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Abstract: We consider the one-armed bandit problem in the appli-
cation to batch data processing if there are two alternative process-
ing methods with different efficiencies and the efficiency of the
second method is a priori unknown. During the processing, it
is necessary to determine the most effective method and ensure
its preferential use. Processing is performed in batches, so the
distributions of incomes are Gaussian. We consider the case of a
priori unknown mathematical expectation and variance of income
corresponding to the second action. In contrast to the case of
known variance, which is considered if the number of batches and
the number of data in them are large, this case describes a situation
when the batches themselves and their number have moderate or
small volumes. We obtain recursive equations for computing the
Bayesian risk and the regret, which we then present in an invariant
form with a control horizon equal to one. This allows one to obtain
the estimates of Bayesian and minimax risk that are valid for all
control horizons multiples to the the number of processed batches.

Keywords: one-armed bandit, Bayesian and minimax approaches,
invariant description, main theorem of the game theory, batch
processing.

KoLNOGOROV A.V., INVARIANT DESCRIPTION OF CONTROL IN THE (GAUSSIAN ONE-
ARMED BANDIT PROBLEM.
© 2023 KoLNOGOROV A.V..
Supported by Russian Science Foundation, project number 23-21-00447,
https://rscf.ru/en/project/23-21-00447/.
Received January, 1, 2023, Published December, 31, 2023.
144


https://orcid.org/0000-0003-4203-8472

GAUSSIAN ONE-ARMED BANDIT PROBLEM 145

1 Introduction

We consider the one-armed bandit problem, which is a special case of the
two-armed bandit (see, e.g., [1, 2|). The name originates from a slot machine
with two arms, each choice of which is accompanied by a random income
of the player. The player has to play N times against the slot and his/her
goal is to maximize the total expected income. Distributions of incomes
depend only on the currently selected arms, are fixed during the game but
the player does not have a complete a priori information about them. In
particular, a one-armed bandit occurs if the characteristics of only one of
the arms are a priori known; below we assume that this is the first arm.
In what follows, the arms are called actions. So, in order to achieve the
goal, during the game, it is necessary to determine a more profitable action
and ensure its preferential use. The problem has numerous applications in
behavior modelling [3, 4, 5], adaptive control in a random environment |6, 7],
medicine, internet technologies, data processing [8, 9].

Formally, Gaussian one-armed bandit is a controlled random process &,
n=1,2,..., N, which values are interpreted as incomes, depend only on the
currently selected actions y, (yn € {1,2}) and in the case of choosing the
second action (i.e., y, = 2) have a Gaussian distribution density

folalm) = (2x D)2 exp (—(z —m)?2/(2D)), (L1)

where m = E(&,|yn = 2), D = D(&, ]y, = 2) are the mathematical expectation
and the variance of one-step income provided that the second action is
chosen. In the case of choosing the first action, the mathematical expectation
mq is known and, without loss of generality, is zero (otherwise, one can
consider the process £, —m1,n = 1,2,..., N). The knowledge of the variance
D =D(&,|yn = 1) is not required because it does not affect the achievement
of the control goal. So, considered one-armed bandit is completely described
by the parameter § = (m, D), which value is assumed to be unknown.
However, the set of parameters © is known, which has the form

©={(m,D):|m| <C,D <D< D},

where 0 < C' < 00,0 < D < D < oo.

A control strategy o determines, in general, the random choice of the
action y,+1 at the time point n + 1 depending on the entire known history
of the process. However, instead of the whole history, one can use sufficient
statistics. Let’s assume that by the time point n the first and the second
actions have been applied n; and ng times respectively (n = nj; + ng).
Sufficient statistics are the total income for the application of the second
action and the s2-statistics

X = Zfl, S = Zx?—X2/n2.
Yy =2 Yy =2

Note that X =S =0 for no = 0 and S = 0 for ny = 1. The total income and

s2-statistics for the application of the first action are not required because
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corresponding mathematical expectation of a one-step income is known.
Control strategies can be subject to restrictions. In sections 2 and 3 we
consider strategies for batch data processing. In particular, UCB strategies
are discussed.

Let’s define a regret. If the parameter was known then one should always
choose the action corresponding to the larger of the mathematical expectations
of the one-step incomes 0 and m. The total expected income would thus
be N max(0,m). In the case of choosing the strategy o, the total expected
income is less than the maximum one by an amount

N
Ln(0,0) = Nmax(0,m) — E, g (Z gn> : (1.2)
n=1

which is called a regret and is caused by incomplete information. Here E, g is
a sign of the mathematical expectation with respect to the measure generated
by the strategy ¢ and the parameter 6. Note that the regret for the shifted
process {&, — mj} is the same as for the original {&,}.

Let’s explain the choice of a normal distribution of incomes. We consider
the problem in the application to batch data processing if two alternative
methods with different efficiencies can be used for processing and the efficiency
of the first method is a priori known. In this case, processing methods
correspond to actions, efficiencies characterize, for example, the probabilities
of successful data processing, and the goal of the control is to maximize the
mathematical expectation of the total number of successfully processed data.
In batch processing considered below, the data is divided into equal batches,
the same action (processing method) is applied to all the data in the batch
and the total incomes in the batches are used for the control. By virtue
of the central limit theorem, these incomes, under broad assumptions, have
approximately Gaussian distributions if the batch sizes are large enough.

This approach has some advantages. First, control strategies become uni-
versal, i.e., the same for a wide class of controlled processes, whose one-step
incomes obey the central limit theorem. Second, if it is possible to organize
parallel processing of batch data, this approach can significantly reduce the
total processing time (by M times if the batch size is M). And an important
property of this approach in optimizing big data processing is that it almost
does not increase the maximum regret if the number of batches, into which
the data is divided, is large enough. For example, it is shown in [10] that
in the case of splitting data into 50 batches, the maximum regret grows by
only 3% compared to its maximum value if the number of batches grows
infinitely.

Note that first batch processing was offered for the treatment of patients
with alternative drugs. Since it takes a considerable time for the result
of treatment to manifest itself, patients cannot be treated one at a time.
Therefore, it was proposed to first give all the drugs to sufficiently large test
groups, and then, according to the results of testing, the best drug to all
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remaining patients. In this case, the size of the test groups is much smaller
than the size of the main one, and the number of stages at which testing is
performed is small (one and rarely two or three stages), since patients cannot
wait long. For an overview of the results of this approach and references see,
e.g., |11, 12].

Let a prior distribution density A(6) = A\(m, D) be given on the set ©. We
assume that the conditions are met

/ m= A(6)do > 0, / m* A(6)do > 0,
(C] (C]

otherwise, the more profitable action is a priori known. We use here the
standard notations m*™ = max(m,0), m~ = max(—m,0). The averaged
regret is

Ly(o,\) = /@ Ly (o, 0)\(60)d0 (1.3)

and Bayesian risk is defined as

Rﬁ()‘) = }{ng LN(O-¢ >‘)7 (14)

the corresponding optimal strategy o is called a Bayesian strategy. Minimax
risk is defined as follows

RM(©) = in{ sup Ly (o, 0), (1.5)
or ©

the corresponding optimal strategy o is called a minimax strategy.
Bayesian approach is very popular because it allows one to find Bayesian
strategy and Bayesian risk for any prior distribution by solving the recursive
equation. The disadvantage of the Bayesian approach is the lack of clear
criteria for choosing this prior distribution. The advantage of the minimax
approach is its robustness, i.e., the fulfillment of the inequality Ly(c,0) <
RM(©) for all # € ©. Besides, as mentioned above, in the case of batch
processing, the minimax approach provides the value of minimax risk close
to optimal even with a relatively small number of batches (see, e.g., [10, 12]).
The disadvantage of the minimax approach is the lack of a direct method
for finding minimax risk and minimax strategy. On the other hand, an
asymptotic estimate of the minimax risk having the order of N1/2 is well-
known [13]. Note that the maximum values of the regret are achieved in the
domain of close distributions, which is characterized by the fact that the
difference in mathematical expectations of one-step incomes has the order
of N=1/2_ This is because it is impossible to reliably (i.e., with probability
arbitrarily close to 1) statistically determine a more profitable action in this
domain. To find minimax risk and minimax strategy, the main theorem of the
game theory can be used, according to which the minimax risk is equal to the
Bayesian one computed relative to the worst-case prior distribution on which
the Bayesian risk reaches its maximum. And the minimax strategy coincides
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with the corresponding Bayesian one. In more detail, close distributions and
using the main theorem of the game theory are discussed in [14].

