .

We further note that
_(u), = (u,) ifue L*(Q) and € D(AY)
(see e.g., Chapter V in [30]).
Moreover, we introduce the Mittag-Leffler function in [33]:

n C
ool kzzol“pk—&-u €

with Re(p) > 0 and p € C. It is known that E, ,,(z) is an entire function in z € C.
Lemma 1.1. Let 0 < p < 2 and p € R be arbitrary and 0 satisfy Zf < 0 < min{m,mp}. Then
there exists a constant ¢ = c(p, p,8) > 0 such that

C1
|Ep,u(z) <

—_— 0 < larg(z)| <,
<oy fSle)s

and the asymptotic behavior of E, ,(z) at infinity as follows

Z +0(z" .

L'(u—pn)

For the proof, we refer to [31] for example.
Proposition 1.1. (see [33]) For A > 0, a > 0 and positive integer m € N, we have

dm

dtimEOé,l(_Ata) = _/\taimEa,a—m—&-l(_/\ta)v t>0



and

d

o (P Ba p(—AtY)) =P 2Eq g1 (=M%), 07 (Ea1 (=A%) = =AEq1(=M\%), t>0.

Also, we mention

6
0
9 —
max —> —<1 9) , 0<6<1. (1.5)
y>0 1+y 1+ 1
We now give a similar definition of weak solution to (1.1)-(1.3), which is introduced by [32].
Definition 1.1. We call u a weak solution to (1.1)-(1.3) if (1.1) holds in L*() and u(-,t) € H}(Q)
for almost all t € (0,T), u,0yu € C([0,T];D(A™7)) and

lim [Ju, ) = allpga-s) = lim () = bllpga-s) =0

with some v > 0. Here v > 0 may depend on a,b.
Throughout this paper, we set vy > % +1,v>0and é < & < 1 such that

d 1
max 14-1,70—&———5 <5 <. (1.6)
o)

We make the following assumptions:

(C1) 92h; € CH0,T], a € D(APFa), b e D(A™), f € C([0,T); D(A));

(C2) 1 (0)q(0) = 07 hi(0) + Aa(xi) - Fi(0), where fi(t) = f(zirt), i = 1.2

(C3) a(x;) = hi(0). bix i) = pi(0), i=1,2;

(C4) p(t) = Wy (t)ha(0) — hy(¢)h1(0) # 0 and p(t) € C1[0,T) satisfies the following inequality:

1
ol o, > — >0,
Po

where pg is a given positive constant.

Remark 1.1. By the Sobolev embedding theorem, if 9%h € C[0,T] implies h; € W(0,T) —
HY(0,T) (see [26]) and from this we will be used in Lemma 2.7 below.

Remark 1.2. (C3) is the consistency condition for our problem (1.1)-(1.4), which guarantees that
the inverse problem (1.1)-(1.4) is equivalent to (2.30) and (2.32) (see Lemma 3.3).

Our main result in this paper is the following global existence and uniqueness of our inverse problem.

Theorem 1.1. Let (C1)-(C4) hold. Then, there exists a unique solution (u,q,k) € Yy of the
inverse problem (1.1)-(1.4) for any T > 0.

The outline of the paper is as follows. In Section 2, we give preliminary results in this paper,
including the existence and uniqueness of the direct problem (1.1)-(1.3), and also an equivalent problem
is presented. In Section 3, the local existence and global uniqueness of the solution of the inverse
problem (1.1)-(1.4) is established by using the Fourier method and Banach fixed point theorem. Section
4 contains the proof of Theorem 1.1 (existence global in time). In Section 5, we give an example of
the inverse problem (1.1)-(1.4).

2 Preliminary results

This section presents some preliminary results, including the well-posedness for a fractional differential
equation, an equivalent lemma for our inverse problem, and a technique result, which will be used to
prove our main results.

Let

o0

Zy(t)n(x) = Z(naen)tEaJ(_)‘nta)en(X)a (x,t) € Qg

n=1

for n € L*(Q).



We first consider the following initial and boundary problems:
Ofu(x,t) + Au(x,t) = F(x,t), (x,t) € QF,
u(x,t) =0, (x,t) € T, (2.1)
u(x,0) = a(x), u(x,0) = b(x), x €.
Note that if @« = 1 and a = 2, then Eq. (2.1) represents a parabolic equation and a hyperbolic
equation respectively. Since we are interested mainly in the fractional cases, we restrict the order a to

l<a<2.
First split (2.1) into the following two initial and boundary value problems:

Opv(x,t) + Av(x,t) = 0, (x,t) € QF,
v(x,t) =0, (x,t) € 2T, (2.2)
v(x,0) = a(x), v¢(x,0) = b(x), x €,

and
02w(x,t) + Aw(x,t) = F(z,t), (x,t) € QF,
w(x,t) =0, (x,t) € ©F, (2.3)
w(x,0) =0, we(x,0) =0, x € Q.

Similarly to Theorem 2.3 in [32], it is easy to obtain the following assertion:

Lemma 2.1. Let a € H*(Q) N HY(Q) and b € HY(Q). Let v > 0. Then for the unique weak
solution v € C([0,T); H*(Q) N H} () N CL([0,T); D(A™7)) to (2.2), there exists a constant ¢ > 0
satisfying

o) =) + e D)lpacmy < e (lalliecen + [Bllen) (2.0

Then we have

v(z,t) = Z1(t)a(x) + Z2(t)b(x), (z,t) € QF, (25)
vi(x,t) = =Y (t)a(z) + Z1(t)b(z), (z,t) € QF '
using
Z (1, n) Ea1(—Ant®)en(x), =3 (0, )t Eg o= Ant®)en (),

the space in C([0,T); H*(Q) N HL(Q)) N CL([0,T); D(A77)).

Proof. The uniqueness of a weak solution is verified similarly to Theorem 2.1 in [32], but smooth-
ness is taken in a different form. Therefore, here we show only (2.4) inequality.

