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O koucTpykmm Muityxapsl ajid 9H40MOPQOB

A.II. IToxxknmaes!

Awunoramnus. Paccmampusaemces xoucmpyrxyus Muuyzapo, das andomopgos. Ilokasoi-
saemcs, wmo danras KOHCMPYKUUA 0aém nowmu npocmoie as2edpol, UCNOALIYEMBIE O
NOCMPOEHUA HOBHLL NPUMEPOS NPOCMBLL NPLEOCUMMEMPUYECKUL ar2ebp. [las uccaedo-
sarus pacuupenuts Muuyxapo, daémes onucanue dupdepenyuposarut sndomopdhos, no-
CMPOEHHBLL HA HEYHUMANDHLT AAZEOPAT, %Mo 0000Waem Pe3YAbMAM, NOAYUEHHBLT PAHEE
8 YHUMANDHOM CAYUAE.

KiroueBsblie cJ10Ba: npasocumMmempuieckas arzebpa, npocmas arzebpa, npesuesa aizeb-
pa, Koncmpykuus Muuyzapo,, sndomopd, dupdepernyuposanue.

1. KoHcTpykiua Muityxapsbl

Aure6pa A HasbIBaeTCs npasocummempuyeckot, ecim acconuarop (z,y, z) = (xy)z —
x(yz) na A sBIsIeTCs IPABOCUMMETPUYHBIM, T. €. OH CUMMETPUYEH OTHOCUTEIHHO JBYX HO-
CJIeTHUX dJeMeHToB: (x,Y,2) = (z,2,y) aus Beex x,Yy, 2 € A (nanee cuMBOJ := O3HAYaeT

PaBEHCTBO 110 OMPEIETIEHNIO). AHAIOTHIHO OTIPEIEJISTFOTCS JIEBOCHMMETPUIECKHE (TTPeTHeBb )
aJiredpbl, KOTOPbIEe OKA3BIBAIOTCS aHTUU30MOPMHBIME IIPABOCUMMETPHIECKIM.

B pab6ote [1]| 6bl1a BBeJeHa KOHCTPYKIMSI OJHOMEPHOIO PACITHPEHHs JIEBOCHMMeTpHYe-
CKOIf aJreOphl W OCTPOEHBI PA3JINIHBIE TIPUMEPHI TPOCTHIX JIEBOCUMMETPUIECKHUX aJredp, B
OCHOBHOM HCXOJId U3 “BBIPOZKJIEHHBIX  ajredp. Ciydaii, Korjga HCXoaHas ajredpa sBIgercsd
npoctoii, ocranca B [1| HenccnemoBan. V3ydenne JaHHOrO cjiydasl Hauaaoch B pabore [2],
rjie paccMaTpuBaJ/ach KOHCTPYKIus Muiyxapbl jijig MaTpudHoil ajrebpst u ajiredp Bypim.
Taxzke B |2] mocrpoensr pasiunanbie 06001eHIsT KOHCTPYKIMK Muityxapbl  HOBble TPUMeDBI
MPOCTBIX MPEINEBBIX aaredp, MOJIYIEeHHBIX MPU TTOMOINN JaHHONW KOHCTPYKIIUHA, B YaCTHO-
CTH IIOCTPOEH MpOoCTOii 1y01b BuTTa acconuaruBHOl KOMMYTATUBHON YHUTAJIBLHON aaredbpbl.
U3 Boimeykazannoit pabOThl BHIHO, YTO KOHCTPYKIHA MuIyxapbl HrpaeT BayKHYIO DOJIb
IPU HOCTPOEHUH W U3YYE€HHU HPOCTHIX IPEJUEBbIX aarebp. B 4] 6b110 BBeeno nonsirue sH-
jomopda MpOon3BOIBLHON HEACCONMUATUBHON areOphl, U, B 9aCTHOCTH, OBIJIO MOKA3aHO, 9TO
SHIOMOPMBI MTPABO(JIEBO)CHMMETPUIECKIX AIre0p JAT ONPOMHENIH KJIAcC TPOCTHIX Mpa-
BO(J1€BO) cMMeTpHYECKHX aarebp. B Hacrosieir pabore u3yvaercst KOHCTPYKIs MuIryxapbl
JUTSL SHAOMOP}OB TPON3BOTBLHBIX HEACCOIMATHBHLIX aareop.

! PaBoTa BEIIOIHEHA B PaMKax rocylapcTeerHoro 3aganmsa UM CO PAH, rema FWNF-2022-0002.



Badukcupyem npoussosibHoe ocHoBHOe nose F. B nanbneitmem, () := (T)p — juneii-
Has obosiouka MHOXkKecTBa | Haj F', rjae cumBos F omyckaercsi, e/ ToJie SICHO W3 KOHTEK-
cra. na mannoii anrebpor A depes L, u R, 0603Ha49aloTCd OIEPaTOphl JIEBOI'O U IIPABOIO
yMHOKeHHsT Ha dymement a € A, 1e. L,(b) = ab = Ry(a) ms moboro b € A. Beony
najee depes e;; 0003HAYAIOTCS OOBIYHBIE MATPUYHbIE eTMHUNBI, [ 1= 1 — eTMHNYHAS MaT-
puna (uwiu ToXKecrBeHHoe lpeobpasosanue); d;; — cumpos Kponekepa; tr(A) — ciex A,
(2, y,2)ps := (z,y,2) — (2, 2,y); [2,y] := 2y — yr — KOMMyTaTOp 31eMenTOB X, Y. Ecmm V —
BEKTOPHOE IPOCTPAHCTBO HaJL [, To yepe3 V* obo3HavaeTcs jiyajbHOE MPOCTPAHCTBO K V', a
gyepe3 End (V') — anreOpa Bcex F-nuneitnbix oneparopos Ha V', o6pa3s smementa x € V' noj
neiicruem ¢ € End (V') wacro obosuagaercs ¢, = ¢(z).

[Tycts A — anrebpa uanx nosnem F. Crenyst [3], cummerpuueckyro 6ununeiitanyio dbopmy
H(-,-) na A co 3nauenusmvu B F Oynem uaswiBarh Ieccuanom, ecau

H(ry,2) — He,yz) = H(azy) - Hiz,zy) 1)

I BCex T, 1, 2 € A.

