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ABSTRACT. In 1992 [22], Matsumoto proposed the concept of («, 3)-metrics in Finsler
spaces. In this study, we investigate the special cubic («, 8)-metric ([1], [2]), which is
a particular class of p-power Finsler metric, and prove that a two-dimensional Finsler
space with such a specific metric is a Landsberg space. We find the main scalar I of
two-dimensional Finsler space with the cubic (o, 8)-metric. It is demonstrated that if
a Finsler space with the cubic («, 3)-metric is a Landsberg space, then it is a Berwald
space.
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1. INTRODUCTION

A Finsler space with the Cartan connection CT is considered. The Finsler space
is known as a Landsberg space if the covariant derivative Cj; ), of the C-torsion tensor
Chij = 8;1818](%2) satisfies C’Mﬂk(az,y)yk = 0. A Berwald space is defined as Cp;;, = 0.
Berwald spaces are very interesting and significant since the connection is linear, and sev-
eral examples of Berwald spaces have been known. However, there is no concrete example
of a Landsberg space that is not a Berwald space. If a Finsler space is a Landsberg space
and satisfies some additional conditions, it is merely a Berwald space ([16], [26]). In the
two-dimensional case, however, a general Finsler space is a Landsberg space if and only if
its main scalar I(z,y) satisfies I;;y° = 0 [17].

A generalized form of an («, )-metric on an n-dimensional manifold M™ is defined

pea(i+2) o

is known as the class p-power (o, 8)-metrics [5], where p # 0 is a real constant. If p = 1,
equation (1) reduces to Rander’s metric (L = a + ), which has important and interest-
ing curvature properties and was recommended for the first time by Ingarden in 1957.

When p = 2, it becomes a square metric, commonly known as Z. Shen’s square metric

(L = M) If p = —1, it reduces to the Matsumoto type metric, which may be used

(6%
for measuring the slope of a mountain and so on.

as



In 2000, H. S. Park and I. Y. Lee [10] studied the condition for a two-dimensional
Finsler space with a special (a, 3)-metric is to be a Landsberg space. Further, they clar-
ified that if a Finsler space with a special (o, 3)-metric is a Landsberg space, then it is
also a Berwald space. Later, in 2003, I. Y. Lee and D. G. Jun [13] obtained the conditions
for a cubic Finsler space, which is a Berwald space, and a two-dimensional cubic Finsler
space, which is a Landsberg space. Further, they have proved that if a two-dimensional
cubic Finsler space is a Landsberg space, then it can also be a Berwald space.

In the present paper, we consider p = 3 in equation (1) and get the special class of

(c, B)-meric in the form of
3

Q@
and named as cubic («, )-metric in an n-dimensional manifold M™ and an n-dimensional
Finsler space F™ equipped with this cubic («, 5)-metric is known as Finsler space with
the cubic («, 8)-metric ([1], [2]). Further, we investigate the conditions under which the
Finsler space F? with the cubic («, #)-metric is a Landsberg space in which the main scalar
I plays an important role, and we show that if F2 with the metric above is a Landsberg
space, then it is a Berwald space. We next use the metric (2) to determine the difference
vector and the main scalar of F2.

L=

2. PRELIMINARIES

Let F" = (M™, L(a, B)) be an n-dimensional Finsler space with the cubic («, 8)-metric
and R" = (M", ) the associated Riemannian space, where o? = a;;(z)y'y’, 8 = bi(x)y'.
The Riemannian metric « is not assumed to be positive-definite in the following, and we
shall restrict our considerations to a domain of (z,y), where 8 does not vanish. (;) denotes
the covariant differentiation in the Levi-Civita connection v;k(:z) of R™. Let us list the
symbols here for further use:

) oL OLa , _ 0L

_%7 Laazav Bﬁzﬁa

2
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T, = brria S; = br3i7 b'=a bm b =a brbs7 Y = QkryY ,
) ir ) ir

27"1']‘ = bi;j + bj;i, 281']' = bi;j — bj;i, ’I“j =a T‘Tj, Sj =a Srj-

The Berwald connection BI" = (G* Gé-, 0)of F™ plays a significant part in this present

