
S e⃝MR
ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Vol 21, � 2, pp. 526�539 (2024) ÓÄÊ 512.54, 512.554

https://doi.org/10.33048/semi.2024.21.038 MSC 17A36

SEARCHING FOR GROUPS RELATED TO

PSEUDO-COMPOSITION ALGEBRAS

V.A. AFANASEV

11/10/2019 ORCID-iD_icon-vector.svg

file:///Users/tao/Downloads/5008697/ORCID-iD_icon-vector.svg 1/1

Communicated by I.B. Gorshkov

Abstract: We study the class of idempotent-generated pseudo-
composition algebras, which is a subclass of the family of axial
algebras. More speci�cally, we utilise the group-algebra correspon-
dence, natural to the axial framework in order to study some
automorphism subgroups of such pseudo-composition algebras.

Keywords: pseudo-composition algebra, axial algebra, Miyamoto
involution, automorphism group

1 Introduction

The theory of axial algebras, started in its current generality by Hall,
Rehren and Shpectorov [3], contains an interesting class of examples: idempo-
tent-generated pseudo-composition algebras, i.e. commutative algebras equip-
ped with a non-zero symmetric bilinear form φ such that

x3 = φ(x, x)x

for any element of an algebra.
Various properties of these objects, relayed in [5], allowed the authors of [2]

to develop a more axial view of their properties. Historically, axial algebras
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were very closely connected to groups: for instance, the Matsuo algebras,
which form a large subclass of the so-called axial algebras of Jordan type,
are constructed from 3-transposition groups. For more information on axial
algebras, we refer interested readers to the survey [6].

In that regard, the newly established view is very useful as the axial
framework provides easy methods for answering various group-theoretic inqu-
iries about pseudo-composition algebras. Hence, in this article we study the
group-algebra correspondence for this class and provide multiple statements
that may be used to study the Miyamoto group of any �nitely-generated
axial pseudo-composition algebra.

More generally, we aim to use the parameter-based classi�cation obtained
in [2] in order to start �nding answers to the following
Question. Which groups can be realised as the Miyamoto groups of axial

pseudo-composition algebras?
Naturally, this question is incredibly grand and initially we wish only

to obtain some interesting examples, in order to notice potential patterns
and restrictions that are imposed on such groups. Another goal we have is
to �nd some small-dimensional pseudo-composition representations of small
non-abelian �nite simple groups.

In the �rst section we shall study the algebras, generated by two idempo-
tents, namely a and b, and determine, which groups can be realised as their
Miyamoto groups.

We will then make use of these results in order to move on to the algebras
generated by three idempotents, for which we take a twofold approach: both
trying to �nd some groups explicitly as well as attempting to determine
whether some speci�c groups are Miyamoto groups for some pseudo-composi-
tion algebras.

For most of the paper, the ground �eld is assumed to be R, i.e. a �eld of
real numbers, however we will sometimes consider �nite �elds, preemptively
informing the reader of such a change.
Acknowledgments. The author would like to thank A. Mamontov, A.
Staroletov and an anonymous referee for their insightful comments and incre-
dibly helpful suggestions.

2 The case of 2-generated algebras

Here we shall consider the pseudo-composition algebras, generated by two
idempotents a and b. One need not assume that these idempotents are axes,
however it is known that any primitive idempotent in a pseudo-composition
algebra automatically satis�es all the axial properties [5]. More generally,
idempotent-generated pseudo composition algebras are actually axial, thus
any such pseudo-composition algebra A can be decomposed into a direct sum
of eigenspaces Aλ(a) with the following fusion law
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Fusion law for PC(−1) � a class of pseudo-composition algebras.

Additionally, this fusion law is naturally Z2-graded with A 1
2
being the

"odd" part of the grading. Using these notions we can, given an axis a,
construct an order 2 automorphism τa of A: any element b ∈ A can be
presented as follows:

b = b+ + b−,

where b− ∈ A 1
2
(a), while b+ ∈ A−1(a)⊕A1(a). Now denote

τa(b) = b+ − b−.

This automorphism is called the Miyamoto involution. We then de�ne the
Miyamoto group of A as the group generated by {τa| a is an axis in A}. Note
that generally this needs not be the whole automorphism group of A.

