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Abstract. The concept of a Gaussian family of Borel measures on
a separable Hilbert space is introduced in the paper. Necessary and
su�cient conditions are found under which a Gaussian family of measures
generates a semigroup of operators on the space of complex bounded
Borel functions. These conditions are expressed in the form of a system of
functional equations and initial conditions for operator-valued functions
on the real semi-axis. A system of di�erential equations is derived from
the system of functional equations and it is proved that the Cauchy
problem has a unique solution for it. Several examples of Gaussian semi-
groups of operators are given.
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1. Ââåäåíèå

Ðàáîòà ïîñâÿùåíà èçó÷åíèþ óñëîâèé, ïðè êîòîðûõ ãàóññîâñêîå ñåìåéñòâî
ìåð íà ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå ïîðîæäàåò ïîëóãðóïïó îïå-
ðàòîðîâ íà ïðîñòðàíñòâå êîìïëåêñíîçíà÷íûõ îãðàíè÷åííûõ áîðåëåâñêèõ ôóíê-
öèé. Ïîä ãàóññîâñêèì ñåìåéñòâîì ìåð ìû ïîíèìàåì (òî÷íîå îïðåäåëåíèå 12 ñì.
íèæå) ñåìåéñòâî {µt,x

∣∣ t > 0, x ∈H } áîðåëåâñêèõ ìåð íà ñåïàðàáåëüíîì ãèëü-
áåðòîâîì ïðîñòðàíñòâå H ñî ñêàëÿðíûì ïðîèçâåäåíèåì 〈·, ·〉, èìåþùåå âèä

µt,x = h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x,

ãäå ÷èñëîâàÿ ôóíêöèÿ h(t) è îïåðàòîð-ôóíêöèè P (t), Q(t), R(t) çàäàíû íà ïî-
ëóîñè t > 0, è ÷åðåç ΓQ(t),R(t)x îáîçíà÷åíà ãàóññîâñêàÿ ìåðà ñ êîððåëÿöèîííûì
îïåðàòîðîì Q(t) è ñðåäíèì çíà÷åíèåì R(t)x (ñì. ï. 2.6). Îïåðàòîðû ïîðîæäà-
åìîé ýòèì ñåìåéñòâîì ïîëóãðóïïû (Gt)t>0 (òàêæå íàçûâàåìîé ãàóññîâñêîé �
ñì. îïðåäåëåíèå 13) äîëæíû çàäàâàòüñÿ ôîðìóëîé

(1) (Gtf)(x) =

∫
H

f(y)µt,x(dy) =

=

∫
H

f(y)h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x(dy) =

= h(t) exp
{
− 1

2

〈
P (t)x, x

〉}∫
H

f
(
z +R(t)x

)
ΓQ(t),0(dz)

äëÿ ëþáîé áîðåëåâñêîé îãðàíè÷åííîé ôóíêöèè f : H → C.
Â ñòàòüå íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà h(t), P (t), Q(t),

R(t), ïðè âûïîëíåíèè êîòîðûõ ñåìåéñòâî îïåðàòîðîâ (Gt)t>0, çàäàâàåìîå ðà-
âåíñòâîì (1), äåéñòâèòåëüíî îáðàçóåò ïîëóãðóïïó. Ýòè óñëîâèÿ â òåîðåìå 3
(ïåðâîé èç òð¼õ îñíîâíûõ òåîðåì ðàáîòû) âûðàæåíû â âèäå ñèñòåìû ôóíêöè-
îíàëüíûõ óðàâíåíèé è íà÷àëüíûõ óñëîâèé íà ôóíêöèè h(t), P (t), Q(t), R(t).
Â ñëåäóþùåé òåîðåìå 4 èç óïîìÿíóòîé ñèñòåìû ôóíêöèîíàëüíûõ óðàâíåíèé
âûâåäåíà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ h(t), P (t),
Q(t), R(t), à â òåîðåìå 5 äîêàçàíî, ÷òî çàäà÷à Êîøè äëÿ ïîñëåäíåé ñèñòå-
ìû èìååò åäèíñòâåííîå ðåøåíèå. Ïðè ýòîì îêàçàëîñü, ÷òî äèôôåðåíöèàëü-
íîå óðàâíåíèå äëÿ P (t) îòíîñèòñÿ ê êëàññó îïåðàòîðíûõ óðàâíåíèé Ðèêêàòè
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(ñì. îïðåäåëåíèå 4), êîòîðûå èãðàþò âàæíóþ ðîëü â ëèíåéíîé òåîðèè îïòè-
ìàëüíîãî óïðàâëåíèÿ è òåîðèè äèôôåðåíöèàëüíûõ èãð (ñì., íàïðèìåð, [3]).
Â ÷åòûðåõ ÷àñòíûõ ñëó÷àÿõ íà îñíîâå ðåøåíèé óêàçàííîé çàäà÷è Êîøè, íàé-
äåííûõ â ÿâíîì âèäå, ïðèâåäåíî íåñêîëüêî ïðèìåðîâ ãàóññîâñêèõ ïîëóãðóïï
îïåðàòîðîâ (ñì. ï. 3.2). Íà íàø âçãëÿä, èíòåðåñ ïðåäñòàâëÿåò òàêæå ïðåäëî-
æåíèå 13, â êîòîðîì âû÷èñëåí èíòåãðàë ïî ãàóññîâñêîé ìåðå îò ôóíêöèè âèäà
exp

{
i〈y, b〉 − 1

2 〈Ay, y〉
}
, ãäå b ∈H è A � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð íà

H .
Íàøå âíèìàíèå ê ãàóññîâñêèì ïîëóãðóïïàì, îïðåäåëÿåìûì ôîðìóëîé (1),

îáóñëîâëåíî, â ÷àñòíîñòè, òåì, ÷òî ñ ïîìîùüþ àíàëîãè÷íûõ ôîðìóë ìîãóò áûòü
ïðåäñòàâëåíû ðåøåíèÿ çàäà÷è Êîøè ñ íà÷àëüíûì óñëîâèåì f äëÿ íåêîòîðûõ
ïàðàáîëè÷åñêèõ óðàâíåíèé, êàê â êîíå÷íîìåðíîì ñëó÷àå (íàïðèìåð, äëÿ óðàâ-
íåíèÿ òåïëîïðîâîäíîñòè � ñì. [22, ï. 3 �40]), òàê è â áåñêîíå÷íîìåðíîì ñëó÷àå
(ñì. [9, òåîð. 1.4 ãë. V]). Ðàçâèâàåìîå íàìè íàïðàâëåíèå èññëåäîâàíèé èíòå-
ðåñíî è òåì, ÷òî îíî çàòðàãèâàåò òàêèå ïîïóëÿðíûå ìàòåìàòè÷åñêèå îáúåêòû,
êàê ïîëóãðóïïû îïåðàòîðîâ, ãàóññîâñêèå ìåðû è óðàâíåíèÿ Ðèêêàòè, êîòîðûì
ïîñâÿùåíà îáøèðíåéøàÿ ëèòåðàòóðà (ñì., íàïðèìåð, [11], [24], [14], [6], [13],
[3], [1], à òàêæå áèáëèîãðàôèþ â íèõ). Òåñíûå ñâÿçè, ñóùåñòâóþùèå ìåæäó îïå-
ðàòîðíûì äèôôåðåíöèàëüíûì óðàâíåíèåì Ðèêêàòè è ïîëóãðóïïîé ñèìïëåê-
òè÷åñêèõ ãàìèëüòîíîâûõ îïåðàòîðîâ, èçó÷åíû â ðàáîòå [18].

Îòìåòèì, ÷òî ÷àñòíûì ñëó÷àåì ãàóññîâñêèõ ïîëóãðóïï ÿâëÿþòñÿ ïîëóãðóï-
ïû Îðíøòåéíà�Óëåíáåêà, ðàññìîòðåííûå â [6, �2.8] (ñì. ïðèìåð 3). Ãàóññîâñêèå
îáîáù¼ííûå ì¼ëåðîâñêèå ïîëóãðóïïû, èçó÷åííûå â [5, �4], òàêæå ïðåäñòàâëÿ-
þò ñîáîé ÷àñòíûé ñëó÷àé ãàóññîâñêèõ ïîëóãðóïï, ïîñêîëüêó îíè ìîãóò áûòü
çàäàíû ñ ïîìîùüþ ôîðìóë âèäà (1).

Â ïàðàãðàôå 2 íàøåé ðàáîòû äëÿ óäîáñòâà ñîáðàíû îñíîâíûå îáîçíà÷åíèÿ,
îïðåäåëåíèÿ è âñïîìîãàòåëüíûå óòâåðæäåíèÿ, êîòîðûå íàì ïîíàäîáÿòñÿ. Â ïà-
ðàãðàôå 3 ïîìåùåíû îñíîâíûå ðåçóëüòàòû ñòàòüè (òåîðåìû 3, 4, 5 è ïðèìåðû
4, 5, 6, 7). Ïëàí äàëüíåéøèõ èññëåäîâàíèé èçëîæåí â ïîñëåäíåì ïàðàãðàôå 4.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â äàííîì ïàðàãðàôå ìû ââîäèì îáîçíà÷åíèÿ, íàïîìèíàåì ðÿä îïðåäåëå-
íèé è èçâåñòíûõ ôàêòîâ, à òàêæå ïðèâîäèì íåñêîëüêî óòâåðæäåíèé, ïîëåçíûõ
äëÿ äàëüíåéøåãî èçëîæåíèÿ. Â ïðåäëîæåíèè 13 ìû âû÷èñëÿåì èíòåãðàë ïî
ãàóññîâñêîé ìåðå îò ôóíêöèè âèäà exp

{
i〈y, b〉 − 1

2 〈Ay, y〉
}
äëÿ ëþáîãî âåêòîðà

b ∈H è ëþáîãî ëèíåéíîãî îãðàíè÷åííîãî îïåðàòîðà A íà H .

2.1. Ëèíåéíûå îãðàíè÷åííûå îïåðàòîðû íà ãèëüáåðòîâîì ïðîñòðàí-
ñòâå.

Âñþäó äàëåå ÷åðåç H áóäåì îáîçíà÷àòü âåùåñòâåííîå åâêëèäîâî ïðîñòðàí-
ñòâî ñî ñêàëÿðíûì ïðîèçâåäåíèåì 〈x, y〉, ïîëíîå îòíîñèòåëüíî åâêëèäîâîé íîð-
ìû |x|H =

√
〈x, x〉, ãäå x ∈ H . Ìû áóäåì íàçûâàòü H ãèëüáåðòîâûì ïðî-

ñòðàíñòâîì íåçàâèñèìî îò åãî ðàçìåðíîñòè, êîíå÷íîé èëè áåñêîíå÷íîé. Ðå-
çóëüòàòû, åñëè íå óêàçàíî äðóãîå, áóäåì ïðèâîäèòü â ïðåäïîëîæåíèè, ÷òî H
ñåïàðàáåëüíî. Íåêîòîðûå ïðèâåä¼ííûå ðåçóëüòàòû, òåì íå ìåíåå, áóäóò âåðíû
è áåç ýòîãî ïðåäïîëîæåíèÿ.

Êàê èçâåñòíî (ñì., íàïðèìåð, [8, Òåîðåìà 6.5.1]), ïðîñòðàíñòâî H ∗, ñîïðÿ-
æ¼ííîå ê H , èçîìîðôíî H â ñèëó òåîðåìû Ðèññà.
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Ñèìâîëîì L(H ) áóäåì äàëåå îáîçíà÷àòü ïðîñòðàíñòâî âñåõ ëèíåéíûõ îãðà-
íè÷åííûõ îïåðàòîðîâ íà H , íàäåëåííîå ðàâíîìåðíîé îïåðàòîðíîé íîðìîé
‖A‖ = sup

{
|Ax|H

∣∣ x ∈ H , |x|H < 1
}
. ×åðåç L+(H ) îáîçíà÷èì ìíîæåñòâî

âñåõ íåîòðèöàòåëüíûõ îïåðàòîðîâ, ïðèíàäëåæàùèõ L(H ), à ÷åðåç LS+(H ) �
ïîäìíîæåñòâî â L+(H ), ñîñòîÿùåå èç ñàìîñîïðÿæ¼ííûõ îïåðàòîðîâ.

Ñèìâîëîì I îáîçíà÷èì åäèíè÷íûé îïåðàòîð íà H .

Ôàêòû, ïðèâåäåííûå â ñëåäóþùåé ëåììå, íàâåðíÿêà èçâåñòíû.