. ik A .
paper. BJ, denotes the difference tensor of G, from v}, as follows [18]:
Gin(@,y) = vip(x,y) + Bip(z,y). (3)
With the subscript 0, transvection by ¢, we have
Gi =0 + Bl 2G" =40 + 2B’ (4)
and then B = 0;B" and B]’.k = akB}, and d; = ——. It is noteworthy that the Car-
oyJ

tan connection contains the nonlinear connection G; comman to BI'. According to [18],

Bi(a:,y) is known as the difference vector. If B?Ly + ay?Laq # 0, where 72 = b?a? — 32,
then B’ is expressed as follows:

r= () () () (@ () o
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where

* BLﬁ * * a/B(TOOLOZ — 280&[’5)
E _< L ¢ Ot = 2(82Lo + ay?Laq)

Since BT is L-metrical, L(«, 3) satisfies
L\i = 0;L — (a.rL)Gg =0= Laa\i + Lﬁﬁﬁa

OL 0L
where (Lo, Lg) = ( ), and so

da’ OB
Lg
Q= *faﬁ|i- (6)
It is observed that 8); = by;y® = (bs;; — br-BY;)y*, which implies
Biy" = roo — 2b,B". (7)

For the scalar b? we have b2y’ = (9;b*)y’ = b%yZ = 20" (17 + 54)y', which shows

B3
b|2iyi = 2(rp + s0). (8)
Next is the quadratic form
7 =% — 52 = (VPay; — bibs)y'y’.

It plays a role in the following. It is easy to explain from the given equations
» L
7|2iyz =2(rg + s0)a® — 2 (Lﬁb2a + ,6’> (roo — 2b,B"). (9)
«

The following Lemma has been shown as follows:

Lemma 2.1. ([11], [25]). If a®> = 0 (mod B), that is, a;;(x)y'y’ contains b;i(z)y’ as
a factor, then the dimension n is equal to two and b2 vanishes. In this case we have
§ = d;(x)y" satisfying o® = B and d;b* = 2.

Lemma 2.2. ([11], [19]). We consider the two-dimensional case.

2
(1) If b2 # 0, then there exist a sign € = +1 and § = d;(x)y" such that o? = % + £62
and d;b* = 0. ‘ ‘
(2) If b* = 0, then there exists § = d;(x)y" such that o = 3§ and d;b* = 2.
If there are two functions f(z) and g(z) that satisfy fa? 4+ g% =0, then f =g =01is
2_ (9 82,
(7

Throughout the paper, we shall say “homogeneous polynomial (s) in ¢ of degree r” as
hp(r) for brevity. Thus -, are hp(2).

obvious, since f # 0 implies the contradiction «

The main scalar I of two-dimensional Finsler space F? with the (o, 3)-metric, according

to [23], is given by
L\ *[13(Ty)?
2 — R
el _<a> [ AT3 ] (10)




4

where € is the signature of the space, 72 = b%a? — 32,
T = P(P + Pob* + P_18) + {PoP—y — (P_1)*}v%;
T 11
s (1)
op
and

LL
p=""

8]
Py = LLys + (L2)?,

1 12
P = E(LLIQ + L1 Lo), (12)
L Ly L%
Po=— (L1 — — —.
2 aQ( 11 o ) + o2

3. MAIN SCALAR I OF A SPECIAL CUBIC («, [3)-METRIC

In the following section, we obtained the equation for the main scalar of two-dimensional
Finsler spaces using a specialcubic («, 5)-metric.
Let us consider the special cubic metric given by (1).
Now, the partial derivatives of (1) with respect to a and § are as follows:

20, _ 2 2
Q@ Q@ «
6(a + ) —68(a + B)
Lss == Lap=Lpa=—(5—
Putting (13) into (12), we get
5(, _ 4
Q Q@
b _3atPa=48) , _ -38(a+B)'(a-18)
-1 = 6 5 -2 — ) .
Q@ «@
Again Putting (14) into (11), we get
(a+B)"°
T= TQ' (15)
where
Q= a?(1+6b%) — af —83%
and
(o + B)°
Ty = 3 {102 — (a + B)(a + 165)} (16)
Now, the main scalar of two-dimensional space is
9v2 W2
2 _
el = % (17)
Where