Per this axis→ automorphism correspondence, it is clear that the Miyamo-
to subgroups for the 2-generated algebras ⟨⟨a, b⟩⟩, are Dn where n = |τab| =
|τaτb|. Therefore to classify them we only need to �nd the possible orders of
τab. By [2], this matrix depends on the parameter α = (a, b), where (·, ·) is the
Frobenius form, corresponding to the axial algebra (for pseudo-composition
algebras it coincides with the bilinear form φ from the de�nition).

The matrix may be written explicitly as follows (we assume that linear
transformations act on the left)

τab =
1

9

 64α2 − 16α− 3 24α 32α2 + 4α− 6
8− 8α −3 −4α− 2

−32α− 4 −12 −16α+ 1


here the basis is a, b, ab.

Proposition 1. Let l ∈ N. Then the following correspondence holds for the
�eld of real numbers R:
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Order of τab α
2 1/4
3 −1/8, 5/8

4 1/4± 3/(4
√
2)

5 7/16± 3
√
5/16, 1/16± 3

√
5/16

6 1/4± (3
√
3)/8

7 real root of x3 − 3
8x

2 − 9
32x+ 13

512 or x3 − 9
8x

2 + 3
32x+ 43

512

8 1/8
(
2± 3

√
2±

√
2
)

9 real root of x3 − 3
4x

2 − 15
64x+ 19

512 or x3 − 3
4x

2 − 15
64x+ 73

512

10 1/16

(
4± 3

√
2(5±

√
5)

)
11 real root of x5 − 7

8x
4 − 5

16x
3 + 127

512x
2 + 119

4096x− 263
32768

or x5 − 13
8 x

4 + 7
16x

3 + 145
512x

2 − 337
4096x− 197

32768

12 1/8
(
2± 3

√
2±

√
3
)

The proposition can be proved as follows: for a given order k consider the
matrix

T = τkab − I.

Then one can �nd the greatest common divisor of Ti,j and check, whether it
has any real roots. This procedure can be easily performed via almost any
modern computer algebra system and can be easily done for orders larger
than 12.
Remark. It can be seen that Proposition 1 holds for any �nite extension

of Q, that contains the necessary square roots.
We have shown that |τab| for algebras over R can have many values and

it can be conjectured that in this case it can actually take on any value.
Another way to obtain the desired orders is to pass to the �eld of positive
characteristic. For instance, in the case of F7 we have the matrix looking as
follows

τab =
1

2̄

 α2 − 2̄α− 3̄ 3̄α 4̄α2 + 4̄α− 6̄
1̄− α −3̄ −4̄α− 2̄

−4̄α− 4̄ −5̄ −2̄α+ 1̄

 .

Substituting values of α from this �eld yields the following orders:

α 0̄ 1̄ 2̄ 3̄ 4̄ 5̄ 6̄
|τab| 4 7 2 7 4 3 3

.

Similarly, for F11 we have

α 0̄ 1̄ 2̄ 3̄ 4̄ 5̄ 6̄ 7̄ 8̄ 9̄ 1̄0
|τab| 5 11 3 2 3 11 5 5 6 6 5

.

It can thus be seen that many orders of τab are reachable for the case of
zero characteristic, however working over positive characteristic can also be
useful in that regard.
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3 3-generated algebras

In [2], the authors construct 3-generated axial pseudo-composition algebras
A = ⟨⟨a, b, c⟩⟩ of dimension 8 with 4 parameters α = (a, b), β = (b, c), γ =
(a, c) and ψ = (b, ac) de�ning each algebra's multiplication table and the
Gram matrix. These algebras are distinguished by the following property:
any other 3-generated axial pseudo-composition algebra with the similar
Frobenius form and parameter values is a homomorphic image of A.

We will call such algebras universal axial pseudo-composition algebras.
The goal and strategy of this section are similar: we intend to construct

the Miyamoto involutions, corresponding to the generators and manipulate
the parameter values in an attempt to discover interesting Miyamoto groups.
Said matrices will now depend on four aforementioned parameters.

We will be constructing the matrices in the following basis

a, b, c, ab, bc, ac, a(bc), b(ac).