[TpuBesém koucrpykuuio Munyxapsl |1| paciupenus aiaredpst A upu nomony 2-
HUJILIOTEHTa WJIM MJEMIOTeHTa, T.e. TAKOro 3jJeMeHTa u, uro u? = cu, rae € € {0,1},
u ¢ A. Teccuan H u qudpdepennuponanne D Ha A HA30BEM £-C0240C08GHHLMU, ECITH

eH(z,y) = H(D,,y)+ H(z,D,) (2)

Jist Jioobix ,y € A (npu 3rom corstacosannbie napel (H,0) u (0, D) nazosém mpusuas-
nowmu). PaceMoTpuM ogoMepHOe pacimupenne A mpu noMorny (u) u -c024ac06aHH10T napsl
(H, D), Ha KOTOPOM HPOHU3BEJICHUE ONPEICTACTCSA TPABILIAMU

= cu, u-z=0, z-u=D,,
= ay+ H(z, y)u (3)

s Beex x,y € A. O6osnauum nosyuennyio anreopy uepes A(H, D). Anre6py A(H, D)
Oysem HasbiBaTh £-pacwupenuem Muuyzapw anredpor A. Kak caenyer us [1], A(H, D) sas-
JISIeTCsl TPaBOCUMMETPUIEeCKOi aaredpoii, ecan TakoBa MCXoHasT ajredpa.

O6osnauny gepes M+ = {x € A: H(z,m) = 0 ana moboro m € M} opmozonaivhoe
donoanernue K MEHOKecTBYy M B anrebpe A orHocurensho leccuana H anre6por A.

JIemma 1.1. [1] ITodnpocmpancmeo I = Fu @ J aeasemes udeanrom ¢ A(H, D) mozda u
moavko mozda, xkozda J — makot udean ¢ A, wmo D(A) C J. Ilodnpocmparcmeo J us A
aeasemes udearom ¢ A(H, D) mozda u moavko moeda, koeda J — makot udean 6 A, wmo
D(J)CJudJC AL

Hannas jiemva He jaér onucanue Bcex ujgeaos B A(H, D) upu € = 0. B srom ciryuae
BO3MOYKHBI TaKKe “HEOIHOPOJIHBIE” MJIea b, ONMUChIBaeMbIe ieMMoit 1.2 auxke, s popmyu-
POBKH KOTOPO# yJI00HO BBECTH CJieaytotiee onpeaenenue. [lycrs (H, D) — 0-cornacoBanHas
napa ua anreope A. [Ipasbiit D-uaBapuantusiii ugean I anrebpsr A nazosém (H, D)-udeasom
¢ Komnanvorom o € I*, ecan

ra+ a,D, € I, a(ax) = a(za + a,D,) = H(a,x), a(D,) =0 (4)

st Beex a € I, x € A. Creayromas ieMMa GblIa JOKa3aHa B |2] 1/1s IEBOCAMMETPUIECKOTO
cilydas; IPaBOCUMMETPUYECKUil ciydail abCOJIOTHO aHA/JIOIMYeH, OJHAKO, TaK KakK JaHHasl



JIeMMa, UMeeT NPUHIHUITHAIbHOE 3HaYeHne Il JaHHOi paboThl, TO Mbl IPUBE/IEM €€ JT0Ka3a-
TeJIbCTBO.

JIemma 1.2. ITyemv J — nodnpocmpancmeo 6 0-pacwupenuu Muvuyzapo, A(H, D) an-
eepvi A maxoe, wmo J L A, u & J. Toeda J sasasemcea udearom ¢ A(H, D) mozda u moavko
moazda, xoz2da ¢ A cywecmeyem (H, D)-udean I ¢ xomnanvorom o maxot, wmo

J=(a+au:ael).

Jlokazamesvemeo. Tlycrs J — upean 8 A(H, D), J L A, u € J. Torna c+u € J pus
uekoroporo nemysesoro ¢ € A. Ilycrs I = {z € A: x + a,u € J aya wekoroporo o, € F'}.
Bamerum, yro [ — HOAIPOCTPAHCTBO B A U, ompene/NéH eIMHCTBEHHBIM 00pa3oM JIJist

aoboro r € A. Takum obpasom, ecrecrBeHHo oupejengerca « € I*. Ecan a + a,u € J, 10
(a+aqu)-u=D, € J,re. Df CI, a(Dr)=0. Tanee,

(a+ auu) -z =ax+ (a,x)u € J, x-(a+ au)=za+ (a,r)u+ a,D, € J,

OTKy/1a
ar € I, za+ oD, € I, aaz) = a(za+ a,D,) = (a,x)

g mobbx a € I, x € A.

O6parno, ecim | — D-uuapuaunrusiii (H, D)-umean B A ¢ KoMnanboHoMm «, 10 J =
(a+ agu:ael) — unean amredpsr A(H, D). HeiicrBurensro, (a + azu) - u = D, € J,
u-(a+aqu) =0, (a+auu) -z =ax+ (a,z)u € J, x (a—l—oza)—xa—i-(a,x)u—i-ozaDzeJ,
970 U TPebOBAIOCh. ]

Baduxcupyem ¢ € {0, 1}. Tycrs A;(H;, D;) — e-pacnmpenus Munyxapsr aare6p A;, i =
1,2. Pacemorpum npsimyto cymmy A = Ay @& Ay anrebp A; u Ay (kak naeanos). O6o3Haunm
gepe3 D (coorBercrBenno, H) nuddepennuposanne (Feccuan) anrebpor A, onpejenéHubie
IPaBHIAME:

DlAz = Di? H|.Az = Hi; H(AhAQ) - 0, 1= 172

Kak caenyer u3 [1], (H,D) sasagercsa coriacosannoii napoii na A. Anre6pa A(H, D)
HA3bIBAETCA NPAMBIM pacuwuperuem Muvyyxapor anredp A; u As. Anredbpa A maswiBaercs
PA3N0NCUMOT, €CIN CYIECTBYIOT HeTpuBuaabuble anreopsr A; u A takme, uyro A gpigercsa
npsaMbIM pacmupenneM Muryxapst anarebp A; n As. B mporusHOM ciydae A Ha3bIBaeTCs
nepasaoscumoti. BaxnocTs e-pacmmpenns Mumyxapbl 00bICHIET CIeLyomee

IIpengioxkenune 1.1. [1] Hycmo A sasasemca npamom pacuupenvem Muyyzaps, ae6o-
cummempuyeckur anrzebp A1 u As. Ecau Ay u As npocmu, mo u A asasemcsa npocmot
aesocummempuneckoti arzebpoti.

