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Ïðåäñòàâëåíî Þ.À. Õàçîâîé

Abstract: The mathematical model in the ring resonator, which
consists of nonlinear partial di�erential equations is considered
in the paper. For the mathematical model stationary solutions
were obtained. The corresponding linearized initial-boundary value
problems for the general area and for the circle were considered.
The original model can be reduced to the nonlinear integral equation.

Keywords: nonlinear ring resonator, spatial mode, phase pattern.

1 Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðîöåññà ôîðìèðî-
âàíèÿ ôàçîâûõ ïðîñòðàíñòâåííûõ ñòðóêòóð â ïîïåðå÷íîì ñå÷åíèè êîãå-
ðåíòíîãî ñâåòîâîãî ïó÷êà â íåëèíåéíîé îïòè÷åñêîé ñèñòåìå ñ ïðîñòðàí-
ñòâåííî ðàñïðåäåëåííîé îáðàòíîé ñâÿçüþ � íåëèíåéíîì êîëüöåâîì ðå-
çîíàòîðå. Îäíîâðåìåííûé ó÷åò äèôðàêöèè è íåëèíåéíîñòè ïðèâîäèò
ê âîçíèêíîâåíèþ ìíîãîîáðàçèÿ ïðîñòðàíñòâåííûõ ñòðóêòóð. Íåëèíåé-
íàÿ âîëíîâàÿ äèíàìèêà ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ îïòè÷åñêèõ

Lukianenko, V.A., Khazova, Yu.A. Structure of solutions of the nonlinear

equations in ring resonator.
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Ðèñ. 1. Ñõåìà ïàññèâíîãî íåëèíåéíîãî êîëüöåâîãî ðåçîíàòî-
ðà: M1�M4 � çåðêàëà, LCLV (liquid crystal light valve) � íåëè-
íåéíàÿ ñðåäà, Ain è Aout � êîìïëåêñíûå àìïëèòóäû âõîäíîãî
è âûõîäíîãî ïîëåé ñîîòâåòñòâåííî. Çåðêàëà M3 è M4 îáëàäàþò
100%-ì îòðàæåíèåì, à çåðêàëà M1 è M2 èìåþò êîýôôèöèåíò
îòðàæåíèÿ R ïî èíòåíñèâíîñòè [1].

ñèñòåì ïðåäñòàâëåíà ñëåäóþùèìè ÿâëåíèÿìè: ïðîñòðàíñòâåííàÿ áèñòà-
áèëüíîñòü è ìóëüòèñòàáèëüíîñòü, ôîðìèðîâàíèå ðåãóëÿðíûõ ïðîñòðàí-
ñòâåííûõ äèôðàêöèîííûõ ñòðóêòóð, îáðàçîâàíèå îïòè÷åñêèõ âèõðåé, ñî-
ëèòîíîâ, äèññèïàòèâíûõ ñòðóêòóð è ò.ä. Ìîäåëü êîëüöåâîãî ðåçîíàòîðà,
ñîäåðæàùåãî ñëîé íåëèíåéíîé ñðåäû ñ êóáè÷åñêîé íåëèíåéíîñòüþ [1],
îñíîâàíà íà èçó÷åíèè äâóõ ñâÿçàííûõ äðóã ñ äðóãîì óðàâíåíèé: óðàâ-
íåíèÿ, îïèñûâàþùåãî âðåìåííóþ äèíàìèêó ôàçîâîé ìîäóëÿöèè ñâåòî-
âîé âîëíû â íåëèíåéíîé ñðåäå, è óðàâíåíèÿ, îïèñûâàþùåãî âðåìåííóþ
äèíàìèêó êîìïëåêñíîé àìïëèòóäû ñâåòîâîãî ïîëÿ âíóòðè ðåçîíàòîðà ñ
ó÷åòîì äèôðàêöèè. Îïòè÷åñêàÿ ñõåìà èññëåäóåìîé ñèñòåìû ïîêàçàíà íà
ðèñóíêå 1.
Äàííàÿ ìîäåëü ó÷èòûâàåò ëîêàëüíûå ïîïåðå÷íûå âçàèìîäåéñòâèÿ ñâå-

òîâîé âîëíû ñ íåëèíåéíîé ñðåäîé, âûçâàííûå êàê äèôôóçèåé ÷àñòèö
íåëèíåéíîé ñðåäû, òàê è äèôðàêöèåé ñâåòîâîé âîëíû. Áëàãîäàðÿ îäíî-
âðåìåííîìó äåéñòâèþ äâóõ ôèçè÷åñêèõ ïðîöåññîâ â ñèñòåìå âîçíèêàþò
ïðîñòðàíñòâåííî-âðåìåííûå ôàçîâûå ñòðóêòóðû.
Â ðàáîòàõ [2, 3, 4, 5, 6, 7] äëÿ èññëåäîâàíèÿ ïîäîáíûõ îïòè÷åñêèõ