Using the Lemma 1.1 and (1.4), we have

o, )12y = D AR (@, en) Ba (= 2at®)* + Y X (b, €n)tEap(=Aat™)|®

n=1 n=1

> Oty d 7 s
«@ 177
S CZHCL”?{z(Q) +CQZAn(b, €n)2 (M) An .

n=1

. 1-2 1-2
Using A\, © <A *,n=1,2,..., we have
ot Dl < ¢ (lalfega + 16130 - (2.6)

Further, as a second equality of (2.5), we have

o _ 2 =
Hvt('vt)H’QD(A*v) = Z )‘712’y P‘nta 1((17 en)Ea,a(_)‘nta)| + Z >‘n27 |(bs €) Ea,1 (—Ant®) 2

n=1 n=1



N 2
= Apt®) 5 - 1y & —o(y+d
SZAi(a’e”f((lH) ta> D DRI P
n=1 n

n=1

In view of v > 0, we get A,
1.1, and (1.4), we have

S0+ < A;Q(Vﬂ_é) and )\;2(7—%) < )\1_2(7+%). Now, using Lemma

et ) am < e (lalidga + 1011y - (2.7)

Thus the proof of Lemma 2.1 is complete.
We introduce the following auxiliary lemmas to obtain the main results.
Lemma 2.2. Let F € C([0,T]; D(AY®)). Then there exists a unique weak solution w € C([0,T]; H?
HY(Q)) to (2.3) with 0fw € C([0,T); L3(2)). In particular, for any~y > 0, we have wy € C([0,T); D(A~

lim flw (-, )| 2() = Tim [lwe (- )llpa—) =0,
Moreover, there exists a constant ¢ > 0 such that

lw( )l z2(0) + w5 ) lpa-y < et + DIF | cgo,g;pa1/0)) (2-8)

and we have .
w(x,t) = / ATY (t — s)F(x,s)ds, (x,t) € QF, (2.9)

0

the function (2.9) holds in the C([0,T]; H2(2) N HE(Q)) N C*([0,T); D(A™7)).
Proof. The uniqueness of the weak solution is proved similarly to Theorem 2.1 in [32]. Therefore,

here we omitted it and we show only regularity, besides (2.8).
We first have

o] 2

t
oDy = 32| [ P81 ea) ¢ =50 Bl 510
n=1
> 1 2 t 1 5
< o -1 a-1 B e
> ;0%{?%2 ()\n F7 en) /0 )\n (t S) E(%a( An(t S) )dS

2 t ()\ a)”—71 2
nS « _

/ MnS ) \~lgs

o L1+ A;s¢
Furthermore, in a view of the condition of Lemma 2.2, for F' € C([0, T]; D(A'/*)) and by Lemma 1.1,

we have
| Aw(-, HLZ(Q) Z /\2

S C)\;2||F||26'([07t];D(A1/a))t2~ (210)

2

/ s),en)(t —s)* 1B, (At —))ds

<34 / 8).en)2ds / (t = 82| Baa(=An(t — 5)%)ds

> 2 2 t
< E A2\, ® max |(
0<s<t 0
n=1

By (2.3) and (2.10) we can estimate also [|97w(:,t)||c(jo,7];22()) and we have }ir% lw(, t)[| 2y = 0.
—

112

()\nso‘)%
14+ N\, 82

1

A=[F],en)

ds- M\, & t<cHF||C(Ot]D(A1/a)) (2.11)

Next apply Lemma 1.1, Proposition 1.1, and apply Cauchy-Schwarz, and for any v > 0, we have

2

Jwe (-, ¢ H’D(A = ZA o

oo

Z ALY max (A% [F)(, ), e,)]?

0<s<t

/ ,8),en)(t — 8)* B ac1(=An(t — 5)*)ds

2

/Ot(t — s)a_Qana,l(—)\n(t —5)%)ds




2

tda
/ T (so‘*lana(f)\nsa)) ds
0

0<s<t
n=1 -
oo a—1 2
—2y-2 1 o |(Ant®) @ | 2220 2y—2
< Zl)‘n OYQ?%(J(A [F](,8), en)] 1+ Ao )‘ <Ay ||F||c ([0,t];D(AY/ @)
n=

Therefore PH(I) [lewe (-, t)HQD(A_W) = 0. Thus the proof of Lemma 2.2 is complete.
—

By Lemma 2.1 and 2.2, we get the following assertion:
Lemma 2.3. Let a € H?(Q) N HI(Q), b € HY(Q) and F(z,t) € C([0,T]; D(AY*)). Then there
exists a unique weak solution u € C([0,T]; H2(2) N HL(Q)) N CL([0,T); D(A™Y)) to (2.1), such that

lu( Ol a2 + llue(, ) lpa-—) < C[||a||H2(Q) + 1[0l 51y + (t+ 1>||F||C([O,t];D(A1/a))} (2.12)

for all t € [0,T], where the constant ¢ is dependent on a, ) and the coefficients of A, but does not
depend of T'. Furthermore, we have

u(x,t) = Z1(t)a(x) + Zs(t / ATY (t — 8)F(x,5)ds, (x,t) € QF, (2.13)
where Z;(t)[], (j = 1,2) and Y (¢)[-] are defined above.
The next two lemmas are regularity results of the solution w of the problem (2.1).

Lemma 2.4. Let a € D(A"" %), b € D(A) and F € C([0,T); D(A")). Let L <e< 1. Then
u € X{I such that

HU('J)HD(Awi) + [Jue (- D)l peav)y < C(”"HD(AWé) + [[bllpav)

(= D) Fllegopian ) (2.14)

where c 1s dependent on .
Proof., by Lemma 1.1 and Cauchy-Schwarz inequality, we have

= 2 2 (o4 2 @
luCo 12 e :Z T 0y ea) B (At 4 3T 210, e0) (At P

n=1
o] ) 5 t 2
YA / (F(8), en)(t — 5)° oy o(~An(t — $))ds
n=1 0
2N (202 2 N2 2 [ Qnt*)e ’
< An o y En A g @ n =
_Z:j e+ e (P )
© to 2
nga F(-, ), en)|? / Mg (= 8) 2 By a(=An(t — 5)¥)ds (2.15)
n=1 _S_ 0
From Lemma 1.1, we have
C
Boal-A(t—8)) < — <A 5(t—s)"° 2.1
a(=An( s))_lﬂn(t_s)a—cn( s) (2.16)

for any 0 < € < 1. Let % < € < 1. Because of these inequalities, rewrite the inequality (2.15) as

follows
[u(-, t)]1?

