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MULTIVALUED GROUPS AND NEWTON
POLYHEDRON

V.G. BARDAKOV" AND T.A. KOZLOVSKAYA

Abstract: On the set of complex number C it is possible to define
n-valued group for any positive integer n. The n-multiplication
defines a symmetric polynomial p,, = p,(x,y, z) with integer coef-
ficients. By the theorem on symmetric polynomials, one can present
Prn as polynomial in elementary symmetric polynomials ey, es, es.
V. M. Buchstaber formulated a question on description coefficients
of this polynomial. Also, he formulated the next question: How to
describe the Newton polyhedron of p,? In the present paper we
find all coefficients of p,, under monomials of the form efe) and
prove that the Newton polyhedron of p,, is an right triangle.

Keywords: multi-set, multivalued group, symmetric polynomial,
Newton polyhedron.

One branch of Abstract Algebra is studying algebraic systems with multi-
valued operations. Solutions of the Yang-Baxter equation (2-simplex equation)
and its generalization n-simplex equations, n > 3, are examples of multivalued
operations. In 1971, V. M. Buchstaber and S. P. Novikov [2] introduced
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a construction, suggested by the theory of characteristic classes of vector
bundles, in which the product of each pair of elements is an n-multi-set, the
set of n points with multiplicities. This construction leads to the notion of
n-valued group.

A good survey on n-valued groups and its applications can be found in [1].
In Section 5 of this paper, on the set of complex numbers C were constructed
n-valued groups for any natural n. The n-valued multiplication is describe
by the polynomials p,, = p,(z; x,y) which are xz, y, z—symmetric polynomials
with integer coefficients. If we introduce elementary symmetric polynomials

e1=x+y+z, ea=zxYy+yz+zxr, €3 =Yz,

then p, = P,(e1, e2,e3) is a polynomial with integer coefficients in variables
e1, e, eg. In [1] were formulated two questions on the description the coef-
ficients of P, and a question on the Newton polyhedron of pj,.

In the present paper we find all coefficients at e} e} in P,. It gives particular
answer on the first two questions. Also, we prove that if

f=flx1,ma,...,2p) € Z[x1,22,...,Ty)

is a symmetric homogeneous polynomial of degree k, which contains a monomial
az¥ for some non-zero a, then its Newton polyhedron is the kA"~ !-simplex.
From this theorem follows that the Newton polyhedron of p, is the right
triangle with side which depend on n. It is the full answer on the third
question.

At the end of the paper we formulate some open questions.

1 Multivalued groups and Buchstaber’s questions

1.1. Multivalued groups. Recall definitions and some facts from the
theory of multivalued groups (see, for example, [1]).

Let X be a non-empty set. An n-valued multiplication on X is a map
p: XxX — (X)" = Sym"X, p(x,y) = zxy = [21,22,...,2n], 2k = (x*y)g,

where (X)" = Sym™X is the n-th symmetric power of X, that is the quotient
X"™/S,, of the Cartesian power X" under the action of S,, by permutations
of components. The next axioms are natural generalizations of the classical
axioms of group multiplication.

Associativity. The n?-multi-sets:

[k (yx2)1, 2% (y*2)2, ..., xx(y*2)n], [(xxy)1*z, (xxy)o*xz, ..., (xxy),*z]

are equal for all z,y,z € X.
Unit. An element e € X such that

exx=x%e=[r,,...,

for all x € X.
Inverse. A map inv: X — X such that

e € inv(z) *xx and e € z * inv(x)
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for all x € X.
The map p defines n-valued group structure X = (X, u,e,inv) on X if it
is associative, has a unit and an inverse.

Let p be the multiplication
u: CxC— (C)"
that is defined by the formula

pla,y) =xxy=[(Vo+e/y)", 1<r<n
where € is a primitive n-th root of unity. This multiplication endows C with
the structure of an n-valued group with the unit e = 0. The inverse element
is given by the map inv(z) = (—1)"x.
The n-valued multiplication is described by the polynomials

n

pn = pa(z2,9) = [ [ (= = (inv(a) = inv(y))w),
k=1

whence the product z * y is defined by z-roots of the equation p, = 0.
The polynomials p,(z;z,y) are x,y, z—symmetric polynomials with integral
coefficients, e.g.,
pr=x+y+z p=(@+y+2)?—4(xy+yz+22).
Set
e1=x+y+z, e2=2xYy+yz+z2r, €3=ITYZ.
Then
p1 = €y,

p2 =ef — 2% ey,

ps =i — 3% es,

Py = e‘ll — 93 6%62 + 24 e% — 27 eqes,
5 = 651’ — 54 6%63 + 55 €263,

pe = €8 —22.3elea+2%-3eded —20e3 —2.31 - 17efes —23-31 - 1916003 +
33193 €3,

pr = ez —5.74 e‘lleg +2.76 6%6263 —77 6%63 + 78 eleg.

The next questions were formulated in [1].

Question. (1) What is the relationship between prime factors of n and
prime factors of the coefficients of the polynomials p,? (2) How to distinguish
the monomials that have zero coefficient? (3) How to describe the Newton
polyhedron of p?
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2 Coefficients and the Newton polyhedron of p,

Since p, is a symmetric homogeneous polynomial of degree n, by the
theorem on symmetric polynomials we can present p, as a polynomial on
the elementary symmetric polynomials e;, e2, and es,

ki—ko ka—ks k
= Ak ko kg€l ey’ eg® € Lle, ea, es).
k1>ko>k3>0
ki1+ko+kz=n

The main problem is to find the coefficients A, g, k-
We can write p,, in the form

n

po = 1] (z = ((inv(z) x inv(y),) = T] (z = (~1)"z % (=1)"y)i) =

k=1 k=1
1 (o (VT + & i)
If y =0, then .
o = pzs0,0) = [] (= = (/) = [] 2~ (-17) = (o = (1))
k=1 k=1
Denote by

er=ei(z;2,0) =x+2, ey =-ey(z;z,0) = zx.
We see that e3(z;2,0) = 0.