Aunre6py A(H, D) nazoBéMm nowmu npocmot, eciu OHa JUOO mpocra, Jaubo 0ol eé
cOOCTBEHHBII maeas He coBmagaer ¢ A, uMeeT KOpasMepHOCTb 1 U He COAEP:KUT JIeMEHTa, 1.
IIpeoxkenue 1.1 6110 ycusieno B 2] ciaegyromum 06pasoM.

Teopema 1.1. [2| ITycmov Ay (Hy, D1) u Ay(Hs, Do) — pacwupenus Muuyzapo. aseebp Ay
u Az, u nyems A — npamoe pacwuperue Muvyyzapv arzebp Ay u Ay. Anzebpa A asasemcs
npocmoti mozda u moavko mozda, xkoeda Ai(Hy, D1) npocma, a Asx(Hs, Do) nouwmu npocma.

Ecin A — anre6pa, To A7) = ([z,y] : 2,y € A).

JIlemma 1.3. ITyemv A — npasocummempuueckas anzebpa ¢ 1, H = (,) — Teccuan
na A, u A = A @ B das nexomopozo nodnpocmpancmea B 6 A. Tozda H noarnocmuvio



onpedessemcs ceoumu anavenuamu 1a 1 u basuce nodnpocmpancmea B, npu amom A7) C
Ft u (z,y) = (1,2y) das mobwz z,y € A.

Jloxazameavcmeo. Tonaras x = 1 8 (1), noayuaem (1,yz) = (1, zy) miua 0bbix y, z € A.
Monaras y = 1 8 (1), noayuaem (vz,1) = (x, 2) aus mo6bix z, 2z € A. Iyers A = A7) @B u
{b; :i € I} — 6asuc B. Onpegenum (1,b;) = B3; € F s seex i € I, (1,a) = 0 npu a € A,
u (z,y) = (1,zy) naga mobeix x,y € A. Torga dopma (, ) cummerpuuna Ha A u

(zy,2) — (z,y2) = (Lay -z —x-yz) = (Lwz-y) — (L2 - 2y) = (z2,y) — (z,2y)

JUIsL JIOOBIX T, Y, 2 € A, 410 ciieayer u3 nmpaBocuMMerpudHocT A. [ |

2. IndpdepernupoBanus 3H10MOP(POB HEYHUTAJIBHBIX aJareop

[Iycts A — anrebpa mag mosmem F. PacemorpuM mpamyo cymMmy (KAK BEKTOPHBIX HPO-
crpancts) anre6p A u End (A): E(A) := A® End (A). Hageum E(A) npousseienuem 1o
IPABUILY

A-a = aA+[AR,] (5)

s Beex a € A, A € End (A), rae no onpegenenuio A u End (A) ssasiorcs noganrebpamu
B E(A), a A — 310 crangaprubiii npasbiii Mmogysb vag End (A) @ a - A = aA. TTocrpoennas
asnrebpa HazbBaeTcs andomoppom anredpor A [4].

B [4] 610 mokasano, 9ro sHAOMODP] NPABOCHMMETPHYECKON ajirebpbl sBJSETCS Hpa-
BOCUMMETPHUUECKOi aarebpoii u Obin onmcanbl juddepennuposanus anredps End (A) B
ciaydae, Korga anrebpa A yauranbaa. B cregyrorieii Teopeme Mbl CHIMaeM OrpaHUYeHNe Ha
VHUTAJIHHOCTH aareOphl.

[Tycrs A — mpomssoibras anrebpa. Pacemorpnym anre6py Af, morydennyio n3 A mpuco-
eqmHennem exnauipl 1. OdeBnano, m06oe anddepenmuposanne va A* mveer By D + p, Tae
D € End (A), p € A*, npononzxennsie na A* npasuiom (D + u)(1) = 0. Jlerko 3amMeTuth,
aro nipu 3tom pi(A%) =0 u

(ab)D = aD-b+a-bD+ pu.b+ upa (6)

nst mobbix a,b € A, tne A% := 377 i xiy; € A,n € N) — xeadpam anre6por A.

Oupenenmum undyyuposanroe muddepernuposanue D suagomopda F(A) npasuiom aD =
aD+aP, AD = [A, D] nna mobnix a € A, A € End (A), npu stom aeiictsue a” onpenenserca
e TMHCTBEHHBIM 06pa30M U3 cooTHOMmennd ra’ = ji a. Bynem roBoputs, ato muddepeHnnpo-
Banne D undyyupyemcs muddepennuposanuem D + 1 aire6pst A, Kak jerko nposepurs, B
srom cayuae (zA)P = 2P A nia mobeix x € A, A € End (A). [Tasee Taxze GyaemM uCHob30-
BaTh OoJiee ya0O6HOE 0OO3HATEHNE Iﬁ = a® nas pamHOTO OTOGpAYKEHMs M OyIeM 0603HAYATH
gepes I, orobpaxkenne us A B End (A) Taxoe, aro [,(a) = I;;. Hemocpeacrsenno mposeps-
ercs, uro D aisercsa muddepennuposannem aaredpsl F(A), a uMeHHO, 3T0 OyIeT ¢IeIaHo
B cJieJiyioneil reopeme.

Teopema 2.1. [lycmv A — anzebpa wad noaem F. Omobpasicenue D asasemes dugdpe-
peryuposaruem E(A) mozda u moavko mozda, xozda D undyyupyemca dugddeperyuposa-
nuem aneebpor AF.