DA 2||a||D( v+1 )+62”bH%(m)

) 2

+CQZ max |(A7[F](-, ), en)|? / s St — )2 g
0

0<s<t




7725

< C2||a||D(A'Y+ 1 + A|blpany + AT gre=e) I (0,4:D047)-

As a result, we get

||u("t)HD(A'y+é) < c(a) (HG’HD(A*H—é) + Hb”D(A“Y) + ta(l_s)||F||C([0,t];D(Aw))) . (2.17)

Furthermore, by Lemma 2.3, we have

t)=> {=At* (@, n)Eaa(~Ant®) + (b, €n) Ba1 (—Ant®) } e (x)

i{/ s),en)(t = 8)*?Eaa-1(= A, (t—S)a)ds} en(x). (2.18)

n=1

Therefore, applying (1.5), Lemma 1.1 again, and \,, = O(n*/¢), we have

e (D Bany = D AT NN (@, en) P27 Baa (=Ant )P + D A0, €0) P Baa (—Aut®)

n=1 n=1

+ZA27

2

/ ,8),en)(t = 8)* P Egam1(—An(t — s)*)ds

Ant®) &
<C2Z>\7+ a,en) <(1—|—)\)nt°‘> +622)\2vben —+-02§:max|A7 1(-,8), en)|*

0<s<t
t
c
s ds
/0 14 Aps®

lue (-, )l peary < C(H“HD(Awg) + [[bllpar + ta_1||F||C([o,t];D(m))) (2.20)

for all t € [0, 7). Then we immediately obtain the desired estimate (2.14). This completes the proof
of this lemma.
It is easy to see that

2

X < C2Ha||2D(Aw+é) + bl B an) + CQtQ(a_l)HFH%‘([O,t];D(AW))‘ (2.19)

Thus,

w(x;,t Z (a,en)Ea1(—Ant%)en(x; —i—Z)\ b, e )t Eq 2(—Ant¥)en (x;)

n=1

+Z/\ (/ 05),en)(t—8)* Eqo(—X (t—s)"‘)ds) en(xi), i=1,2. (2.21)

The following lemma is valid.
Lemma 2.5. Let a € D(A™F%), b € D(A™) and F € C([0,T];D(AY)). Then there exists a
positive constant ¢ such that

[ Au(xi, )l co,ry < C(HCLHD(AWO%) + [1bllpcavo) + T%||F||C([0,T];D(m)))a i=12, (2.22)
and

| Aus (x4, )l o,y < C(||a|| + [|bll a0y + Ta_1||F||c([0,T];D(m)))’ i=1,2, (2.23)

D(A™0 )
where ¢ is dependent on 2, a, v, Yo, d, A1.

Proof. An inequality similar to the estimate in the form (2.22) was obtained in the work of [27].
However, the smoothness differs from the given ones, so we provide the above inequality (2.22) in
detail.

We note that A defines the fractional power A? with € R and

llull 26 () < C”ABUHLQ(Q)



(see., [29]).
Let eg = min{ep1, 02} with 2e¢1 = 0 + é —-1- % >0 and 2gg = v — % — % > 0. According to the
Sobolev embedding theorem H2%(2) C C(Q) for B = 4 + ¢¢, we have

lenllog) < e(@llenllms @) < (@) A%nllL2(0) < (A7, (2.24)

For simplicity, we study Au(x;,t) in three parts, namely Au(x;,t) := I +Is+13. For I, by Lemma
1.1, and noticing that \, = O(n?*/?), we have

1< D7 Al )| o (=Ant®)len(x)] < e(€0) 37 A0 # (0, e A 757

n=1 n=1

00 1/2 0o 1/2
2 _ 1_pg_
(9, a) <Z )\i’Yo+a|(a’en)|2> <Z )\nQ(’Yo-i-a B 1)>
n=1 n=1
o 1/2
~4(j0+ 2 —p-1)/d
< C(Q,Oé)”GH,D(A,eré) <Zn o > :

n=1

By the choice of 3, we have 4(~y + é — B —1)/d = (d+ 801 — 4eg) > 1, which implies

n=1

So, we obtain

1] < €€ 0,50, @) all et (225)
Further, by Lemma 1.1 and (1.5), we have the following estimate for Io:
|| <Z>\ (b, en) |t B2 (—Ant®)|len(x:)| < (2, @) f] ben)| L s
n=1 n=1 1 +)\nta !
) o 1/2
(vo+&—B-1) 2 2
(9, 0) ZW o) 1+/\ e < (@,a) (Emub,enn) x
o 1/2
_ 1_g_
y (Z /\n2(’Yo+a B 1)) < c(Q,a,’yO,d)HbHD(AWD). (2.26)
n=1

Next we calculate I3. Here the estimate for I3 as the same as [27] for v — 8 — % = 203 — €9 > 0, and
we have

T3] < (€, @)t || Fllcqo,0:0(47)) vt € [0, 7). (2.27)

According to (2.25)-(2.27), we obtain (2.22).
By directly differentiating (2.21) concerning the variable ¢ and taking into account proposition 1.1,
we obtain

o0

d a—1
%Au X, T Z (@, en)t* " Eq a(—AntY)en(x; +Z)\ (byen)Ea,1(—Ant™)en(x;)

n=1 n=1

+ Z An (/ ,8)yen)(t —8)* 2By a1 (—An(t — s)"‘)ds) en(x;) =1 + I 4 I5. (2.28)

Let £ = min{e1g,€11} with 2610 =799 — 1 — % >0and 2611 =7 — % —1>0.
By the asymptotic property of the eigenvalues A\, = O(n?/9), for I, by Lemma 1.1 and (1.5), we
have

3 > e 1 A te .
< 3 A2l )l B (- Aatlen ()| < el62.) 3N F (0, e0)| G2 a0

n=1 n=1



1/2

1/2 ;o
(Z )\270+ a en>|2> (Z )\;2(70—5—1)>
n=1
1/2
SC(Q7OZ)||G‘HD(A’Y()+O‘ (Z ’YO ﬂ 1 ) .

By choice of 8, we have 4(vg — 8 —1)/d = (d + 810 — 4¢e1)/d > 1, which implies

Z n~400=B=0/d < (g d).
n=1

So, we obtain

1] < (990, Dl vt (2.29)
Similarly, we have the following estimate for L:
_ 0 00 )\;(70—,3—1)
Lo < D7 Al en)l|Bat (—Ant)len(x:)] < e(2,0) > A0, el
n=1 n=1 n

1/2

L) 1/2 LS
o) (Z AZo >> (Z n-4<”°-5-1>/d> < @ a0, ) [blpiaoy  (230)
n=1 n=1

Further, we estimate Is. By Lemma 1.1 and v — 8 — 1 = 2¢1; — €1 > 0, we have

oo 2
I5]? < E / 8),en)(t — 8)* 2 Ea.a 1(—An(t — 8)%)ds - e, (%)
t 1 2
g 2 a-2__ - A\ —2(y—B-1)
c(Q, @) E A2 0r2a§t| ,8), €en)] /0 s i +)\ns“)2d8 A,
¢ 2

2 2 a—2 y—2(v—B-1)

c(Q, ) E A 0r£1a§t| ,8)s€n)l /0 s¥72ds| - A .