The one-armed bandit problem was first considered in [15] in the Bayesian
setting for a Bernoullian two-armed bandit which incomes take the values
0 and 1. In [15], a recursive algorithm for finding Bayesian strategy and
Bayesian risk is described. The asymptotic properties of the Bayesian strategy
for a Bernoullian two-armed bandit were established in [16]. In [15], the
following intuitively clear property of the Bayesian strategy was proved: since
the application of the first action does not provide additional information,
once selected, it will be applied until the end of the control. This property
also holds true in the case of a Gaussian one-armed bandit with one or two
unknown parameters (see [10, 17, 18]). It also remains true in the statements
considered in sections 2 and 3; the proofs are similar to presented in [10, 18|
and are therefore omitted.

Let’s indicate what is the difference between the considered approach and
the one presented in [10, 17]. In [10, 17], the case of a priori known variance
is considered. This approach is reasonable if the amount of data is large.
Then the variance can be estimated when processing the first batch. Since
regret changes little with a small change in variance, the obtained estimate
can be used for control. But if the amount of data is moderate or small, then
the variance estimation should be carried out in the control process. This is
exactly the approach presented below. An analogy with obtaining an interval
estimate of the unknown mean of a normal distribution may be useful here.
If the sample is large, then a normal distribution is used for this estimate,
where the unknown variance is replaced by its point estimate. But if the
sample is small or moderate, then one has to use the Student’s distribution.

In Bayesian setting, a one-armed bandit with unknown mathematical
expectation and variance was considered in [18], where recursive equations
for computing the Bayesian risk and the regret were obtained. In [18], the
estimate of the variance is updated using incomes received after processing
the whole batches. Here we consider also the case, when the estimate of
the variance is updated using incomes received when processing data within
batches. In both cases, we present recursive equations for calculating Bayesian
risk and regret in more computationally convenient ordinary and invariant
forms. The invariant forms describe a control on the unit horizon and are
obtained using the change of variables. The advantage of the invariant descrip-
tion is that it is the same for all batch sizes and, hence, makes it possible to
obtain asymptotic estimates of Bayesian risk and regret.

The rest of the article is as follows. Section 2 describes batch processing,
in which the variance estimate is updated based on the income received after
processing the whole batch. Section 3 describes batch processing, in which the
variance estimate is updated based on the incomes received when processing
data within the batch. In both sections 2 and 3, recursive equations are
obtained for finding Bayesian strategies, risks and regrets in the ordinary
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and invariant forms. Section 4 presents the results of numerical experiments.
Section 5 contains the conclusion.

2 Estimating the variance by cumulative incomes in batches

In this section, we consider batch processing of the source data {£,}. Let
the total number of processed data be N = M K, where M is the batch size,
K is the number of batches. In this case, the same action is applied to each
M sequentially incoming data. The income received as a result of processing

the kth batch is

kM

G= > fu

n=(k—1)M+1

In the case of applying the second action, the mathematical expectation of
income for processing the batch of data is Mm, the variance is M D. The
mathematical expectation of income for the application of the first action is
still 0. The batches processed by the first and the second action are numbered
ki, ko (k =k + kQ).

Let z;,7 = 1,..., ko, be incomes obtained in response to the application of
the second action. The following sufficient statistics can be used in considered
case

where X and S are current values of cumulative income and s2-statistics for
the application of the second action. Note that X =0 if ko =0 and S = 0 if
ky = 0,1. Cumulative income and s%-statistics for the application of the first
action are not required because corresponding mathematical expectation of
one-step income is known.

Let’s consider how to update X and S. Assume that ks > 1, and let
Tk,+1 = Y be a new income. Then

ka+1 ko+1
Xnewzzxi:X'f‘K Snew:<z$%>_Xgew/(k2+1)
i=1 =1

ko
=(Z%a+WQ—MFWYK@+U=S+MAMWLW,
=1

where

(X — kyY)?

MA(X ko, Y) = X2 ko + ¥ = (X + )%/ (ks +1) = P2
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If k3 = 0 then MA(0,0,Y) =Y? — Y2 = 0. Hence,

0, if kg =0,
A(X, ko, Y) = (X—kﬁq27ﬁk22L (2.1)
Mko(ky + 1)
Therefore, X, S are updated according to the rule
X—X+4Y, S<S+MAX, k,Y), (2.2)

where A(X, k2,Y) is given by (2.1).

Given a prior distribution density A(m.D), let’s describe a posterior distribution
density. Denote by x%(z) a chi-squared distribution density with k degrees
of freedom

and introduce the functions

Jemp (X|kMm)
(1 if k=0,
N { femp (X|kMm), with f(-) from (1.1) if £ > 1,
(2.3)
Yp—1 (MD)~1S)
(1 if k=01,
- { (MD) '3 _,(MD)™'9), ifk>2,

Note that defined above cumulative income X and s’-statistics S after
processing k batches have exactly the distribution densities described by
(2.3) for £ > 1 and k > 2 respectively. Since X and S are independent
random variables, the posterior distribution density is

 Jromp (X ke Mm) ¢y, 1 (M D)~S) A(m.D)

A(m, D|X, S, ky) = PIX.S k) :

where
PO Sk) = [ /@ frantp (X ke Mim) g, 1 ((MD)~18) A(m.D)dmdD.

Note that definition (2.3) ensures that this formula remains valid for all ks =
0,1,2,... These approach to definition of the posterior distribution is used
in [18]. However, recursive equation is simpler if the posterior distribution is
defined by the following equivalent way. Denote

F(X, S, k|m, D)
1, if k=0,
={ D7YV2finp(X|kMm), if k=1,
D732 funp(X|kMm)dy_1 (S/(M D)), if k> 2,

(2.4)
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where
- 1, if k=0,
Jrrmp (X|kMm) :{ exp (—(X — kMm)?/(2kM D)) ., if k> 1,
1 if k=0,1
T N AT I R
=1\ 7| =
MD —5D itk 2
()" o). ez

Clearly, the posterior distribution density is

F(X, S, ko|m, D)X(m, D)
P(X, S, k)

with P(X, S, ky) = //@F(X, S, ka|m, D)X(m, D)dmdD.

A(m, D|X, S, ko) =

)

(2.6)

Note that (2.6) remains valid if k2 = 0 and kg = 1, too.

Let RB(k1, X, S, k) denote a Bayesian risk on the remaining control horizon
k+1,..., K computed with respect to the posterior distribution
A(m, D|X, S, k), i.e., RB(k1, X, S, ko) = RE_, (\(m, D|X, S, k2)), k = k1 +
ko. A standard recursive equation for computing a Bayesian risk is as follows

RP(k1,X, S, ke) = min (R (k1, X, S, k2), RY (k1, X, S, k2)) (2.7)
where RP (k1, X, S, ko) = R (k1,X,S, ko) = 0if k = K, and

RlB(klaXv Sa ]€2) = // A(m7D’X>Sa kQ)
©
x (Mm* + RB (k1 + 1, X, S, ko)) dmdD

_ M// mA(m, D|X, S, ko)dmdD + RB(ky + 1, X, S, ks),  (2.8)
©
RB(ky, X, 5, ky) = / / A(m, DIX, 5, k)
)

o0
X <Mm_ +/ RB(kzl,X +Y, S+ MA ks + 1)fMD(Y|Mm)dY) dmdD,
—00

if 0 <k < K — 1. In the second equality (2.8), we used (2.1)—(2.2). One can
see that Rf (k1, X, S, k2) is equal to the loss of cumulative expected income
at the remaining control horizon k 4+ 1,..., K if at first the fth action was
chosen and then the control was optimally performed. Bayesian strategy
prescribes, when processing the batch with the number k + 1, to choose an
action corresponding to the smaller of the current values Rf(kzl,X , S, ka),
RB(k1, X, S, k2). In the case of a draw, the choice can be arbitrary. Bayesian
risk (1.4) is

RE(\) = R?(0,0,0,0). (2.9)

Let’s present another form of recursive equation which is more convenient
for computations. We put

Ry(k1,X, S, k) = RZB(k17X> S, ka) x P(X, S k2), £=1,2, (2.10)
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where P(X, S, kp) is defined in (2.6). Note that R(k1, X, S, ka)
= min(Rl(k‘l, X, S, kg), Rg(k‘l, X, S, kz)) = RB(k‘l, X, S, kz) X P(X, S, kz) as
well.