Given that τa(b) = 1/3(8αa − b − 4ab), and τa(c) = 1/3(8γa − c − 4ac) we
construct the matrices via the automorphism multiplicative property:

τa =



1 8/3α 8/3γ 4/3α 8/3ψ 4/3γ 4/3ψ 8/3αγ + β − 2/3ψ
0 −1/3 0 −2/3 0 0 0 −1/3γ
0 0 −1/3 0 0 −2/3 0 α
0 −4/3 0 1/3 0 0 0 2/3γ
0 0 0 0 −1/3 0 −2/3 1/3
0 0 −4/3 0 0 1/3 0 −2α
0 0 0 0 −4/3 0 1/3 −2/3
0 0 0 0 0 0 0 −1


.

In similar fashion we derive that

τb =



−1/3 0 0 −2/3 0 0 −1/3β 0
8/3α 1 8/3β 4/3α 4/3β 8/3ψ 8/3αβ + γ − 2/3ψ 4/3ψ
0 0 −1/3 0 −2/3 0 α 0

−4/3 0 0 1/3 0 0 2/3β 0
0 0 −4/3 0 1/3 0 −2α 0
0 0 0 0 0 −1/3 1/3 −2/3
0 0 0 0 0 0 −1 0
0 0 0 0 0 −4/3 −2/3 1/3


,

τc =



−1/3 0 0 −4/3β 0 −2/3 −β 1/3β
0 −1/3 0 −4/3γ −2/3 0 1/3γ −γ
8/3γ 8/3β 1 −4/3α+ 8/3ψ 4/3β 4/3γ ξ ξ
0 0 0 −1/3 0 0 1/3 1/3
0 −4/3 0 0 1/3 0 −2γ 2/3γ
−4/3 0 0 0 0 1/3 2/3β −2β
0 0 0 4/3 0 0 −1/3 2/3
0 0 0 4/3 0 0 2/3 −1/3


,
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where ξ = 8/3βγ + 1/3α− 2/3ψ.
We will now try �nding the optimal parameter values so that the products

of obtained matrices are of �nite order and investigate the groups generated
by them. In this paper we will be mainly focused on obtaining �nite groups,
however in�nite Miyamoto groups are interesting to study as well.

It is clear that the results found in the previous section may only be of
partial service: while we know that, for instance τkab acts trivially on ⟨a, b⟩
for a certain value of α, we do not know its behaviour on the rest of A.
Therefore, the best we can hope for is that some multiple of the order found
for the 2-generated case is the order of τab.

Proposition 2. The characteristic polynomial of τab, τbc, τac lies in R(α),
R(β) and R(γ) respectively.

We shall �rst provide the proof for the universal 3-generated axial pseudo-
composition algebra A, dealing with the quotients later.

It su�ces to consider τab, since other cases are reduced to this one by
permuting the basis vectors and (for τac) replacing b(ac) with c(ab) in the
basis (clearly not changing any invariants and thus preserving the order).
Multiplying τa and τb we get

R1

− 8
9α+ 8

9 − 1
3 − 8

9β − 4
9α− 2

9 − 4
9β

4
9γ − 8

9ψ − 8
9αβ − 4

9β − 1
9γ + 2

9ψ − 1
9γ − 4

9ψ
0 0 1

9 0 2
9 − 4

3α+ 2
9 −α− 2

9
1
3α+ 4

9
− 32

9 α− 4
9 − 4

3 − 32
9 β − 16

9 α+ 1
9 − 16

9 β − 8
9γ − 32

9 ψ − 32
9 αβ + 2

9β − 16
9 γ + 8

9ψ
2
9γ − 16

9 ψ
0 0 4

9 0 − 1
9 − 4

9
2
3α+ 4

9
1
9

0 0 4
9 0 8

9
8
3α− 1

9
1
9 − 2

3α− 2
9

0 0 16
9 0 − 4

9
8
9

8
3α+ 1

9 − 2
9

0 0 0 0 0 4
3

2
3 − 1

3


Where

R1 = (
64

9
α2− 16

9
α− 1

3
,
8

3
α,

64

9
αβ− 8

9
γ− 32

9
ψ,

32

9
α2+

4

9
α− 2

3
,
32

9
αβ− 16

9
γ+

8

9
ψ,

−32

9
αγ+

64

9
αψ− 4

3
β− 4

9
γ+

8

9
ψ,

64

9
α2β+

8

9
αβ+

32

9
αγ− 64

9
αψ−β+4

9
γ− 8

9
ψ,

8

9
αγ+

+
32

9
αψ+

1

3
β − 8

9
γ − 2

9
ψ)