So that }
15| < c(Q, 0, \)|IF[lcqo.q,040t* ", VE€[0,T]. (2.31)

Finally, by (2.29)-(2.31), we get (2.23) and so complete the proof of this lemma.

To study the main problem (1.1)-(1.4), we consider the following auxiliary inverse initial and
boundary value problem.

Lemma 2.6. Let (C1)-(C5) be held. Then the problem of finding a solution of (1.1)-(1.4) is
equivalent to the problem of determining the functions u(z,t) € X{', q(t) € C'[0,T) and k(t) € C[0,T]
satisfying

(08u) (x,t) + Au(x,t) = q(t)us(x,t) + (k xu)(t) + f(x,t), (x,t) € QF,

u(x,0) = a(x), u(x,0)="0b(x) x € Q, (2.32)
u(x,t) =0, (x,t) € BT,
and )
) = o5 (RON U0~ mONofuw 1), 0<t<T, (2:33)
1
k(t) = Dy [ (h’1 (N2 [u, 1] (t) — hy ()N [u, l](t))} , 0<t<T, (2.34)

t
where Dy := (d/dt), N; (i = 1,2) are defined by (2.39) below and
t
1(t) :/ k(T)dr. (2.35)
0

10



On the other hand, if (2.32)-(2.34) has a solution and the technical condition (C1)-(C4) holds, then
there exists a solution to the inverse problem (1.1)-(1.4).

Remark 2.1. From Lemma 2.6, we know that (2.32)-(2.34) is an equivalent form of the original
inverse problem (1.1)-(1.4). So, in the next sections, we discuss (2.32)-(2.34), other than the original
one.

Proof. The solution (u(x,t), q(t), k(t)) € Y of our inverse problem (1.1)-(1.4) is also a solution to
the problem (2.32) in Y. Because the problem (2.32) is the same as (1.1)-(1.3). Therefore, we should
show only (2.33) and (2.34). Let the three {u(x,t),q(¢), k(t)} functions be a solution of problem (1.1)-
(1.4). Taking into account the conditions d2h;(t) € C[0,T] and implies h; € C'[0,T], and fractional
differentiating both sides of (1.4) respect to ¢ gives

(05 u) (x4, ) = (05 hi) (L), wi(xi,t) =hi(t), 0<t<T. (2.36)

Setting x = x; in Eq. (1.1), the procedure yields

Ofu(x;,t) + Au(x;, t) = q(t)ue(xi,t) +/0 k(t — m)u(x;, 7)dr + f(x;,t), i =1,2. (2.37)

We note that I(t) = fot k(7)dr. Then by integration by parts, we get the following equality:

/t k(T)hi(t — 7)dT = h;(0)I(t) + /t I(t — T)hi(T)dr. (2.38)
0 0

With the help of (2.36) and (2.38), we can rewrite (2.37) as

hi(®)q(t) + hi(0)U(t) = OFha(t) + Au(xi,t) — (1% hy)(t) — fit)
= Ni[u,](t), i=1,2. (2.39)
Due to (C4), we can solve this system to get (2.33) and

1
16) = 5 (MONa[u 10) = R (DAL, 1)) (2.40)
Furthermore, by differentiating (2.40) concerning ¢, we get (2.34).
Now we assume that (u, ¢, k) satisfies (2.32)-(2.34). In order to prove that {u,q, k} is the solution
to the inverse problem (1.1)-(1.4), it suffices to show that {u,q, k} satisfies (1.4).
Setting x = x; to the Eq. in (2.32), we have

(0f'w) (xi, 1) + Au(xi, t) = q(t)ue(xi, t) + (k * u)(t) + fi(t). (2.41)
On the other hand, from (C2), we easily see that
1
p(0)
We get (2.40) by integrating (2.34) over [0,¢]. From (2.33) and (2.40), we conclude that

(P4(O)Na[u, 1)(0) = B (0)NG [u, ] (0) ) = 0.

RL(H)q(t) = —hi(0)I(t) + 0%hy(t) + Au(xi, t) — (1% hi)(t) — fi(t)
= 07 hi(t) + Au(x;, t) — (k= h)(t) — fi(t)

Filt) = =hi(t)a(t) + O hi(t) + Au(xi, t) — (k * h)(1). (2.42)
Then substituting (2.42) into (2.41), and using (C3), we have that P;(t) := u(x;,t) — hi(t) (i = 1,2)
satisfy
{am(w = qO)P/(t) + (k* P)(t), t>0, (2.43)
P;(0) = P!/(0) = 0.

11



Then, the fractional initial value problem (2.43) is equivalent to the integral equation (see, [33], pp.
199)

Pi(t) = ﬁ /Ot (/St(t — 1) (1 — S)dT> Pi(s)ds — ﬁ /Ot(t —5)7 ¢/ (5)Py(s)ds

; ' 750472 S (s)ds i =
+F(a—1)/0(t )*"a(s)Pi(s)ds, 1,2. (2.44)

This is a weakly singular homogeneous integral equation, and it has only a trivial solution for ¢(t) €
C0,T] and k(t) € C[0,T] (see, [33], pp. 205). Then, u(x;,t)—h;(t) =0, 0 <t < T, i.e., the condition
(1.4) is satisfied. This completes the proof of Lemma 2.6

At the end of this section, we give a lemma that will be used to estimate ¢ and k.
Lemma 2.7. Let (C1) hold. Then for all (u,q,k) € Yi' and 1 € C*[0,T), there exists a constant

¢ > 0 depending on f, a, b, h;, but independent of T, such that
NG, Dllerory < e[+ (TF + T+ lalloorueleqorypeany)
L41 o 1
HTE 4 T [Rllo el g gy ppars ) + T2 Mllcrom (2.45)

where N; (i = 1,2) are the same as those in (2.39) and I(t) is in (2.35).
Proof. By Lemma 2.5 and condition (C1), we see that

INi[u, Ul < 107 hillcro,r) + |Au(zs, £l e,y + 1T h;”C[O,T]
ooz < 108hdlcro + e(lall e 3, + [Pl

o 1 ~
+T% | Fllcqomipany ) + TH e 1Bz + I fillcio -
By the definition of F', the last inequality becomes

[N, Ullcro,r) < 1108 hillcpo,ry + C{HCLHD(MO%) + [Ibllpavo)