Ëåììà 1. Ïóñòü äàíû îïåðàòîðû A1, A2 ∈ L(H ) è ñóùåñòâóåò îáðàòíûé
îïåðàòîð (I +A1A2)−1 ∈ L(H ). Òîãäà
1) ñóùåñòâóåò îáðàòíûé îïåðàòîð (I + A2A1)−1 ∈ L(H ), ïðè÷åì âûïîëíÿ-

þòñÿ ðàâåíñòâà

(I +A2A1)−1 = I −A2(I +A1A2)−1A1 è A1(I +A2A1)−1 = (I +A1A2)−1A1;

2) åñëè îïåðàòîðû A1 è A2 ñàìîñîïðÿæåíû, òî ñàìîñîïðÿæåííûìè ÿâëÿþòñÿ
è îïåðàòîðû A1(I+A2A1)−1 è (I+A1A2)−1A1 (êîòîðûå ðàâíû ìåæäó ñîáîé
â ñèëó ïåðâîé ÷àñòè ëåììû).

Äîêàçàòåëüñòâî. 1) Âåðíà ñëåäóþùàÿ öåïî÷êà ðàâåíñòâ:(
I −A2(I +A1A2)−1A1

)
· (I +A2A1) = I +A2A1 −A2(I +A1A2)−1A1−

−A2(I +A1A2)−1A1A2A1 = I +A2A1 −A2(I +A1A2)−1(I +A1A2)A1 = I.

Ïîýòîìó îïåðàòîð
(
I −A2(I +A1A2)−1A1

)
ÿâëÿåòñÿ äëÿ (I +A2A1) îáðàòíûì

ñëåâà. Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî îí áóäåò îïåðàòîðîì, îáðàòíûì ñïðàâà.
Ðàâåíñòâî A1(I + A2A1)−1 = (I + A1A2)−1A1 ëåãêî ñëåäóåò èç ðàâåíñòâà

(I +A1A2)A1 = A1(I +A2A1).
2) Åñëè A1 = A∗1 è A2 = A∗2, òî, â ñèëó ïåðâîãî ïóíêòà ëåììû, èìååì:(
A1(I +A2A1)−1

)∗
=
(
(I +A1A2)−1A1

)∗
= A1(I +A2A1)−1 = (I +A1A2)−1A1.

Ëåììà äîêàçàíà. �

Äàëåå íàì ïîíàäîáèòñÿ ïîíÿòèå ôóíêöèè îò ñàìîñîïðÿæ¼ííîãî îïåðàòîðà.

Çàìå÷àíèå 1. Íàïîìíèì (ñì. [8, òåîð. 7.7.2]), ÷òî äëÿ ëþáîãî ëèíåéíîãî îãðà-
íè÷åííîãî ñàìîñîïðÿæåííîãî îïåðàòîðà A íà H 6= {0} è äëÿ ëþáîé íåïðåðûâ-
íîé ôóíêöèè f : σ(A) → R îïðåäåëåí îïåðàòîð f(A), êîòîðûé òîæå ÿâëÿåòñÿ
ñàìîñîïðÿæåííûì. Ïðè ýòîì (ñì. [8, ñëåäñò. 7.7.3]) åñëè f > 0, òî è f(A) > 0.
Â ÷àñòíîñòè (ñì. [8, ñëåäñò. 7.7.3]), äëÿ ëþáîãî A ∈ LS+(H ) îïðåäåëåí îïåðà-

òîð A1/2 =
√
A ∈ LS+(H ).

2.2. ßäåðíûå îïåðàòîðû íà ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàí-
ñòâå.

Îïðåäåëåíèå 1 (ñì. [15, �8 ãë. III], [4, ï. 1 �2 ãë. 11]). Êîìïàêòíûé ëè-
íåéíûé îïåðàòîð K íà ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H íàçû-
âàåòñÿ ÿäåðíûì, åñëè êîíå÷íà åãî ÿäåðíàÿ íîðìà ‖K‖1 =

∑∞
n=1 sn(K), ãäå

{s1(K), s2(K), . . .}� ýòî ïîñëåäîâàòåëüíîñòü âñåõ ñîáñòâåííûõ ÷èñåë îïåðàòîðà
(K∗K)1/2, âçÿòûõ ñ ó÷¼òîì êðàòíîñòè. Ìíîæåñòâî âñåõ ÿäåðíûõ îïåðàòîðîâ íà
H áóäåì îáîçíà÷àòü ÷åðåç L1(H ), ìíîæåñòâî âñåõ ñàìîñîïðÿæ¼ííûõ ÿäåðíûõ
îïåðàòîðîâ � ÷åðåç LS1(H ), ìíîæåñòâî âñåõ ñàìîñîïðÿæ¼ííûõ íåîòðèöàòåëü-
íûõ ÿäåðíûõ îïåðàòîðîâ � ÷åðåç LS+1 (H ).
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Ñëåäóþùåå ïðåäëîæåíèå ïîêàçûâàåò, ÷òî ‖ · ‖1 � ýòî äåéñòâèòåëüíî íîðìà.

Ïðåäëîæåíèå 1 (ñì. [4, òåîð. 6 �8 ãë. 11]). Íà ìíîæåñòâå L1(H ) ôóíêöèîíàë
‖A‖1 =

∑∞
n=1 sn(A) çàäàåò íîðìó, îòíîñèòåëüíî êîòîðîé L1(H ) ÿâëÿåòñÿ

áàíàõîâûì ïðîñòðàíñòâîì.

Èçâåñòíî, ÷òî ïðîñòðàíñòâî L1(H ) ÿâëÿåòñÿ äâóñòîðîííèì èäåàëîì â L(H ):

Ïðåäëîæåíèå 2 (ñì. [4, ï. 1 � 2 ãë. 11]). Åñëè B ∈ L1(H ) è A,C ∈ L(H ),
òî ABC ∈ L1(H ), ïðè÷¼ì âåðíî íåðàâåíñòâî ‖ABC‖1 6 ‖A‖ · ‖B‖1 · ‖C‖.

Âåðåí ñëåäóþùèé êðèòåðèé ÿäåðíîãî îïåðàòîðà:

Ïðåäëîæåíèå 3 (ñì. [15, òåîð. 8.1 ãë. III]). Îïåðàòîð A ∈ L(H ) ÿâëÿåòñÿ
ÿäåðíûì òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî îðòîíîðìèðîâàííîãî áàçèñà
{ϕn}∞n=1 â H ðÿä

∑∞
n=1〈Aϕn, ϕn〉 ñõîäèòñÿ ê îäíîìó è òîìó æå ÷èñëó.

Â ñèëó ýòîãî óòâåðæäåíèÿ ÿâëÿåòñÿ êîððåêòíûì ñëåäóþùåå îïðåäåëåíèå
ñëåäà, êîòîðûé èíîãäà íàçûâàþò ìàòðè÷íûì ñëåäîì.

Îïðåäåëåíèå 2 (ñì. [15, ï. 1 �8 ãë. III], [4, ï. 3 �2 ãë. 11]). Ñëåäîì ÿäåðíîãî
îïåðàòîðà A íà H íàçûâàåòñÿ âåëè÷èíà trA =

∑∞
n=1〈Aϕn, ϕn〉, ãäå {ϕn}∞n=1 �

ýòî ïðîèçâîëüíûé îðòîíîðìèðîâàííûé áàçèñ â H .

Îêàçûâàåòñÿ, ìàòðè÷íûé ñëåä ÿäåðíîãî îïåðàòîðà ñîâïàäàåò ñ òàê íàçûâà-
åìûì ñïåêòðàëüíûì ñëåäîì:

Ïðåäëîæåíèå 4 (ñì. [19], [15, òåîð. 8.4 ãë. III]). Ïóñòü {λ1(A), λ2(A), . . .}
� ýòî ïîñëåäîâàòåëüíîñòü âñåõ ñîáñòâåííûõ ÷èñåë ïðîèçâîëüíîãî îïåðàòî-
ðà A ∈ L1(H ), âçÿòûõ ñ ó÷¼òîì êðàòíîñòè. Òîãäà âûïîëíÿåòñÿ ðàâåíñòâî
trA =

∑∞
n=1 λn(A).

Îòîáðàæåíèå L1(H ) 3 A 7→ trA ∈ R, êàê âûòåêàåò èç ñëåäóþùåãî óòâåð-
æäåíèÿ, ÿâëÿåòñÿ íåïðåðûâíûì:

Ïðåäëîæåíèå 5 (ñì. [15, òåîð. 8.5 ãë. III]). Äëÿ ïðîèçâîëüíîãî îïåðàòîðà
A ∈ L1(H ) âûïîëíÿåòñÿ íåðàâåíñòâî | trA| 6 ‖A‖1.

2.3. Îïðåäåëèòåëè áåñêîíå÷íîãî ïîðÿäêà.

Îïðåäåëåíèå 3 (ñì. [15, ï. 1 �1 ãë. IV]). Ïóñòü A ∈ L1(H ). Òîãäà îïðå-
äåëèòåëü det(I + A) çàäà¼òñÿ ôîðìóëîé det(I + A) =

∏∞
n=1

(
1 + λn(A)

)
, ãäå

{λ1(A), λ2(A), . . .} � ýòî ïîñëåäîâàòåëüíîñòü âñåõ ñîáñòâåííûõ ÷èñåë îïåðàòî-
ðà A, âçÿòûõ ñ ó÷¼òîì êðàòíîñòè.

Çàìå÷àíèå 2. Ìîæíî ïîêàçàòü (ñì. [15], ôîðìóëà (1.2) â �1 ãë. IV ïðè µ = 1),
÷òî äëÿ ëþáîãî îïåðàòîðà A ∈ L1(H ) âåðíà îöåíêà

∣∣det(I +A)
∣∣ 6 e‖A‖1 .

Ïîíÿòèÿ îïðåäåëèòåëÿ è ñëåäà îïåðàòîðà ñâÿçàíû ìåæäó ñîáîé:

Ïðåäëîæåíèå 6 (ñì. [15, ôîðìóëà (1.17) �1 ãë. IV]). Äëÿ ëþáîãî îïåðàòîðà
A ∈ L1(H ), òàêîãî ÷òî ‖A‖1 < 1, âûïîëíÿåòñÿ ðàâåíñòâî

(2) ln det(I +A) = tr ln(I +A).

Ñëåäóþùåå óòâåðæäåíèå ãîâîðèò î íåïðåðûâíîé çàâèñèìîñòè äåòåðìèíàíòà
det(I +A) îò îïåðàòîðà A ∈ L1(H ) ïî ÿäåðíîé íîðìå:
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Ïðåäëîæåíèå 7 (ñì. [15, ñë. 1.1 ãë. IV]). Ïóñòü A0 ∈ L1(H ). Òîãäà äëÿ
ëþáîãî ε > 0 íàéä¼òñÿ òàêîå δ > 0, ÷òî äëÿ êàæäîãî îïåðàòîðà A ∈ L1(H ),
óäîâëåòâîðÿþùåãî íåðàâåíñòâó ‖A − A0‖1 < δ, áóäåò âûïîëíÿòüñÿ îöåíêà∣∣ det(I +A)− det(I +A0)

∣∣ < ε.

Íàì ïîíàäîáèòñÿ åù¼ îäíî ñâîéñòâî îïðåäåëèòåëÿ:

Ïðåäëîæåíèå 8 (ñì. [15, ñâîéñòâî 50 �1 ãë. IV]). Ïóñòü A1 ∈ L(H ) è A2 �
êîìïàêòíûé îïåðàòîð íà H , ïðè÷åì A1A2 ∈ L1(H ) è A2A1 ∈ L1(H ). Òîãäà
âûïîëíÿåòñÿ ðàâåíñòâî det(I +A1A2) = det(I +A2A1).