ñèñòåì â êà÷åñòâå ìàòåìàòè÷åñêîé ìîäåëè èñïîëüçîâàëîñü íåëèíåéíîå
ïàðàáîëè÷åñêîå óðàâíåíèå ñ ïðåîáðàçîâàíèåì ïðîñòðàíñòâåííîé ïåðå-
ìåííîé: äëÿ ñëó÷àÿ îòðàæåíèÿ â [2, 3, 4, 5] è ïîâîðîòà â [6, 7] ïðî-
ñòðàíñòâåííîé ïåðåìåííîé. Óðàâíåíèÿ ðàññìàòðèâàëèñü íà îêðóæíîñòè
è îòðåçêå ñ óñëîâèÿìè ïåðèîäè÷íîñòè. Ïîñòðîåíèå ðàçëîæåíèé ïåðèîäè-
÷åñêèõ ðåøåíèé â òàêîãî ðîäà çàäà÷àõ îñíîâûâàëîñü íà ìåòîäå öåíòðàëü-
íîãî ìíîãîîáðàçèÿ [2, 3], ìåòîäå Ãàëåðêèíà [4, 5, 6] è ìåòîäå ñâåäåíèÿ
ê íåëèíåéíîìó èíòåðàëüíîìó óðàâíåíèþ [7]. Â [8, 9] ðàññìàòðèâàëèñü
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íåëèíåéíûå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ ïàðàáîëè÷å-
ñêîãî òèïà ñ îáðàòíîé ñâÿçüþ è ïðåîáðàçîâàíèåì ïðîñòðàíñòâåííûõ ïå-
ðåìåííûõ (êîòîðîå çàäà¼ò îïåðàòîð èíâîëþöèè). Ñâîéñòâî îïåðàòîðà èí-
âîëþöèè (ïîâîðîò, îòðàæåíèå) ïîçâîëÿåò ñâåñòè èñõîäíîå óðàâíåíèå ê
ñèñòåìå óðàâíåíèé áåç ïðåîáðàçîâàíèÿ ïðîñòðàíñòâåííûõ ïåðåìåííûõ.
Ìíîæåñòâî ðåøåíèé òàêèõ óðàâíåíèé îïðåäåëÿåòñÿ äâóìÿ ïàðàìåòðà-
ìè: ìàëûì � êîýôôèöèåíòîì äèôôóçèè, è áîëüøèì � êîýôôèöèåíòîì
èíòåíñèâíîñòè ïîòîêà. Òàêæå ðàññìàòðèâàëèñü íà÷àëüíî-êðàåâûå çàäà-
÷è äëÿ îêðóæíîñòè, êðóãà, êîëüöà ñ îïåðàòîðîì èíâîëþöèè. Â ðàáî-
òàõ [11, 12] èçó÷àëèñü ðîòàöèîííûå è âðàùàþùèåñÿ âîëíû â ïàðàáîëè÷å-
ñêèõ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèÿõ ñ ïðåîáðàçîâàíè-
åì ïîâîðîòà è çàïàçäûâàíèåì. Â [13] èññëåäîâàíà ñìåøàííàÿ çàäà÷à äëÿ
ïàðàáîëè÷åñêîãî äèôôåðåíöèàëüíî-ðàçíîñòíîãî óðàâíåíèÿ, èíòåãðàëü-
íûå ïðåäñòàâëåíèÿ ðåøåíèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî ïàðà-
áîëè÷åñêîãî óðàâíåíèÿ èçó÷åíû â [14].
Â äàííîé ñòàòüå â ïåðâîì ðàçäåëå ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ

ìîäåëü êîëüöåâîãî ðåçîíàòîðà, ñîñòîÿùàÿ èç ñèñòåìû ëèíåéíûõ è íåëè-
íåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Àíàëèçèðóþòñÿ ñòàöèîíàð-
íûå ðåøåíèÿ è èññëåäóþòñÿ çîíû óñòîé÷èâîñòè ðåøåíèé ñîîòâåòñòâóþ-
ùåé ëèíåàðèçîâàííîé çàäà÷è. Äëÿ ñëó÷àÿ òîíêîãî êîëüöà (îêðóæíîñòè)
çàäà÷à ñâåäåíà ê ðåøåíèþ íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ.

2 Ìàòåìàòè÷åñêàÿ ìîäåëü êîëüöåâîãî ðåçîíàòîðà
ñ ïðåîáðàçîâàíèåì êîîðäèíàò

Äèíàìèêà íåëèíåéíîé ôàçîâîé ìîäóëÿöèè u(r, t) õàðàêòåðèçóåò íàáåã
ôàçû ñâåòîâîé âîëíû â íåëèíåéíîé ñðåäå. Ïðåäïîëàãàåòñÿ, ÷òî ïîëÿðè-
çîâàííîñòü ñðåäû ïîä÷èíÿåòñÿ ðåëàêñàöèîííîìó óðàâíåíèþ äåáàåâñêîãî
òèïà, ó÷èòûâàþùåìó êîíå÷íîñòü âðåìåíè ðåëàêñàöèè íåëèíåéíîñòè è
íàëè÷èå â ñðåäå ïîïåðå÷íûõ âçàèìîäåéñòâèé äèôôóçèîííîãî õàðàêòåðà

ut + u = D∆u+K|A(r, z = 0, t)|2. (1)

Çäåñü r = (x, y) � ðàäèóñ-âåêòîð â ïîïåðå÷íîì ñå÷åíèè ñâåòîâîãî ïî-
ëÿ; z � ïðîäîëüíàÿ êîîðäèíàòà; t � âðåìÿ; ∆ � ëàïëàñèàí, îïèñûâà-
þùèé äèôôóçèîííûé ïðîöåññ â íåëèíåéíîé ñðåäå; D � íîðìèðîâàí-
íûé êîýôôèöèåíò äèôôóçèè; K � êîýôôèöèåíò íåëèíåéíîñòè ñðåäû,
|A(r, z = 0, t)|2 � èíòåíñèâíîñòü ñâåòîâîãî ïîëÿ, ïîïàäàþùåãî â íåëè-
íåéíóþ ñðåäó; A(r, z, t) � êîìïëåêñíàÿ ìåäëåííî ìåíÿþùàÿñÿ àìïëèòó-
äà ñâåòîâîãî ïîëÿ âíóòðè ðåçîíàòîðà, êîòîðàÿ ïåðåä ñëîåì íåëèíåéíîé
ñðåäû ñêëàäûâàåòñÿ èç äâóõ ÷àñòåé: êîìïëåêñíîé àìïëèòóäû âõîäíîãî
ïîëÿ ïîñëå ïðîõîæäåíèÿ çåðêàëà M1 è êîìïëåêñíîé àìïëèòóäû ïîëÿ
ïîñëå ðàñïðîñòðàíåíèÿ â ðåçîíàòîðå.
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Äèíàìèêà êîìïëåêñíîé àìïëèòóäû ïîëÿ A(r, z, t) íåïîñðåäñòâåííî ïå-
ðåä ñëîåì íåëèíåéíîé ñðåäû îïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

A(r, z, t+ tr) = (1−R)
1
2Ain(r) +Reiφ0 exp

(
iL∆{A(r, z, t)eiu(r,t)}

)∣∣∣
z=0

.