+T= (HCJHC[O,T] lutllcqoripeany + A1 = Tlikllewnllell ;o rpar )

I leqomyoean )| + THHlcom bz + Iileomn, (2.46)
where we have used
G +2 _2 _2
1ol a) = nz_jlw Twen) A <A lE

On the other hand, direct calculations imply
DiNi[u, 1)(t) = (05 hs) + Aug(x,t) — (I = B))(t) — f1(t). (2.47)
Here we note that [(0) = 0. By Lemma 2.5, we have

IDeNi[u, Ul oo,y < 1008 ha) lleromy + C[||a||D(Awo+§) + [1bllpano)

_1
+Tret (||(J|IC[0,T] lutlcqoipeany) + A1 * Tlikllconlivll g rpared )

N -
1 fleqomioan )| + T eIk zom + 1 lop - (2.48)
(2.46) and (2.48) bring the desired estimate (2.45). This is complete proof of this lemma.
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3 Existence of the solution to an inverse problem

We can now prove the existence of a solution to our inverse problem, i.e. Theorem 1.1, which
proceeds by a fixed point argument. First, we define the function set

B,r = {(a,q, k) € YOT 2 a(x,0) = a(x), @ (x,0) = b(x), a(x,t) =0, (x,t) € 25,

Il xz + lallorpo.r) + Ikl e < p}-

Here r is a large constant depending on the initial data a, b, f measurement data h;. For given

(@,q,k) € B, 1, we consider

(02u) (x,t) + Au(x,t) = F(x,t), (x,t) € QF,

u(x,0) = a(x), u(x,0) = b(x) x € Q, (3.1)
u(x,t) =0, (x,t) € X7,
where -
F(x,t) = qt)ui(x, 1) + (kx u)(t) + f(x,1),
and
1 _
a(t) = 5 (RO [ 1(0) = In O 1(1)). (3:2)

to generate (u, q, k), where I(t) = fot k(r)dr, N (i = 1,2) are the same as those in (2.33).
By Holder’s inequality, we have

t t 5 _
I > Dby < [ i =)Pdr [ lbondr <30 IRl g, (54)

which implies
_ 1
[(k @) ()lloqo.rpary) < Ar  pT.

Furthermore
7@ 18 po,73:p(a7)) = Jnax ZA?@(U@('J),%)Q <Nl 0.1 180,347y < P (3.5)
- n=1

Using these results together with f € C1([0,T]; D(A")), we have
q(t)a(x, t) + kxu+ f(x,t) € C([0,T]; D(A)).
By Lemma 2.4, the unique solution u € X' of the problem (3.1), given by (2.13) satisfies
lullxg < e (Jallp oo s, + Bllogasy + @ 4 TN Flomoey) - (36)

Further, (3.2)-(3.3) define the functions ¢(t) and k(t) in terms of u. Furthermore, by Lemma 2.7, we
have
lallcrory + Iklloor < cllt/plleror (1h1(0)] + [h2(0)] + R4 ]lerpo,r) + [1Bollerfo,r)

x (14 (% + 7)1+ gl oo luelleqorypeany)
241 N L7
HTE 4 T [Rllory el g gy ppars s, + T2 Wlcrionm )- (3.7)

Note [(t) = f(f k(7)dr. We obtain
— t — — —
llovom = | [ ko] . +1Fleo < 0+ DRl (3.8)
0 C[o,1]
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Substituting (3.8) into (3.7) yields
lallosio.r + Wellcom < e(T) [1+ Iallcomludlloqorypcan)

HEllor.mllull g g ars ) + IFloo] (3.9)

This implies that ¢(¢) € C'[0,T] and k(t) € C[0,T].
Thus the mapping )
Z:Brr =Yy, (@,4,k) = (u,q,k) (3.10)

given by (3.1)-(3.3) is well defined.

The next lemma shows that Z is a contraction map on B, r for sufficiently small T > 0. More
precisely, we have the following result:

Lemma 3.1. Let (C1)-(C5) be hold. For (u,q,k), (U,Q,K) € B,.r, define

(U7Q7k):Z(aﬂQ7i€)7 (U7Q7K):Z(UaQ,I_()
Then for properly small T > 0, we have

[[(u g, k)HYUT <p

and

1 _
I(u=Uq=Q.k = K)llyr < 5l(a-U.,q —Q.k—K)yr (3.11)

for all T € (0, 7].
Everywhere the following proof, we use c; to denote a constant which depends on €, o, v, 70, A1
and the known functions a, b, f and measurement data h;,7 = 1,2, but independent of p and T
Proof. First we prove that the operator Z(B, 1) C B, r for sufficiently small T' and suitable larger
p- To simplify the calculations, we restrict T' € (0,1]. From Lemma 2.4, (3.4)-(3.6), we have

lullxz < Ay~ (llal + [[bllpeano))

DA )
+e(T7 + T*C) (@)l oqo,y,p0a7)) + I ( * @) | oo,11,00a7) + | fllogor1.p0am))))
<o [L4 (T 4 T2079) (L4 p+pT)] (3.12)
On the other hand, by (3.2)-(3.3), together with Lemma 2.7 and (3.8), we have
lallcrio,ry + I kllc,r) < Cz(HNl[UJ]HCI[o,T} + ||N2[u7i]||01[0,T])

e

< s (1 +T% + T+ p(T% + T uelleo,rpean)

+p(TEHL 4+ T9)[u] +pTH(1+T))

C([0,T);D(A7+&))
< C3(1 +TE 4T 4 p(TF + T ullxp +pTH(L + T)), (3.13)

where we have used the assumption T € (0,1]. Then, adding up (3.12) and (3.13) leads to

1w, ¢, k)llyr < ea(l+T% + T +eap(T? +T71) (1 + T 4 70

p(1+ T)(TO ' 4 70—y 4 712 4 T3/2). (3.14)

We choose sufficiently small 71 such that

ca(1+T% + TN 4 eap(TF + T (1 ety a=o)
4p(1+ T) (Tt 4 7o=2)) 4 1/2 +T3/2) < (3.15)
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and therefore, for all T < min{1, 7 } we have
H(ﬂ, q, ]%)HYOT < p. (316)