Ñëåäóþùåå ïîëåçíîå óòâåðæäåíèå ìîæíî îáîñíîâàòü, ïðàêòè÷åñêè ïîâòîðèâ
àðãóìåíòû èç äîêàçàòåëüñòâà ëåììû 3 â �6 ãëàâû I êíèãè Äèêñìüå [10], çàìåíèâ
ïðè ýòîì Ol íà L1(H ) è ϕ íà tr:

Ëåììà 2 (ñð. [10, lemme 3 �6 ch. I], [15, ôîðìóëà (1.16) �1 ãë. IV]). Ïóñòü
ôóíêöèÿ f(λ) àíàëèòè÷íà â íåêîòîðîì îòêðûòîì îäíîñâÿçíîì ìíîæåñòâå
êîìïëåêñíîé ïëîñêîñòè, ñîäåðæàùåì òî÷êó 0, J � çàìêíóòàÿ æîðäàíîâà
êðèâàÿ, ëåæàùàÿ â ýòîì ìíîæåñòâå, è f(0) = 0. Ïóñòü, êðîìå òîãî, îòîá-
ðàæåíèå t 7→ S(t) ïîëóèíòåðâàëà [α, β) âåùåñòâåííîé ïðÿìîé â ïðîñòðàíñòâî
L1(H ) äèôôåðåíöèðóåìî â ñìûñëå ÿäåðíîé íîðìû ‖·‖1 (ïîä äèôôåðåíöèðóåìî-
ñòüþ â òî÷êå α ïîíèìàåòñÿ íàëè÷èå íåé ïðàâîé ïðîèçâîäíîé). Ïðåäïîëîæèì
òàêæå, ÷òî äëÿ ëþáîãî t ∈ [α, β) ñïåêòð îïåðàòîðà S(t) ëåæèò âíóòðè J .
Òîãäà îòîáðàæåíèå [α, β) 3 t 7→ f

(
S(t)

)
= (f ◦ S)(t) ∈ L1(H ) òàêæå äèôôå-

ðåíöèðóåìî â ñìûñëå íîðìû ‖ · ‖1, è äëÿ ëþáîãî t ∈ [α, β) âåðíî ðàâåíñòâî

(3) tr
(
(f ◦ S)′(t)

)
= tr

(
f ′
(
S(t)

)
· S′(t)

)
.

Èç ýòîé ëåììû âûòåêàåò óòâåðæäåíèå, êîòîðîå íàì òîæå áóäåò íóæíî:

Ïðåäëîæåíèå 9 (ñð. [15, ôîðìóëà (1.14) �1 ãë. IV]). Ïóñòü îòîáðàæåíèå
t 7→ S(t) ïîëóèíòåðâàëà [α, β) ⊂ R â ïðîñòðàíñòâî L1(H ) äèôôåðåíöèðóåìî
â ñìûñëå íîðìû ‖ · ‖1 (ïîä äèôôåðåíöèðóåìîñòüþ â òî÷êå α ïîíèìàåòñÿ íà-
ëè÷èå â íåé ïðàâîé ïðîèçâîäíîé). Ïðåäïîëîæèì, ÷òî ‖S(t)‖1 < 1 ïðè ëþáîì
t ∈ [α, β). Òîãäà ÷èñëîâàÿ ôóíêöèÿ t 7→ det

(
I +S(t)

)
òàêæå äèôôåðåíöèðóåìà

íà [α, β), è äëÿ ëþáîãî t ∈ [α, β) âûïîëíÿåòñÿ ðàâåíñòâî

(4)
d

dt
det
(
I + S(t)

)
= det

(
I + S(t)

)
· tr
((
I + S(t)

)−1
S′(t)

)
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëó (2), ïîëó÷èì:

d

dt
det
(
I + S(t)

)
= det

(
I + S(t)

)
· d
dt

ln det
(
I + S(t)

)
=

(5) = det
(
I + S(t)

)
· d
dt

tr ln
(
I + S(t)

)
.

Äîêàæåì ðàâåíñòâî (4) äëÿ òî÷êè t = α. Ïîëîæèì ε = (1−‖S(α)‖1)/3 > 0. Òàê
êàê S(t) äèôôåðåíöèðóåìî â òî÷êå α ñïðàâà, òî ìîæíî âûáðàòü δ > 0 íàñòîëüêî
ìàëûì, ÷òî ïðè âñåõ t ∈ [α, α + δ) áóäåì èìåòü ‖S(t)‖1 < 1 − 2ε. Ïðèìåíèì
ëåììó 2 äëÿ ïðîìåæóòêà [α, α + δ) â ñëó÷àå, êîãäà J = {z ∈ C

∣∣ |z| = 1 − δ}
è f(λ) = ln(1 + λ) . Ïðè ýòîì f(0) = 0 è f ′(λ) = 1/(1 + λ). Òîãäà, â ñèëó ýòîé
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ëåììû, îòîáðàæåíèå t 7→ ln
(
I+S(t)

)
òàêæå äèôôåðåíöèðóåìî â ñìûñëå íîðìû

‖ · ‖1 â òî÷êå α ñïðàâà, è âûïîëíÿåòñÿ ðàâåíñòâî

tr
d

dt
ln
(
I + S(t)

)∣∣∣
t=α+0

= tr
((
I + S(t)

)−1 · S′(α+ 0)
)
.

Êðîìå òîãî, ïîñêîëüêó îòîáðàæåíèå A 7→ trA ëèíåéíî è íåïðåðûâíî íà L1(H ),
òî âåðíî ðàâåíñòâî

d

dt
tr ln

(
I + S(t)

)∣∣∣
t=α+0

= tr
d

dt
ln
(
I + S(t)

)∣∣∣
t=α+0

.

Ïîäñòàâèâ ïîñëåäíèå äâà ðàâåíñòâà â ôîðìóëó (5), ìû óáåäèìñÿ â èñòèííîñòè
äîêàçûâàåìîãî ñîîòíîøåíèÿ (4) â òî÷êå α. Äëÿ îñòàëüíûõ òî÷åê t ∈ [α, β) îíî
äîêàçûâàåòñÿ àíàëîãè÷íî. �

2.4. Îïåðàòîðíîå äèôôåðåíöèàëüíîå óðàâíåíèå Ðèêêàòè.

Îïðåäåëåíèå 4 (ñð. [3, �1 chapt. 1 part IV], [18, def. 3.1]). Îïåðàòîðíûì äèôôå-
ðåíöèàëüíûì óðàâíåíèåì Ðèêêàòè áóäåì íàçûâàòü äèôôåðåíöèàëüíîå óðàâ-
íåíèå ïåðâîãî ïîðÿäêà âèäà

(6) P ′(t) = C +D∗P (t) + P (t)D − P (t)BP (t)

îòíîñèòåëüíî îïåðàòîð-ôóíêöèè [0,+∞) 3 t 7→ P (t) ∈ LS+(H ), ãäå çàäàííûå
îïåðàòîðû B,C ∈ LS+(H ) è D ∈ L(H ) íå çàâèñÿò îò t. Ïðè ýòîì â òî÷êå
t = 0 áåðåòñÿ ïðàâàÿ ïðîèçâîäíàÿ P ′(+0) = limt→+0

(
P (t)− P (0)

)/
t.

Îïåðàòîðíîå äèôôåðåíöèàëüíîå óðàâíåíèå Ðèêêàòè

Q′(t) = B +DQ(t) +Q(t)D∗ −Q(t)CQ(t)

íàçûâàåòñÿ äâîéñòâåííûì ê óðàâíåíèþ (6) (ñì. [3, p. 7.3 chapt. 1 part IV]).

Óðàâíåíèÿì Ðèêêàòè è èõ àíàëîãàì ïîñâÿùåíî áîëüøîå ÷èñëî ïóáëèêàöèé.
Íåêîòîðûìè àâòîðàìè óðàâíåíèÿ, àíàëîãè÷íûå óðàâíåíèþ (6), èçó÷àëèñü â
ñëó÷àå íåîãðàíè÷åííûõ îïåðàòîðîâ B èëè D (ñì., íàïðèìåð, ðàáîòû [3], [1] è
áèáëèîãðàôèþ ê íèì), à òàêæå â ñëó÷àå, êîãäà îïåðàòîðíûå êîýôôèöèåíòû B,
C, D çàâèñÿò îò t (íàïðèìåð, [18]). Õîðîøî èçâåñòåí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 1 (ñì. [3, theor. 2.1 part IV], [18, theor. 8.5], [16, òåîð. 5.21 ï. 3.5]).
Äëÿ ëþáûõ îïåðàòîðîâ B,C ∈ LS+(H ) è D ∈ L(H ) îïåðàòîðíîå äèôôåðåí-
öèàëüíîå óðàâíåíèå Ðèêêàòè (6), ãäå ïðîèçâîäíàÿ áåðåòñÿ â ðàâíîìåðíîé îïå-
ðàòîðíîé íîðìå, èìååò åäèíñòâåííîå ðåøåíèå [0,+∞) 3 t 7→ P (t) ∈ LS+(H )
ïðè ëþáîì íà÷àëüíîì óñëîâèè P0 ∈ LS+(H ).

2.5. Áîðåëåâñêèå ìåðû íà ãèëüáåðòîâîì ïðîñòðàíñòâå è èõ ïðåîáðà-
çîâàíèå Ôóðüå.

×åðåç BH áóäåì îáîçíà÷àòü σ�àëãåáðó âñåõ áîðåëåâñêèõ ïîäìíîæåñòâ ãèëü-
áåðòîâà ïðîñòðàíñòâà H , ÷åðåç M(H ) � ìíîæåñòâî âñåõ áîðåëåâñêèõ ìåð
â H (òî åñòü ñ÷¼òíî-àääèòèâíûõ, êîíå÷íûõ è íåîòðèöàòåëüíûõ ìåð íà BH ).

Â êà÷åñòâå ïðèìåðà íàïîìíèì êîíñòðóêöèþ ìåðû Äèðàêà.

Ïðèìåð 1. Çàôèêñèðóåì ïðîèçâîëüíûé ýëåìåíò z ∈H . Äëÿ êàæäîãîM ∈ BH

ïîëîæèì: åñëè z ∈ M , òî δz(M) = 1, èíà÷å δz(M) = 0. Òîãäà δz ÿâëÿåòñÿ
áîðåëåâñêîé ìåðîé, è íàçûâàåòñÿ ìåðîé Äèðàêà, ñîñðåäîòî÷åííîé â òî÷êå z.
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Ñèìâîëîì Bb(H ,C) îáîçíà÷èì ïðîñòðàíñòâî âñåõ êîìïëåêñíîçíà÷íûõ áî-
ðåëåâñêèõ îãðàíè÷åííûõ ôóíêöèé f íà H . Ýòî ïðîñòðàíñòâî ÿâëÿåòñÿ áàíà-
õîâûì îòíîñèòåëüíî íîðìû ‖f‖∞ = supx∈H |f(x)|.

Íàïîìíèì òàêæå îïðåäåëåíèÿ ñðåäíåãî çíà÷åíèÿ è êîððåëÿöèîííîãî îïåðà-
òîðà ìåðû.

Îïðåäåëåíèå 5 (ñì. [14, îïð. 2.3 ãë. 1], [23, �3 ãë. 1]). Ïóñòü µ ∈M(H ) è äëÿ
ëþáîãî x ∈ H ñóùåñòâóåò èíòåãðàë

∫
H 〈y, x〉 dµ(y). Òîãäà ñðåäíèì çíà÷åíèåì

ìåðû µ áóäåì íàçûâàòü òàêîé ýëåìåíò mµ ∈ H , ÷òî 〈mµ, x〉 =
∫

H 〈y, x〉 dµ(y)
ïðè âñåõ x ∈H .

Îïðåäåëåíèå 6 (ñì. [23, �3 ãë. 1]). Ïóñòü µ ∈ M(H ) è äëÿ ëþáûõ x, y ∈ H
ñóùåñòâóåò èíòåãðàë

∫
H 〈z − mµ, x〉〈z − mµ, y〉 dµ(z). Òîãäà êîððåëÿöèîííûì

îïåðàòîðîì ìåðû µ áóäåì íàçûâàòü òàêîé îïåðàòîð Kµ ∈ L(H ), ÷òî ïðè âñåõ
x, y ∈H âåðíî ðàâåíñòâî 〈Kµx, y〉 =

∫
H 〈z −mµ, x〉〈z −mµ, y〉 dµ(z).

Íàì ïîíàäîáèòñÿ òàêæå ïîíÿòèå îáðàçà ìåðû ïðè îòîáðàæåíèè:

Îïðåäåëåíèå 7 (ñð. [7, ï. 3.6]). Ïóñòü H è H1 � ãèëüáåðòîâû ïðîñòðàíñòâà
è îòîáðàæåíèå F : H → H1 ÿâëÿåòñÿ áîðåëåâñêèì. Òîãäà äëÿ âñÿêîé ìåðû
µ ∈M(H ) ôîðìóëà(

µ ◦ F−1
)
(M) = µ

(
F−1(M)

)
, M ∈ B(H1)

çàäàåò áîðåëåâñêóþ ìåðó µ◦F−1 â H1, íàçûâàåìóþ îáðàçîì ìåðû µ ïðè îòîá-
ðàæåíèè F , à òàêæå èíäóöèðîâàííîé ìåðîé.