(2)

Çäåñü R � êîýôôèöèåíò îòðàæåíèÿ çåðêàë ïî èíòåíñèâíîñòè; Ain(r) �
êîìïëåêñíàÿ àìïëèòóäà âõîäíîé ñâåòîâîé âîëíû; tr � âðåìÿ ðàñïðî-
ñòðàíåíèÿ ïîëÿ â ðåçîíàòîðå; φ0 � ïîñòîÿííûé ôàçîâûé ñäâèã ñâåòîâîé
âîëíû â ðåçîíàòîðå; L � äëèíà ðåçîíàòîðà, íîðìèðîâàííàÿ íà äèôðàê-
öèîííóþ äëèíó, êîòîðàÿ îïðåäåëÿåòñÿ äèàìåòðîì àïåðòóðû ðåçîíàòîðà
èëè âõîäíîãî ïó÷êà.
Ïðîöåññ äèôðàêöèîííîãî ðàñïðîñòðàíåíèÿ ïîëÿ â ðåçîíàòîðå ïðåä-

ñòàâëåí â óðàâíåíèè (2) îïåðàòîðîì ðàñïðîñòðàíåíèÿ exp (iL∆) è îïè-
ñûâàåòñÿ îáû÷íûì óðàâíåíèåì äèôðàêöèè â ïðèáëèæåíèè êâàçèîïòèêè
ñ ãðàíè÷íûì óñëîâèåì, êîòîðîå îïðåäåëÿåòñÿ ïîëåì íåïîñðåäñòâåííî ïî-
ñëå ñëîÿ íåëèíåéíîé ñðåäû:

−2ik0
∂A(r, z, t)

dz
= ∆A(r, z, t), A(r, z = 0, t) = A0(r, t). (3)

Ñäåëàåì íåñêîëüêî ïðåäïîëîæåíèé, óïðîùàþùèõ ìîäåëü. Âî-ïåðâûõ,
åñëè òîëùèíà ñëîÿ íåëèíåéíîé ñðåäû ìíîãî ìåíüøå äëèíû ðåçîíàòîðà,
ò. å. l ≪ L, òî ìîæíî ïðåíåáðå÷ü ïîãëîùåíèåì ñâåòà â íåëèíåéíîé ñðåäå.
Ýòî çíà÷èò, ÷òî íåëèíåéíàÿ ñðåäà îêàçûâàåò âëèÿíèå òîëüêî íà ôàçó
ðàñïðîñòðàíÿþùåéñÿ ñâåòîâîé âîëíû. Âî-âòîðûõ, ìîæíî ñ÷èòàòü, ÷òî
âðåìÿ ðàñïðîñòðàíåíèÿ ñâåòîâîé âîëíû â ðåçîíàòîðå ìíîãî ìåíüøå, ÷åì
âðåìÿ ðåëàêñàöèè íåëèíåéíîñòè, ò. å. tr = L/c ≪ τ0. Òàêèì îáðàçîì,
àíàëèçèðóåòñÿ ñëó÷àé ¾ìåäëåííîé¿ íåëèíåéíîñòè áåç ó÷åòà ýôôåêòîâ,
ñâÿçàííûõ ñ âðåìåííûì çàïàçäûâàíèåì ïîëÿ â ðåçîíàòîðå [1].

3 Ñòàöèîíàðíûå ðåøåíèÿ

Ðàññìîòðèì îáëàñòü Ω = {(r, φ)|0 ≤ r ≤ r0, 0 ≤ φ ≤ 2π}. Ñèñòåìà
óðàâíåíèé (1)�(3) èìååò ïðîñòðàíñòâåííî-îäíîðîäíîå ñòàöèîíàðíîå ðå-
øåíèå. Îáîçíà÷àÿ us è As ñîîòâåòñòâåííî êàê ñòàöèîíàðíûå çíà÷åíèÿ
ôàçû u(r, φ, t) è àìïëèòóäû A(r, φ, z, t) ïîëÿ â íåëèíåéíîé ñðåäå, íàé-
äåì èõ ñòðóêòóðû. Äëÿ ýòîãî ïîäñòàâèì u = us, A = As è Ain = Ains

â óðàâíåíèÿ (1) è (2). Óðàâíåíèå (3) óäîâëåòâîðÿåòñÿ àâòîìàòè÷åñêè.
Ïîëó÷èì

us = K|As|2,
As = (1−R)1/2Ains +Reiφ0 exp iL∆{As exp ius},

èëè
As = (1−R)1/2Ains +Reiφ0Ase

ius .

Îòêóäà ñëåäóåò, ÷òî

As =
(
1−Rei(us+φ0)

)−1√
1−RAins. (4)
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Ðèñ. 2. Ãðàôè÷åñêîå ïîñòðîåíèå ðåøåíèé us ïðè óâåëè÷åíèè k

Ñ ó÷åòîì (1) ìîæåì çàïèñàòü (2) ñëåäóþùèì îáðàçîì

|As|2 = AsAs =

√
1−RAinsAins

√
1−R(

1−Rei(us+φ0)
) (

1−Re−i(us+φ0)
) =

=
(1−R) |Ains|2

1− 2R cos(us + φ0) +R2
,

K|As|2 =
(1−R)K I0

1− 2R cos(us + φ0) +R2
= us.