Theorem 1. In order to determine the Bayesian risk, one should solve the
following recursive equation

R(k‘l,X, S, k‘g) = min (Rl(kﬁl,X, S, k‘g), Rg(kl,X, S, k‘g)) 5 (211)
where Rl(kl,X, S, k2) = RQ(kl,X, S, k'Q) =0 ifk = K and
Rl(klaXa Sa k2) = MGl(X7 Sa k?) + R(kl + 17X> Sa k2)7
Ro(k1, X, S, ko) = MGo(X, S, ko) (2.12)
+/ R(k1, X +Y,S + MA(X, k,Y), ko + 1) H(X, S, ko, Y)dY,
if 0 <k < K-—1. Here A(X,ko,Y) is given by (2.1),

L(X, S, k) = // F(X, S, kolm, D)A(m, D)dmdD,

(2.13)
@uwmg:[ﬁn F(X, S, kolm, D)A(m, D)dmdD,
(€]
and
H(X,S.k,Y)
( 1 k=0
(2rM)1/2’ =
) (A E Y)Y -
_ <W , i k=1, (2.14)
1 Glk—1)/2-1 P
(27)1/2 8 (S+ MA(X,k,Y))k/2-1’ if k=2

When processing the batch bumber k+1 Bayestan strategy prescribes to choose
the action corresponding to the smaller value of Ry (k1, X, S, ko), Ro(k1, X, S, k2);
in the case of a draw the choice can be arbitrary. Bayesian risk (1.4) is

Ry(\) = R(0,0,0,0). (2.15)

Proof. Let’s multiply (2.7)~(2.8) by P(X,S, k) defined in (2.6). We obtain
(2.11)-(2.12) with G1(X, S, n2), G2(X, S, k2) defined in (2.13). Let A in
(2.16)(2.18) below be given by (2.1). Denote D' = M D, m' = Mm. The
function H(X,S,k,Y) is

/ F(X, S, k|m, D) fp/(Y|m")X\(m, D)dmdD
H(X,S,kY)=

P(X+Y,S8+MAk+1)
_ F(X, S klm,D)fp (Y|m')
F(X+Y,S+ MAk+1jm,D)

(2.16)
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Therefore, for k > 2 we have

~ka/(X|k:m’)fD/(Y]m’) . dr-1(S/D") ‘
foryp (X +Y|(k+1)m’) (S + MA)/D')

H(X,S,kY)=

Since

Fep (X|km!) fpr (Y |m/) — ( 1 )1/2 X exp <_MA> (2.17)
Py (X + Y|(h + 1) |

and

Yer(8/D)  (§/D)*IR exp (=5/(2D"))

(S + MAY/D) — ((S+MA)/DYF2T ™ exp(—(S + MA)/(2D'))

S(lc—l)/Q—l MA
_ n1/2
= (D")"* x (51 MA) X exp (2D’ ) , (2.18)

it follows from (2.16)—(2.18) that H(X,S,k,Y) is given by (2.14) for k > 2.
If k=1 then S =0, ¢,_1(S|D’) = 1 and according to (2.16)

D7V fipy (X [k fior (Y [m)
D732 fgyypr (X + Y |(k + 1)m)yn (MA/ D)

(1N _MAN D
“\2eD) TP\ 2D7) T A/

- <2W1D/>1/2 exp (_Z)AI) X (MA/D’)1/2—1ezp(—MA/(QD’))

A\ /2
- <27rM>
k

H(X,0,1,Y) =

k=1

and this is given by (2.14) for k = 1. If £ = 0 then X =0, § = 0,
frp (X[km') = 1, p_1(S/D") = ¢Yr((S + MA)/D’) = 1 and according
to (2.16)
(Y |m/ 1
H(0,0,0,7) — — 2 m) :
D=12fp (Y|m!)  (2rM)V/?
and this corresponds to (2.14) for k = 0. Formula (2.15) follows from (2.9)
and the fact that P(0,0,0) = 1. O

Let’s present a recursive equation for computing the regret (1.3). The
control strategy o is described by a set of probabilities

oi(k1, X, S, ka) = Pr(ygs1 = l)k1, X, S, k2),

C=1,2ky+ky=k,k=0,..., K—1;, X € (—o0,+0), S € (0,4+0).
Denote by LB (k1, X, S, ko) the regret on the last K — k steps computed with
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respect to the density A(m|X, S, ko). This regret can be computed recursively
by solving the following standard Bellman-type equation

[\

LP(ky, X, S, ko) = ook, X, S, ko) L (K1, X, ko), (2.19)
/=1

where LY (k1, X, S, ko) = L¥(k1, X, S, ke) = 0if k = K and

LlB(klaXu S7k2) = // A(m,D’X,S, k2)
©
x (Mm* + LP(ky + 1, X, S, ks)) dmdD

= M// mTA(m, D|X, S, ka)dmdD + LP(k; + 1, X, S, k), (2.20)
S
LQB(klaXa S? k2) = // )\(m7D’X7 Sv kQ)
©

X <Mm_ —|—/ LP(ki, X +Y,S + MA, ko + 1)fMD(Y|Mm)dY) dmdD,

—00

if 0 < k < K — 1. In equation (2.19)—(2.20), LZ(k1, X, ko) stands for
cumulative loss of expected income on the remaining control horizon K — k
if the £th action is chosen first and then control is performed according to
strategy o. A regret (1.3) is

LE (o, )) = LP(0,0,0,0). (2.21)

Note that to compute the regret (1.2), a prior density A\(m, D) must be
considered degenerate and concentrated at the point 6 = (m, D). Let’s
present a more computationally convenient form of the equation (2.19)—
(2.20) for computing the regret (1.2). Let’s put

Lo(k1, X, S, ko) = LB (k1, X, S, k2)|P(X, S, ko), £=1,2.

where P(X, S, k) is defined in (2.6). Similarly to theorem 1, the following
theorem holds true.
Theorem 2. Consider a recursive equation

2
L(ky, X, S, ko) = > ook, X, S, ko) Ly(k1, X, S, ka), (2.22)
/=1

where Ll(kl,X, kg) = Lg(kl,X, kiz) =0 ka =K and
Ll(/ﬁ,X,S,k‘Q) :MGl(X,S,k‘Q)—i—L(kl—i—l,X,S,kQ),
Lo(k1,X, S, ko) = MGo(X, S, k) (2.23)

+/ Lki, X +Y, 8+ MA(X, ks, Y), ko + 1) H(X, S, ko, Y)dY,
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if0<k<K-—1. Here
G1(X, 8, ky) = m+1«f(x, S, ky|m, D),
Go(X, S, ka) =m~F(X, S, ke|m, D),
H(X,S,k,Y) is given by (2.14). Then a regret (1.2) is
Ly(0,0) = L(0,0,0,0). (2.24)
Proof. The proof is similar to the proof of theorem 1. One should transform

equation (2.19)—(2.20) under assumption that A(m, D) is degenerate and
concentrated at the point § = (m, D). (]

Let’s give an invariant form of formulas (2.11)-(2.15). We choose the
following set of parameters O = {(m, D) : D < D < D, |m| < ¢(D/N)'/?},
where ¢ >0,0< D <D <D < 0. IfweputD:ﬂE,m:a(ﬁ/N)l/Qz
(B 'D/N)'/?] then it takes the form Oy = {(a,8) : D/D = fy < <
1|l < cpt/?}.