is the �rst row of the matrix, put in such form for compactness reasons. The
characteristic polynomial of this matrix turns out as follows:

x8− 8

9
(8α2+2α+1)x7+

4

27
(256α3−48α2−24α+5)x6− 4

81
(1024α4+512α3−

−336α2 − 100α+ 34)x5 +
2

81
(4096α4 − 1024α3 − 192α2 + 32α− 77)x4−

− 4

81
(1024α4+512α3−336α2−100α+34)x3+

4

27
(256α3−48α2−24α+5)x2−

−8

9
(8α2 + 2α+ 1)x+ 1.
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Any 3-generated axial pseudo-composition algebra is a quotient of the
universal 3-generated axial pseudo-composition algebra by the latter's de�ni-
tion. So we can consider the algebra A1 = A/I.

The ideal I is generated as a vector space by the elements v1 . . . vk. We
add vectors e1 . . . ep to this basis, so that k+p = 8 and so consider the basis
e1, . . . ep, v1, . . . vk. Since by [4, Corollary 3.11], we have that I is invariant
under the action of the Miyamoto group, and, in particular τab, we can
present the matrix for τab in this basis, as the following block matrix:

τab =

(
[τab] ∗
0 I

)
,

where I, by abuse of notation, denotes the elements vi under τab. It is
clear that after taking the quotient only [τab] will remain and it is known
from linear algebra, that the characteristic polynomial of τab is a multiple
of characteristic polynomials of the diagonal blocks, thus the characteristic
polynomial of the automorphism of A1 corresponding to τab divides χτab and
thus also lies in R[α]. The proposition is proved.

As an easy consequence of this we have

Corollary 1. Assume A1 = ⟨⟨a1, b1, c1⟩⟩ is a pseudo-composition algebra,
generated by 3 idempotents such that φ(a) = a1, φ(b) = b1, φ(c) = c1, where
φ : A → A1 � a natural homomorphism by the ideal I. Then |τa1b1 | divides
|τab|.

We will provide another technical statement.

Statement 1. The elements of the �rst, second and fourth column of τnab are
either 0 for column index j such that j ∈ {3, 5, 6, 7, 8} = J or non-zero
and lie in R[α] otherwise.

This can be proved by obvious induction on n. The base clearly holds, so
we proceed to the induction step by considering n = k + 1. By induction,
the only non-zero elements of the considered columns are ai,1 ai,2, ai,4, thus
proving the zeroes claim.

The second claim follows from the fact that, while the �rst, second and
fourth rows are the only ones containing parameters other than α, by induc-
tion on n, they contain them only in places ai,j for j ∈ J , while i = 1, 2, 4,
so they cancel out upon multiplication. The statement is thus proved. □

This e�ect can be easily explained by the fact that any τab leaves any
vector v ∈ ⟨⟨a, b⟩⟩ in this subalgebra, i.e. τnabv ∈ ⟨a, b, ab⟩.

Because of the previous statement, we are able to provide a simple yet
useful and somewhat universal method for determining suitable parameters
(or proving their nonexistence) for a given degree of τab. Consider the elements
f1(α) = (τkab)1,1 − 1 and f2(α) = (τkab)1,2. These are polynomial in α and
contain no entries of β, γ or ψ (this can be con�rmed by looking at the
matrix). It is clear that if there exists α0 such that τkab(α0) = I then

f1(α0) = f2(α0) = 0. (∗)



GROUPS RELATED TO PSEUDO-COMPOSITION ALGEBRAS 533

Note that one can use any non-zero element from the �rst, second or fourth
column of the matrix as additional equations or as replacements for f1 or
f2 and then employ any suitable real root-�nding algorithm for determining
α0.

Returning to the Miyamoto groups we see that, for the 3-generated case,
the Miyamoto involutions τa and τb commute only in rather speci�c situations.