Îêîí÷àòåëüíî ïîëó÷àåì

us =
(1−R)k

1− 2R cos(us + φ0) +R2
,

us = K|As|2, k = K I0, I0 = |Ains|2.
(5)

Â çàâèñèìîñòè îò èçìåíåíèÿ ïàðàìåòðîâ k, R, φ0 óðàâíåíèå (5) ìî-
æåò èìåòü ðàçíûå çíà÷åíèÿ êîðíåé us, à ñëåäîâàòåëüíî è As (4). Íà
ðèñ. 2 ðåøåíèÿ óðàâíåíèÿ (5) ïðåäñòàâëåíû â âèäå ïåðåñå÷åíèÿ ãðàôè-

êîâ cos(us+φ0) è
1+R2

2R − 1−R
2R

k
us
, äëÿ çíà÷åíèé ïàðàìåòðîâ φ0 = 0, R = 0.5.

Ñ ðîñòîì k → ∞ êîëè÷åñòâî êîðíåé us ïîñòîÿííî ìåíÿåòñÿ: âîç-
íèêàþò íîâûå ñîñòîÿíèÿ ðàâíîâåñèÿ è èñ÷åçàþò ñòàðûå. Òàêîå ñîñòîÿ-
íèå ñèñòåìû ãîâîðèò î íàëè÷èè áîëüøîãî êîëè÷åñòâà ïðîñòðàíñòâåííî-
íåîäíîðîäíûõ ñòðóêòóð.
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4 Ëèíåàðèçàöèÿ ñèñòåìû óðàâíåíèé

Ëèíåàðèçóåì óðàâíåíèÿ (1)�(3) â îêðåñòíîñòè ñòàöèîíàðíûõ ðåøåíèé
us, As, Ains. Çäåñü îïåðàòîð Ëàïëàñà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:
∆u = urr +

1
rur + uφφ.

Ïóñòü Ain(r) = Ains + f(r), Ains = const, f(r) = 0, òîãäà

u = us + v(r, t),

A = As +B(r, z, t).
(6)

Ïîäñòàâèì (6) â (1)

vt + v + us = D∆v +K|As +B(r, z = 0, t)|2,

vt + v + us −K|As|2 = D∆v +K
(
AsB +AsB + |B|2

)
.

Ñ ó÷åòîì (5) è

|As +B|2 = (As +B)(As +B) = |As|2 +AsB +AsB + |B|2

ëèíåàðèçîâàííîå óðàâíåíèå èìååò âèä

vt + v = D∆v +K
(
AsB +AsB

)
. (7)

Çàìåòèì òàêæå, ÷òî

AsB +AsB = Re(AsB +AsB).

Ëèíåðèçóåì òåïåðü óðàâíåíèå (2).Îïåðàòîðíàÿ ýêñïîíåíòà ïðåäñòàâè-
ìà â âèäå

exp(iL∆) ≈ 1 + iL∆+
(iL)2

2
∆2 + . . . .

Îòêóäà ñëåäóåò, ÷òî

exp(iL∆{Aeiu}) = eius [(As + iAsv +B) + iL(iAs∆v +∆B) + . . .] =

= eius [As + iAs(v + iL∆v) + (B + iL∆B)] + . . . =

= Ase
ius + iAse

ius(v + iL∆v) + eius(B + iL∆B) + . . . .

Çäåñü ó÷òåíî

Aeiu = (As +B)ei(us+v) = (As +B)eiuseiv =

= eius(As +B)(1 + iv +
(iv)2

2
+ . . .) = eius(As + iAsv +B + iBv + . . .).

Â ðåçóëüòàòå èç (2) ïîëó÷èì:

As+B = (1−R)1/2Ain+Reiφ0{As+iAs(v+iL∆v)+(B+iL∆B)}eius+ . . . ,

As−Rei(us+φ0)As−(1−R)1/2Ain+B = Rei(us+φ0){iAs(v+iL∆v)+B+iL∆B},

As(1−Rei(us+φ0))−(1−R)1/2Ain+B = Rei(us+φ0){iAs(v+iL∆v)+B+iL∆B},

(1−Rei(us+φ0))As = (1−R)1/2Ain+Rei(us+φ0){iAs(v+iL∆v)+B+iL∆B}−B,

−B +Rei(us+φ0){iAs(v + iL∆v) +B + iL∆B}+ (1−R)1/2f(r) = 0.
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Óáåäèìñÿ, ÷òî åñëè v = 0, B = 0, f = 0, òî ïîëó÷èì ôîðìóëû (5)

As(1−Rei(us+φ0))− (1−R)1/2Ains = 0, (8)

As =
(1−R)1/2Ains

1−Rei(us+φ0)
, As =

(1−R)1/2Ains

1−Re−i(us+φ0)
,

|As|2 =
(1−R)|Ains|2

1− 2R cos(us + φ0) +R2
,

Èç (5) â ñëó÷àå cos(us + φ0) = 0 ñëåäóåò

|As|2 =
(1−R)|Ains|2

1 +R2
, K|As|2 = us =

(1−R)K|Ains|2

1 +R2
.

Â èòîãå íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ëèíåàðèçîâàííûõ óðàâíåíèé
ïðèìåò âèä

B −Rei(us+φ0) (iAs(v + iL∆v) +B + iL∆B) = (1−R)1/2f(r), (9)

−2ik0
∂B(r, φ, z, t)

dz
= ∆B(r, φ, z, t), (10)

vt + v = D∆v +K
(
AsB +AsB

)
, (11)

v(r, φ, z, 0) = v0(r, z),
∂v

∂r

∣∣∣∣
r=r0

= 0.