Consider the change of variables X = z(DN)/2, Y = y(DN)Y/?, § =
SDM, k = tK, ky = t1 K, ky = t2K, M/N = K~ = ¢, m = a(D/N)"/?,
D = 3D, A(m, D) = (N/D%)2o(a, §). Let

Ré(kla 07 07 0) = (EN)1/2TZ(t17 07 07 0)7
Ry(k1,X,0,1) = (D N)Y2(D)"Y2ry(t1,2,0,¢), (2.25)
Ry(k1,X, S, ko) = (DN)Y2(D) ™ ry(ty, 2, 5,19), if ky > 2,
¢ =1,2. The following theorem is valid.

Theorem 3. To find the Bayesian risk, the recursive equation should be
solved

r(t1,z,s,t2) = min (r1(t1, x, 8, t2), r2(t1, T, 8, t2)) , (2.26)
where r1(t1,x, s,t2) = ro(t1,x, 8,t2) =0 if t =1 and
1 (tlv z,s, t2) = ggl(x7 S, t2) + T(tl +e,2,8, t2)7
ro(t1, z, s,t2) = €ga(x, s,t2) (2.27)
o0
+/ T(t1,$+y,8+6(l‘,t2,y),t2+€)h($,8,t2,y)dy,

— 00

if 0 <t<1—¢. Here

(z,s,12) // f(z,s,ta|a, B)o(a, B)dadf,
On (2.28)
(z,s,12) // o f(z, s, ta|ov, B)o(a, B)dads,
ON
with
1 Zf ty = 07

F(‘T787t2’aaﬂ) = ﬁ 1/2 ftzﬁ($|t204) Zf ty = ¢,
B2 fryp(lt2c) dr, 1 (s/0), if ta > 2e,
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( 1

Ere if k=0,
1/2
h(z, s,t,y) = <5(‘r2t€y))> , if k=1,  (2.29)
T
1 G(k=1)/2-1 P
Grel 2 G oy TR
and
0, if to =0,
§(x,t2,y) = (eo — tgy)Q, ity > (2.30)
€t2(t2 +¢)

At the point of time t+¢ (or, equivalently, k+1) Bayesian strategy prescribes
to choose the action corresponding to the smaller value of 1 (t1,x,s,t2),

ro(t1,x,s,t2); in the case of a draw the choice can be arbitrary. Bayesian
risk (1.4) is

Ry(\) = (DN)Y?r(0,0,0,0). (2.31)
This description of control on the unit horizon is invariant in the sense that

it does not depend on the total amount of data N but only on the number of
batches K.

Proof. One should perform presented above change of variables in (2.11)—
(2.15). Clearly, the equality is fulfilled

Xm, D)YdmdD = (N/D>)"?p(a, 8)0(m, D) /0(cv, B)dadB = o(c, 3)dad,

where d(m, D)/d(a, ) = (D3/N)"/? is the Jacobian of the variable transformation.
Therefore,

(ﬁ/N)l/295($787t2)7 Zf k2 :Oa
Gu(X, S, ks) = (D/N)Y2(D)2gh(w,s,t2),  if ko =1,
(D/N)Y2(D)=3gy(x,5,t2),  if ko >2.
Also, the argument ky + 1 should be replaced by K—1(k; + 1) = t; + ¢ and
S + MA should be replaced by (S + MA)(DM)™!, ie.,
X — koY)? DNK? — toy)?
X mkX)T o DNETEr Z0)” _ 4 (),
DMkQ(kQ + 1) DMKQtQ(tQ + E)

where §(z, t9, y) is given by (2.30). Becides, H (X, S, k,Y)dY should be replaced
by

(D)'2h(w,s,t.y)dy,  if k=0,
H(X,S kY)Y =< Dh(z,s,t,y)dy, if k=1,
h(z,s,t,y)dy, if k> 2,
where H(X, S, k,Y), h(x,s,t,y) are given by (2.14), (2.29).
Let’s check the validity of (2.27). It’s sufficient to check the second equation.
Taking into account (2.25) and the comments made above, after substituting
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the transformed variables and functions into the second equation (2.12), we
obtain

(DN)"?r,(t1,0,0,0) = M(D/N)"?¢5(0,0,0)
s [T DN D) 1,0, (D) h(0,0,0, )i,
(DN)YY2(D)™?ry(t1,2,0,6) = M(D/N)Y?(D)"/?gy(x,0,¢)
+ /Oo (DNYY2(D)™3r(t1,2 4+ y,8(x,£,y),2¢)D h(x, 0, e, y)dy,
(DN)Y2(D) ™3 2ry(t1, x, s, t5) = M(DN)?(D) ™32 gy(x, s, t2)
+ /oo (DN)Y2(D) 320 (t, 2 +y, s + 6(x, ta, y), ta + )h(x, 5, ta, y)dy,

if to > 2¢, and this gives the second equation (2.27). Formula (2.31) follows
from (2.15) and performed change of variables. O

It was noted in section 1 that the optimal Bayesian strategy in the one-
armed bandit problem applies the second action at the start of the control.
After that, if the first action is applied once, it will be used until the end of
the control. This follows from the fact that the application of the first action
does not provide additional information about the process. Therefore, its
application will not lead to the decision that the choice of the second action
will become more preferable in the future. The property was first proved in
[15] for a Bernoullian one-armed bandit and then in [10, 18] for a Gaussian
one-armed bandit with one and both unknown parameters respectively.

This property makes it easier to find Bayesian strategy and risk. We
immediately present the corresponding recursive equation in invariant form.

Theorem 4. Consider a recursive equation
r(0,z,s,ta) = min(ry (0, z, s,t2),72(0, z, s, t2)), (2.32)
where r1(0,x, s,t2) = 12(0, 2, 5,t2) =0 if ta = 1 and
r1(0, 2, 8,t2) = (1 — t2)g1(x, s, ta),
r2(0, x, s, t2) = £ga(x, s, t2) (2.33)

o
+/ r(0,z +y,s 4 0(z,12,y), t2 + €)h(z, 5,2, y)dy,
—00

if 0 <t <1—e. Here g1(x, s,t2), g2(x, s,t2) are given by (2.28), h(x,s,t,y)
and d(x,t,y) are given by (2.29)—(2.30). Bayesian strategy prescribes to choose
the action corresponding to the smaller value of m1(0,z, s,t2), 12(0,z, s, t2);
in the case of a draw, the choice can be arbitrary. Once the first action is
chosen, it will be applied until the end of the control. Bayesian risk (1.4) is
given by (2.31).

The proof of theorem 4 is similar to the one presented in [18] and is
therefore omitted.
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To present invariant form of the equation for computing the regret, let’s
make additional change

oe(k1, X, S, ko) = ou(t1,x, s, t2),
Ly(k1,0,0,0) = (DN)"?1,(11,0,0,0),
Ly(k1, X,0,1) = (DN)*(D) 1y (t1, 2,0, ¢), (2.34)
Li(k1, X, S, ko) = (DN)Y2(D)321y(ty, x, 5, t),
ifky >2,0=1,2.

Theorem 5. To find the regret, one should solve the recursive equation

2

Uty @,5,t9) = Y ou(tr, o, 5, t2)le(tr, 3, 5, 1), (2.35)
(=1

where Iy (t1, z, s,t2) = lo(t1, 2, 8,t2) =0 if t =1 and
ll(tlux787t2) - Sgl(fE,S,tQ) + l(tl + E,I[',S,tQ),
l2(t1, x,s, tQ) = Egg(x, S, tg) (236)
)
+/ l(tl,x—i—y,s—l—(S(x,tQ,y),tQ—+—€)h(x,s,t2,y)dy,
—00

if 0 <t<1—¢. Here

gl(xa satQ) = Oﬂrf.(xv S,t2|06,ﬁ),
92(1', S,tg) = O[if([E, S,tg‘Oé,ﬁ),

h(z,s,t,y) and 6(x,t,y) are given by (2.29)—(2.30). A regret (1.2) is
Ly(o,0) = (DN)'21(0,0,0,0). (2.38)

(2.37)

This description of control on the unit horizon is invariant in the sense that
it does not depend on the total amount of data N but only on the number of
batches K.