Proposition 3. Assume a, b and c are axes, generating a pseudo composition
algebra A′ and, without the loss of generality, that |τab| = 2. Then dim(A′) ≤
4.

We start our proof by again working in the universal algebra A.
In this case we have

f1 =
1
81(4096α

4−3072α3−576α2+464α+33)−1, f2 =
1
27(512α

3−256α2−
64α+ 24)

The only common factor of these polynomials is (α − 1
4) with

1
4 setting

|τab| = 4.
Now we move on to the quotient algebras. Consider the ideal I ⊆ A,

generated by elements τ2abxi − xi where xi are all the basis vectors outlined
at the begining of the section.

We provide these elements here in the form of a matrix (the entries are
multiplied by 9 for compactness reasons, so the matrix actually contains
images of τ2ab9xi − 9xi)

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

− 16
3 β + 32

3 γ − 64
3 ψ

32
3 β − 16

3 γ − 64
3 ψ −16 − 64

3 β − 64
3 γ + 128

3 ψ 8 8 16 16
0 0 0 0 0 0 0 0

− 20
3 β − 32

3 γ + 64
3 ψ

40
3 β − 20

3 γ − 8
3ψ 1 − 8

3β + 64
3 γ − 128

3 ψ −14 4 8 8
− 20

3 β + 40
3 γ − 8

3ψ − 32
3 β − 20

3 γ + 64
3 ψ 1 64

3 β − 8
3γ − 128

3 ψ 4 −14 8 8
− 16

3 β − 4
3γ + 44

3 ψ − 4
3β + 38

3 γ − 64
3 ψ

1
2

44
3 β − 64

3 γ + 56
3 ψ 2 2 −14 4

38
3 β − 4

3γ − 64
3 ψ − 4

3β − 16
3 γ + 44

3 ψ
1
2 − 64

3 β + 44
3 γ + 56

3 ψ 2 2 4 −14


,

where the rows correspond to the elements of the basis.
It is clear that any ideal, such that the image of the automorphism has

order 2 on the quotient algebra, must contain I. We then note that the four
last columns can be reduced to the following row echelon form:

8 8 16 16
0 18 36 36
0 0 36 36
0 0 0 18
0 0 0 0
0 0 0 0
0 0 0 0


.

This implies that the span of the vectors τ2abxi − xi is 4-dimensional,
meaning that dim I ≥ 4.
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Setting β = 1, γ = 1/4 = ψ we get that dim(I) = 4 and τab has order 2 on
A/I; keeping the same parameters and setting b = c yields a 5-dimensional
ideal, which contains I, while setting ab = 0 = c we get a 6-dimensional I.

Statement 2 (c.f. proposition 1). For the axial pseudo-composition algebra
A, �nitely generated by at least three axes, matrix τab has its order divide

3, 4, 5, 6, 10 for values of −1/8, 1/4, 1
16 ±

3
√
5

16 , 5/8,
7
16 ±

3
√
5

16 for α. The same
values work for τac and γ and τbc and β.

Proof. The result for algebras, generated by 3 axes can be directly con�rmed
via working with the universal algebra and referring to Corollary 1. For the
�nitely generated case, consider τab for axes a, b ∈ A such that α = (a, b) is
equal to some value from the result's statement. Since it is known that any
axial pseudo-composition algebra contains a basis consisting of primitive axes
[2, Proposition 2], we can choose any axis from the basis that is not equal
to a or b as c and consider the subalgebra ⟨⟨a, b, c⟩⟩. By the de�nition this
is a homomorphic image of the universal axial pseudo-composition algebra
⟨⟨a′, b′, c′⟩⟩ with the same parameter values. We have that τka′b′ (where k is
one of the orders from the result's statement) �xes a′, b′, c′, thus being of

order k for the universal algebra, and again by Corollary 1, we have that τk0ab ,
such that k0 divides k, �xes a, b, c.

By this argument k0 depends on the initial choice of an axis c. Note
however, that since α is �xed, k does not depend on that choice so we can
pick k0 as the biggest divisor of k that appears this way for some axis c,
hence τk0ab will �x the whole algebra. □

This statement provides another demonstration of the following e�ect:
The parameter of a 2-generated pseudo-composition algebra ⟨⟨a1, a2⟩⟩ with
ai being axes, de�nes the order of the corresponding automorphism τa1a2 ,
but only up to a scalar multiple.