Jlokasamenvecmeo. Ilycts D — muddepennuposanue aaredpor E(A). O6oznauum aD =
ap + aP, rae a € E(A), ap € A, aP € End (A). Hokaxem, uro Ap = 0 m1a Bcex A €
End (A). /s Beex A, B € End (A) nmeem

(ABYD = (Ap+ AP)B + A(Bp + BP), (7)
(AB)p = ApB+ BpA. (8)

N3 (8) cmenyer, uro [A,Blp = 0 mis nobeix A, B € End(A). Tak kak End(A) =
[End (A), End (A)] + (E), a ED =0 no (7)—(8), o Ap = 0 ana scex A € End (A). 3naunr,
D unBapuantso Ha End (A) u ero orpanuuenne D ua End (A) asasercs nuddepennupona-
uueM End (A) no (7). CrenoBaresbio, D siBisieTcss BHYTpeHHAM (CM., HAIpuMeD, [5]) 1 Mbl
Takzke 06ozHauuM 4depes D orobpaxenue nz End (A), aua koroporo AP = [A, D].

Ecm dim A = 1, To sm6o A = F, qmbo A? = 0. Ilo mokazamnomy sbime Ap = 0 u
AP =0 pns moGoit A € End (A), nosromy (a+ A)D = aD + I pus moGeix a € A, A €
End (A) u uekoropeix D € End (A), u € A*, u HemocpecTBeHHAs MPOBEPKA MOKA3BIBAET
CIIpaBeJINBOCTL TEOPEMbI B JTAHHOM CIydae.

Hanee, nycts © € A npoussosbubiii, a A € End (A) BeiGepem tak, uro xA = 0. Torma
0 = (zA)p = xpA + z[A, D], orkyna xpA = DA n xp = xD + @,z a1 HEKOTOPOTO
a € A*. Aunanorudno, jis jawboro A € End (A) nveem (zA)p = (zD + a,x)A + z[A, D] =
TAD + azaxA, otkyna aparA = a,rA n a, = a aaa Hekoroporo « € F u oboro x € A.
Torna xp = z(D+«aF). Pacemarpusas BMmecto D orobpazxkenue D+« E, MOKHO H3HAYATBHO
CUUTATDL, 9TO Tp = xD.

N3 pasencrs

(zA)D = (zD+2P)A+2[A, D] =2AD + 2P A,
(zA)D = (2A)p + (2A)P = zAD + (zA)P,

nonyaem (zA)P = 2P A. U3 pasencts

(Az)D = [A, D]z + A(xD + 2P) = 2[A, D] + [[A4, D], R,] + DA + [A, R,p] + Ax®,
(Az)D = (zA+[A R,))D =2AD + 2" A+[[A R,], D]

crenyer [A,[D, R,] + Ryp +2P] = 0, orkyna [D, R,] + Ryp + 2P + p, E = 0 ans nexoroporo
€ A*. [leiicTBys mocjeHIM PaBeHCTBOM Ha IPOU3BOJILHBIN ¥ € A, BLIBOIIM

yD -z — (yz)D +y - xD + ya® + py = 0. (9)

(y2)D = (yD+y")x+y(@D +2")=yD -z +zy®+ [y, R,] +y-aD + ya",
(yr)D = (yz)D + (yR,)" = (yx)D + y" R,

orkyna R,y? = 0 u (yz)D = yD -z +y - xD + xy® + yzP. lpuanvas Bo saumanue (9),
noayaaem xy’ = p,y nasa mobex z,y € A. Coornomenne R,yP = 0 maér pu, = 0 poa
moboro x € A2 Tlpogomxum D u p na A* rax, uro (D + p)(1) = 0. Torga nosyuentoe
cooTHOIIeHne Ha D rOBOPUT O TOM, UTO oToOpazkeHue D+ saBisgercs auddepeHInpoBaHneM

na A



O6parno, nycrs orobpazkenne D € End (E(A)) unaynupyercsa quddepennupoBanuem
D + p amre6pnr A¥. Bamernm, uto (6) m pasernctro i(A%) = 0 BIeKyT caepyomue onepa-
TOpHBIC paBeHcTBa Ha A:

[Re; Dl = Rep+ 1]+ p.E, RI=0 (10)
Juist Jio0bIX ,y € A. lmeem

(a+A)(b+B)D = (ab+aB+bA+[A Ry + AB)D =
= abD +aBD + bAD + I?""*P+*4 4 [[A Ry, D] + [AB, DJ;
(a+A)D-(b+B) = (aD+1;+[AD])-(b+B)=aD-b+aDB +
+0I + [I}, Ry] + I, B + b[A, D] + [[A, D], Ry] + [A, D] B;
(a+A)-(b+B)D = (a+A)-(bD+ 1)+ [B,D]) =a-bD +a[B,D] +
+al), + bDA + [A, Ryp] + AI' + A[B, D).

Ucnomnb3ys (6), (10) u ToxkaecrBo fkobu, moaydaeM cJepyolnee yCJIoBHe, IpH KOTOpoM D
apaserca auddepeHupoBaHIeM:

ab+aB+bA a a b
I = IRy + I'B+ I"A.

O‘IeBI/I,ILHO, 9TO IOCJeJHee PaBEHCTBO BBLINIOJIHAETCS BCerjaa, 9TO U JOKa3bIBaeT TeopeMy. M

3. O koHCcTpyKImu Muityxapsl g 3HJI0MOPdOB

[Tycts A — anre6pa. [Ipeamonoxkum, uto arg aoboro a € A cymecrsyer A € A* Takoii,
410 ab = M\pa (nm ab = A\,b) jpist Beex a,b € A. B arom ciayuae obosnasaem A gepes Ay u
ropopum, 4to Ay — 3T0 an2e6pa cKAAAPHO20 YMHOHCEHU.