Corollary 1. Given 8 = (m,D), consider the change of variables X =
z(DN)Y2Y = y(DN)'/2, 8 = sDM, k =tK, kg = t,K, M/N = K~ =¢,
m = a(D/N)Y2, Li(k1,0,0,0) = (DN)Y21,(t1,0,0,0), Ly(k1,X,0,1) =
(DN)l/QD 121,(t1,2,0,¢) and Lo(ky, X, S, ko) = (DN)l/ZD 3/2lg(t1,:c s,t2)
if ko >2,0=1,2. Let also

oe(k1, X, S, ko) = op(t1,x,s,t2), €=1,2. (2.39)

Then, for finding the regret, one should solve equation (2.35)—(2.36), where
g1 (.’1}" S, t2)7 g1 (:Cu S, t2) are gi’l)@'fl by (237) at /6 =1 and h(.T7 S, tv y)) 6(‘7:7 t) y)
are gien by (2.29)-(2.30). A regret (1.2) is

Ly(0,0) = (DN)'21(0,0,0,0). (2.40)
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It follows from (2.40) that, when using strategies (2.39), the maximum
values of the regret are attained at that parameters § = (m, D), which
correspond to maximal D. In general, the transformation of strategy according
to (2.39) is impossible, because actual value of D is not known. Let’s give
an example, when strategy satisfying (2.39) can be used.

Upper Confidence Bound (UCB) strategy. This is a widely used
strategy, some examples are given in [9, 19, 20]. Let’s define the following
values after processing ko batches (ky > 2) using the second action

(ks - 1))”2_

Qi(k2) =0, Qa(ke) = X + a~y(ka) ( "

ks

Here X/ko and S/(ka—1) are current estimates of the mathematical expecta-
tion and the variance of the income obtained by applying the second action
to one batch, (S/(ka —1)/ko)'/? characterizes the mean-squared deviation of
the estimate X/ky. Note that (S/(ka—1)/ks)"/? — 0 as kg — co. Parameters
of the strategy are a > 0 and slow-growing function v(k2) > 0, e.g., y(k2) =
In(kz). Thus, Q2(k2) is the upper bound of the confidence interval for the
interval estimate of mathematical expectation of the income obtained by
applying the second action to one batch. For the first action a complete
information is available and, hence, Q1 (k2) = 0.

UCB strategy applies the second action to the two former batches. Then
to the batch number ks + 1 it applies the action corresponding to the largest
value of Q1(k2), Q2(k2), (k2 > 2). Once the first action is selected, it will
be applied until the end of the control. The second term in Q2(k2) makes
it possible to avoid the immediate transition to applying the first action if
at m > 0 and some small ky the condition X/ko < 0 takes place by chance.
Note that if m < 0, then the inequality Q2(k2) < Q1(k2) is fulfilled for some
ke with probability 1 .

Now let’s show that for UCB strategy a condition (2.39) is valid. Indeed,
after the change of variables we obtain

DN)1/2 DM 1/2
Qak2) = 2 tQK) +ar(k) (th(Sth - 1))

_(DM)V? [(aK1? s\
K <t2 +a7(k2)<t2(t2—6)> '

Therefore, the mutual order of bounds Q1(k2), Q2(k2) is the same as that of
bounds

CCK1/2 S 1/2
k) =0, i) = = ani) ()

So, mutual order of bounds qi(k2), g2(k2) does not depend on what D was
used for the change of variables.
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3 Estimating the variance by incomes within batches

Let’s now consider batch data processing, in which the variance estimation
is performed during data processing within the batch. To do this, we assume
that the processing is carried out in batches of the size M = M M>. In turn,
these batches are divided into My small packets, each of which includes M;
of data. This makes it possible to estimate the variance when processing
the next large batch based on the observed incomes of small packets by
computing the corresponding s2-statistics. It is clear that small packets and
also large batches themselves still allow parallel processing. The number of
large batches and, accordingly, the number of processing stages is K. Thus,
the total number of data is N = K MMy = K M. Note that although some
notations below are similar as in the previous section (i.g., R(k1, X, S, k2),
F(X, S, ka|m’,D'), etc) they are not exactly the same and should be interpret-
ed as independent from used in section 2.

Let’s consider how to recalculate the total income X and s?-statistics S
after processing the next large batch. Let k be the current number of large
batches processed and, therefore, n = kM be the current total number
of small packets included in them. Then the current total income and s*-
statistics are

X = Zn:x,-, S = zn:x? — X?/n,
i=1 i=1

where z1,...,x, are the incomes of small packets. For the next (k + 1)th
large batch, one can compute its total income and s2-statistics on the small
packets included in it with incomes xp41, ..., Tntisy:
n+Mos n+Mos
Y=Y @ U= 2i-Y?/M,.
i=n+1 i=n+1

Then the new values of total income and s?-statistics are recalculated using
the old ones according to the following formulas

n—+Mo
Xnew: Z LEZ:X+Y7
=1

n+Mas

&m=<§:wa(X+WWM+NM=S+U+AmL
i=1

where

(M X —nY)?

nMo (n + Mz) )

Thus, the recalculation of statistics after the receipt of the next large data

batch is carried out according to the formulas

X—X+4Y, S—S+U+DMA, (3.1)

MiA =Y? /My + X?/n— (X +Y)?*/(n+ Mp) =
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where

_(MoX —kMoY)? (X —kY)?
A= My M3k(k+1)  Mk(k+1) (32)

Denote by D’ = My D and m’ = Mym the variance and the mathematical
expectation of income for processing the small packet. Let’s introduce the
functions

front, (X | k2 Mom/)
(1, if ko = 0,
o fk2M2D/(X\k2M2m’), with f () from (11) if kQ > 1,

NS if ko = 0,
ko1 (S/ D) = { (D) "X} a1 (S/D"), if ky > 1.

If k3 > 1, these functions describe the probability density functions (pdf) of
cumulative income X and s2-statistics S computed after processing ko large
batches or, equivalently, after processing koM small packets. Since X and
S are independent random variables, the joint pdf

F(X,S|m/, D) = far,pr (X[ Mam)ons,—1 (S/D') (3-3)

describes the pdf of X, S, corresponding to processing one large batch.
Like in section 2, given a prior distribution density A(m, D), the posterior
distribution density is
_ Jrartypr (X[ka Mam) thyyn1,—1 (S/D") A(m.D)

)‘(m’D|X7 Sa k2) - P(X S kg) )

where
P(X, S, k) = / / Frortpr (X |kaMam') Yuyar,—1 (S/D') A(m.D)dmdD.
(S

where ko = 1,2,... and A(m,D]|0,0,0) = A(m, D). However, recursive
equation is simpler if the posterior distribution is defined in an equivalent
way. Denote

F(X, 8, ko|m', D) (3-4)
(D/)_3/2fk2M2D’(X|k2M2m,)¢M2k2—1 (S/D/) s if k2 21,
where
i 1’ if kQ = 0,
kaMQD/(X|k2M2m/) = exp <_ (X — k2M2m/)2> , lf k2 Z 1,
2ko Mo D' (3.5)

3 . 1, if ko =0,
¢k2M2—1( / ) - (S/D’)%_l e_S/(ZD,), if ko > 1,
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Then, given a prior distribution density A\(m, D), the posterior distribution
density is

F(X, S, ko|m', D')\(m, D)

P(X7 S, k2) (3.6)

with P(X, S, ko) = / / F(X, S, ko|m', D")X(m, D)dmdD.
S)

)‘(m7 D’Xv Su k2) =

Note that (3.6) remains valid if ks = 0, too.