Âåðíî ñëåäóþùåå óòâåðæäåíèå î çàìåíå ïåðåìåííûõ â èíòåãðàëå:

Ïðåäëîæåíèå 10 (ñì. [7, òåîð. 3.6.1]). Ïóñòü H è H1 � ãèëüáåðòîâû ïðî-
ñòðàíñòâà, µ � áîðåëåâñêàÿ ìåðà â H , è îòîáðàæåíèå F : H →H1 ÿâëÿåòñÿ
áîðåëåâñêèì. Òîãäà ôóíêöèÿ g : H1 → C èíòåãðèðóåìà íà H1 îòíîñèòåëüíî
ìåðû µ ◦ F−1 â òî÷íîñòè òîãäà, êîãäà ôóíêöèÿ g ◦ F : H → C èíòåãðèðóå-
ìà íà H îòíîñèòåëüíî ìåðû µ. Ïðè ýòîì âåðíà ñëåäóþùàÿ ôîðìóëà çàìåíû
ïåðåìåííûõ:

(7)

∫
H1

g(y)
(
µ ◦ F−1

)
(dy) =

∫
H

g(F (x))µ(dx).

Ïåðåõîäÿ ê îïðåäåëåíèþ ïðåîáðàçîâàíèÿ Ôóðüå ìåðû (ñì., íàïðèìåð, [2,
ï. 6.2]), çàìåòèì, ÷òî èíîãäà åãî íàçûâàþò õàðàêòåðèñòè÷åñêèì ôóíêöèîíàëîì
ìåðû (íàïðèìåð, â êíèãàõ [14] è [23]).

Îïðåäåëåíèå 8 (ñì. [14, îïð. 2.5 ãë. 1], [23, �3 ãë. 1]). Ïðåîáðàçîâàíèåì Ôóðüå
ìåðû µ ∈ M(H ) áóäåì íàçûâàòü ôóíêöèþ F [µ] = µ̃ : H → C, äëÿ êàæäîãî
y ∈H çàäàâàåìóþ ðàâåíñòâîì F [µ](y) = µ̃(y) =

∫
H ei〈x,y〉dµ(x).

Ïðèìåð 2. Â ÷àñòíîì ñëó÷àå, êîãäà H = Rn è ìåðà µ èìååò ïëîòíîñòü ρ
îòíîñèòåëüíî n�ìåðíîé ìåðû Ëåáåãà λn, ïðåîáðàçîâàíèå Ôóðüå µ̃(y) â òî÷êå
y = (y1, . . . , yn) ∈ Rn ìîæíî çàïèñàòü â âèäå

µ̃(y) =

∫
Rn

ei〈x,y〉ρ(x) dλn =

∫
Rn

ei(x1y1+...+xnyn)ρ(x1, . . . , xn) dx1 . . . dxn.

Ïðåäëîæåíèå 11 (ñì. [23, �3 ãë. 1]). Ëþáàÿ áîðåëåâñêàÿ ìåðà â ãèëüáåðòîâîì
ïðîñòðàíñòâå îäíîçíà÷íî îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå.
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2.6. Ãàóññîâñêèå ìåðû â ãèëüáåðòîâîì ïðîñòðàíñòâå.
Èìåþòñÿ ðàçëè÷íûå ýêâèâàëåíòíûå âàðèàíòû îïðåäåëåíèÿ ãàóññîâñêèõ ìåð

â ãèëüáåðòîâîì ïðîñòðàíñòâå (ñì., íàïðèìåð, [23, �5 ãë. 1], [14, îïð. 2.6 ãë. 1]).
Ìû ââåäåì ïîíÿòèå ãàóññîâñêîé ìåðû â äâà ýòàïà, êàê ýòî ñäåëàíî â êíèãå [6]:
ñíà÷àëà äëÿ âåùåñòâåííîé ïðÿìîé, çàòåì äëÿ ãèëüáåðòîâîãî ïðîñòðàíñòâà.

Îïðåäåëåíèå 9 (ñð. [6, îïð. 1.1.1]). Áîðåëåâñêàÿ ìåðà γ íà âåùåñòâåííîé
ïðÿìîé R íàçûâàåòñÿ ãàóññîâñêîé ìåðîé ñ ïàðàìåòðàìè a ∈ R è σ ∈ [0,+∞),
åñëè ëèáî σ = 0 è γ ÿâëÿåòñÿ ìåðîé Äèðàêà δa, ñîñðåäîòî÷åííîé â òî÷êå a (ñì.
ïðèìåð 1), ëèáî σ > 0 è γ èìååò îòíîñèòåëüíî ìåðû Ëåáåãà ïëîòíîñòü

ργ(x) =
1

σ
√

2π
· exp

{
− (x− a)2

2σ2

}
, x ∈ R.

Îïðåäåëåíèå 10 (ñð. [6, îïð. 2.1.5 (ii)], [14, îïð. 2.6 ãë. 1]). Áîðåëåâñêàÿ ìåðà
µ íà ãèëüáåðòîâîì ïðîñòðàíñòâå H íàçûâàåòñÿ ãàóññîâñêîé ìåðîé, åñëè äëÿ
âñÿêîãî ôóíêöèîíàëà ϕ ∈ H ∗ èíäóöèðîâàííàÿ ìåðà µ ◦ ϕ−1 íà R ÿâëÿåòñÿ
ãàóññîâñêîé (â ñìûñëå îïðåäåëåíèÿ 9).

Ñâîéñòâî ìåðû áûòü ãàóññîâñêîé ìîæíî òàêæå âûðàçèòü â òåðìèíàõ å¼ ïðå-
îáðàçîâàíèÿ Ôóðüå:

Òåîðåìà 2 (ñì. [6, òåîð. 2.2.1], [14, îïð. 2.3 ãë. 1]). Áîðåëåâñêàÿ ìåðà µ íà
ãèëüáåðòîâîì ïðîñòðàíñòâå H ÿâëÿåòñÿ ãàóññîâñêîé òîãäà è òîëüêî òîãäà,
êîãäà å¼ ïðåîáðàçîâàíèå Ôóðüå èìååò âèä

(8) µ̃(y) = exp
{
i〈m, y〉 − 1

2
〈Ky, y〉

}
, y ∈H ,

ãäå m ∈ H , K ∈ LS+1 (H ). Ïðè ýòîì m ÿâëÿåòñÿ ñðåäíèì çíà÷åíèåì ìåðû
µ, è K ÿâëÿåòñÿ å¼ êîððåëÿöèîííûì îïåðàòîðîì.

Âñþäó äàëåå ãàóññîâñêóþ ìåðó ñ êîððåëÿöèîííûì îïåðàòîðîì K ∈ LS+1 (H )
è ñðåäíèì çíà÷åíèåì m ∈H áóäåì îáîçíà÷àòü ñèìâîëîì ΓK,m.

Õîòÿ ðåçóëüòàò, ñîäåðæàùèéñÿ â ñëåäóþùåì ïðåäëîæåíèè, íàâåðíÿêà èçâå-
ñòåí, äëÿ ïîëíîòû èçëîæåíèÿ ïðèâîäèì åãî ñ ïîëíûì äîêàçàòåëüñòâîì.

Ïðåäëîæåíèå 12 (ñð. [9, ï. 20 �2 ãë. 2], [6, ëåììà 2.1.6]). Ïóñòü F ∈ L(H )
è ΓK,m � ãàóññîâñêàÿ ìåðà íà H . Òîãäà ìåðà ΓK,m ◦ F−1 òàêæå ÿâëÿåòñÿ
ãàóññîâñêîé è èìååò êîððåëÿöèîííûé îïåðàòîð FKF ∗ è ñðåäíåå çíà÷åíèå Fm,
òî åñòü ΓK,m ◦ F−1 = ΓFKF∗,Fm.

Äîêàçàòåëüñòâî. Â ñèëó ïðåäëîæåíèÿ 11 äîñòàòî÷íî âû÷èñëèòü ïðåîáðàçîâà-
íèå Ôóðüå ìåðû ΓK,m ◦ F−1 è ïîêàçàòü, ÷òî îíî ñîâïàäàåò ñ ïðåîáðàçîâàíèåì
Ôóðüå ìåðû ΓFKF∗,Fm. Ñîãëàñíî îïðåäåëåíèþ 8 è ôîðìóëå çàìåíû ïåðåìåí-
íûõ (7) ïðè ëþáîì y ∈H èìååì:

F
[
ΓK,m ◦ F−1

]
(y) =

∫
H

ei〈x,y〉
(
ΓK,m ◦ F−1

)
(dx) =

=

∫
H

ei〈Fz,y〉ΓK,m(dz) =

∫
H

ei〈z,F
∗y〉ΓK,m(dz) = F [ΓK,m](F ∗y).
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Îòñþäà, ïðèìåíÿÿ ôîðìóëó (8) èç òåîðåìû 2 â ñëó÷àå µ = ΓK,m, ïîëó÷àåì:

F
[
ΓK,m ◦ F−1

]
(y) = exp

{
i〈m,F ∗y〉 − 1

2
〈KF ∗y, F ∗y〉

}
=

= exp
{
i〈Fm, y〉 − 1

2
〈FKF ∗y, y〉

}
= F [ΓFKF∗,Fm](y).

Èòàê, ïðåîáðàçîâàíèÿ Ôóðüå ìåð ΓK,m ◦ F−1 è ΓFKF∗,Fm ðàâíû. Ïîýòîìó, â
ñèëó ïðåäëîæåíèÿ 11, è ñàìè ýòè ìåðû ðàâíû. �

Ñëåäóþùåå ïðåäëîæåíèå ïîíàäîáèòñÿ íàì äëÿ äîêàçàòåëüñòâà òåîðåìû 3.

Ïðåäëîæåíèå 13. Ïóñòü äàíû ïðîèçâîëüíûå âåêòîðà b,m ∈H è îïåðàòîðû
A ∈ LS+(H ), K ∈ LS+1 (H ). Òîãäà èìååò ìåñòî ðàâåíñòâî

(9)

∫
H

exp
{
i〈y, b〉 − 1

2
〈Ay, y〉

}
ΓK,m(dy) = det−1/2(I +KA)·

· exp
{
i
〈
(I +KA)−1m, b

〉
− 1

2

〈
(I +KA)−1Kb, b

〉
− 1

2

〈
A(I +KA)−1m,m

〉}
.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì â òðè ýòàïà: ñíà÷àëà äëÿ ñëó÷àÿ
A = I, çàòåì äëÿ îáðàòèìîãî îïåðàòîðà A, è äàëåå â îáùåì ñëó÷àå.

1) Â ñëó÷àå A = I, âçÿâ ε = 1, ïðîâåä¼ì ðàññóæäåíèÿ, àíàëîãè÷íûå ïðèâå-
äåííûì À.Â.Ñêîðîõîäîì [23, �5] â ïðèìåðå âû÷èñëåíèÿ ïðè ε > 0 èíòåãðàëà
âèäà

∫
H exp{〈y, b〉 − ε〈y, y〉}ΓK,m(dy).

Òàê êàê K ∈ LS+1 (H ), òî, â ñèëó òåîðåìû Ãèëüáåðòà�Øìèäòà (ñì., íà-
ïðèìåð, [8, òåîð. 7.5.1]), â H ñóùåñòâóåò îðòîíîðìèðîâàííûé áàçèñ {en}∞n=1,
ñîñòîÿùèé èç ñîáñòâåííûõ âåêòîðîâ îïåðàòîðà K, ñîîòâåòñòâóþùèõ íåîòðèöà-
òåëüíûì ñîáñòâåííûì çíà÷åíèÿì {κn}∞n=1. Ïðè êàæäîì n ∈ N îáîçíà÷èì ÷åðåç
Hn îäíîìåðíîå ïîäïðîñòðàíñòâî â H , íàòÿíóòîå íà en, ÷åðåç γn � ïðîåêöèþ
ìåðû ΓK,m íà Hn, è ÷åðåç xn, yn, mn � ïðîåêöèè íà Hn âåêòîðîâ x, y, m ñî-
îòâåòñòâåííî. Òîãäà x =

∑∞
n=1 xnen, y =

∑∞
n=1 ynen, m =

∑∞
n=1mnen. Ïîýòîìó

âåðíî ðàâåíñòâî

(10)

∫
H

exp
{
i〈y, b〉 − 1

2
〈y, y〉

}
ΓK,m(dy) =

∞∏
n=1

∫
Hn

exp
{
iynbn −

1

2
y2n

}
γn(dyn).