W = (34 20b%)a? — 9083 — 3252
Thus, we have the following theorem:

Theorem 3.1. The main scalar of two dimensional Finsler space F?> with the special cubic
(cv, B)-metric is given by (17).
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4. LANDSBERG SPACE OF DIMENSION TWO WITH A SPECIAL CUBIC («, 3)-METRIC

Let F" = (M", L(«, 8)) denote an n-dimensional Finsler space with the Cubic («, 3)-
metric denoted by (2). The difference vector B* of F™ is given by using the approach
described in ([4], [18]).

- 602 A . (a—4pB) 60
2B' = ———— |V + ———' ———5¢ 18
(a—26)§2[ T 0z Y T lam2p)™ (18)
Where
A= (a — 2,3)7“00 - 604280,
Q= a?(1+6b%) — af — 8%
It is obvious that a # 0,Q # 0 and (a — 283) # 0, since « is irrational in (y?). It
follows from (18) that
(a —28)A
O .

Now we consider the condition for a two-dimensional Finsler space F? with the
cubic (o, B)-metric given by (2) to be a Landsberg space. In the two-dimensional case, it
is widely known that a general Finsler space is a Landsberg space if and only if its main
scalar I(z,y) satisfies I|Z~yi =0 [11].

With regard to ([23], [24]), the main scalar I of a two-dimensional Finsler space F?
with a cubic («, 8)-metric occurs as follows:
el? = 7972W2,
403

Too — Qerr - (19)

(20)
Where
W = (3 +206%)a? — 9a — 32532
Now, the covariant differentiation of (20) yields
A e} = W [Qnyﬁ- +72{2Q(6c + 406%a — 98) — 3W (20 + 126%a — B) ey, (21)

92 {3W (a + 168) — 20(9a + 648)}8; + 272a%(20Q — 9W)b2] :

|

Transvecting (21) by %, we get

B2

AQ4eIRy = OW [ HAZy' + Tapy’ + I8’ + K6y, (22)
Where
H = 3a* + 38b%a + 120b%a* — 12038 — 746238 — 4702 8% — 352022 5% + 104a8% + 2565%,
I = —6b%a” — 76b%a® — 2400505 + 33b%a? B 4 196b% a3 + o2 + 163b%a> 5% + 75201 a3 52
— 330233 — 148b%a% 3% — 87a Bt — 5120%aB* — 4853°,
J = —9b%a’ — 48b%a® + Th2at B 4+ 1920t B + 903 5% — 208b%a3 5% — Ta? 3 — T04b% 0233
+ 256a8* + 5123,
K = —14b%a% — 1200*a® + 1220%0° 8 + 140?32 + 37602 8% — 122032 — 2560232,



As a consequence, the two-dimensional Finsler space F? with the cubic (a, 3)-metric is
a Landsberg space, if and only if
9w Hvﬁyi + Ia|iyi + Jﬁ‘iyi + Kbi-yi] =0,
Which implies
H’yﬁyi + Ioz|iyi + Jﬁ‘iyi + Kb‘ziyi =0, (23)

Since W # 0, because W = 0 means b> = 0, this is a contradiction.