B [4] 6b110 TOKA3aH0, 9TO 3HIAOMOPD TPABOCMMMeTPHYECKON anreGphl A sBiisieTcst mpo-
croii anrebpoit, eciu A He gBisgeTcs aJredbpoil CKaJasgpHOro yMHOXKeHusI. PaccMoTpuM paciim-
perust Muryxapst 1ys anre6p E(A)). [Ipu 3T0M paccMOTPUM OTIETBHO CAMBIH BBIPOZK/IEH-
HBIiT ciiydait ajredp ¢ HyjeBbiM ymHOKeHueM Ag, kKorjga A = 0, B 4aCTHOCTH, U3-3a TOTO, YTO
Pe3yJAbTATHL B 9TOM CJIydae OTJIMIAITCS OT Pe3y/JIbTaTOB CIydasi aareOpbl HEHYJIeBOTO YMHO-
xenust. Jlajsee obosnadaem uepes Endg(A) nomanredpy Beex JimHeiiHbIX npeoOpa3oBaHuii B
End (A) co caemom 0.

Jlerko Bugerb, uro F(Ay) uMeer eIUHCTBEHHbIi COOCTBEHHBIl WIEaN, COBIIAJIA0-
muit ¢ Ag. leiictBurensuno, myctb J — wmmean oramubbii ot Ag. Ecim 0 # A €
End(Ag) N J, to End(A;) < J, a noromy J = FE(Ap). Buauur, ectu K =
(A € End(Ap) : a+ A € J nna uekoroporo a € Ag), To K — HeHynesoil JByXCTOPOHHUIT
niean B End(Ap), orkyaa BaoBb nostyuaem J = E(Ap).

13 Teopembr 2.1 Jierko moJrydaercs, uto Joboe auddepennuposanue anrebpot £(Ag) Ha
moJieM XapakTepucTuku we 2 umeer sug D = D + [+, D] nna wekoroporo D € End (Ap): B
9TOM CJIydae MoJIydaeM COOTHOIeHue aly, + by, = 0, orkyaa p = 0. Ugean Ay naBapuanren
OTHOCUTENBLHO J1I000r0 muddepennuporanus anareopsl Ag u on gaér ugean 8 E(Aq)(H, D),
ecin Ay C F*+. Ecoim D € (E), 10 (u) & Ay — nnean B E(Ag)(H, D). Tosromy nanee
cunraem, uro Ay € F+ u D ¢ (E). Ilo semme 1.3 mo6oit Teccuan H na E(Ay) 3amaéres
YCIIOBUAMU

H(E,a) = o, H(A,B) =~tr(AB)
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JUIst HeKOTOPbIX (bukcuposannbix « € Af, v € F'u s Beex a € Ay, A, B € End (Ay).
Onuncanue HeTPUBUAJIBHBIX COIVIACOBAHHBIX Hap Ha SHJIOMOpPQax JaéT CJIeayIomast

Jlemma 3.1. ITycmv (H, D) — nempusuaavran €-cozaacosannas napa na E(A), 2de A
— npouseosvhaa anrzebpa nad nosem F. Tozda ecau e = 0, mo Im (D) C F*; a ecau e = 1,
mo Im (D — E) C F*.

Jlokasameavcmeo. Pacemorpum cHadasa ciaydail € = 1. Samernm, 910 (2) MOXKHO Tepe-
mucath B caenytwomiem suge H(zy(E — D), 1) = 0 qas mobeix x,y € E(A), Tak Kak J11000ii
saaoMopd ABgerca yanTaiboil anre6poit. Tak xak E(A)? = E(A), To Im (D — E) C F+.
IIpu € = 0 coornomenne (2) samuceBaerca B suge H(zy(D),1) = 0, orkyma Im (D) C F*.
|

Teopema 3.1. 0-Pacwupernue Muuyzapv. E(Ag)(H,D) nad nosem zapaxmepucmu-
Ku He 2 Aeasemca npocmoti aneebpoti mozda u moavko moezda, xozda D(Ay) C Ft u
H(Ao, E(Ap)) # 0.

Joxazameavcmeo. [lo nemme 1.1 ajs jgoxkasaresbecTBa npoctorhl O-pacimupenust Muiry-
xapbl anrebpor E(Ag) nocrarouno mposeputh orcyrersue (H, D)-uneanos B E(Ap). Ilycrs
I — (H,D)-unean B E(A). Jlerko BuzeTh, 910 11060l mpassiii uaean B £(Ay) umeer Bus
Ao @ J niga wekoroporo npasoro uaeana J 8 End (Ap). Ilycts D = D+ -, D] aj1st HeKOTOPOTo
D € End (Ap), D & (E). Yeaosue za + a,D, € I nis Beex a € I,z € E(Ag) naér

aA+ a,[A, D] €1 (11)

npu © = A € End(Ay) u a € Ay takom, uro o, # 0 (3amerum, uro «, = H(a,1) maua
moboro a € I). Ilyers K := (A € End(Ap) : a + A € I nna mekoroporo a € Ap). Tak kak
D ¢ (E) u H(Ap,U) # 0, To u3 (11) crexyer, uro K — 3T0 HEHyJIeBOil JBYXCTOPOHHUI
niean B End(Ap). Takum o6paszom, K = End(Ap). B urore, I = E(Ap). |

B uacrnocru, ecim 0 # D € End (Ag) ne sBasierca obparuvbiM, 1o Ha F(Ag) onpe-
nensercs Leccnan H tak, uro napa (H,D),D := D + [-, D], asnsercs 0-cornacoBanuoil u
CIIpaBeIJInBO

Canencteue 3.1. Ecau D — nenyaeeoe sviposicdennoe omobpasicenue na Ay, mo cyuse-
cmeyem Teccuarn H na E(Ay) makot, wmo 0-pacwupenue Muyyxapo E(Ag)(H,D) aeas-
emca npocmoti areebpot, 2de D := D + [, D].

Kom6unupys semMmbr 1.1 u 3.1, mojydaem, 9To clipaBeinBa

Teopema 3.2. Ilycmv (H, D) — nempusuarvhas 1-cozaacosarnas napa na E(Ag). To-
2da 1-pacwupernue Muyyzapw anreebpo. E(Ag) asasemca npocmoti npasocummempuseckot
anzebpoti.