Ïðè êàæäîì n ∈ N ìåðà γn íà ïðÿìîé Hn ÿâëÿåòñÿ ãàóññîâñêîé ñî ñðåäíèì
çíà÷åíèåì mn è êîððåëÿöèåé κn. Ïîýòîìó ïðè κn > 0 ïî îïðåäåëåíèþ 9 èìååì:∫

Hn

exp
{
iynbn −

1

2
y2n

}
γn(dyn) =

=
1√

2πκn

∫ ∞
−∞

exp
{
iynbn −

1

2
y2n −

(yn −mn)2

2κn

}
dyn =

=
1√

1 + κn
exp

{ imnbn
1 + κn

− m2
n

2(1 + κn)
− κnb2n

2(1 + κn)

}
.

Åñëè æå κn = 0, òî γn = δmn
. Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå ðàâåíñòâî∫

Hn

exp
{
iynbn −

1

2
y2n

}
γn(dyn) =

=
1√

1 + κn
exp

{ imnbn
1 + κn

− m2
n

2(1 + κn)
− κnb2n

2(1 + κn)

}
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òàêæå âåðíî ïðè êàæäîì n ∈ N. Ïîäñòàâëÿÿ âñå ýòè ðàâåíñòâà â ïðàâóþ ÷àñòü
ôîðìóëû (10), ïîëó÷èì:

(11)

∫
H

exp
{
i〈y, b〉 − 1

2
〈y, y〉

}
ΓK,m(dy) =

=

∞∏
n=1

1√
1 + κn

exp
{ imnbn

1 + κn
− m2

n

2(1 + κn)
− κnb2n

2(1 + κn)

}
=

1√
det(I +K)

·

· exp
{
i
〈
(I +K)−1m, b

〉
− 1

2

〈
(I +K)−1m,m

〉
− 1

2

〈
(I +K)−1Kb, b

〉}
.

2) Â ñëó÷àå, êîãäà A èìååò îãðàíè÷åííûé îáðàòíûé A−1 ∈ LS+(H ), â
ñèëó çàìå÷àíèÿ 1 îïðåäåëåíû îïåðàòîðû A1/2 è A−1/2 = (A−1)1/2 èç êëàñ-
ñà LS+(H ). Ñäåëàåì â èíòåãðàëå

∫
H exp

{
i〈y, b〉 − 1

2 〈Ay, y〉
}

ΓK,m(dy) çàìåíó

ïåðåìåííûõ (ñì. ïðåäëîæåíèå 10), ïîëîæèâ y = A−1/2x, à çàòåì ïðèìåíèì
ïðåäëîæåíèå 12. Â èòîãå ïîëó÷èì:

(12)

∫
H

exp
{
i〈y, b〉 − 1

2
〈Ay, y〉

}
ΓK,m(dy) =

=

∫
H

exp
{
i〈A−1/2x, b〉 − 1

2
〈x, x〉

}(
ΓK,m ◦A−1/2

)
(dx) =

=

∫
H

exp
{
i〈A−1/2b, x〉 − 1

2
〈x, x〉

}
ΓA1/2KA1/2,A1/2m(dx).

Îòñþäà, ñ ó÷åòîì ôîðìóëû (11), íàõîäèì èñêîìîå çíà÷åíèå èíòåãðàëà:

(13)

∫
H

exp
{
i〈y, b〉 − 1

2
〈Ay, y〉

}
ΓK,m(dy) =

= det−1/2
(
I +A1/2KA1/2

)
· exp

{
i
〈
(I +A1/2KA1/2)−1A1/2m,A−1/2b

〉
−

−1

2

〈
(I+A1/2KA1/2)−1A1/2m,A1/2m

〉
−1

2

〈
(I+A1/2KA1/2)−1A1/2Kb,A−1/2b

〉}
.

Íåñêîëüêî óïðîñòèì ïîëó÷åííîå âûðàæåíèå. Åñëè â ïðåäëîæåíèè 8 ïîëîæèòü
A1 = A1/2 è A2 = KA1/2, òî èç íåãî ïîëó÷èì ðàâåíñòâî

det(I +A1/2KA1/2) = det(I +A1A2) = det(I +A2A1) = det(I +KA).

Ïðè ýòîì èç ïóíêòà 1 ëåììû 1 ñëåäóåò, ÷òî(
I +A1/2KA1/2

)−1
A1/2 = (I +A1A2)−1A = A(I +A2A1)−1 = A1/2(I +KA)−1.

Ó÷èòûâàÿ ýòè ðåçóëüòàòû è ðàâåíñòâî (A1/2)∗ = A1/2, ôîðìóëó (13) ìîæíî
óïðîñòèòü ñëåäóþùèì îáðàçîì:∫

H

exp
{
i〈y, b〉 − 1

2
〈Ay, y〉

}
ΓK,m(dy) = det−1/2(I +KA)·

· exp
{
i
〈
A1/2(I +KA)−1m,A−1/2b

〉
− 1

2

〈
A1/2(I +KA)−1m,A1/2m

〉
−

− 1

2

〈
A1/2(I +KA)−1Kb,A−1/2b

〉}
= det−1/2(I +KA)·

· exp
{
i
〈
(I +KA)−1m, b

〉
− 1

2

〈
A(I +KA)−1m,m

〉
− 1

2

〈
(I +KA)−1Kb, b

〉}
.
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3) Â îáùåì ñëó÷àå, êîãäà îïåðàòîð A ∈ LS+(H ) íå îáÿçàòåëüíî îáðàòèì,
äëÿ êàæäîãî n ∈ N ïîëîæèì An = A + I/n. Òîãäà îïåðàòîðû An ∈ LS+(H )
èìåþò îãðàíè÷åííûå îáðàòíûå, è âåðíû ôîðìóëû, äîêàçàííûå â ïóíêòå 2):

(14)

∫
H

exp
{
i〈y, b〉 − 1

2
〈Any, y〉

}
ΓK,m(dy) = det−1/2(I +KAn)·

· exp
{
i
〈
(I+KAn)−1m, b

〉
− 1

2

〈
An(I+KAn)−1m,m

〉
− 1

2

〈
(I+KAn)−1Kb, b

〉}
.

Ïîñêîëüêó limn→∞KAn = KA â ÿäåðíîé îïåðàòîðíîé íîðìå, òî âåðíû ðàâåí-
ñòâà limn→∞(I+KAn)−1 = (I+KA)−1 â ðàâíîìåðíîé îïåðàòîðíîé íîðìå, è, â
ñèëó ïðåäëîæåíèÿ 7, limn→∞ det(I+KAn) = det(I+KA). Ïîýòîìó, ïåðåõîäÿ â
ôîðìóëå (14) ê ïðåäåëó ïðè n→∞, ïîëó÷èì äîêàçûâàåìîå ðàâåíñòâî (9). �

3. Ãàóññîâñêèå ïîëóãðóïïû è èõ ñâÿçü ñ óðàâíåíèåì Ðèêêàòè

Â äàííîì ïàðàãðàôå ñîäåðæàòñÿ îñíîâíûå ðåçóëüòàòû íàøåé ðàáîòû (òåî-
ðåìû 3, 4, 5 è ïðèìåðû 4, 5, 6, 7). Â åãî ïåðâîé ÷àñòè ìû ñíà÷àëà äà¼ì îïðåäå-
ëåíèÿ ãàóññîâñêîãî ñåìåéñòâà ìåð (îïðåäåëåíèå 12) è ãàóññîâñêîé ïîëóãðóïïû
îïåðàòîðîâ íà Bb(H ,C) (îïðåäåëåíèå 13 è ðàâåíñòâî (17)). Çàòåì â òåîðå-
ìå 3 íàõîäèì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà ôóíêöèè h(t), P (t), Q(t),
R(t), ïðè âûïîëíåíèè êîòîðûõ ñåìåéñòâî îïåðàòîðîâ (Gt)t>0, çàäàâàåìîå ôîð-
ìóëîé (17), äåéñòâèòåëüíî îáðàçóåò ïîëóãðóïïó. Ýòè óñëîâèÿ ïðåäñòàâëåíû â
âèäå ñèñòåìû ôóíêöèîíàëüíûõ óðàâíåíèé (20) è íà÷àëüíûõ óñëîâèé (21) äëÿ
h(t), P (t), Q(t), R(t). Äàëåå â òåîðåìå 4 èç ôóíêöèîíàëüíûõ óðàâíåíèé (20)
âûâåäåíà ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (28). Â òåîðå-
ìå 5 äîêàçàíî, ÷òî çàäà÷à Êîøè äëÿ ýòîé ñèñòåìû èìååò åäèíñòâåííîå ðåøåíèå.
Â ïðèìåðàõ 4, 5, 6, 7 ýòà çàäà÷à Êîøè ðåøåíà äëÿ ÷åòûðåõ ÷àñòíûõ ñëó÷àåâ
(dim H = 1, B = 0, C = 0, D = 0), ÷òî äà¼ò ÷åòûðå ïðèìåðà ãàóññîâñêèõ
ïîëóãðóïï.

3.1. Ãàóññîâñêèå ïîëóãðóïïû îïåðàòîðîâ íà ïðîñòðàíñòâå îãðàíè÷åí-
íûõ áîðåëåâñêèõ ôóíêöèé.

Îïðåäåëåíèå 11 (ñð. [6, îïð. A.2.17], [8, îïð. 10.5.1]). Íàïîìíèì, ÷òî ñåìåé-
ñòâî (Gt)t>0 îãðàíè÷åííûõ îïåðàòîðîâ íà ïðîñòðàíñòâå Bb(H ,C) íàçûâàåòñÿ
ïîëóãðóïïîé, åñëè âûïîëíåíû ñëåäóþùèå äâà óñëîâèÿ:
(S0) G0f = f äëÿ ëþáîé f ∈ Bb(H ,C), òî åñòü G0 = I � åäèíè÷íûé îïåðàòîð

íà Bb(H ,C);
(S1) èìååò ìåñòî ïîëóãðóïïîâîå ñâîéñòâî Gs(Gtf) = Gt+sf , òî åñòü âûïîëíÿåò-

ñÿ ðàâåíñòâî Gs ◦Gt = Gt+s, êàêîâû áû íè áûëè t, s > 0 è f ∈ Bb(H ,C).

Îïðåäåëåíèå 12. Ñåìåéñòâî {µt,x
∣∣ t > 0, x ∈ H } áîðåëåâñêèõ ìåð â H

íàçîâ¼ì ãàóññîâñêèì, åñëè ïðè ëþáûõ t > 0 è x ∈H ìåðà µt,x èìååò âèä

(15) µt,x = h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x,

ãäå h(t) ∈ [0,+∞), P (t) ∈ LS+(H ), Q(t) ∈ LS+1 (H ) è R(t) ∈ L(H ).

Îïðåäåëåíèå 13. Áóäåì ãîâîðèòü, ÷òî íåêîòîðîå ãàóññîâñêîå ñåìåéñòâî ìåð
{µt,x

∣∣ t > 0, x ∈ H } çàäà¼ò ïîëóãðóïïó (Gt)t>0 îïåðàòîðîâ íà ïðîñòðàíñòâå
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Bb(H ,C), åñëè äëÿ ëþáûõ t > 0 è f ∈ Bb(H ,C) âûïîëíÿåòñÿ ðàâåíñòâî

(16) (Gtf)(x) =

∫
H

f(y)µt,x(dy).

Ïîëóãðóïïó (Gt)t>0 ïðè ýòîì òîæå áóäåì íàçûâàòü ãàóññîâñêîé.

Çàìå÷àíèå 3. Ïóñòü ïðè êàæäîì t > 0 îòîáðàæåíèå Gt íà Bb(H ,C) çàäà-
¼òñÿ ðàâåíñòâîì (16), ãäå ìåðû µt,x óäîâëåòâîðÿþò óñëîâèÿì îïðåäåëåíèÿ 12.
Òîãäà ïðè ëþáîì f ∈ Bb(H ,C) âåðíî âêëþ÷åíèå Gtf ∈ Bb(H ,C) è âûïîë-
íÿåòñÿ íåðàâåíñòâî ‖Gtf‖∞ 6 h(t)‖f‖∞, ïîýòîìó Gt ÿâëÿåòñÿ îãðàíè÷åííûì
îïåðàòîðîì íà ïðîñòðàíñòâå Bb(H ,C). Ýòî âûòåêàåò èç öåïî÷êè ðàâåíñòâ

(17) (Gtf)(x) =

∫
H

f(y)µt,x(dy) =

=

∫
H

f(y)h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x(dy) =

= h(t) exp
{
− 1

2

〈
P (t)x, x

〉}∫
H

f
(
z +R(t)x

)
ΓQ(t),0(dz),

à òàêæå èç íåðàâåíñòâà∣∣(Gtf)(x)
∣∣ 6 h(t)

∫
H

∣∣f(z +R(t)x
)∣∣ΓQ(t),0(dz) 6 h(t) sup

y∈H
|f(y)| = h(t)‖f‖∞.

