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A REMARK ON SCHWINDT'S CONGRUENCE

F. Z. BENSACI, L. KHALDI

Abstract. In this paper, using some congruences involving
the Bernoulli polynomials related to rational values, we present
a generalized version of Schwindt's congruence.
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1. Introduction

In 1637, Fermat a�rmed in the margin of a book gathering the
complete work of Diophantus, that it is not possible to �nd for an
integer n > 2, nonzero integers x, y and z such that xn + yn = zn.
This is also equivalent to say that it is not possible to �nd for an
integer n > 2, nonzero integers x, y and z such that xn + yn + zn = 0.
Over time this statement came to be known as Fermat's last theorem.
Wieferich primes were �rst introduced in 1909 in relation to the �rst
case of Fermat's last theorem. In the paper [5] Wieferich proved that,
if p is an odd prime and xp + yp + zp = 0 has a solution in integers
x, y, z with p - xyz, then 2p−1 ≡ 1 (mod p2).
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In 1924, Vandiver [4] proved that if for an odd prime number p, the
equation xn + yn + zn = 0, admits a solution in integers x, y and z all
of them coprime to p, then

b p
3
c∑

r=1

1

r2
≡ 0 (mod p),

where bxc = max{k ∈ Z / k ≤ x}.
In 1933, Schwindt [3] proved for p ≥ 7 the following congruence

(1) 5

b p
3
c∑

r=1

1

r2
≡
b p
6
c∑

r=1

1

r2
(mod p).

Recall that a p-integer is a rational number whose denominator is
coprime to p, and in the ring of p-integers denoted Z(p) we write

a
b
≡ c

d
(mod p) when ad− bc ≡ 0 (mod p) in Z.
The nth Bernoulli polynomial Bn(x), is de�ned by means of the

generating function [1, p. 804] as follows:

(2)
∞∑
n=0

Bn(x)
tn

n!
=

text

et − 1
, (|t| < 2π).

The �rst Bernoulli polynomials are

B0(x) = 1, B1(x) = x− 1

2
, B2(x) = x2 − x+ 1

6
, B3(x) = x3 − 3

2
x2 +

1

2
x,

B4(x) = x4 − 2x3 + x2 − 1

30
, B5(x) = x5 − 5

2
x4 +

5

3
x3 − 1

6
x.

For another properties (see, [1, p. 804]), for example, we have the well-
known symmetric formula

(3) Bn(1− x) = (−1)nBn(x), for all n ≥ 0.

The next theorem presents a generalization of (1).

Theorem 1. Let m be a positive integer and p ≥ 7 be a prime number.
If p 6= m+ 1 and p 6= 2m+ 1, then

(1 + 22m)

b p
3
c∑

r=1

1

r2m
≡
b p
6
c∑

r=1

1

r2m
(mod p).

In particular, for m = 1 we obtain Schwindt's congruence

5

b p
3
c∑

r=1

1

r2
≡
b p
6
c∑

r=1

1

r2
(mod p), (p ≥ 7).

The following result is a consequence of Theorem 1.
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Theorem 2. Let x, y and z be integers coprime to p, satisfying the
equation

xmp + ymp + zmp = 0, for all m ≥ 1.

then, we have for every m ≥ 1

b p
3
c∑

r=1

1

r2m
≡
b p
6
c∑

r=1

1

r2m
≡ 0 (mod p).

In the following section, we present some congruences between Bernoulli
polynomials and rational numbers in order to use them in the proof of
Theorem 1.

2. Congruences involving Bn

(
1
3

)
and Bn

(
1
6

)
The following lemma can be found in Emma Lehmer's famous paper

[2, Congruence (7)].

Lemma 1. Let n be a non-negative integer and p be a prime number
such that p > n ≥ 1. For any integer k ≥ 2 with 2k 6≡ 2 (mod p− 1),
we have

b p
n
c∑

r=1

(p− nr)2k ≡ n2k

2k + 1

(
2k + 1

n
pB2k −B2k+1

( s
n

))
(mod p3).

where s = p− nb p
n
c is the remainder of the Euclidean division of p by

n.

Lemma 2. For any integer n ≥ 0, we have

Bn

(
1

6

)
= ((−1)n−1 + 21−n)Bn

(
1

3

)
.

Proof. Denoting by [tn] (P (t)) the coe�cient of tn in the polynomial
P (t). Using Relation (2), Bn

(
1
6

)
can be written as follows:

(4) Bn

(
1

6

)
= [tn]

(∑
Bn

(
1

6

)
tn

n!