Â (9)�(11) îáîçíà÷åíî B(r, φ, z = 0, t) ≡ B.

5 Ëèíåàðèçîâàííàÿ çàäà÷à íà îêðóæíîñòè
â êëàññå ïåðèîäè÷åñêèõ ôóíêöèé

Áóäåì ðàññìàòðèâàòü ëèíåàðèçîâàííóþ çàäà÷ó (9)�(11) ñ óñëîâèÿìè
íà îêðóæíîñòè (àíàëîã çàäà÷è äëÿ òîíêîãî êîëüöà). Ïîñòðîèì ïåðèîäè-
÷åñêèå ðåøåíèÿ ýòîé çàäà÷è.

Ëåììà 1. Äëÿ ëèíåàðèçîâàííîé çàäà÷è â îêðåñòíîñòè ñòàöèîíàðíîãî
ðåøåíèÿ us è As: u = us+v, A = As+B â ñëó÷àå îêðóæíîñòè ñ ðàäèóñîì
r0 ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå:

B −Rei(us+φ0)[iAs(v + iρvθθ) +B + iρBθθ] = (1−R)1/2f(θ),

Ain(θ) = Ains + f(θ), Ains = const, ρ =
1

r20
,

(12)

−2ik0
∂B(θ, z, t)

dz
= ∆B(θ, z, t), (13)

vt + v = µ2vθθ +K(AsB +AsB), µ2 =
D

r20
,

v = v(θ, t), B = B(θ, z = 0, t) ≡ B(θ, t),

v(θ + 2π, t) = v(θ), B(θ + 2π, z, t) = B(θ, z, t).

(14)

Ïðè ýòîì AsB +AsB = Re(AsB +AsB) � äåéñòâèòåëüíàÿ ôóíêöèÿ.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç (9)�(11) è ïðåäñòàâëåíèÿ îïå-

ðàòîðà Ëàïëàñà ∆ = ∂2

∂r2
+ 1

r
∂
∂r +

1
r2

∂2

∂θ2
â ñëó÷àå çàâèñèìîñòè ôóíêöèé v

è B îò (θ, t) è ëèíåàðèçàöèè îïåðàòîðà exp iL∆{(As +B(θ, t)) exp[i(us +
v(θ, t))]} â îêðåñòíîñòè (us, As). □

Ëåììà 2. Ïðèáëèæåííûå ðåøåíèÿ, ôóíêöèè v è B, çàäà÷è (12)-(14)
ïðåäñòàâèìû â âèäå ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì X(θ) = einθ çàäà÷è
Øòóðìà-Ëèóâèëëÿ

X ′′ + λX = 0, X(θ + 2π) = X(θ). (15)

Äîêàçàòåëüñòâî. Ðàçäåëÿÿ ïåðåìåííûå â (13)

−2ik0X(θ)T (t)Z ′(z) = X ′′(θ)T (t)Z(z), T (t) ̸= 0,

−2ik0
Z ′(z)

Z(z)
=

X ′′(θ)

X(θ)
= −λ, X(θ + 2π) = X(θ),

ïðèõîäèì ê çàäà÷å Øòóðìà-Ëèóâèëëÿ äëÿ X(θ):

X ′′ + λX = 0, X(θ + 2π) = X(θ),

ðåøåíèåì êîòîðîé ÿâëÿåòñÿ

λn = n2, Xn(θ) = einθ, n = 0,±1,±2, . . . , (16)

èëè â âåùåñòâåííîé ôîðìå

λn = n2, Xn(θ) = an cosnθ + bn sinnθ, n = 0, 1, 2, . . . .

Äëÿ ôóíêöèè Z(z) ïîëó÷àåì, ÷òî

Z ′(z)− in2

2k0
Z(z) = 0,

îòêóäà ñëåäóåò

Z(z) = Z0 exp

[
− in2

2k0
z

]
. (17)

Òàê êàê äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâî-
ãî ïîðÿäêà äëÿ B ïî ïåðåìåííîé z, òî ôóíêöèÿ T (t) ïðîèçâîëüíà. Âûáå-
ðåì åå â âèäå T (t) = eωt. Òàêèì îáðàçîì, êàæäûé ÷ëåí ðÿäà äëÿ ôóíêöèé
v è B(θ, t) ïðåäñòàâèì â âèäå (B0 = B0(n), v0 = v0(n), ω = ω(n)):

B = B0e
inθeωt, v = v0e

inθeωt. (18)

Ïîäñòàâèì (18) â (14)

v0(1 + ω + µ2n2)einθ = K(AsB0e
inθ +AsB0e

−inθ).

Òàê êàê âûðàæåíèå AsB0e
inθ + AsB0e

−inθ âåùåñòâåííî, òî ïðèõîäèì
ê ñîîòíîøåíèÿì:{

(1 + ω + µ2n2) cosnθ = 2K(Asλ+Asλ) cosnθ,

(1 + ω + µ2n2) sinnθ = 0,
(19)

ãäå λ = λn = B0(n)
v0(n)

.
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Èç óðàâíåíèÿ (12) (ïîñëå ïîäñòàíîâêè (18)) ïîëó÷èì

Gn(v0, B0) ≡ B0−Rei(us+φ0)[iAs(1−iρn2)v0+(1−iρn2)B0] = (1−R)1/2fn.
(20)

Ïàðàìåòð λ = λn îïðåäåëèì èç îäíîðîäíîãî óðàâíåíèÿGn(v0, B0) = 0:

λ−Rei(us+φ0)[iAs(1− iρn2) + (1− iρn2)λ] = 0.