We will now focus our attention on �nding groups, that can be generated
by three automorphisms.

For example, by setting α = β = γ = −1/8 we obtain a 3 generated group,
that is known to be a group of motions of the euclidean plane, generated by
the re�ections in the sides of an equilateral triangle. This group is known to
be in�nite, however it is possible to pass to its �nite quotient by adding a
relator (τaτ

τc
b )m. More speci�cally:

Proposition 4. Let G = ⟨x, y, z⟩ be the group generated by involutions
x, y, z, such that |xy| = |yz| = |xz| = 3. Additionally, let k = |xyz|. Then
G is a quotient of k2 ⋊D6.

Here k2 denotes the direct product of two copies of a cyclic group of order
k, while D6 is the dihedral group of order 6.

We will provide the proof of this proposition for the sake of completeness:
Proof. Note that

[xyz, yzx] = yzxxzxyxyzyzx = zyxyxyzyzx = zxyzyzyzx = xzzx = (zx)3 = e.
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Therefore the subgroup K = ⟨xyz, yzx⟩ is abelian (being isomorphic to
k2). It is also easy to see that it is a normal subgroup of G. Now consider
the quotient G/K. In it, ȳ = zx, therefore the quotient is generated by 2
involutions, making it a Dihedral group of order 2|xy|, which is equal to 6.
Since the groups K and ⟨x, z⟩ intersect trivially, we conclude that G is a
semidirect product of K and D6, concluding the proof. □

As a result we arrive at another family of groups, that may be realized as
Miyamoto subgroups of pseudo-composition algebras. Now we only need to
�nd the exact possible orders τaτ

τc
b can take. This can be accomplished by

choosing the correct values of ψ, so the situation is somewhat similar to the
previous cases, since we only have a single parameter.

Now, the minimal polynomial of this matrix, computed in GAP [1], looks
as follows:

x5+
1

81
(−1024ψ2+32ψ+101)x4+

1

243

(
−32768

3
ψ3 − 1024ψ2 + 1120ψ +

404

3

)
x3+

+
1

243

(
−32768

3
ψ3 − 1024ψ2 + 1120ψ +

404

3

)
x2 +

1

81
(−1024ψ2 +32ψ+101)x− 1

with one of its roots being equal to 1 and the other roots being

r1,2 =
1

9

(
−(16ψ + 2)±

√
256ψ2 + 64ψ − 77

)
,

r3,4 =
1

162

(
1024ψ2 + 256ψ − 146±

√
−(1024ψ2 + 256ψ − 146)

)
.

One can then manually use these in order to see the following

Statement 3. For α = β = γ = −1/8 the values 5
32 ,−

1
8 ,

1
64 −

(9
√
5)

64 ,−13
32 of

ψ set the order of τaτ
τc
b to a divisor of 3, 4, 5, 6 respectively.

Note that after �xing the orders of involution products, ψ is the sole
remaining parameter and as such it may be insu�cient to obtain a �nite
group. We will illustrate that by the following example:

Consider the following presentation of A5

⟨x, y, z|x2, y2, z2, (xy)3, (yz)3, (xyz)3⟩.
We will attempt to �nd suitable parameters α, β, γ and ψ to obtain ⟨τa, τb, τc⟩ ≃
A5. Now set x = τa, y = τb, z = τc. This automatically �xes α = β = −1/8
(due to Proposition 1 and Statement 2 this is the only possible value).

Additionally, in this presentation the elements xz and xyz must have order
5. To set the former we use one of the values of γ from Proposition 1 that sets
the order to 5 in the universal axial pseudo-composition algebra, with the
uniqueness of said parameters also being guaranteed by Proposition 1 and
Statement 2, while for xyz we have to �nd suitable values of ψ. Therefore
if no �nite groups are produced for parameters, guaranteeing that order,
this group cannot be obtained as a Miyamoto group of an 8-dimensional
pseudo-composition algebra, generated by 3 axes.
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We will use the following construction: consider the axis bτc , which we
will denote d. It can be seen, that d has τ τcb as its Miyamoto involution
and that d is an image of an idempotent under the automorphism and thus
d is an idempotent itself. We then consider the subalgebra ⟨⟨a, d⟩⟩, which
has τad = τaτ

τc
b . Therefore we need to only derive the values of ψ from the

equality (a, d) = r with r being one of the parameter values from Proposition
1, corresponding to 5. If none of these parameters yield a �nite group, our
claim follows.