Jloxasamenvcmeo. J0CTATOYHO 3aMETHTh, UTO U3 YCJIOBHS HETPUBHAJLHOCTH M 1-
corstacosannoctu napst (H, D) caenyer Im (D—E) C F+u H( Ay, E(Ap)) # 0. B wacrnocrn,
D ¢ (E), Ay € F+ w H(A,B) = 0 aaa mobwix A, B € End (Ap). Tax kak enHCTBeHHBIIH
cobcreennniit wiean B F(Ag) — aro Ay, o 1-pacimpenue Muiyxapst anredper F(Ag) mo
naemme 1.1 gaBageTca MpocToil MpaBOCUMMETPUIECKOil anre6poii, mockonbKy D(E(Aq)) € Ao

u H (Ao, E(Ap)) # 0. u
Jlasee paccMATPUBAEM TOJTHKO KOHETHOMEPHBIE AIreOpBI CKATAPHOro yMHOKeHus Ay, a
takzke cunraeM, 9o A # 0 m dim(A)) := n > 1, tak kax umaue Der (A)) = 0. Taxxe

upejiosaraeM, 4ro ymuoxenune s Ay 3a1aércs npasuiom oy = Az, A € Aj.

[Tycrs Ann,.(A) :== {z € A: Ax = 0} — npasbiit annyaarop aare6po A.
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JIemma 3.2. ITyemo A := (Ay;+) — aneebpa co CKAAAPHOIM HEHYALEIM YMHONCEHU-
em. Omobpasicernue D asasemcs duddepenyuposarnuem A* mozda u mosvko mozda, Kozda

D(A) C Ann .(A), D(1) =0.
Jlokasamenvcmeo. Bamernm, uro x € Ann,.(A) < A\, = 0. Kak B §2 umeem D = D + p,
rae D € End (A), p € A*. s mobeix 2,y € A no (6) cnpaBengo

DeDer(A) & (v-y)D=aD-y+z-yD+ pyx + ity
< AN2D = N\aD + A\ypT + pyT + pgy
& AT+ pyx + py =0 =0, yD € Ann,.(A),

YTO U JIOKA3BIBAET JIEMMY. [

Jlerko Buaerb, uro B Jroboii anredope A = A, pasmepuoctu n € N MOKHO BbI-
oparb cmandapmuviii basuc €q,...,e, TaK, 9TO BCe HEHY/JEBbIe NPOU3BEICHHUS SIBJISIOT-
e caeayomuMu ee, = e;,1 = 1,...,n. Jlroooi Teccuan na F(A) 3anaéres ycaosusmu

H(en, F) = a,H(e;, E) = 0, H(A, B) = ptr(AB) ansa vekoropwix «, f € F u piug 060ro
i # n. [osromy nasee cunraem a # 0, Tak kak unade A Gyuer ugeasiom B F(A)(H, D). To
aemmve 3.2 D = D + [+, D] nna mexoroporo D € End (A, Ann ,.(A)). Teneps Jjierko BuieTs,
aro H(xD,y) + H(z,yD) = 0 anst mwobbix x,y € E(A).

[Mokazkem, uto J060i nenynesoit (H,D)-ugean I, njisi HeTPUBUAIBHON COMIACOBAHHON
napwt (H, D), cosuamaer ¢ E(A). Ilycrb 0 # 2 = a+ By € 1,0 # a € A, By € End (A).
Hommoxast T crpaBa Ha €j; MOYKHO TIOJIy9HUTh, 9TO €; + B; € I nna scex © = 1,...,nn
wekoropeix B; € End (A). Eciu By € I, to, nomuoxkass By cupasa Ha €;, i = 1,...,n,
OPUXOAUM K caydaro Boime. Takum obpasom, I = A + J ajg HEKOTOPOro MpPaBoro HIeasa
J C End (A). TTokazxkewm, ato A C I. Jlerko Bumerb, uto eciu e, + A € I npu A € End (A),
10 MOXKHO cuntarb A = —e,, (paccmarpusas (e, + A)e; € I upu j = 1,...,n —1). Ho
Torjaa (€, — €nn)eni = €; — € € I auist moboro i, n u3 (4) noayvaem e,(e; — e,;) = —e; €
I, Tak kak ag,.,, = 0, .e. A C I. Takum obpasom, I = A @ J. Ucnons3ysa (4) upu
npousBosbHoM © = B € End (A) u a € A takom, uto «, # 0, moayuaem Ba + a,[B, D] € I,
T.e. [End (A), D] C I. Cuosa npumenss (4) mpu npou3Boibhbix £ = B € End (A) n a =
y+Aelye A A€ End(A), Beoaum, uro J — 310 sesbiit uaean B End (A), orkyna
I = E(A). Takum 06pa3om, cipaseinBa

Teopema 3.3. 0-Pacwupenue Muuyzapu arzebpu E(Ay) asasemesn npocmoti anzebpoti
moeda u moavko mozda, xozda H(Ax, A)) #0 uD = D+]-, D] das nexomopoezo nenyarecozo
D € End (A, Ann . (Ay)).

JIemMma 3.3. B atobom 1-pacwupenuu Muyyxapo, anrzebpo. E(Ay) nodanzebpa Ay a6as-
emcsa udeanom.

Jlokasamenvcmso. Ilycrs (H, D) — l-cormacosannast napa wa U = E(A)\) u D =
D + [+, D] pus uekoroporo D € End (A, Ann ,(Ay)). Tlokazxkem rpuBuaibuocrs H, uro,
coBmectHo ¢ jgemmoit 1.1, u gokaxer gemmy. Ilo jemme 3.1 Im (D — E) C F*. Tak xak
Im (D) C Ft, 10 E(A)\) C Ftu H=0. |

[Tycth A — npon3Bo/IbHOE BEKTOPHOE TPOCTPAHCTBO HAJL 1101eM F| B — 1oampocTpancTBo
B A xopasmepuoctu 1 u A = (B, a) pis nekoroporo a € A. Bosemém D € End (A, B), a € F,
u omnpejieiuM Ha A Tpou3BeieHne MpaBuioM

r-a = ar—zD, x-y=0



st Beex ¢ € A,y € B. Oboznadnm oty deHnyio aiaredpy depes B, p 1 HA30BEM 00HOMEPHBIM
pacwuperuem abenesoti arzebpu, ipu nomMortu audepeHInpoBaHUs.