Îòêóäà ñëåäóåò, ÷òî

λ ≡ λn =
iAsR(1− iρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
,

Asλ+Asλ =
i|As|2R(1− iρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
+

−i|As|2R(1 + iρn2)e−i(us+φ0)

1−R(1 + iρn2)e−i(us+φ0)
=

=
i|As|2(2iR(ρn2 cos(us + φ0)− sin(us + φ0)))

1− 2R(1 + ρn2) cos(us + φ0) +R2
=

=
2R|As|2(sin(us + φ0)− ρn2 cos(us + φ0))

1− 2R(1 + ρn2) cos(us + φ0) +R2
.

□

Ìíîæèòåëü eωt îïðåäåëÿåò óñòîé÷èâîñòü ðåøåíèÿ çàäà÷è.
Ïðè cosnθ :

ω = ωc(n) = −1− µ2n2 +
4RK|As|2(sin(us + φ0) + ρn2 cos(us + φ0))

1− 2R(1 + ρn2) cos(us + φ0) +R2
.

Ïðè sinnθ :

ω = ωs(n) = −1− µ2n2 < 0, n = 0,±1,±2, . . . .

Èññëåäóåì, êàê çàâèñèò çíàê

ωc(n) = −1− µ2n2 +
4Rus(sin(us + φ0) + ρn2 cos(us + φ0))

1− 2R(1 + ρn2) cos(us + φ0) +R2

îò ïàðàìåòðîâ R, µ2 = D
r20
, As, φ0 (us = K|As|2).

Äëÿ ýòîãî ðàññìîòðèì íåêîòîðûå ÷àñòíûå ñëó÷àè. Ïóñòü

ωc(0) = −1 +
4Ru2s sin(us + φ0)

(1−R)KI0
è

cos(us + φ0) = 0, ⇒ us + φ0 =
2n+ 1

2
π, n = 0, 1, 2, . . . .

Òîãäà

sin(us + φ0) = sin

(
2n+ 1

2
π

)
= (−1)n,

ωc(n) = −1− µ2n2 + (−1)n
4R(1−R)k

(1 +R2)2
.

Åñëè

sin(us + φ0) = 0, ⇒ us + φ0 = nπ, n = 0,±1,±2, . . . ,
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Ðèñ. 3. Çíà÷åíèÿ è çîíû óñòîé÷èâîñòè ωc(n) ïðè ôèêñèðî-
âàííûõ n = 0, ρ = 0.1, φ0 = 0, µ = 0.2 è èçìåíÿþùèõñÿ R è us

Ðèñ. 4. Çíà÷åíèÿ è çîíû óñòîé÷èâîñòè ωc(n) ïðè ôèêñèðî-
âàííûõ n = 1, ρ = 0.1, φ0 = 0, us = 0.1 è èçìåíÿþùèõñÿ R è µ

Ðèñ. 5. Çíà÷åíèÿ è çîíû óñòîé÷èâîñòè ωc(n) ïðè ôèêñèðî-
âàííûõ n = 1, µ = 0.2, φ0 = 0, us = 0.1 è èçìåíÿþùèõñÿ ρ è R

òî

cos(us + φ0) = cos (nπ) = (−1)n,

ωc(n) = −1−µ2n2+
4Rusρn

2(−1)n

1− 2R(1 + ρn2)(−1)2 +R2
, us =

(1−R)k

1− 2R(−1)2 +R2
.

Óêàçàííûå ñëó÷àè âîçìîæíû òîëüêî ïðè ÷åòíîì n.

5.1. ×èñëåííîå èññëåäîâàíèå ñïåêòðà çàäà÷è. Ñîãëàñóÿñü ñ âûðà-
æåíèåì äëÿ ñòàöèîíàðíûõ ðåøåíèé (5), èññëåäóåì âûðàæåíèå äëÿ ωc(n).
Íàéäåì çîíû óñòîé÷èâîñòè ωc(n) ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðîâ.
Íà ðèñóíêàõ 3�5 ïîêàçàíû èçìåíåíèÿ çíà÷åíèé ωc(n) ïðè ðàçëè÷íûõ

R è ρ è ïðèâåäåíû îáëàñòè óñòîé÷èâîñòè ñ îòðèöàòåëüíûìè ωc(n).



154 Â.À. Ëóêüÿíåíêî, Þ.À. Õàçîâà

6 Ïðåäñòàâëåíèå çàäà÷è â âèäå íåëèíåéíîãî
èíòåãðàëüíîãî óðàâíåíèÿ

Ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (12) ñîñòîèò èç îáùåãî
ðåøåíèÿ îäíîðîäíîãî v(θ, t), B(θ, t) è ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî
v(θ), B(θ), çàâèñÿùåãî îò îäíîé ïåðåìåííîé θ.

Ëåììà 3. Îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (12)

B −Rei(us+φ0)[iAs(v + iρ∆v) +B + iρ∆B] = 0

ïðåäñòàâèìî â âèäå

B(θ, t) =

∞∑
n=−∞

bne
inθeω(n)t =

∞∑
n=−∞

λnvne
inθeω(n)t,

v(θ, t) =

∞∑
n=−∞

vne
inθeω(n)t, bn = λnvn,

(21)

λn =
iAsR(1− iρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
. (22)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïîäñòàâëÿÿ (21) â óðàâíåíèå (3), äëÿ
êàæäîãî ÷ëåíà ðÿäà ïîëó÷èì

bn = Rei(us+φ0)[iAs(1− iρn2)vn + (1− iρn2)bn]

èëè ñ ó÷åòîì bn = λnvn

λn = Rei(us+φ0)[iAs(1− iρn2) + (1− iρn2)λ].