That is, Z maps B, r into itself for each fixed T' € (0, min{1, 7 }]. -
Next, we check the second condition of contractive mapping Z. Let (u,q,k) = Z(u,q,k) and
(U,Q,K)=2Z(U,Q,K). Then we obtain that (v — U,q — Q, k — K) satisfies that

u(x,t) —U(x,t) = /0 ATY (t — 8)F(x,s)ds, (x,t) € QF, (3.17)

and
0(0) = Q1) =~ (haO) NG 1,10~ ARIUL LJ0) ~ I O)Nafi 1) — AU EIC)). (318)
0 - ) = 2 (OGN0 = L )= KOOSO = NILHD g1

where L(t) = fot K(7)dr and
Fi=qu-U)+(q-QUi+kx(u—-U)+ (k—K)=U.
Using Lemma 2.4, (3.5), and (3.6), we get

lu = Ullxz < e(T + ety [||((1— Q)iell e (o,1, D47y + 1@ — Up)lleqo,m,p0a7))

Ik = K @)lleqorypan) + I1F @ = Dlloo.r,pean |
< (Tt 4 719 {HQ = Qllc,rilluellco.rpany + i — Udlleqory,panylldllco,r
2 _ 1 _
+T) |la—-U]|

_1 _
T2 Ik = Kllepn 1l

[O,T],'D(A'H'é)) C([O,T],D(A”*%))”k”C[OvT]]

_1 — _ — _
< re (T2 + 72079 ) max{1, 72\, “} |l = Qllow.n + |7 = Ullxg + Ik = Kllepn].  (3:20)

Similarly, by (3.18)-(3.19) and Lemma 2.7, we have
_ -1 3
lg = Qllorio.ry + Ik = Kllopory < re(T+ + T~ ) max{1, T?A; =, T2} {Hq = Qllcpo,r)
@~ Tllxg + Ik = Kllop.r| (3.21)
Therefore, by (3.20) and (3.21), we have
it
l(u—U,q = Qk = K)llyr < cr[ (TC“ + Ta(1—€>) max{1, T2\, = }
I T a1, T2 T3 (@ - 0,6 - Q. k — K) g (3.22)
Hence we can choose sufficiently small 75 such that
cr[ (Ta n TO‘(H)) max{1, T2A] * } + (T/%! { 7o Vymax{1,T2A[ =, T3}| <1/2  (3.23)
for all T' € (0, 2] to obtain
1
[(u—=U,q—Qk—K)|yr < §||(u —U,q—Qk—K)lyz. (3.24)
Estimates (3.16) and (3.24) show that Z is a contraction map on B, p for all T' € (0, 7], if we choose

7 < min{l, 7,72}
To prove the main result, we should prove the following assertion.
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Lemma 3.2. Under conditions (C1)-(C5), for given measurement data h;(t) fori=1,2in (1.4),
if the inverse problem (1.1)-(1.4) has two solutions (u;,q;,k;) € Yy (j = 1,2) for any time, then
(ul, qi1, ]{31) = (’ILQ, q2, kg) m [0, T]

According to Remark 2.1, we know that (2.32)-(2.34) is equivalent to (1.1)-(1.4). So, in Lemma
3.2 we discuss the global uniqueness of the inverse problem (2.32)-(2.34).

Proof Lemma 3.2. Given any time T, let (u;,q;, k;) (i = 1,2) be two solutions to the inverse
problem (2.32)-(2.34) in [0, T with the regularity (u;,q;,k;) € Y . This implies

Hui,Q¢7ki\|yOT <C*, i=1,2, (3.25)

where C* is depending on «, T, initial data ¢ and 1, the known function f and measurement data h;.
Let

=u; —u2, G=q1—qz, k==k —ko.

IS

Then (@, §, k) satisfies

0%t + Al = quily 4 Guoy + k1 1+ k xug, (x,t) € QT

i(x,0) = iiy(x,0) = 0, x € Q, (3.26)
a(x,t) =0, (x,1) € Xg,
and )
q(t) = ) (hg( VAU(x1,t) — hy(0)Ad(xa,t) — 1 *p) (3.27)
) ( (xo, —l*h’) — 1 (#) (Aﬂ(xl,t)—f*m)
k(t) = , (3.28)
dt p(t)
where [(t) = I; — I, and the functions I; (i = 1,2) satisfy I( fo . We have to show
(@, G, k) ly;r = 0. (3.29)
Define -
o = inf {t € (0,7 [1(@ k) lyr > 0}. (3.30)

It suffices to prove that ¢ = T. If (3.30) is not true, then it is obvious that o is well-defined and
satisfies 0 < T'. Choose € such that 0 <e <T — 0.
Further, by (2.13), we can write the solution @ as

u(x,t) = /0 ATYY (t — s)F(x,s)ds, (x,t) € QITe, (3.31)

where - -
F(X,t) :qlﬂt+q~th+k1 *fL—Fk*UQ

Then similar to the proofs of Lemma 2.4 and 2.5, we have

[l] xo+e < es(e* " + N Fllo(ioo+e:mic)) (3.32)
and -

||A71(X27 ')”C[o,a’—}—e] < cge2 ||F||C~'([a',o+e];D([,’Y))7 (333)

||Aﬂt(xi7 .)||C[O',O'+E] < C7€a71||F||C([a,a'+e];D([,'Y))~

From the definition of o, we see that
i=G=k=0 in [0,0]. (3.34)

By the definition of F', and using (3.4), (3.5) and (3.25), we have

[all xg+e < cs (fa_l + Ea“‘a)) (IIqﬂlt|\c<[o,a+e];o<m>> + lquatllc(o,o+espiem)
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H|k1 * @l (0,0 +;D(cy) + 1 u2||C([U,U+e];D(L’Y)))

< esC* (7 + 07 (il cqoorapien) + lillowora + A7 elil g,y gperdy)

AL el cfoore ) (3.35)
Due to ¢(o) = 0, then implies
t
filetnasg = max, | [ @(6)ds] < ellesinasr (3.36)

Substituting (3.36) into (3.35), we have
_ 1 ~
] o e < esC* (eCH n ea“f)) max{1, e, A\ * €} (% G, k) yore. (3.37)

Note ||Gllc170,0) = ||I;:||C[0’U] = 0. On the other hand, by (3.27), and using (3.33), we have the following
estimate for ¢

@t o040 < eole’? + ) ([0200)/p(0)| 0,040 + 120 /P(0) [ ) IE i s picoy

+€1/2”pHC[o,a+e] ||l~||C[(r7U+e] < CQC(hi)(€a/2 =+ 60‘71) (”at“C([mUJre];D(ﬁ’Y)) =+ 6”6“01[0’704’6]