Denote by RB(ki, X, S,ky) = RE | (\(m, D|X, S, k2) the Bayesian risk
computed on the control horizon K — k with respect to a prior distribution
density A(m, D|X, S, ka). Taking into account (3.1)—(3.2), the standard dynam-
ic programming equation has the form

RP(k1,X, S, ko) = min (R (k1, X, S, ko), RE (k1, X, S, k2)) (3.7)

where RlB(kil,X, S, k‘g) = R2B(k31,X, S, ]452) =0if k1 + ko = K and

RE(ky, X, 5. k) = / / A(m, DIX, 5, k)
(C]
x (Mo(m')" + RP(k1 + 1, X, S, ks)) dmdD, (3.8)
RQB(kLX: Sv k2) = // )‘(maD|X7 Sa k2) X (MQ(m,)_
€]
+/ / RB(ky, X 4+Y,S+U + MA, ky + DF(Y,U|m/, D’)deU) dmdD
0 —00

if 0 < k1 + ko < K. Bayesian risk (1.4) is
Ry (X)) = R(0,0,0,0). (3.9)

Here Rf (k1,X, S, ko) characterizes the expected loss on the control horizon
K — k if the fth action is applied first and then the control is carried out
optimally. When processing (k + 1)th the large batch, the Bayesian strategy
prescribes choosing an action corresponding to the current smaller value
RPB(k1,X, S, ka), RB(k1,X,S, kg); in the case of a draw, the choice can be
arbitrary.

Let’s present equation (3.7)-(3.8) in a more convenient for computations
form. We put

Ry(k1, X, S, ko) = RP(k1, X, S, k2) x P(X, S, ks), (3.10)
¢ =1,2. The following theorem is valid.

Theorem 6. To determine the Bayesian risk, one should solve a recursive
equation

R(kl,X, S, kg) = min (Rl(kl,X, S, kg), Rg(kl,X, S, kg)) s (3.11)
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where Rl(k‘l,X, S, ]{72) = Rg(kil,X, S, k‘z) =0ifki+ ko= K and

Rl(lﬁ,X, S, k‘g) = MGl(X, S, k‘Q) + R(k‘l + 1, X, S, ]{?2),
Ro(k1, X, 8, ks) = MGa(X, S, k2) (3.12)

+/ / R(k1, X +Y,S+ U+ Mi1A ko + 1)H(X, S, ke, Y,U)dY dU
0 —00
if 0 < ki 4+ ko < K. Here

G1(X, S, ko) = // mYF(X, S, ko|lm', D')A(m, D)dmdD,

5 (3.13)
Ga(X, S, ko) = /7 m~F(X, S, ka|m’, D"YX(m, D)dmdD
(C]
and
H(X,S kY, U)
C(My), if k=0,
— S(k:MQ—l)/Q—lU(MQ—l)/Q—l ‘ (314)
CO) > T Ay G Rl
with
1\ 1
CMz) = (2M2M27r> “T((My—1)/2)°
Bayesian risk (1.4) is
Ry (M) = R(0,0,0,0). (3.15)

When processing the (k+1)th large batch, the Bayesian strategy prescribes to
choose an action corresponding to the current smaller value Ry (k1, X, S, k2),
Ro(k1, X, S, ka); in the cade of a draw, the choice can be arbitrary.

Proof. Let’s multiply the left-hand and right-hand sides of the equation
(3.7)—(3.8) by P(X, S, ke) in (3.6). Taking into account (3.10) and (3.6), we
get (3.11)—(3.12), where G1(X, S, k2), G2(X, S, k2) are described by (3.13),
and
F(X, S, k|m', D")F(Y,U|lm', D’
H(X,S,k,Y,U) = =LK Sk, DVEY U, D) g4
F(X+Y,S+U+ MAk+1m/, D)
The cases £k > 1 and k = 0 should be considered separately. For k > 1,
taking into account (3.3)—(3.4), it follows from (3.16) that
r / /
foer o (X +Y|(k + 1) Mam”)

iat—1(S/D")par,—1(U/D')

Vs mp—1((S+U + M1A) /D)
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Here

kozD/(X|k‘M2m/)fM2D/(Y|M2m/):< 1 )1/2 p(MlA>
Fosnano (X +Y|(k+1)Mym/) — \27MpD’ 2D )’

and

a1 (S/ DY, (U/D') 1
Ves1)1—1((S +U + M1A)/D) D' x 20D (M — 1)/2)
(S/D) M2 U DOV e (—/(2D') exp (~U/(2D")
((S+U + M A)/ D)+ 1DM=1)/2=1 7 exp (—(S + U + M1A) /(2D))
(Dl)1/2 exp (MlA/(QD,)) S(kMg—l)/Q—lU(Mg—l)/Q—l
T 20RDRT((My — 1)/2) (S +U + MyA)GFDM- /21

Hence, H(X,S,k,Y,U) satisfies (3.14) if k > 1. If k =0 then X =0, S =0
and (3.16) takes the form

fMgD:(Y‘M2m/>wM2—~1 (U/D")
(D) =372 fagy pr (Y [Mam/ )ipar, -1 (U/ D)

H(07 07 07 Y7 U) =

1 \"? 1
(%MQ) 2(M2=1)/21(( My — 1) /2) (M)
Hence, H(X, S, k,Y,U) satisfies (3.14) if k& = 0. Formula (3.15) follows from
(3.9) and equality P(0,0,0) = 1. O

Let’s present a recursive equation for computing the regret (1.2) and right
now in a more convenient form for computations. Let the control strategy o
be described by a set of probabilities

O-ﬁ(kil,X7 Sv k2) = Pr(yk+1 = g‘klaXa Sa k?)’
0=1,2ki+ka =k k=0,..., K—1; X € (—00,+0), S € (0,+00).

Similarly to theorem 2 the following theorem holds true.

Theorem 7. Consider a recursive equation
2
L(k1, X, S, ko) = ook, X, S, ka) Le(k1, X, S, ko), (3.17)
(=1
where Ll(k‘l,X, k‘z) = Lg(k‘l,X, /62) =0 ka‘ =K and
Ll(k'l,X, S, k‘g) = MGl(X, S, k‘Q) + L(k‘l +1,X,5, ]{2),
Lo(k1,X, S, ko) = MGo(X, S, k) (3.18)

+/ / L(k1, X +Y,S+ U+ MA ks + 1) H(X, S, ks, Y, U)dY dU,
0 —00

if 0 <k < K-—1. Here

G1(X, S, ko) = mTF(X, S, ka|m’, D'),
Go(X, S, k) = m™F(X, S, ka|m/, D'),
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H(X,S,k,Y,U) is given by (3.14) and A = A(X,k,Y) is given by (3.2).
Then a regret (1.2) is

Ly(o,0) = L(0,0,0,0). (3.19)

Proof. One should write a standard equation for computing the regret, which
is similar to given by formulas (2.19)—(2.20). Then one should transform this
equation similarly to theorem 2 and take the degenerate prior pdf \(m, D)
concentrated at the parameter § = (m, D). i

Let’s obtain an invariant form of formulas (3.11)—(3.15). We take the set
of parameters Oy = {(m,D) : D < D < D, |m| < ¢(D/N)"?}, where
¢>0,0<D<D<D < oo. If one puts D = D, m = a(D/N)'/? =
(B 'D/N)'/2 then the set of parameters takes the form Ox = {(a, () :
D/D =y < B<1,|a < B2}

Consider the change of variables: X = z(DN)Y/2, Y = y(DN)'/2, § =
sDMy, U = uDMy, k = tK, ky = t1 K, ko = t2K, M/N = K1 = ¢,
m = a(D/N)/?, D = gD, \(m,D) = (N/D3)"?p(a, 3). Let

Rﬁ(kb 07 07 0) = (ﬁN)l/%nf(tlv 07 07 0)7
B ANL/2(TY Af \—3/2 : (3.20)
Ry(k1,X,S, ko) = (DN)"=(D M) re(ty, x, s, t2), if kg > 1,
¢ =1,2. Then the following theorem is valid.