)
= [tn]

(
te

1
6
t

et − 1

)
.
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Note that we have

te
1
6
t

et − 1
=

te
2
3
t

e
t
2 − 1

e−
1
2
t

e
t
2 + 1

=
te

2
3
t

e
t
2 − 1

(
−1

e
t
2 + 1

+ e−
1
2
t

)
=
−te 2

3
t

et − 1
+

te
1
6
t

e
t
2 − 1

=
−(−t)e− 1

3
t

e−t − 1
+ 2

t
2
e

t
2

1
3

e
t
2 − 1

.(5)

From (4) and (5), we get

Bn

(
1

6

)
= ((−1)n−1 + 21−n)Bn

(
1

3

)
.

Which is required. �

Theorem 3. Let p be an odd prime and n, m two positive integers
with p > n. Then we have

(6)

b p
n
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

( s
n

)
(mod p).

where s = p− nb p
n
c.

Proof. Replacing 2k by p−2m−1 in Lemma 1 and writing the congruence
modulo p, we obtain

b p
n
c∑

r=1

rp−2m−1 ≡ 1

p− 2m

(
p− 2m

n
pBp−2m−1 −Bp−2m

( s
n

))
(mod p).

Here in Z(p) we have pBp−2m−1 ≡ 0 (mod p) because p − 1 does not
divide p − 2m − 1. Moreover, n is coprime to p, we conclude that we
have

b p
n
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

( s
n

)
(mod p).

Just notice that
1

p− 2m
≡ − 1

2m
(mod p).

This completes the proof. �



148 F. Z. BENSACI, L. KHALDI

Corollary 1. Let m be a positive integer and p ≥ 7 be a prime number.
If p 6= m+ 1 and p 6= 2m+ 1, then

b p
3
c∑

r=1

rp−2m−1 ≡

{
1
2m
Bp−2m

(
1
3

)
(mod p), if p ≡ 1 (mod 3);

− 1
2m
Bp−2m

(
1
3

)
(mod p), if p ≡ 2 (mod 3),

and

b p
6
c∑

r=1

rp−2m−1 ≡

{
1
2m
Bp−2m

(
1
6

)
(mod p), if p ≡ 1 (mod 6);

− 1
2m
Bp−2m

(
1
6

)
(mod p), if p ≡ 5 (mod 6).

Proof. Let us denote by s the remainder of the Euclidean division of p
by 3, so

p = 3q + s,

with q ∈ N and s = 1 or 2. We then deduce from (6)

(7)

b p
3
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(s
3

)
(mod p).

We denote by ` the remainder of the Euclidean division of p by 6. Then
we have

p = 6q′ + `,

with q ∈ N and ` = 1 or 5 (because p is an odd prime, so we have
` /∈ {0, 2, 3, 4}). We then deduce from (6)

(8)

b p
6
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(s
6

)
(mod p).

Noting that when ` = 1, then p = 6q′ + 1 = 3(2q′) + 1 = 3q + s, so
s = 1 and when ` = 5, then p = 6q′ + 5 = 3(2q′ + 1) + 2 hence s = 2.
This allows us to say

• If ` = 1, then s = 1, so, we get

b p
3
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(
1

3

)
(mod p),

and

b p
6
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(
1

6

)
(mod p).
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• If ` = 5, then s = 2 and with the help of (3), we have

b p
3
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(
2

3

)
≡ − 1

2m
Bp−2m

(
1

3

)
(mod p),

and
b p
6
c∑

r=1

rp−2m−1 ≡ 1

2m
Bp−2m

(
5

6

)
≡ − 1

2m
Bp−2m

(
1

6

)
(mod p).

Which is required. �

Lemma 3. Let m be a positive integer and p ≥ 3 be a prime number,
we have

Bp−2m

(
1

6

)
≡ (1 + 22m)Bp−2m

(
1

3

)
(mod p).

Proof. Applying Lemma 2 for n = p − 2m and using Fermat's little
theorem, we get

Bp−2m

(
1

6

)
= (1 + 21+2m−p)Bp−2m

(
1

3

)
=

(
1 +

22m

2p−1

)
Bp−2m

(
1

3

)
≡ (1 + 22m)Bp−2m

(
1

3

)
(mod p).(9)

Which is the desired result. �

3. Proof of Theorem 1

From (7), (8) and (9) we have

(10) (1 + 22m)

b p
3
c∑

r=1

rp−2m−1 ≡
b p
6
c∑

r=1

rp−2m−1 (mod p).

The proof of Theorem 1 is an immediate consequence of Relation (10),
it su�ces only to note that for 1 ≤ r < p, and use Fermat's little
theorem to obtain

rp−2m−1 ≡ 1

r2m
(mod p).
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Hence the proof is complete.
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