We pick γ = 1
16 − 3

√
5

16 , noting that the reasoning is exactly the same for
its conjugate.

With this setup, the angle (a, d) = −4
3ψ + 3

√
5+1
48 . We need to �nd four

values of ψ such that (a, d) ∈ { 1
16 ± 3

√
5

16 ,
7
16 ± 3

√
5

16 }.
Thus we get that

ψ ∈ {−1 + 3
√
5

32
,
−1 + 6

√
5

32
, −10 + 3

√
5

32
,
−5 + 3

√
5

16
},

where the values correspond to 1
16 + 3

√
5

16 ,
1
16 − 3

√
5

16 ,
7
16 + 3

√
5

16 ,
7
16 − 3

√
5

16
respectively.

Two main ways will be used to eliminate values of ψ. Either |τaτd| =
∣∣τaτ τcb ∣∣

is indeed equal to 5 and we use GAP to check, whether the group generated
by Miyamoto involutions is �nite or if the order is equal to 5k (usually
k = 2), in which case we check, whether the corresponding algebra is simple
by computing the rank of its Gram matrix, as the algebra being simple
implies there is no way to �nd a non-trivial quotient with the required order.

The �rst and second values of ψ are setting the order of τaτd to 5 but the
group generated by involutions is in�nite, while the latter two values set the
order to 10, with the corresponding algebras being simple. Hence our claim
follows.

We have considered the presentation of A5 that has (xy)
3, (yz)3 and (xz)5

as relators of product orders. Since all element orders for this group lie in
the set {1, 2, 3, 5}, by Proposition 3, we only need to consider orders 3
and 5 as possible product orders. However all other presentations can be
dealt with in a similar way as for the case (xy)3, (yz)5, (xz)5, one of two
elements xzy or yzx always has order 2 or 3 either eliminating this case due
to Proposition 3 or reducing them to the above case by replacing z with
its conjugate. Likewise it can be manually checked that presentations with
all generator products having order 5 set the order of xyz to 3 and can be
rewritten into the previously mentioned presentations.

The technique used here, while simple, is generalisable, allowing one to
�nd potential parameters for the pseudo-composition algebra for a given
group, provided said group's presentation consists of relators of the form
aia

w
j where ai, aj are among the generating involutions and w is a word

from the group. In particular, this highlights another connection to the class
of n-transposition groups, which have this exact type of relators by de�nition.
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Nonetheless, we cannot con�rm the non-existence of a pseudo-composition
algebra generated by 3 axes for A5 as there may exist quotient algebras with
it as a Miyamoto subgroup. It is to be hoped that �ner analysis of the
Miyamoto group of a 4-dimensional pseudo composition algebra generated
by 3 axes will shed light on the validity of this non-existence hypothesis.

However for the second smallest non-abelian simple group, PSL(2, 7), the
situation is more positive:

It is known that PSL(2, 7) satis�es the presentation

⟨t, s|t2 = s3 = (st)7 = [s, t]4⟩.

This can be transformed into a presentation with three generating involutions

a = t, b = ts and c = ts
2
. It can be derived that |ac| = |ab| = |bc| = 4 and

that |abc| = 3. This allows us, by setting α = β = γ = 1
4 and ψ = 5

32 to obtain
⟨τa, τb, τc⟩ = PSL(2, 7). The rank of the Gram matrix for the corresponding
algebra is equal to 8, meaning that the algebra is simple.

Therefore our work with two smallest non-abelian �nite simple groups can
be summarized in the following

Proposition 5. Let A be the universal axial pseudo composition algebra
generated by 3 axes a, b, c over the �eld R. Then we following statements
hold.

(1) The alternating group A5 cannot be generated by Miyamoto involu-
tions τa, τb, τc;

(2) The group PSL(2, 7) can be generated by τa, τb, τc with parameter
values α = β = γ = 1

4 and ψ = 5
32 .