Jlemma 3.4. Auneebpa B, p asasemca npasocummempuueckol, npu smom D €
Der (B,.p)-

Jokaszamenvcmeo. Ilycts X = x+da,Y = y+fa, Z = z+ya — NIpon3BOTLHLIE 3JTEMEHTHI
u3 Ba.p, e z,y,x € B, 6, 3,7 € F. Tlokaxewm, uro (X,Y, Z),s = 0. Umeem

(XY)Z = (Blax —D,)+ Bé(aa — D,))(z +va) =
= aBy(axr — D,) — py(aD, — 2D?) + apyd(aa — D,) — Byé(aD, — aD?);
XYZ) = (v+éa)(v(ay — Dy) + By(aa — D,)) = afy(axr — D) + afvyd(aa — D,);
(X,Y,Z) = By(xD?*—aD,)+ By(6aD* — adD,),

orkyga noayqaem (X, Y, 7). = 0.
[Tposepum Briouenune D € Der (B, p). Umeem

(X-Y)D = pB(aD, —xD?*) + B6(aD, —aD?), X - YD =0,
XD-Y = (D,+dD,)(y+ Ba) = pB(aD, —xD?*) + Bé(aD, — aD?),

YTO U JOKa3bIBa€T JIEMMY. |

[Iycrs (H, D) — uerpuBnanbhas 0-cornacoBanHas mapa Ha sugomopde F(A), roe A —
asrebpa nay nosem F, D = D+ [-, D]+ 1,,D € End(A),pn € A*. IIpeauonoxkum, 410
CYIIECTBYET HEBBIPOXKAeHHbIH romomopdusm npasbix End (A)-moaynei ¢ : A — End (A)
TaKoii, uro [ = Da®, R, + a® + a,D = ya, E, oza]Z = yagb? pis mobwix a,b € A u s
HEKOTOporo Hemysesoro v € F, rae o, = H(a + a?, 1), a(aD) = 0 ana seex a € A. B sTom
ciydae A HA30BEM M0dyavHoll areebpoli napv. (H, D).

JIlemma 3.5. ITyemw (H, D) — nempusuasvrasn 0-cozaacosannas napa na E(A), 2de A
— anzebpa nad nonem F, D =D+ |-, D|+1,,D € End (A), n € A*.

1. Ecau J = (x + H(z,Du: x € A) asaaemca udearom anzebpu E(A)(H, D), mo aubo
A — amo anzebpa craraprozo ymmoscernus, aubo A — odhomeproe pacuiupenue abesesol
an2ebpvl npu nomouL, duddepertyuposanu.

2. Beou K = (z + 2% + azu : © € A) asasemea udearom anzebpre E(A)(H, D) das nexo-
mopoeo Henyaes020 aunelinozo omobpascerus ¢ : A — End (A) u nexkomopozo a € A*, mo
A — smo modyavrasn anzebpa napw (H, D).

Jlokasamenvcmso. 1. st moboro A € End (A) umeem
A-(x+ H(x,V)u) =2A+ [A,R,] + H(A,z)u+ H(z,1)[A, D] € J,

orkyna [A, R, + H(x,1)D] = 0 ana moboro z € A Ecm A C F*, to A — anre6pa
ckasigpHoro ymuoxenud. Ilycrs A € F*. Ipeacrasum A B suge A = B® (a), rae H(a, 1) =
1,H(b,1) = 0 mna mwoboro b € B. Torma [A, Ry = 0 ayist mobeix b € B u A € End (A),
T.e. Ry = WwE ana mekoroporo v € B*. llmeem R, + D = aF g wexkoroporo o € F. Tak
Kak a +u € J, 10 (a+u)-u € J, orkyna aD € Bu I = 0. Ecm z € B,rox € Jn
r-u=xD=zxD+1I]€J, orxkyna [, = 0,BD C B. Tak kak za = ax — xD nyiza moboro
x € B, To za € B. Torna

0= H(za,1) = H(x,a) = H(a,x) = H(az,1) = v(z)



Juist roboro x € B, t.e. v = 0. Takum obpazom, nosyuuin, 9410 A — ogHOMEpPHOE pacuiupe-
Hue abesieBoit ajreOpol mpu oMo JuddepennupoBanmsi.
2. Ilycre K = <a—|—a¢ +aqu:a € A>, ¢: A End(A), a € A*. Torga

(a+a®+auu) A=aA+a’A+ H(a+a®, A)u € K

ana moobix a € A, A € End (A), otkyna o, = H(a+a?, 1), (aA)? = a? A. Taxum obpasom,
¢ — 9ro romomopdusm mpaebix End (A)-momxyneii. Tak kak ¢ # 0, TO ¢, KaK JIerkKO BUJIETb,
SIBJISIETCST HEBBIPOXKIeHHBIM. C JIPYroift ¢CTOPOHBDI,

A-(a+a®+ aqu) = aA+ [A, R, + Aa® + H(a + a®, A)u + a,[A, D] € K

aus mobeix a € A, A € End (A), orxyna R, + a® + a,D = B,F nna nexoroporo 3 € A*.
Taxzke umeenm (a + a® + aqu) - u = aD + I + [a?, D] € K, orkysa a(aD) = 0, (aD)? =
I% 4 [a®, D] u I = Da®. Boaee Toro,

(a+a® 4+ aqu) - b=ab+a’b+ H(a+a®, b)u = ab+ ba® + [a®, Ry) + H(a + a®,b)u € K,

orkyna (ab+ba®)? = [a®, Ry) u b?a? + Rya® = 0 g1 mobwix a,b € A. JIoMHOXKasT paBEHCTBO
R, + a® + a,D = B,F cupasa na b?, u3 10/Iy4eHHBIX PABEHCTB BBIBOIUM ozafﬁ = B,b% s
J00bIX a,b € A, orkyjga [ = o st HekoToporo HenyJsieBoro vy € F. Takum obpasom, A
SIBJISIETCST MOJLY/IbHOIT anrebpoit napst (H, D). ]

[Tpu nokaszaresbcTBe TEOpPeMbl 3.4 HaM MMOHAI00UTCs CJIEAYIOIINIA TTPOCTONH Pe3yabTaT u3
JIMHEITHOM areOpHhl.