Theorem 8. To determine a Bayesian risk, one should solve a recursive
equation

r(t1,x, s,ta) = min (ry(t1,x, s, t2), r2(t1, z, 8, t2)) , (3.21)
where r1(t1,x, s,t2) = ro(t1,x, s,t2) =0 if t =1 and

rl(tla x,Ss, t2) — Sgl(.’E, S, t2) + T(t]_ + &, T, S, t2)7
ro(ti,x, s,t2) = ega(x, s, ta) (3.22)

oo oo
+/ / T(t1a$"‘29754‘“"‘5(33,752,?/),752+€)h(3375at27yvu)dydua
0 —00
if 0 <t<1-—¢. Here

g1(2, 5 t3) = / /@ ot (a5, tala, B)o(a, B)dads, (3.23)

92(x787t2) = //(;) Oéi‘fv‘(.%}S,tQ’O&,ﬂ)Q(O[,ﬁ)dOéd,B,

with

3 (1, if t2=0,
f(z, s, t2]a, B) = { B3/2f,. a(xlta0)Prynty—1(s/B), if ta>¢
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and
h(z,s,t,y,u) (3.24)
C(M2)7 Zf t= 0,
_ g(kMa—1)/2—1, (My—1)/2—1 _
c(Myz) x (57wt 0(a.t.y) DM/ ift>e
with
1 \? 1
¢(My) = <2M27r5> T((Ms — 1)/2)
and
0, if tg =0,
5(z,ta,y) = (ex — toy)? T (3.25)
5t2(t2 + 6) ’ -

When processing the (k + 1)th large batch (respective to (t + €) point of
time) the Bayesian strategy prescribes choosing an action corresponding to a
smaller value r1(t1,x, s,t2), ro(t1,x, s,t2); in the case of a draw, the choice
can be arbitrary. Bayesian risk (1.4) is

Ry(\) = (D N)'?10,0,0,0). (3.26)

This description of control on the unit horizon is invariant in the sense that
it does not depend on the total amount of data N but only on the number of
large batches K and the number of small packets My as parts of large ones.

Proof. The proof is similar to the proof of theorem 3. One should perform
the above change of variables in (3.11)—(3.15). Again, A(m,D)dmdD =
o(a, B)dadf. Therefore,

(E/N)lﬂgg(x,s,tg), if ko =0,

X5k = { (DN oo, o oo

Next, argument k;+1 must be replaced by K~ (ky+1) = ty+e, S+U+M A
must be replaced by (S + U + M1A)(DM;)7 !, ie.,
(X — koY)? NK?(ex — tay)?
S+u+———""—=s5+u+ =s+u+d(x,ta,y),
b DMkQ(k2+1) MKQtQ(t2+5) ( 2 y)
where §(x,ta,y) is given by (3.25). Besides, H(X,S,k,Y,U)dY dU must be

replaced as

(D My)3?h(x, s, t,y,u)dydu, if k=0,

H(X,S,k,Y,U)dYdU = { W, 5.ty u)dyd, if k>1.

Let’s check the validity of (3.22). It’s sufficient to check the second equation.
Taking into account (3.20) and the comments made above, after substituting
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the transformed variables and functions into the second equation (3.12), we
obtain

(DN)Y215(t1,0,0,0) = M(D/N)"2g5(0,0,0)
+ / / (D N)V2D M) (1, y,u,2) (D M)Y0(0,0, .y, u)dydu,
0 —00

(ﬁN)l/z(EMl)_g/QTz(tb x,s,t2)
= M(D/N)Y2(D M) 32 gy(, 5,t3) + (D N)Y?(D M) =3/

o o0
></ / T(tlax+y75+u+6(:p7t2)y)7t2+€)h(x755t27y7u)dyduv
0 —00

if to > ¢, which gives the second equality (3.22). Formula (3.26) follows from
(3.15) and change of variables made above. O

Now let’s present in invariant form an equation that takes into account
the nature of the optimal strategy, i.e., if the first action is applied once, it
will be used until the end of the control. Like theorem 4, the following one
is valid.

Theorem 9. Consider a recursive equation
r(0,x, s,t2) = min(r1(0, z, s, t2),r2(0, z, 5, t2)), (3.27)
where r1(0,x, s,t2) = 12(0, 2, 8,t2) =0 if ta = 1 and
r1(0, 2, 8,t2) = (1 — t2)g1(x, s, t2),
r2(0, x, s, t2) = £ga(x, s, t2) (3.28)
(e.) o
+/ / r(0,z +y,s +u+6(x,t2,y), t2 +€)h(z, s, t2,y, u)dydu,
0 —00

if 0 <t < 1—e. Here g1(x, s,t2), g2(x, s, t2) are given by (3.23), h(x, s, t,y,u)
and §(x, t,y) are given by (3.24)—(3.25). Bayesian strategy prescribes choosing
an action corresponding to the current smaller value of r1(0, z, s, t2),

r2(0, x, s,t2); in the case of a draw, the choice can be arbitrary. Being selected
once, the first action will be applied until the end of the control. Bayesian
risk is given by (3.26).

The proof of theorem 9 is similar to that given in [18] and is therefore
omitted.

For an invariant representation of the equation for computing the regret,
we make an additional replacement

oe(k1, X, S, ko) = oy(t1,x, s, ta),
Li(k1,0,0,0) = (DN)Y21,(t1,0,0,0), (3.29)
Li(k1, X, S, ko) = (D NYY2(D M) 32U(t1, @, s, t), if ko > 1,
¢ =1,2. Then the following theorem is valid.
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Theorem 10. To determine a regret, one should solve a recursive equation
2

l(tl, T,s, tg) = Z U[(tl, z,s, tg)lg(tl, x, S, tg), (330)
=1

where Uy (t1, z, s,t2) = lo(t1, 2, 8,t2) =0 if t =1 and
ll(tlaxa Svt2) — €gl($,8,t2) + l(tl + 6,1‘,S,t2),
lg(tl,l‘,s,tg) = 692($,S,t2) (331)

o0 o0
+/ / Itz +y,s+u+d(x,t2,y),ta + )h(x, s, t2,y,u)dydu,
0 —00

if 0 <t<1-—¢. Here

gi(z, s, t2) = a+f($, s, to]a, 3),

g2z, s,ta) = a~ f(x, s, ta|a, B),
h(z,s,t,y,u) and §(z,t,y) are given by (3.24)—(3.25). A regret (1.2) is

Ln(0,0) = (DN)'21(0,0,0,0). (3.33)
This description of control on the unit horizon is invariant in the sense that

it does not depend on the total amount of data N but only on the number of
large batches K and the number of small packets Ms.

(3.32)

Corollary 2. Given 8 = (m, D), consider a change of variables

X =xz(DN)Y2)Y = y(DN)'/?, S = sDM,, U = uDM, k = tK, ky = t,K,
M/N = K~' = ¢, m = a(D/N)Y/2, Ly(k1,0,0,0) = (DN)'/21,(t1,0,0,0)
and Ly(k1, X, S, ky) = (DN)YV2(DM)=321,(t1,z,5,t2) if ko > 1, £ = 1,2.
Let also

O'g(k‘l,X, S, k?g) = O'g(tl,l‘,s,tQ), (= 1,2. (334)

Then for finding the regret, one should solve the equation (3.30)—(3.31), where
g1(z, s,t2), gi(x, s, ta) are given by (3.32) with = 1, h(z,s,t,y,u) and
d(z,t,y) are given by (3.24)—(3.25). A regret (1.2) is

Ln(0,0) = (DN)Y21(0,0,0,0). (3.35)

It follows from (3.35) that when using strategies (3.34), the largest values
of regret are achieved at parameters § = (m, D) that correspond to the
largest values of D. Although in general it is impossible to perform the
transformation (3.34) due to the unknown D, for some strategies the property
(3.34) is valid.