Case of positive charactersitic. Akin to the 2-generated case, we can
try tweaking the characteristic of the ground �eld.

Proposition 6. Assume A = ⟨⟨a, b, c⟩⟩ is the universal axial pseudo-composi-
tion algebra de�ned over F5 with a, b, c being idempotents. Then the group
generated by τa, τb, τc is either solvable or is isomorphic to 55 : A5, 55 : S5,
52 : (52 : (SL(2, 5) : 2)), PSL(2, 7), PSL(3, 5), PSU(3, 5), A6, A7.

For the listed groups the Gram matrix of A has rank 5 for the �rst two
cases and 8 for all the other ones.

We note that while said groups appear for multiple combinations of para-
meters (with them not just being permutations of each other), the rank of
the Gram matrix remains constant for all options.

We will provide a single combination of parameters for every group listed
in the proposition. We will not be using the bar notation, even though the
parameter values lie in F5:
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α β γ ψ T = ⟨τa, τb, τc⟩ rank(gram(A))
3 4 1 1 52 : (52 : (SL(2, 5) : 2)) 4
3 1 3 2 55 : A5 5
3 0 4 4 55 : S5 5
3 3 4 4 PSL(2, 7) 8
3 3 1 0 PSL(3, 5) 8
1 3 1 0 PSU(3, 5) 8
3 3 1 1 A6 8
3 3 1 4 A7 8

The proposition can be con�rmed by directly substituting various para-
meters into τa, τb and τc.

We note that for solvable groups the rank of the Gram matrix takes all
values from 1 to 8, excluding 6. This suggests that said solvable groups may
prove to be interesting examples if one wishes to attempt classifying the
ideals inside such pseudo-composition algebras.

It is important to note that T = ⟨τa, τb, τc⟩ is only a subgroup of the
Miyamoto group.
Example. Consider the case when T ≃ A6. After using the parameter

values from Proposition 6 to the corresponding algebra A, one can �nd that
b(ac) is an idempotent in that algebra. By [5, Proposition 2.7], it is also
an axis, so we will denote it by d, thus having a corresponding Miyamoto
involution, denoted by τd.

Applying the automorphism construction rules, which can be extracted by
generalising [2, Lemma 2.1], we can construct τd, which, per our de�nitions
is also a generator in the Miyamoto group. However, as it turns out
⟨τa, τb, τc, τd⟩ ≃ SL(8, 5).

In other words, the group T can heavliy di�er from the whole Miyamoto
group of an algebra, which however should not discourage interest of studying
such subgroups. We also note that the number of involutions in SL(8, 5) is
signi�cantly greater than the number of idempotents in A, thus showing that
the idempotent ↔ involution correspondence is not surjective.

Finally, we state the results of our reconnaissance into bigger values of
positive characteristic.

After experimenting with some parameters over �elds of bigger characteris-
tic we have arrived at a

Statement 4. The group T = ⟨τa, τb, τc⟩ is isomorphic to PSL(3, q) for
the following combinations of (q, α, β, γ, ψ):

(7, 6̄, 2̄, 1̄, 5̄), (11, 1̄, 1̄, 3̄, 0̄), (13, 8̄, 1̄0, 4̄, 2̄).

Similarly, T is isomorphic to PSU(3, q) for the following combinations of
(q, α, β, γ, ψ):

(7, 6̄, 2̄, 1̄, 1̄), (11, 1̄, 1̄, 3̄, 1̄), (13, 8̄, 1̄0, 4̄, 1̄).

This prompts to present the following:
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Conjecture 1. There exist parameters α, β, γ, ψ ∈ F such that T =
⟨τa, τb, τc⟩ is isomorphic to PSL(3, F ) and a di�erent set of parameters
such that T is isomorphic to PSU(3, F ), where F is any prime �eld.

This conjecture may be possible to tackle via constructing reasonably good
presentations for these groups, akin to PSL(2, 7).

Concerning other questions, computing the full Miyamoto groups and
automorphism groups for algebras with parameter sets we have already
considered is certainly interesting, as it would allow us to deepen our under-
standing of said algebras and of automorphisms of axial algebras as a whole.
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