1 ~
A a6”“”0([0,0+51;D<m+é))) + C(hi)e [kllcio,o s+, (3.38)

where we have used that

t
lllcwosq = max | / (5)ds| < ellfllofoose.

o<t<o+e

Similar to (3.38), by (3.28) we can easily estimate for k as follows

&l Cloota < Clhi)|c10(€®® + €N (el o(o,o+a:D(e)) + €lldll ot oot

—% I 3/2)3
el et h ) T € MRl 1) (3.39)
From (3.37)-(3.39), we obtain
1@ @, By, v < Cha, CI()I(@ . By, (3.40)

with .
lim n(e) = lim (60‘/2 + 2671 4 ea(lfg)) max{1,e, A “¢,e¥/2} =0,

e—+0 e—+0
and implying ~
||(ﬂ7 Cja k)||yr7,<r+€ =0

for some sufficiently small positive constant e. This means that (u; — ua,q1 — g2, k1 — k2) vanishes in
[0,0 + €], which contradicts with the definition of o. Therefore (3.29) is proved. From here, we can
conclude that

(u1,q1, k1) = (u2,q2,k2) in  [0,7]

for any time T.
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4 Proof of the main result

In this section, we give proof of the global solubility of the solution to our inverse problem, i.e.,
Theorem 1.1.

Lemma 3.1 ensures that there exists a unique solution (u, g, k) € Y of the inverse problem (2.32)-
(2.34) for sufficiently small 7 > 0. In this section, we show that the unique solution (u,q, k) in [0, 7]
can be extended to a large time interval [0, 27].

To do this, we consider

(09v) (x, 1) + Av(x, t) = y(t)ve(x, t) + [y k(t — s)u(x, s)ds
(= )k, s)ds + (%, 1), (x.1) € QT
(4.1)
U(Xa T) = U(Xa 7_)7 Ut(x7 T) = ’U,t(X, T) x € (),
v(x,t) =0, (x,t) € ©T,
and 1
u(0) = -5 (RO 1) = I (AR, 1)), 7 <t<T, (4.2)
_d [ ONa[v, I7](t) = hy ()N o, I7](2)
’I“(t)_dt<1 p(t)2 )a T<t<T’ (43)
where
.M@jﬂ@::@%Aﬂ+Amm¢)—/WML—@MQMS—/LWU—$MQMs—ﬁ@L (4.4)
0 T
and [7 (¢ f r(s)ds. Obviously, if we prove that there exists a solution (v,y,7) € Y, with some
T>zrme( .4, k) defined by

(@4, ];) _ {(u,q, k), te]o,7], (45)

(v,y,7m), t€[r,27],

is a solution of the inverse problem (4.1)-(4.3) on the larger interval [0, 27].
We repeat a similar fixed-pointed argument to prove the existence of (v,y,r). Define an operator

K: Bﬁ,T — YTT7 (ﬁvga f) - (’vaar) (46)
with (7,7,7) € Bs.r, where
Bﬁ,T = {(v y,T) € YT o(x,7) = u(x,7), 0:(x,7) = ur(x,7), Xx € Q

00, 1) =0, (1) € 2L, [ollxr + [glesrir) + I7llermr < 7).

Here v is the solution to the initial and boundary value problem

(98v) (x,1) + Av(x,t) = F(x,1), (x,t) € QT,
v(x, 7) =u(x,7), v(x,T)=u(x,7), x€EQ, (4.7)
v(x,t) =0, (x,t) € ¥,
where ~
F(x,t) = g(t)vs(x,t) + (k*u) (1) + (F*0)(T + 1) + f(x,1), (x,t) € QL. (4.8)

Furthermore, y is the solution of (4.2) in terms of v and r is (4.3). Additionally, we have u(-,7) €
D(A™+%) and uy(-,7) € D(A™). Indeed, in view of (2.13), u(x,7) can be written as

u(x,7) = Z1(1)a(x) + Zo (1 / ATYY (1 — s)F(x,s)ds (4.9)
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IA

with F(x,) = q(O)un(x,t) + (k  w)(t) + f(x,8) € C([0, 7} D(AT)) such that [|F]lcor:pea)
¢s(p, 7, A1, f). Then, by Lemma 1.1, we have

(b, en)‘QlTEa,Q(_/\nTa)IQ

e o0
+3 « 2v0+2
I DI ey = 2 A 2O (@, 0) 2l Ba (< A7) 4+ SO AT

n=1

2

0 2

270+ %

4 2 An'YO o
n=1

/OT(F(~, 5),n) (7 = 8)% " Ea o (=An(r — )%)ds

2
(AnTa)%
14+ A1

r 2
/ (1 —s)* " 1ds
0

SC%H@H; o+ L +612Z>\270| b,en)|?
n=1

_ Ay — L
+013Z max [(A7[F](-,5), en)|” AT mEe),

0<s<T

By v > 70 + = — ¢, together with (1.4), we get
v HYt+E—e_a(l-
Pl et < 10 (lallp oo s, + Bl + 2777090 Plogo peny) . (4:10)

According to the (2.18), we have

Z{ AT @, 0) Basa(—A™®) + (b, €n) Baa (—2a7) } €0 (2)

+Z{/ 5),en)(T = 5)* *Eaa-1(—An (T—s)”‘)ds}en(x). (4.11)

Then, by Lemma 1.1 and applying (1.4) again, we have

e (T b arey = D AZOAZN(@ €n) P77 Ba o (=An7)> + D> AP (b, ) 1P| Ba1 (—An )2
n=1 n=1

2

+ Z A2 / ,8),en)(T = 8)2 2 Eg a1 (=T — 5)%)ds

2
2 +3 (A7) 5 -
S 6%5 ; )\n'YO (a, en)2 <W -+ C%l nz::l )\E{YO (b e

2
—27+270
An

+Z max |(A7[F](-,s), en)|?

0<s<T

/ 5 2By a_1(—Aps®)ds
0

a— av|2 \—
< Clollalp vty +ehalblie Aw>+Z max [(A7[F](-,5);en)|* |77 Eaja (= A7) AT

0<s<r
(/\ )a—l 2
TY) e | —2v+2y0+2 -2
< Gllal?, yrs )+cn||b||p<mo)+zorgagf| AR ) e[S AT gag)

where we have used

t t
/sa—QEa,a,l(—Ansa)ds=/ di(sa—lEa,a(—Ansa)) ds =t By o (= Ant®).
0 o as

By'y>'yo+éfsforé<5<1,wehave2'yf2fyof%+2>0.