Ïðèìåð 3. ×àñòíûì ñëó÷àåì ãàóññîâñêèõ ïîëóãðóïï ÿâëÿþòñÿ, íàïðèìåð, ïî-
ëóãðóïïû Îðíøòåéíà�Óëåíáåêà (Tt)t>0, çàäàííûå â [6, ôîðìóëà (2.8.29)] ïðè
êàæäîì t > 0 ñ ïîìîùüþ ðàâåíñòâà

(Ttf)(x) =

∫
H

f
(
e−tx+

√
1− e−2ty

)
ΓK,0(dy),

ãäå K ∈ LS+1 (H ). Äåéñòâèòåëüíî, ñäåëàåì â äàííîì èíòåãðàëå çàìåíó ïåðå-

ìåííûõ z = F (y) =
√

1− e−2ty (ñì. ïðåäëîæåíèå 10). Ïîñêîëüêó ïðè ýòîì

F ∗ = F =
√

1− e−2tI, òî, â ñèëó ïðåäëîæåíèÿ 12, ïîëó÷èì:

(18)

(Ttf)(x) =

∫
H

f
(
e−tx+ F (y)

)
ΓK,0(dy) =

∫
H

f(e−tx+ z)
(
ΓK,0 ◦ F−1

)
(dz) =

=

∫
H

f(e−tx+ z)ΓFKF∗,0(dz) =

∫
H

f(y)ΓQ(t),R(t)x(dy),

ãäå Q(t) = (1− e−2t)K è R(t) = e−tI ïðè âñåõ t > 0.

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ïðè êàêèõ óñëîâèÿõ íà h(t), P (t), Q(t) è
R(t) ãàóññîâñêîå ñåìåéñòâî ìåð (15) çàäàåò ïîëóãðóïïó:

Òåîðåìà 3. Ãàóññîâñêîå ñåìåéñòâî ìåð

(19) µt,x = h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x, t > 0, x ∈H

çàäàåò ïîëóãðóïïó îïåðàòîðîâ íà ïðîñòðàíñòâå Bb(H ,C) òîãäà è òîëüêî
òîãäà, êîãäà h(t) è P (t), Q(t), R(t) ïðè âñåõ t, s > 0 óäîâëåòâîðÿþò ñèñòåìå
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ôóíêöèîíàëüíûõ óðàâíåíèé

(20)



h(t+ s) = h(t)h(s) det−1/2
(
I +Q(s)P (t)

)
P (t+ s) = P (s) +R∗(s)P (t)

(
I +Q(s)P (t)

)−1
R(s)

Q(t+ s) = Q(t) +R(t)
(
I +Q(s)P (t)

)−1
Q(s)R∗(t)

R(t+ s) = R(t)
(
I +Q(s)P (t)

)−1
R(s),

à òàêæå ñèñòåìå íà÷àëüíûõ óñëîâèé

(21)
{
h(0) = 1, P (0) = 0, Q(0) = 0, R(0) = I

}
.

Äîêàçàòåëüñòâî. Â ñèëó îïðåäåëåíèé 11 è 13 íóæíî äîêàçàòü, ÷òî îïåðàòîðû

(Gtf)(x) =

∫
H

f(y)µt,x(dy) =

= h(t) exp
{
− 1

2

〈
P (t)x, x

〉}∫
H

f(y)ΓQ(t),R(t)x(dy)

(22)

íà ïðîñòðàíñòâå Bb(H ,C) óäîâëåòâîðÿþò óñëîâèÿì (S0) è (S1) èç îïðåäåëå-
íèÿ 11 òîãäà è òîëüêî òîãäà, êîãäà h(t), P (t), Q(t), R(t) óäîâëåòâîðÿþò ñèñòå-
ìå (20) è íà÷àëüíûì óñëîâèÿì (21).

1) Ïîêàæåì, ÷òî óñëîâèå (S0) ðàâíîñèëüíî íàáîðó óñëîâèé (21).
Ïðè t = 0 â ñèëó ôîðìóëû (22) èìååì: (G0f)(x) =

∫
H f(y)µ0,x(dy). Ïîýòîìó

óñëîâèå (S0) ðàâíîñèëüíî ðàâåíñòâó
∫

H f(y)µ0,x(dy) = f(x) =
∫

H f(y) δx(dy)
ïðè âñåõ f ∈ Bb(H ,C), x ∈ H . Ýòî ðàâåíñòâî, â ñèëó ïðåäëîæåíèÿ 11, ýê-
âèâàëåíòíî òîìó, ÷òî

∫
H ei〈z,y〉µ0,x(dy) = ei〈z,x〉 =

∫
H ei〈z,y〉 δx(dy) ïðè âñåõ

x, z ∈H . Ïîñëåäíåå óñëîâèå, ñîãëàñíî ôîðìóëàì (19) è (8), ìîæíî çàïèñàòü â
âèäå ðàâåíñòâà

h(0) exp
{
i〈R(0)x, z〉 − 1

2
〈P (0)x, x〉 − 1

2
〈Q(0)z, z〉

}
= exp{i〈x, z〉}.

Ïîñêîëüêó â ýòîì ðàâåíñòâå îïåðàòîðû P (0) è Q(0) ñèììåòðè÷íû, à âåêòîðà
x, z ∈ H ïðîèçâîëüíû, òî îíî, à çíà÷èò è óñëîâèå (S0), ðàâíîñèëüíî íàáîðó
íà÷àëüíûõ óñëîâèé (21).

2) Ïîêàæåì, ÷òî óñëîâèå (S1) ðàâíîñèëüíî ñèñòåìå ôóíêöèîíàëüíûõ óðàâ-
íåíèé (20). Ñíà÷àëà ïðè ëþáûõ t, s > 0 âû÷èñëèì êîìïîçèöèþ Gs ◦Gt. Â ñèëó
ôîðìóëû (22) ïðè âñåõ f ∈ Bb(H ,C), x ∈H èìååì:

(
Gs(Gtf)

)
(x) =

∫
H

(∫
H

f(z)µt,y(dz)
)
µs,x(dy) =

=

∫
H

(∫
H

f(z)h(t) exp
{
− 1

2

〈
P (t)y, y

〉}
ΓQ(t),R(t)y(dz)

)
·

· h(s) exp
{
− 1

2

〈
P (s)x, x

〉}
ΓQ(s),R(s)x(dy) =

∫
H

f(z)νt,s,x(dz),
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ãäå νt,s,x � áîðåëåâñêàÿ ìåðà â H , íà êàæäîì ìíîæåñòâå M ∈ BH çàäàâàåìàÿ
ðàâåíñòâîì

νt,s,x(M) =
(
Gs(GtIM )

)
(x) =

∫
H

µt,y(M)µs,x(dy) =

=

∫
H

h(t) exp
{
− 1

2

〈
P (t)y, y

〉}
ΓQ(t),R(t)y(M)·

· h(s) exp
{
− 1

2

〈
P (s)x, x

〉}
ΓQ(s),R(s)x(dy),

ãäå ÷åðåç IM îáîçíà÷åíà èíäèêàòîðíàÿ ôóíêöèÿ ìíîæåñòâà M : åñëè x ∈M , òî
IM (x) = 1, èíà÷å IM (x) = 0.

Ñ äðóãîé ñòîðîíû, èç ôîðìóëû (22) âûòåêàåò ðàâåíñòâî

(Gt+sf)(x) =

∫
H

f(z)µt+s,x(dz).

Òàêèì îáðàçîì, èñòèííîñòü ðàâåíñòâà Gs(Gtf) = Gt+sf ïðè ëþáûõ t, s > 0
è f ∈ Bb(H ,C) ðàâíîñèëüíà òîìó, ÷òî ïðè âñåõ t, s > 0 è x ∈H âåðíî ðàâåí-
ñòâî νt,s,x = µt+s,x. Â ñâîþ î÷åðåäü ýòî ðàâåíñòâî, ïîñêîëüêó ìåðà îäíîçíà÷íî
îïðåäåëÿåòñÿ ñâîèì ïðåîáðàçîâàíèåì Ôóðüå (ñì. ïðåäëîæåíèå 11), ýêâèâàëåíò-

íî òîìó, ÷òî ν̃t,s,x(ϕ) = µ̃t+s,x(ϕ) ïðè âñåõ t, s > 0 è x, ϕ ∈ H . Ïîýòîìó äàëåå

âû÷èñëèì ñíà÷àëà ôóíêöèþ µ̃t+s,x(ϕ), ïîòîì ν̃t,s,x(ϕ), è çàòåì ïðèðàâíÿåì èõ.

Äëÿ µ̃t+s,x(ϕ), â ñèëó ôîðìóë (19) è (8), èìååì ñëåäóþùåå âûðàæåíèå:

(23) µ̃t+s,x(ϕ) = h(t+ s) exp
{
− 1

2

〈
P (t+ s)x, x

〉}
F [ΓQ(t+s),R(t+s)x](ϕ) =

= h(t+ s) exp
{
i
〈
R(t+ s)x, ϕ

〉
− 1

2

〈
P (t+ s)x, x

〉
− 1

2

〈
Q(t+ s)ϕ,ϕ

〉}
.

Äëÿ ν̃t,s,x(ϕ), ñîãëàñíî ôîðìóëàì (19) è (8), ïîëó÷àåì òàêîå âûðàæåíèå:

(24) ν̃t,s,x(ϕ) =

∫
H

(∫
H

exp{i〈z, ϕ〉}h(t) exp
{
− 1

2

〈
P (t)y, y

〉}
·

· ΓQ(t),R(t)y(dz)

)
h(s) exp

{
− 1

2

〈
P (s)x, x

〉}
ΓQ(s),R(s)x(dy) =

=

∫
H

h(t) exp
{
− 1

2

〈
P (t)y, y

〉}
F [ΓQ(t),R(t)y](ϕ)·

· h(s) exp
{
− 1

2

〈
P (s)x, x

〉}
ΓQ(s),R(s)x(dy).

Òàê êàê F [ΓQ(t),R(t)y](ϕ) = exp
{
i〈R(t)y, ϕ〉 − 1

2

〈
Q(t)ϕ,ϕ

〉}
ïî òåîðåìå 2, òî

(25) ν̃t,s,x(ϕ) =

∫
H

h(t) exp
{
i〈R(t)y, ϕ〉 − 1

2

〈
P (t)y, y

〉
− 1

2

〈
Q(t)ϕ,ϕ

〉}
·

· h(s) exp
{
− 1

2

〈
P (s)x, x

〉}
ΓQ(s),R(s)x(dy) =

= h(t)h(s) exp
{
− 1

2

〈
P (s)x, x

〉
− 1

2

〈
Q(t)ϕ,ϕ

〉}
·

·
∫

H

exp
{
i〈y,R∗(t)ϕ〉 − 1

2

〈
P (t)y, y

〉}
ΓQ(t),R(t)x(dy).
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Äàëåå äëÿ âû÷èñëåíèÿ îñòàâøåãîñÿ èíòåãðàëà âîñïîëüçóåìñÿ ðàâåíñòâîì (9)
èç ïðåäëîæåíèÿ 13 â ñëó÷àå, êîãäà A = P (t), b = R∗(t)ϕ, K = Q(s), m = R(s)x.

Ââåäÿ äëÿ êðàòêîñòè îáîçíà÷åíèå V (s, t) =
(
I +Q(s)P (t)

)−1
, ïîëó÷èì:

(26)

∫
H

exp{i〈y,R∗(t)ϕ〉 − 1

2

〈
P (t)y, y

〉}
ΓQ(s),R(s)x(dy) =

= det−1/2(I +Q(s)P (t)) · exp
{
i
〈
V (s, t)R(s)x,R∗(t)ϕ

〉
−

− 1

2

〈
V (s, t)Q(s)R∗(t)ϕ,R∗(t)ϕ

〉
− 1

2

〈
P (t)V (s, t)R(s)x,R(s)x

〉}
.