JIemma 3.6. ITycmv A € M,(F),n > 2, A # 0. Tozda cywecmeyem B € M,(F) co
caedom 0 maxas, wmo AB # 0, a tr(AB) = 0.

Teopema 3.4. I[Tycmo (H, D) — nempusuasvrai £-c02AaC08GHHAA NAPA HA IHIOMOPPE
E(A), 20e A — anzebpa nad nosem F, ne asaaowanca arzebpoti CKaAAPHO20 YMHOHCEHUA,
O0OHOMEPHVIM PacuLuperuem abesesot ar2edpovr Npu Nomowu Juddepenuuposarus Ul Mo-
oyavnot anzebpot napw, (H, D). Tozda pacwupenue Muvyyzapv anreebpu, E(A) sasasemes
nowMU NPOCMots HePassoAHcuMol arzebpoti, komopas npocma npu € = 1 u aokaavbHa npu
e = 0 ¢ eduncmeennom cobcmsernnom udearom I, = (a + H(a,)u: a € E(A)) kopasmep-
wocmu 1. Ipu smom I, — 5mo npocmas HepassoHCuMas NPAGOCUMMEMPUUECKAA AN2e0Da.

Jlokasamenvcmso. U3 [4] caenyer, uro E(A) apasgercst npocroit anrebpoit. Teneps npu
€ = 1 yTBepKaeHue cjejayeT U3 HEeTPUBHATBLHOCTH mapbl U jgeMMbl 1.1. Ilycts € = 0, [ —
cobcrsennsiit uaean B E(A)(H,D) u D = D+ [-, D] + I, qia wekoropsix D € End (A), u €
A*.

Bamernm, uro eciim u € I, 1o D(E(A)) C I ul = E(A)(H,D).

[Tpeamonoxum, uaro Henysiesass mMarpuna C gexur B [. Ecm C € (E), o E - B
B +tr(B)u € I pna w060t MaTpuipl B, OTKy/a, B 9aCTHOCTH, TOJIYYaeM Endo(A) -
Britouenne E-E = E4+H(E, E)u € [gaeT (E+ H(E,E)u >€BEnd0(A) Cl.EcmC ¢ (E
TO JIEFKO BUJETh, 9TO JueB uaeas, nopoxaéunniii C, gexur B I. Torga Endg(A) C I, u g
J00BIX ¢ # j mostydaeMm e;;-e;; = e;+H (e, E)u € I, orkyna (E + H(E, E)u)®Endy(A) C 1.
Torna (a + H(a, E)u) - A = aA+ H(a,A)u € I ans mobeix a € A u A € Endg(A), Te.
1 =1,

Ecmu A + w € I ans mekoropoii venynesoit A € End (A), To, tak kak dim(.A4) > 1, no
nemme 3.6 cymecrsyer B € End (A) rakas, uro AB # 0 u tr(AB) = 0, orkyna AB € I, u
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MbI IPUXOJIUM K CJIy4dato Bbimie. e [ colepKuT TOJILKO 3J1eMeHThl BUJa a + Yu,y € F') 1o
I cosnagaer ¢ J u3 jgeMMbl 3.5, & 3TO HEBO3MOZXKHO IO YCJOBUSIM TEOPEMBbI.

Bosbmém menysiesoit w +a+ A € I, 0 # a € A/A € End(A). Torma misg aro6bix
be A, B € End (A) nveem

(b+B)-(u+a+A)=(b+DB)(a+A) +Hb+B,a+Au+DOb)+1I,+[B D] el (12)

[Mosarast b = 0, nosy4daem, ato = + 2% + ayu € I pna moboro x € A, nekoroporo o € A* u
HEKOTOpOro JimHeiiHoro orobpazxkenus ¢ : A — End (A). Jlerko Buerb, 9T0 B 3TOM CJIydae
I coBnagaer ¢ K u3 jeMmbl 3.5, 9TO HEBO3MOKHO II0 YCJIOBHAM T€OPEMBI.

Jokaxkem upocrory auredopst I,. IIycrs I — wenynesoit uuean B I,. Ecom C' € I N
Endy(A), To, kak u panee, Endg(,A) C I. Beibupas obparnmyo A € Endg(A) monyqaem
(A'+ HA Nu)- A= E+ H(E,1)u € I u, anajoruuno upejasiaymemy, I = I,.

Ecim A 4+ w € I pnga vekoropoit nenysnesoit A € End (A), o, tak kak dim(A) > 1, 1o
nemme 3.6 cymecryer B € Endg(A) rakas, uro AB # 0 u tr(AB) = 0, orkyna AB € I, u
MBI TIPUXOJMM K CJYYAIO BHIIIE.

[peanonoxum, uro a + H(a, E)u € I ans mexoroporo nenysnesoro a € A. Torma (a +
H(a,E)u) - A=aA+ H(aA, E)u € I nns moboro A € Endy(A). Takum o6pazom, MOKHO
cantarh, 9o a € A npoussosbueiil. [To memme 3.5 J = (v + H(z,1)u : x € A) He aBagercs
cobcTBenHbIM ueanom anrebpol E(A)(H, D), mo3ToMy MOXKHO TIpeanoiaraTh, 910 a + A +
H(a + A, E)u € I nna wexkoropbix menyiaeBbix a € A, A € End(A). Tlo gokazannomy
BbIlll€, Mbl MOXKeM CYUTaTh, 4ro I = <a +a® 4+ aqu:a € A> JJIsL HEKOTOPOI'o JIMHEHHOIro
orobpazxenns ¢ : A — End (A) n mexoroporo a € A*. Onsars npuxoaum k cayqaio [ = K
W3 JIeMMBI 3.5, 9TO HEBO3MOYKHO.

Tak kak A He sBsgeTCst aarebpoii ckagsipHoro ymuHozxkenus, 7o n = dim(A) > 1. Jlerko
BUJIETh, 9T0 B F(A) HET 3JIeMEHTOB, Y KOTOPHIX Pa3MepHOCTh MPABOrO AHHYJIATOPA PABHA
n + n? — 1, OTKyJa JIErko CJAeAyIoT BCe YTBEPKICHHS PO HEPA3/I0KHMOCTD HOJLYYeHHBIX
ajireop. [ |
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