Thus,
e, )lipgacn) < exe (llallp oor 1, + [bllocars) + IFlloqgommian )- (4.13)
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Moreover, by (3.12) we have

o]l xr < crsAy 07 (Ilu(-m)llp(mﬁé) + l[ua ) lpgare) )

+c19 ((T -7+ (T - T)a(l_e)) (Hﬂ(t)@t||C([T,T],D(m)) + [I(k = u)llc(o,71,p(a7))
I * @)l r,pan) + ||f\|C([T,T],D(Av))) < 620)\17@077)(”“("T)HD(AWO%) + [lue (-, 7)l[p(ar0))

_1 _1
e (T = 7)1+ (T = 7)2079) (54 AT pr 4+ AT BT = 7) + ). (4.14)

On the other hand, by (4.2), and using (3.33), we have the following estimate for y

Iyllcrprry < 1h2 (Ol ot .oy N v, Mot ey + R O™y N2 [0, T et )
2 ~
<> {C(hi)(l Fluls Pl gr0+ &y + 1wl T Ipeare) + Chas fi)
1=1

+C(he) (T =) + (T = 1)°7) gl om0t mepany + C) (T = 1)+ (T = 7))
XNl a1 g rypgars by + Clhis §) (T =72 4 (T = 7)) 7 5B
+C(hi)C*:| < 022(||u(-, T)||D(Avo+é) + ||ut(-,7')||p(mo)) + c23 + Co4 ((T — T)a/Z + (T - T)a—1)

tezs (T =72 4 (T = 1)) 4 a6 (T =7+ (T = 7)*/2). (4.15)
The last term becomes from
117 % Byllca gy < RO ez + N o IB] o ey + (T = )2 o 1Pl 22 (rr)

here we notice that, by the Sobolev embedding theorem, we have ||h;|w=21(-7) < cl|0f hillc1jo,r) (see
Remark 1.1). Similarly, we have

Il < 622(||u(.’T)||D(A70+é) + ||ut(-,T)HD(Avo)) + Coz + Cos ((T — T)a/2 + (T - T)aﬂ)

s ((T )/ (T T)a) + 6 (T (T - 7)3/2) . (4.16)

We set T'— 7 < 1. Combining the estimates (4.14)-(4.16), as a result we have
103 )llyr < car ([l goos 2 + e Pl ) + eas (0 =77 +(T = 7)) (147)

ez (T = 1) + (T = )20 ) ey (T = 1)/ 4 (T = 7))
+ca1 ((T — 7—)@/2+1 + (T — T)a) + c39 (T -7+ (T - 7)3/2) + c33. (4.17)
Moreover, using (4.10) and (4.13), by similar calculations to (3.22), we have
IK (01, pn,m1) = K (o2 y2,72) lyr < eaa (T =7)2 74 (0= 7)2079) (147)
HT —7)* + (T = )T 4 (T — 1) (T — )
+T =7+ (T - 7')3/2} |v1 —v2, 91 — y2,m1 — 2lyr. (4.18)
We choose p such that p > p and

P
et (a2, + e o)) + 53 < 2.
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It is easy to see that if we choose p larger, then we could get larger T'— 7 to satisfy

C28 ((T — ) (T - 7-)04(1—6)) (1+7)
TC20 ((T -7)*+ (T - T)a(kEHl) + ¢30 ((T — )2 4 (T — 7)0"1)

+ea1 ((T =)/ (T - T)a) + c32 (T —T+ (T - 7)3/2) < g. (4.19)

Furthermore noticing that (4.19) and (3.15) have the same structure, we can choose T'— 7 = 7 to
satisfy (4.19), which yields || K(v,y,7)|lyr < p, i.e. K(Bsr) C Bs 7. Additionally,

1
1 (1, y1.m1) = K (02,92, 72) lvr < Sl = 02,90 = y2,m1 = 72)llvr (4.20)

Hence we prove that K is a contraction operator on BE,:’T for T = 27.

Repeating the extension process limited times, we could obtain a solution (u,q,k) € Y of the
inverse problem (2.32)-(2.34) for any 7. Lemma 2.6 shows that the inverse problem (2.32)-(2.34) is
equivalent to our inverse problem. Consequently, the inverse problem (1.1)-(1.4) also admits a unique
solution (u, q, k) in the space XI x C1[0,T] x C[0,T] for any T.

5 Example

In this section, as an illustration, we give an example of the inverse problem (1.1)-(1.4) when d = 2.
In this case, we assume that A = —A := —02 — 2. Let = (0,1) x (0,1) be open rectangular. Then
in the domain Q7 = {(z,y,t) : (z,y) € Q, 0 <t < T} we have the following problem:

t
O u(e,y,t) — Aule,y,t) = gty . 1) + / Kt — s)u(z, y, 5)ds
0

—Aa(z,y) —tAb(z,y) +2 (1 —e " + (15 + 7)) b(z,y) — (1 — e Na(z,y), (z,y,t) €Q), (5.1)

with initial

u(z,y,0) = a(z,y) := sin 27z sin 27y, (z,y) € Q, (5.2)

u(z,y,0) = b(z,y) := (10 — 3222)y sin 7 sin 7y, (z,y) € Q, .
and boundary conditions

uw(0,y,t) = u(l,y,t) =0, wu(z,0,t) =u(z,1,t)=0, te€(0,T), (5.3)

In the inverse problem, it is required to find the functions ¢(t) k(t), if there are additional infor-
mation regarding the solution of the direct problem (1)—(3):

11 11

It is not difficult to check that all given data satisfy conditions (C1)-(C4). Then, by Lemma 2.6 the
solution of the inverse problem (1.1)-(1.3) is of the form

u(z,t) = sin 27z sin 27y + t(10 — 3222y sin 7 sin 7y,

k(ty=et, q(t)=et—1—(31+ 2% (5.5)

Of course, the solution of the inverse problem (5.1)-(5.4) also satisfies the conditions of Theorem 1.1.

Conclusion. The weak solubility of a nonlinear inverse boundary value problem for a d-dimensional
fractional diffusion-wave equation with natural initial conditions was studied in the work. First,
the existence and uniqueness of the direct problem were investigated. The considered problem was
reduced to an auxiliary inverse boundary value problem in a certain sense and its equivalence to
the original problem was shown. Then, the local existence and uniqueness theorem for the auxiliary
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problem is proved using the Fourier method and contraction mappings principle. Further, based on
the equivalency of these problems, the global existence and uniqueness theorem for the weak solution
of the original inverse coefficient problem was established for any value of time.
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