Ïîäñòàâëÿÿ ýòó ôîðìóëó â (25), ïðèõîäèì ê îêîí÷àòåëüíîìó âûðàæåíèþ äëÿ
ôóíêöèè ν̃t,s,x(ϕ):

(27) ν̃t,s,x(ϕ) = h(t)h(s) det1/2 V (s, t) · exp
{
− 1

2

〈
P (s)x, x

〉
− 1

2

〈
Q(t)ϕ,ϕ

〉
+

+ i
〈
R(t)V (s, t)R(s)x, ϕ

〉
− 1

2

〈
R(t)V (s, t)Q(s)R∗(t)ϕ,ϕ

〉
−

− 1

2

〈
R∗(s)P (t)V (s, t)R(s)x, x

〉}
=

= h(t)h(s) det1/2 V (s, t) · exp
{
i
〈
R(t)V (s, t)R(s)x, ϕ

〉
−

− 1

2

〈(
Q(t) +R(t)V (s, t)Q(s)R∗(t)

)
ϕ,ϕ

〉}
.

Çàìåòèì, ÷òî îïåðàòîðû R∗(s)P (t)V (s, t)R(s) è R(t)V (s, t)Q(s)R∗(t), â ñèëó
ëåììû 1, ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè. Ó÷èòûâàÿ ýòî è ïðèðàâíèâàÿ âûðà-
æåíèÿ â ïðàâûõ ÷àñòÿõ ôîðìóë (23) è (27), ïðèõîäèì ê âûâîäó, ÷òî ðàâåíñòâî

µ̃t+s,x(ϕ) = ν̃t,s,x(ϕ), à çíà÷èò è ðàâåíñòâî Gt+s = Gs ◦Gt, ðàâíîñèëüíî ñèñòå-
ìå (20). Òåîðåìà äîêàçàíà. �

Òåîðåìà 4. Ïóñòü ãàóññîâñêîå ñåìåéñòâî ìåð

µt,x = h(t) exp
{
− 1

2

〈
P (t)x, x

〉}
ΓQ(t),R(t)x, t > 0, x ∈H

çàäàåò ïîëóãðóïïó îïåðàòîðîâ íà Bb(H ,C). Ïðåäïîëîæèì, ÷òî ôóíêöèÿ h(t)
äèôôåðåíöèðóåìà ïðè t > 0 è èìååò êîíå÷íóþ ïðàâóþ ïðîèçâîäíóþ a = h′(+0).
Ïðåäïîëîæèì òàêæå, ÷òî â ÿäåðíîé íîðìå îïåðàòîð-ôóíêöèÿ Q(t) äèôôåðåí-
öèðóåìà ïðè t > 0 è èìååò îãðàíè÷åííóþ ïðàâóþ ïðîèçâîäíóþ B = Q′(+0),
è â ðàâíîìåðíîé îïåðàòîðíîé íîðìå îïåðàòîð�ôóíêöèè P (t), R(t) äèôôåðåí-
öèðóåìû ïðè t > 0 è èìåþò îãðàíè÷åííûå ïðàâûå ïðîèçâîäíûå C = P ′(+0),
D = R′(+0) ñîîòâåòñòâåííî. Òîãäà a ∈ R, B ∈ LS+

1 (H ), C ∈ LS+(H ),
D ∈ L(H ) è ôóíêöèè h(t), P (t), Q(t), R(t) ïðè âñåõ t > 0 äàþò ðåøåíèå
çàäà÷è Êîøè

(28)


h ′(t) =

(
a− 1

2
tr
(
BP (t)

))
h(t)

P ′(t) = C +D∗P (t) + P (t)D − P (t)BP (t)

Q ′(t) = R(t)BR∗(t)

R ′(t) = R(t)
(
D −BP (t)

)
,


h(0) = 1

P (0) = 0

Q(0) = 0

R(0) = I.
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Äîêàçàòåëüñòâî. Èç ïðåäëîæåíèÿ 9 è íà÷àëüíûõ óñëîâèé (21) ñëåäóåò, ÷òî(
det
(
I +Q(s)P (t)

))′
s

∣∣∣
s=+0

= det
(
I +Q(0)P (t)

)
· tr
(
Q′(+0)P (t)

)
= tr

(
BP (t)

)
.

Îòñþäà, äèôôåðåíöèðóÿ ðàâåíñòâî h(t + s) = h(t)h(s) det−1/2
(
I + Q(s)P (t)

)
,

ïåðâîå â ñèñòåìå (20), è ó÷èòûâàÿ (21), íàõîäèì:

h′(t) =
(
h(t+ s)

)′
s

∣∣
s=+0

= h(t)h′(+0) det−1/2
(
I +Q(0)P (t)

)
−

−h(t)h(0) · 1

2
det−3/2

(
I +Q(0)P (t)

)
·
(

det
(
I +Q(s)P (t)

))′
s

∣∣∣
s=+0

=

= h(t)
(
a− 1

2
tr
(
BP (t)

))
.

Ñíîâà ââåä¼ì îáîçíà÷åíèå V (s, t) =
(
I +Q(s)P (t)

)−1
. Òîãäà V (0, t) = I ïðè

âñåõ t > 0. Êðîìå òîãî, èç ïóíêòà 1 ëåììû 1 ïðè A1 = P (t), A2 = Q(s) ïîëó÷èì:

V (s, t) =
(
I +Q(s)P (t)

)−1
= I −Q(s)

(
I + P (t)Q(s)

)−1
P (t).

Ïîýòîìó, ó÷èòûâàÿ íà÷àëüíîå óñëîâèå Q(0) = 0, íàéä¼ì:(
V (s, t)

)′
s

∣∣
s=+0

= − lim
s→+0

Q(s)

s

(
I + P (t)Q(s)

)−1
P (t) = −Q′(+0)P (t) = −BP (t).

Äàëåå, çàïèñàâ â âèäå P (t+s) = P (s)+R∗(s)P (t)V (s, t)R(s) âòîðîå ðàâåíñòâî
ñèñòåìû (20), íàõîäèì:

P ′(t) =
(
P (t+ s)

)′
s

∣∣
s=+0

= P ′(+0) +
(
R′(+0)

)∗
P (t)V (0, t)R(0)+

+R(0)∗P (t)
(
V (s, t)

)′
s

∣∣
s=+0

R(0) +R(0)∗P (t)V (0, t)R′(+0) =

= C +D∗P (t) + P (t)D − P (t)BP (t).

Èç òðåòüåãî ðàâåíñòâà ñèñòåìû (20), çàìåíèâ â í¼ì
(
I + Q(s)P (t)

)−1
íà

V (s, t), ïîëó÷èì:

Q′(t) = lim
s→+0

R(t)V (s, t)
Q(s)

s
R∗(t) = R(t)Q′(+0)R∗(t) = R(t)BR∗(t).

Àíàëîãè÷íî, çàïèñàâ âèäå R(t + s) = R(t)V (s, t)R(s) ïîñëåäíåå ðàâåíñòâî
ñèñòåìû (20), ïðèä¼ì ê ñîîòíîøåíèþ

R′(t) = R(t)
((
V (s, t)

)′
s

∣∣
s=+0

R(0) + V (0, t)R′(+0)
)

= R(t)
(
D −BP (t)

)
.

Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 4. Èñõîäÿ èç ñèñòåìû (20), ìîæíî ñëåäóþùèì îáðàçîì ïîëó÷èòü
ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, îòëè÷àþùóþñÿ îò (28). Ñíà÷àëà â (20)
ìåíÿåì ìåñòàìè t è s:

h(s+ t) = h(s)h(t) det−1/2
(
I +Q(t)P (s)

)
P (s+ t) = P (t) +R∗(t)P (s)

(
I +Q(t)P (s)

)−1
R(t)

Q(s+ t) = Q(s) +R(s)
(
I +Q(t)P (s)

)−1
Q(t)R∗(s)

R(s+ t) = R(s)
(
I +Q(t)P (s)

)−1
R(t).
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Äàëåå, äèôôåðåíöèðóÿ êàæäîå ðàâåíñòâî ïî s â íóëå ñïðàâà (àíàëîãè÷íî òîìó,
êàê ýòî äåëàåòñÿ â òåîðåìå 4), ïðèäåì ê ñèñòåìå

h ′(t) =
(
a− 1

2
tr
(
Q(t)C

))
h(t)

P ′(t) = R∗(t)CR(t)

Q ′(t) = B +DQ(t) +Q(t)D∗ −Q(t)CQ(t)

R ′(t) =
(
D −Q(t)C

)
R(t).

Âõîäÿùåå â íå¼ äèôôåðåíöèàëüíîå óðàâíåíèå Ðèêêàòè äëÿ Q(t) ÿâëÿåòñÿ äâîé-
ñòâåííûì ê óðàâíåíèþ äëÿ P (t) èç ñèñòåìû (20) (ñì. îïðåäåëåíèå 4).

Òåîðåìà 5. Ïðè ëþáûõ a ∈ R, B ∈ LS+1 (H ), C ∈ LS+(H ), D ∈ L(H ) çàäà÷à
Êîøè (28) èìååò åäèíñòâåííîå ðåøåíèå íà ïîëóîñè [0,+∞) (ïðè t = 0 áåðåòñÿ
ïðîèçâîäíàÿ ñïðàâà) â êëàññå äèôôåðåíöèðóåìûõ ôóíêöèé h : [0,+∞) → R,
P : [0,+∞)→ LS+(H ), Q : [0,+∞)→ LS+1 (H ), R : [0,+∞)→ L(H ).

Äîêàçàòåëüñòâî. Íà÷íåì ñ óðàâíåíèÿ P ′(t) = C+D ∗P (t)+P (t)D−P (t)BP (t).
Â ñèëó òåîðåìû 1 äàííîå îïåðàòîðíîå äèôôåðåíöèàëüíîå óðàâíåíèå Ðèêêàòè
èìååò åäèíñòâåííîå ðåøåíèå P (t) ∈ LS+(H ) ñ íà÷àëüíûì óñëîâèåì P (0) = 0
íà ïîëóîñè t > 0.

Äàëåå, â ñèëó ïðåäëîæåíèé 5 è 2, ïðè âñåõ t, s > 0 âåðíà îöåíêà∣∣ tr (BP (t)
)
− tr

(
BP (s)

)∣∣ =
∣∣∣ tr(B(P (t)− P (s)

))∣∣∣ 6 ‖B‖1 · ‖P (t)− P (s)‖.

Îòñþäà, ââèäó íåïðåðûâíîñòè îòîáðàæåíèÿ t 7→ P (t), ñëåäóåò íåïðåðûâíîñòü

ôóíêöèè t 7→ tr
(
BP (t)

)
. Ïîýòîìó óðàâíåíèå h′(t) =

(
a− 1

2 tr
(
BP (t)

))
h(t) ñ íà-

÷àëüíûì óñëîâèåì h(0) = 1 èìååò åäèíñòâåííîå ðåøåíèå ïðè t > 0. Î÷åâèäíî,

ýòî ðåøåíèå ìîæíî çàïèñàòü â âèäå h(t) = exp
{ t∫

0

(
a− 1

2 tr
(
BP (s)

))
ds
}
.

Óðàâíåíèå R′(t) = R(t)
(
D−BP (t)

)
, ïîñëåäíåå â (28), â ñèëó íåïðåðûâíîñòè

îòîáðàæåíèÿ t 7→
(
D − BP (t)

)
òàêæå èìååò ïðè t > 0 åäèíñòâåííîå ðåøåíèå

ñ íà÷àëüíûì óñëîâèåì R(0) = I (ñì., íàïðèìåð, [17, ï. 1 � 2 ãë. 2], [21, ï. 31
ãë. 3], [12, ï. 1.1]).

Îñòà¼òñÿ íàéòè ðåøåíèå óðàâíåíèÿ Q′(t) = R(t)BR∗(t) ñ íà÷àëüíûì óñëî-
âèåì Q(0) = 0. Ýòî ðåøåíèå òàêæå åäèíñòâåííî è âûðàæàåòñÿ ÷åðåç èíòåãðàë

Áîõíåðà: Q(t) =
∫ t
0
R(τ)BR∗(τ) dτ (ñì., íàïðèìåð, [20, òåîð. 6 � 7 ãë. VI]). Òàê

êàê B ∈ LS+1 (H ), òî R(τ)BR∗(τ) ∈ LS+1 (H ) ïðè ëþáîì τ ∈ [0, t]. Ïîýòîìó
Q(t) ∈ LS+1 (H ) ïðè ëþáîì t > 0. Òåîðåìà äîêàçàíà. �

3.2. Íåñêîëüêî ïðèìåðîâ ãàóññîâñêèõ ïîëóãðóïï.
Çäåñü ìû ðåøàåì çàäà÷ó Êîøè (28) â ÷åòûð¼õ ÷àñòíûõ ñëó÷àÿõ: â îäíîìåð-

íîì ñëó÷àå dim H = 1 (ïðèìåð 4) è â ñëó÷àÿõ, êîãäà B = 0, C = 0 èëè D = 0
(ïðèìåðû 5, 6 è 7). Ýòî äà¼ò ÷åòûðå ïðèìåðà ãàóññîâñêèõ ïîëóãðóïï.