Îòêóäà è ñëåäóåò âûðàæåíèå (22) äëÿ λn. Ïðåîáðàçóåì (22), âûäåëÿÿ
Reλn è Imλn:

λn =
iAsR(1− iρn2)ei(us+φ0)[1−R(1 + iρn2)e−i(us+φ0)]

[1−R(1− iρn2)ei(us+φ0)][1−R(1 + iρn2)e−i(us+φ0)]
=

=
iAs[R(1− iρn2)ei(us+φ0) −R2(1 + iρ2n4)]

1− 2R[cos(us + φ0) + ρn2 sin(us + φ0)] +R2(1 + iρ2n4)
=

=
iAs(R[cos(us + φ0) + ρn2 sin(us + φ0) + i(sin(us + φ0)− ρn2 cos(us + φ0))]

1− 2R[cos(us + φ0) + ρn2 sin(us + φ0)] +R2(1 + ρ2n4)
.

□

Ëåììà 4. ×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (20)

B −Rei(us+φ0)[iAs(v + iρ∆v) +B + iρ∆B] = (1−R)1/2f(θ) ≡ g(θ) (23)

Ain(θ) = Ains + f(θ) çàâèñèò òîëüêî îò θ è ïðåäñòàâèìî â âèäå

v(θ) =
∞∑

n=−∞
vne

inθ, B(θ) =
∞∑

n=−∞
bne

inθ, (24)
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ãäå vn = fn, bn = αnvn,

αn =
(1−R)1/2 + iAsR(1− ρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
→ −iAs ïðè n → ∞. (25)

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïîäñòàâëÿÿ ÷àñòíîå ðåøåíèå v(θ),B(θ)
â íåîäíîðîäíîå óðàâíåíèå (23), ñ ó÷åòîì

v(θ) =

∞∑
n=−∞

vne
inθ, B(θ) =

∞∑
n=−∞

bne
inθ, f(θ) =

∞∑
n=−∞

fne
inθ, (26)

ïîëó÷èì

αnvn −Rei(us+φ0)[iAs(1− iρn2)vn + αnvn(1− iρn2)] = (1−R)1/2fn

èëè

vn[αn[1−R(1− iρn2)ei(us+φ0)]− iAsR(1− iρn2)ei(us+φ0)] = (1−R)1/2fn.

Âûáèðàÿ αn â òàêîì âèäå, ÷òî âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ ðàâíî
(1−R)1/2, ïðèõîäèì ê íàèáîëåå ïðîñòîìó ñîîòíîøåíèþ äëÿ vn = fn. □

Ïðåîáðàçóåì âûðàæåíèå äëÿ αn

αn =
(1−R)1/2 − iAs[−1 + 1−R(1− ρn2)ei(us+φ0)]

1−R(1− iρn2)ei(us+φ0)
=

=
(1−R)1/2 + iAs

1−R(1− iρn2)ei(us+φ0)
− iAs =

(1−R)1/2

1−R(1− iρn2)ei(us+φ0)
+ λn.

(27)

Îáùåå ðåøåíèå v = v(θ, t)+ v(θ), B = B(θ, t)+B(θ), ãäå v(θ, t), B(θ, t)
îïðåäåëÿþòñÿ ôîðìóëàìè (21), (22), à ÷àñòíûå ðåøåíèÿ v(θ), B(θ) ôîð-
ìóëàìè (24)�(25).
Äëÿ ïîëó÷åííûõ ðåøåíèé çàïèøåì èíòåãðàëüíûå ïðåäñòàâëåíèÿ. Èñ-

ïîëüçóåì äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå W [10]

B(θ, z = 0, t) =
∞∑

n=−∞
(λnvne

ω(n)t + αnfn)e
inθ, (28)

v(θ, t) =

∞∑
n=−∞

(vne
ω(n)t + fn)e

inθ = f(θ) +

∞∑
n=−∞

vne
ω(n)t+inθ, (29)

(Wαnfn)(θ) =

∞∑
n=−∞

αnfne
inθ =

1

2π

∫ π

−π
a(θ−ξ)f(ξ)dξ, ãäå a(θ) =

∞∑
n=−∞

αne
inθ.

(30)
Çäåñü vn � ïðîèçâîëüíûå ïîñëåäîâàòåëüíîñòè (òàêèå, ÷òîáû ðÿäû ñõî-

äèëèñü). Åñëè îáîçíà÷èòü

λne
ω(n)t = kn(t) = λnen(t), en(t) = eω(n)t,

(Wknvn)(θ) =
∞∑

n=−∞
λne

ω(n)tvne
inθ =

1

2π

∫ π

−π
k(θ − ξ, t)v(ξ)dξ,
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(Wkn(t)) = k(θ, t) =

∞∑
n=−∞

kn(t)e
inθ =

∞∑
n=−∞

λne
ω(n)teinθ,

(Wvn)(ξ) = v(ξ) =
∞∑

n=−∞
vne

inξ

èëè

W{λne
ω(n)t} =

∞∑
n=−∞

λne
ω(n)teinθ =

1

2π

∫ π

−π
Λ(θ − φ)E(φ, t)dφ,

(Wλn)(θ) = Λ(θ) =
∞∑

n=−∞
λne

inθ,

E(φ, t) =

∞∑
n=−∞

en(t)e
inφ =

∞∑
n=−∞

eω(n)teinφ =

∞∑
n=−∞

eω(n)t+inφ,

òî

B(θ, t) = B(θ, z = 0, t) =
1

2π

∫ π

−π
k(θ − ξ, t)v(ξ)dξ +

1

2π

∫ π

−π
a(θ − ξ)f(ξ)dξ,

v(θ, t) =
1

2π

∫ π

−π
k(ξ, t)v(ξ)dξ + f(θ).