The equation is rewritten as follows using (6),(7),(8), and (9):
{2(a — 2B)} (&*H + K)(ro + s0) + [- 2(3b%a® + aff — 26°)H
—3al + J(a—28)](roo — 2b,B") = 0.
Substituting the values of H, I, J, K, and (19) into the above equation yields
a?[6a° + 84b%a° + 288b%a” — 3008 — 96b%a’ B + 5766’ B — 900 7 — 828b° a3 (24)
+288b% 8% + 22207 5% — 10326%a*B° + 564a3* — 384b%a " + 2883°] (1o + s0)
+ [ - 9%a’ — 48b1al — 6a°B — 6067 + 3901 5% + 277t B — 144b*a’ B2
+ 660°8% — 486b%a 8% — 192033 — 456b%a2 B — 10502 8% + 576b%a? 8
—222a8° — 968°|roo + o*[54b%a” + 288b*a” + 360 B + 468b%a* B
+576b%a* 8 — 16203 8% + 7746703 B2 + 288b* a3 B2 — 720023
— 1368b%a?B% + 1728b*a? 3% — 810a8* — 2883°] sy = 0.
Separating (24) in the rational and irrational terms of (y*), we have
{&?BPi(ro + 50) + Porgo + a>BPsso} + a{a?Q1(ro + so) + fQaroo + a?P3sg} =0, (25)
Where
Py = =300 — 96b%a* + 576b%a* + 22202 8% — 1032020252 + 28834,
Py = —9b%a8 — 48b*a8 + 390?82 + 27204 8% — 144b*a* B2 — 456b%a* B — 1050284
+ 576b%a2B* — 9635,
P3 = 36a* + 468b%a? + 576b%at — 720023 — 1368b2a2 6% + 1728b% 0?32 — 28854,
Q1 = 6a* + 84b%a’ + 288b%at — 9002 8% — 828b%a% 82 + 288b 0?2 + 56481 — 384b7 B4,
Q2 = —6a* — 602 + 660252 — 486b%a%5% — 192b* 0?32 — 22234,
Q3 = 54b%a’* 4 288b*at — 1620232 + 774b%0 % + 288b* 0 3% — 81052

The equation (25) generates two equations, which are as follows:

a®BPy(ro + s0) + Paroo + o? P35, = 0, (26)
a?Q1(ro + s0) + BQaro0 + a*Q350 = 0. (27)

From (26), we have
—963%r00 = 0(mod o). (28)

Then there exists a function f(x) such that rog = o f(x). Thus, we have
rij = aij f(z). (29)
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Transvection by by’ leads to

ro=pBf(z); rj="b;f(2) (30)
Eliminating (r¢ + so) from (26) and (27), then, from (29), we have
(@) (P2Q1 — B*Q2P1) + B(PsQ1 — Q3Pr)so = 0. (31)

From a? # 0(mod B) it follows that there exists a function g(x) satisfying sop = g(x)8.
hence (31) reduced to

f(@)(PQ1 — B2Q2P1) + B2g(z)(PsQ1 — QsPy) =0, (32)

Since the term 576{(64b>—94)(f(z)+3g(x))+3(37f(z)+135g(x))} B of (32) seemingly
does not contain o, we must have hp(8)Ug such that 319 = a2Us. But it is a contradiction
because of a2 # 0(mod ), which means

f(@)(P2Q1 — B*Q2P1) + BPg(z)(PsQ1 — Q3Py)

does not contain a* as a factor.
Thus, from (32) we have g(z) = 0. which leads to s = 0 and s; = 0. Hence

f(@)(PaQ1 — B*Q2P1) + Bg(x) (P3Q1 — Qs P1) = 0. (33)
This implies that f(z) = g(x) = 0. This results in sp = 0 and s; = 0. We get r;; =0
from (29).
Summing up, we get r;; = 0 and s; = 0, which is
bi.; +bj; =0, brbm =0. (34)
As a result, b;(z) is the so-called killing vector field with a fixed length.
The condition (34) is equivalent to b;;; = 0, according to [19].
As a consequence, we have the following result:

2

Theorem 4.1. Let F? be a two-dimensional Finsler space with the special cubic (o, 3)-
metric (2) satisfying b* # 0. If F? is a Landsberg space, then it is a Berwald space.

5. CONCLUSION

The purpose of this paper is to determine a Landsberg space in a two-dimensional

Finsler space F'2 by means of a special cubic (a, 3)-metric L = (atp)® ([1], [2]) that satisfies

a2
some conditions. First, we found that the main scalar I of F2 which is given by (17), plays
an important role. Later, with the metric (2), we get the difference vector. Further, we
found a condition for a Finsler space to be a Berwald space with a special («, 8)-metric
(2). Finally, we show that if the Finsler space F? with the metric (2) is a Landsberg space,
then it becomes a Berwald space.
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