Ïðèìåð 4. Ïóñòü dim H = 1, òî åñòü H ∼= R. Òîãäà îïåðàòîðû B, C è D = D∗

ìîæíî îòîæäåñòâèòü ñ íåêîòîðûìè âåùåñòâåííûìè ÷èñëàìè b > 0, c > 0 è d
ñîîòâåòñòâåííî, à îïåðàòîð�ôóíêöèè P (t), Q(t) è R(t) ìîæíî ñ÷èòàòü âåùå-

ñòâåííûìè ôóíêöèÿìè íà ëó÷å [0,+∞). Ââåä¼ì îáîçíà÷åíèå k =
√
bc+ d2.



ÃÀÓÑÑÎÂÑÊÈÅ ÏÎËÓÃÐÓÏÏÛ ÎÏÅÐÀÒÎÐÎÂ 19

Ñíà÷àëà ïðåäïîëîæèì, ÷òî k 6= 0. Ðåøàÿ â (28) ïîñëåäîâàòåëüíî óðàâíåíèÿ
äëÿ P , R, Q è h, ïðè âñåõ t > 0 ïðèä¼ì ê ôîðìóëàì

h(t) =

√
ke(α−d/2)t√

k ch(kt)− d sh(kt)
; P (t) =

c sh(kt)

k ch(kt)− d sh(kt)
;

Q(t) =
b sh(kt)

k ch(kt)− d sh(kt)
; R(t) =

k

k ch(kt)− d sh(kt)
.


Åñëè æå k =

√
bc+ d2 = 0, òî d = 0, à òàêæå b = 0 èëè c = 0. Ïîýòîìó

ñèñòåìà óðàâíåíèé â (28) óïðîùàåòñÿ, è ðåøåíèå ïðè âñåõ t > 0 èìååò âèä
h(t) = eat, P (t) = ct, Q(t) = 0, R(t) = 1 â ñëó÷àå b = d = 0, è, ñîîòâåòñòâåííî,
h(t) = eat, P (t) = 0, Q(t) = bt, R(t) = 1 â ñëó÷àå c = d = 0.

Ïðîâåðêà ïîêàçûâàåò, ÷òî íàéäåííûå ôóíêöèè h(t), P (t), Q(t) è R(t) óäî-
âëåòâîðÿþò óñëîâèÿì (20) êàê â ñëó÷àå k = 0, òàê è â ñëó÷àå k 6= 0. Â ñèëó
òåîðåìû 3 ýòî îçíà÷àåò, ÷òî äëÿ t > 0 ñåìåéñòâî îïåðàòîðîâ âèäà

(Gtf)(x) = h(t) exp
{
− 1

2

〈
P (t)x, x

〉}∫
H

f(y)ΓQ(t),R(t)x(dy)

ñ òàêèìè ôóíêöèÿìè h, P,Q è R çàäàåò ãàóññîâñêóþ ïîëóãðóïïó íà Bb(R,C).

Ïðèìåð 5. Ïóñòü B = 0. Ðåøàÿ çàäà÷ó Êîøè (28) äëÿ ýòîãî ñëó÷àÿ, ïðè âñåõ

t > 0 íàõîäèì: h(t) = eat, P (t) =
∫ t
0
eτD

∗
CeτDdτ , Q(t) = 0, R(t) = etD. Ïðîâå-

ðÿÿ óñëîâèÿ (20) è ïðèìåíÿÿ òåîðåìó 3 óáåæäàåìñÿ, ÷òî íà Bb(H ,C) ñåìåé-
ñòâî ãàóññîâñêèõ ìåð ñ òàêèìè ïàðàìåòðàìè äåéñòâèòåëüíî çàäàåò ãàóññîâñêóþ
ïîëóãðóïïó.

Ïðèìåð 6. Ïóñòü C = 0. Òîãäà, àíàëîãè÷íî ïðåäûäóùåìó, ïîëó÷àåì èç (28)

ïðè âñåõ t > 0: h(t) = eat, P (t) = 0, Q(t) =
∫ t
0
eτDBeτD

∗
dτ , R(t) = etD. Òàê êàê

B ∈ LS+1 (H ), òî Q(t) ∈ LS+1 (H ) ïðè âñåõ t > 0 â ñèëó ïðåäëîæåíèÿ 2.
Â ÷àñòíîñòè, åñëè a = 0, òî, ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ äëÿ h(t),

P (t), Q(t) è R(t) â ðàâåíñòâî (17), äëÿ ëþáûõ f ∈ Bb(H ,C), x ∈ H è t > 0
ïîëó÷èì ôîðìóëó, àíàëîãè÷íóþ ôîðìóëå (2.1) èç [5]:

(Gtf)(x) =

∫
H

f
(
z +R(t)x

)
ΓQ(t),0(dz) =

∫
H

f
(
R(t)x− y

)
ΓQ(t),0(dy).

Òàêèì îáðàçîì, ïðè C = 0 è a = 0 ãàóññîâñêàÿ ïîëóãðóïïà (Gt)t>0 ÿâëÿåòñÿ
îáîáùåííîé ìåëåðîâñêîé ïîëóãðóïïîé íà ïðîñòðàíñòâå Bb(H ,C) (ñì. îïðåäå-
ëåíèå 2.4 è ïàðàãðàô 4 â [5]).

Ïðèìåð 7. Ïóñòü D = 0. Äëÿ òîãî, ÷òîáû çàïèñàòü ðåøåíèå çàäà÷è Êîøè (28) â
ýòîì ñëó÷àå, ïðèìåíèì ê îïåðàòîðàìB ∈ LS+1 (H ) è C ∈ LS+(H ) çàìå÷àíèå 1.

Òîãäà ïîëó÷èì, ÷òî îïðåäåëåíû îïåðàòîðû
√
CB
√
C,
√
BC
√
B ∈ LS+(H ) è√√

CB
√
C,
√√

BC
√
B ∈ LS+(H ).

Ïóñòü òåïåðü t > 0 ôèêñèðîâàíî. Äëÿ ëþáîãî x ∈ R \ {0} çàäàäèì ôóíêöèè
ft(x) =

(
th(tx)

)
/x è gt(x) =

(
ch(tx)−1

)/(
x2 ch(tx)

)
. Òîãäà ft(x) > 0 è gt(x) > 0.

Äîîïðåäåëèâ ft è gt â òî÷êå x = 0 ïî íåïðåðûâíîñòè, ïîëó÷èì, ÷òî ft, gt ∈ C(R).
Ïîýòîìó, â ñèëó çàìå÷àíèÿ 1, äëÿ ëþáîãî îïåðàòîðà K ∈ LS+(H ) îïðåäåëåíû
îïåðàòîðû ft(K), gt(K) ∈ LS+(H ), êîòîðûå ìû îáîçíà÷èì ÷åðåç

(
th(tK)

)
/K

è
(

ch(tK)− I
)/(

K2 ch(tK)
)
ñîîòâåòñòâåííî.
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Äàëåå, èñïîëüçóÿ ñâîéñòâà îïðåäåëèòåëÿ (ñì. ïðåäëîæåíèå 9) è ïðîâîäÿ
íåîáõîäèìûå âû÷èñëåíèÿ, ïðèõîäèì ê âûâîäó, ÷òî â ñëó÷àå D = 0 ðåøåíèå
çàäà÷è Êîøè (28) ïðè ëþáîì t > 0 ìîæíî çàïèñàòü â âèäå

(29)



h(t) = eat · det−1/2
(

ch
(
t
√√

CB
√
C
))

P (t) =
√
C ·

th
(
t
√√

CB
√
C
)

√√
CB
√
C

·
√
C

Q(t) =
√
B ·

th
(
t
√√

BC
√
B
)

√√
BC
√
B

·
√
B

R(t) = I −B
√
C ·

ch
(
t
√√

CB
√
C
)
− I

√
CB
√
C ch

(
t
√√

CB
√
C
) · √C.

Ïðè ýòîì, ïîñêîëüêó B ∈ LS+1 (H ), òî Q(t) ∈ LS+1 (H ) äëÿ ëþáîãî t > 0.
Èñïîëüçóÿ ðàçëîæåíèÿ ôóíêöèé sh, ch è th â ñòåïåííûå ðÿäû, ìîæíî ïîêà-

çàòü, ÷òî ïðè 0 6 t < π/
(
2
√
‖B‖ · ‖C‖

)
ðåøåíèå (29) çàäà÷è Êîøè (28) ìîæíî

ïåðåïèñàòü â íåñêîëüêî èíîì âèäå:

s(t) = eat · det−1/2
(

ch
(
t
√
BC

))
P (t) = C ·

th
(
t
√
BC

)
√
BC

Q(t) =
th
(
t
√
BC

)
√
BC

·B

R(t) =
(

ch
(
t
√
BC

))−1
,

ãäå îïåðàòîðû th
(
t
√
BC

)
/
√
BC è

(
ch
(
t
√
BC

))−1
îïðåäåëÿþòñÿ ñ ïîìîùüþ

ðÿäîâ Ìàêëîðåíà äëÿ ôóíêöèé x 7→ th(tx)/x è x 7→ 1/ ch(tx) ñîîòâåòñòâåííî.
Ýòè ðÿäû, ââèäó ÷åòíîñòè óêàçàííûõ ôóíêöèé, áóäóò ñîäåðæàòü ïåðåìåííóþ x
ëèøü â ÷åòíûõ ñòåïåíÿõ (x2)n, n = 0, 1, 2, . . .. Ïîäñòàâëÿÿ âìåñòî êàæäîãî âûðà-

æåíèÿ (x2)n îïåðàòîð (BC)n, ïîëó÷èì ðÿäû äëÿ îïåðàòîðîâ th
(
t
√
BC

)
/
√
BC

è
(

ch
(
t
√
BC

))−1
.

4. Ïëàíû íà áóäóùåå

Â íàøèõ ñëåäóþùèõ ðàáîòàõ ìû ïëàíèðóåì:
1) âûÿñíèòü, ïðè êàêèõ óñëîâèÿõ è íà êàêèõ ïîäïðîñòðàíñòâàõ ïðîñòðàíñòâà

Bb(H ,C) ãàóññîâñêàÿ ïîëóãðóïïà, çàäàâàåìàÿ ôîðìóëîé (17), áóäåò ñèëüíî
íåïðåðûâíîé, à òàêæå íàéòè åå ãåíåðàòîð;

2) ââåñòè ïîíÿòèå ãàóññîâñêîé ïîëóãðóïïû îïåðàòîðîâ íà ïðîñòðàíñòâå áîðå-
ëåâñêèõ ìåðM(H ) è èçó÷èòü òàêèå ïîëóãðóïïû;

3) óñèëèòü ðåçóëüòàò òåîðåìû 4, ïîëó÷èâ èç ñèñòåìû (20) êàê ñëåäñòâèå ñèñòå-
ìó (28) ïðè áîëåå ñëàáûõ óñëîâèÿõ íà îïåðàòîð-ôóíêöèè P (t), Q(t), R(t)
(íàïðèìåð, ïðåäïîëàãàÿ ëèøü èõ íåïðåðûâíîñòü);

4) äîêàçàòü òåîðåìó, îáðàòíóþ òåîðåìå 4, òî åñòü ïîêàçàòü, ÷òî âñå ðåøåíèÿ çà-
äà÷è Êîøè (28) áóäóò ðåøåíèÿìè ñèñòåìû ôóíêöèîíàëüíûõ óðàâíåíèé (20).
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5) Ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå äëÿ ïîëóãðóïï îïåðàòîðîâ, îïðåäåëÿåìûõ
ñ÷¼òíî-àääèòèâíûìè ãàóññîâñêèìè ìåðàìè, ðàñïðîñòðàíèòü òàêæå íà ñëó-
÷àé ïîëóãðóïï, îïðåäåëÿåìûõ öèëèíäðè÷åñêèìè ãàóññîâñêèìè ìåðàìè.
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