Òåîðåìà 1. Ðåøåíèå çàäà÷è (9)-(11) ïðåäñòàâèìî â âèäå

v(θ, t) =
∞∑

n=−∞
(vne

ω(n)t + fn)e
inθ = f(θ) +

∞∑
n=−∞

vne
ω(n)t+inθ,

B(θ, t) =
∞∑

n=−∞
(λnvne

ω(n)t + αnfn)e
inθ

èëè â âèäå èíòåãðàëüíîãî ïðåäñòàâëåíèÿ

v(θ, t) =
1

2π

∫ π

−π
k(θ − ξ, t)v(ξ)dξ + f(θ),

B(θ, t) =
1

2π

∫ π

−π
k(θ − ξ, t)v(ξ)dξ +

1

2π

∫ π

−π
a(θ − ξ)f(ξ)dξ,

ãäå

k(θ, t) = W{λne
ω(n)t} =

∞∑
n=−∞

kn(t)e
inθ =

∞∑
n=−∞

λne
ω(n)teinθ,

k(θ, t) = W{λne
ω(n)t}(θ, t) ≡ W{λnen(t)}(θ, t) =

=
1

2π

∫ π

−π
Λ(θ − φ)E(φ, t)dφ =

1

2π

∫ π

−π
E(θ − ξ)Λ(ξ)dξ,

Λ(θ) = (Wλn)(θ) =
∞∑

n=−∞
λne

inθ,
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E(φ, t) = W{en(t)}(φ, t) =
∞∑

n=−∞
en(t)e

inφ =

∞∑
n=−∞

eω(n)t+inφ,

αn =
(1−R)1/2 + iAsR(1− iρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
,

λn =
iAsR(1− ρn2)ei(us+φ0)

1−R(1− iρn2)ei(us+φ0)
,

ω(n) = {ωc(n), ωs(n)}, eωc(n) � ìíîæèòåëü ïðè cosnθ, eωs(n) � ìíîæè-
òåëü ïðè sinnθ

ωc(n) = −1− µ2n2 +
4RK|As|2(sin(us + φ0) + ρn2 cos(us + φ0))

1− 2R(1 + ρn2) cos(us + φ0) +R2
,

ωs(n) = −1− µ2n2 < 0, n = 0,±1,±2, . . . , µ2 =
D

r20
.

Äîêàçàòåëüñòâî. Â ïîëó÷åííîì ïðåäñòàâëåíèè äëÿ v(θ, t) è B(θ, t) âåê-
òîð vn, n = 0,±1, . . . ìîæåò áûòü âûáðàí ÷åðåç íà÷àëüíûå óñëîâèÿ äëÿ
ôóíêöèè v(θ, t):

v(θ, t) = v0(θ) =

∞∑
n=−∞

v0ne
inθ

v0n = vn + fn, vn = v0n − fn.

Îòêóäà

v(θ, t) =
∞∑

n=−∞
[(v0n − fn)e

ω(n)t + fn]e
inθ.

Â ñâîþ î÷åðåäü, åñëè çàäàíû íà÷àëüíûå óñëîâèÿ äëÿ B(θ, t):

B(θ, 0) = v0(θ) =
∞∑

n=−∞
b0ne

inθ,

òîãäà

b0n = λnvn + αnfn, vn =
b0n − αnfn

λn
.

Ñ äðóãîé ñòîðîíû b0n è v0n ñâÿçàíû ìåæäó ñîáîé ñëåäóþùèì îáðàçîì:

b0n = λn(v0n − fn) + αnfn, b0n = λnv0n + (αn − λn)fn.

Òàê êàê bn = λnvn âûáèðàëîñü ðàíåå, òî

B(θ, t) =

∞∑
n=−∞

[
λn

b0n − αnfn
λn

eω(n)t + αnfn

]
einθ =

=

∞∑
n=−∞

[(b0n − αnfn)e
ω(n)t + αnfn]e

inθ.

□
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Àíàëîãè÷íàÿ òåîðåìà ñïðàâåäëèâà äëÿ êðóãà, íî ñ áîëåå ãðîìîçäêèìè
âûðàæåíèÿìè. Èíòåãðàëüíîå ïðåäñòàâëåíèå çàäà÷è ïîçâîëÿåò ñòðîèòü
ïðèáëèæåííûå ðåøåíèÿ íà áàçå èòåðàöèîííûõ àëãîðèòìîâ (ìåòîä ïî-
ñëåäîâàòåëüíûõ ïðèáëèæåíèé è ò. ï.).

Çàêëþ÷åíèå

Â ðàáîòå äëÿ íåëèíåéíûõ óðàâíåíèé êîëüöåâîãî ðåçîíàòîðà ñôîðìó-
ëèðîâàíà íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ îáùåé îáëàñòè Ω ⊂ R2 è êîíêðå-
òèçèðîâàíà äëÿ êðóãà è îêðóæíîñòè. Èññëåäîâàíà ñîîòâåòñòâóþùàÿ ëè-
íåàðèçîâàííàÿ çàäà÷à. ×èñëåííî íàéäåíû çîíû óñòîé÷èâîñòè. Ïîñòðîå-
íû èíòåãðàëüíûå ïðåäñòàâëåíèÿ ðåøåíèé èñõîäíîé íåëèíåéíîé ñèñòåìû,
äîêàçàíà ñîîòâåòñòâóþùàÿ òåîðåìà. Ïëàíèðóþòñÿ äàëüíåéøèå èññëåäî-
âàíèÿ àñèìïòîòèêè ðåøåíèé â îáëàñòÿõ âèäà òîíêîãî êîëüöà è êðóãà.
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