UCB strategy. After processing ko batches using the second action
(ko > 1), we determine the following statistics

kg k?

Here X/ko and MyS/(Msks — 1) are the estimates of the mathematical
expectation and the variance of income obtained when processing the batch

N 1/2
Q1(k2) =0, Qa(ko) = X +avy(ks) <M2S/(M2k‘2 1)> .
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TasaumA 1. Normalized Bayesian risks

A1 A12 A21 A22 r¥(\)
0.2 0.3 0.2 0.3 0.36
0.2 0.3 0.3 0.2 0.34
0.1 0.4 0.4 0.1 0.33

W N >

TaB/IUILA 2. Estimates of normalized Bayesian risks

MRV [ IREWN) N | gV [ IRV, X) [ ()
1| 0.39 0.33 0.33 0.39 0.36
2| 039 0.31 0.33 0.39 0.35
3/ 030 1.20 0.18 0.60 0.57

of M data with the use of the second action. Next, (MyS/(Maky — 1) /ks)'/?
characterizes the mean-squared deviation of the estimate X/ko, and
(M3S/(Maks —1)/ko)"/? — 0 as kg — co. The strategy parameters are again
a > 0 and the slowly growing function ~y(k3) > 0.

The UCB strategy applies the second action to the first batch, and then
applies to the batch with the number k2 + 1 the action, which corresponds to
the largest of the values Q1(k2), Q2(k2), (ke = 1,2,...). If the first action
is selected once, it will be applied until the end of the control.

Let’s show that the condition (3.34) is met for the UCB strategy. Indeed,
after performing the change of variables, we obtain

z(DN)1/2 MysDM 1/2
(D) +a~y(kz) 2 .
oK to K (Mots K — 1)

_(DM)1/2 rK1/2? s 1/2
T K (t2 +a7(k2)(t2(M2t2—s)) )

Therefore, the mutual order of the bounds Q1(kz2), Q2(ke) is the same as
that of the bounds

zK1/2 S 2
qi(k2) =0, qo(ke) = ' +ay(ks) <t2(]\42t2—5)> '

So, mutual order of bounds q;(k2), g2(k2) does not depend on which D was
used when changing the variables.

Qa(k2) =

4 Numerical results

Let’s describe the results of numerical experiments. In the case of estimating
the variance using cumulative incomes in batches, we computed Bayesian risk
for the number of batches K = 18 with the batch size M =1, so N = K.
Calculations of Bayesian risk were performed using formulas (2.11)-(2.15)
which can be used directly. But we simplified them taking into account
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Fi1G. 4.1. Normalized regrets for different variances - 1.

the fact that if the strategy switches to the second action, it will apply
it until the end of control. In invariant form. these simplified formulas are
presented in theorem 4. When performing numerical integration, X varied
in the range from -7 to 7 in increments of 0.07, and S varied from 0.005 to
20.005 in increments of 0.01. A small increment in S is due to the singularity
of H(X,S,k,Y), and accordingly R(ki, X, S, k2), at the point S = 0if k = 2.

A set of parameters © was characterized by different variance values
and was chosen concentrated at four parameters 611 = (mp, D1), 012 =
(mn,Dl), 921 = (mp,D2)7 922 = (mn,Dg), Where D1 =D = 1, D2 =
D = 0.7, my = 1.5(D/N)"/2, m,, = —2.5(D/N)'/2. For prior distributions
A = ()\11,)\12,)\21,)\22), where )\ij = PI‘(9 = 91']'), ’i,j = 1,2, values of
normalized Bayesian risks 75(\) = (DN)"/2RE()\) are presented in the
table 1.

Then we approximated risks from the table 1 by risks and regrets, computed
on the sets of parameters {611, 012} and {021, 022}, each of which is characteriz-
ed by a single value of variance.To this end, on the sets {61,612} and
{921, 922} prior distributions N = ()\11//1,1, )\12//11) and \' = (/\21/#2, /\22//1,2)
were assigned with p; = A1 + A1, 2 = A21 + Ag2. Then for a prior
distribution X’ a normalized Bayesian risk rZ(\) = (DN)~/2RE(\) and
a Bayesian strategy o ()\') were determined. Then the strategy oZ(\) was
applied on a prior distribution A” and the normalized regret IX (o(\), \") =
(DN)"Y2LE (a(\),\") was computed. Similarly, r%(\") and 1§ (a(\"), \)
were computed. Finally, the estimate of Bayesian risk rﬁ()\) is as follows

In ) = g1 (B OY) + ol BN, X)) + 2 (IR (e (X), N) + parB (X))

The results corresponding to the prior distributions from the table 1 are
presented in the table 2. Everywhere p1 = pa = 0.5. One can see that if the
distributions X and A" are close (cases 1 and 2), then the estimate Iy ()) is
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lN(O', 9)

2.5 (0 5

Fi1G. 4.2. Normalized regrets for different variances - 2.

close to the value of the risk 7 ()). If the distributions A’ and A" are very
different, then the estimate [y () is very different from 7 (\).

For approximate finding the minimax strategy and risk, the main theorem
of game theory is used, according to which the minimax risk coincides with
the Bayesian risk computed with respect to the worst-case prior distribution
on which the Bayesian risk is maximal. At the same time, the minimax
strategy coincides with the corresponding Bayesian one. As an example,
consider the approximate finding the minimax risk at K = 18, M = 1
on the set of parameters ©® = {(m,D) : 0.7 = D < D <1 =D, m =
a(D/N)'/?| |a| < 5}. In this case, approximately the worst-case prior distribu-
tion is concentrated on three parameters and has the form: Pr(D = 1, =
1.9) = 0.3, Pr(D = 1, = —=2.2) = 0.15, Pr(D = 1,a = —5) = 0.55,
the corresponding Bayesian risk is approximately 0.41. Then, regrets were
calculated for the strategy found. In Fig. 4.1, lines 1, 2, 3, 4 correspond to
regrets at variance values of D = 1, 0.9, 0.8, 0.7, calculated in increments of
0.5. One can see that the maximum values of the regret are approximately
the same as the Bayesian risk calculated with respect to the worst-case prior
distribution.

Finally, in Fig. 4.2, we present approximate finding minimax strategy
and minimax risk in the case of estimating the variance by incomes within
batches. In considered case, K = 12, Ms = 5, M; = 1 and, therefore,
the total number of batches is N = 60. The set of parameters is again
©={mD):07=D<D<1=D,m=«aD/N)? |a| <5} The
results are presented for a Bayesian strategy computed with respect to a
prior distribution Pr(D = 1, = 3.5) = 0.16, Pr(D = 1l,a = —5) =
0.84, corresponding normalized Bayesian risk is approximately 0.47. For
determined strategy, the regrets corresponding to variance values of D =
1, 0.9, 0.8, 0.7, are presented by lines 1, 2, 3, 4 respectively, their maximum
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is approximately 0.48. Calculations of Bayesian risk were performed using
formulas (3.12)—(3.15), which were ssimplified taking into account the fact
that if the strategy switches to the second action, it will apply it until the
end of control. In invariant form, these simplified formulas are presented in
theorem 9. When performing numerical integration, X varied in the range
from -18 to 18 in increments of 0.15, and S varied from 0.5 to 120.5 in
increments of 1. Since, a function H(X,S,k,Y,U) has no singularities if
M, = 5, now there is no need to provide a small increment in S.

5 Conclusion

We considered a Gaussian one-armed bandit problem with both unknown
the mathematical expectation and the variance. Such a problem arises when
optimizing batch data processing if the number of data batches and their
sizes have small or moderate volumes. We obtained recursive equations for
computing Bayesian risk and regret in the usual and invariant form with a
control horizon equal to one. This makes it possible to compute Bayesian
strategy and risk for any number of data multiples of the number of batches
processed. To find minimax strategy and risk, one should first find the worst-
case prior distribution at which the Bayesian risk is maximal. Minimax
strategies and risk coincide with Bayesian ones calculated with respect to the
worst-case prior distribution. The presented results of numerical experiments
confirm the theoretical results.
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