The next proposition gives particular answers on the first two questions.
Proposition 1. 1) If n is odd, then all Ay, 1,0, k2 # 0, are zero, i.e. in this
case py does not contains monomaials eie%, j>0.

2) If n = 2k is even, then the coefficient Agy_; ;0 at e?

k!
il(k —4)!

(k_i)eé, is equal to

Agj_iio = (—4)'C} = (—4)° i=1,2,..., k.

Proof. 1) If n is odd, then

T

ﬁn:(z—i—x)”:él.

It means that in p,, all coefficients Ay, 1, 0, where by > ko > 0 and k1 +ko = n
are zero.
2) If n = 2k is even, then

k
P =(z—a)" = (& —4e2)" =) (—4)'Ci(e]))" " (@)"
=0
Hence, in p, we have found the next coefficients

Agg_iio = (—4)'Ch, i=1,2,...,k.
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Example. From this proposition follows that for even n hold
Py =& — 2% &,

p1=éf — 23 e%ey + 2% €3,

pe = €5 —2%.3ejey +24- 36263 — 2063,

ps = & — 24 efey + 25 - 3efes — 28 edes + 2% ey,

It is easy to see that for even n all coefficients of p,, except the coefficient
at €] are even. It is not true for polynomials p,, as example ps shows. We
can formulate

Conjecture. 1) If n = p™ is a power of a prime p, then all coefficients,
except the coefficient at e} are divided into p. 2) If n is even, then all
coefficients Ay, iy ks GT€ NON-2ETO.

m

2.1. Newton polyhedron. In this subsection we give a full answer on the
third question in 1.1. Recall the need definition. Let

f=fz,ze,...,2,) = Zailminx’f . 33;" € Zlxy,x9, ..., Ty

be a polynomial with integer coefficients. Denote by Iy the set of multi
indexes (i1, ...,1y,) such that a;, ; # 0. The convex hull

Ny =Conv(ly) CR"

is said to be a Newton polyhedron of f.

To find the Newton polyhedrons for the polynomials p,,, consider them for
small n,

P1L=+Yy+z,

po = 22 + y? + 22 — 20y — 2yz — 2z,
p3 = (2 +a +y)° - 2Tzyz,
pe= ((x+y+2)° — ey +yz +22))* =27 (x +y+2)ayz = ps — 2T prxyz.

Denote by N; C R? the Newton polyhedron for p;. Then

— Ny is the right triangle Ay B1Cy with the vertices A; = (1,0,0), By =
(Oa 1a 0)’ Cl = (Oa Oa 1)7

— Ny is the right triangle Ay BoCo with the vertices As = (2,0,0), By =
(Oa 2a 0)’ CZ = (07 07 2)7

— Nj is the right triangle A3BsCs with the vertices Az = (3,0,0), Bs =
(Oa 3, O)a Cs = (07 0, 3)7

— Ny is the right triangle A4B4Cy with the vertices Ay = (4,0,0), By =
(0,4,0), Cy = (0,0,4).

To describe Ny, for k > 2 we introduce the next definition.
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Definition 1. Let k be a positive integer. The standard n-simplex of size k
is the subset of R given by

n
kA" = {(to,tl,...,tn) e R"H | Zti:k’ and t; ZOfori:(),l,...,n}.
=0

For simplicity we shall call the standard n-simplex of size k by kA™-simplex.

For k = 1 we get the definition of the standard n-simplex (or unit simplex).
The kA"-simplex has n + 1 vertices,

Ey = (k,0,0,...,0,0), £y = (0,%,0,...,0,0),... E, =(0,0,0,...,0,k).
Now we are ready to prove the main result of the present subsection.

Theorem 1. Let [ = f(x1,22,...,2,) € Zlx1,29,...,25] be a symmetric
homogeneous polynomial of degree k, which contains a monomial aa;’f for
some non-zero a. Then its Newton polyhedron Ny is the EA™ L _simplex.

Proof. Since az! is a monomial of f and f is symmetric, it contains monomials
aa:,’f for all i = 1,2,...,n. Hence, Ny contains the vertices

Eo = (k,0,0,...,0,0), Ey = (0,k,0,...,0,0),... E,_1 = (0,0,0,...,0,k) € R"

and hence contains kA" !-simplex. Let us show that any other vertex of
Ny, which corresponds a monomial in f lies in this simplex. Indeed, any
such monomial has the form

britak? ok beR, b#0.

n
Since

ki+ko+...+ky=k k;>0fori=1,2,...,n,
the corresponding vertex lies in kA" !-simplex. O

We seen that the polynomial p; is homogeneous and has the form p; =

ef 4 .. .. Hence, from the theorem follows an answer on the third question of

V. M. Buchstaber.

Corollary. The Newton polyhedron that corresponds to the polynomial
pe(x,y,2), k > 1, is the kA%-simplex that is a right triangle with sides of
length\/2 k.

3 Some open questions

The following questions seem interesting;:

(1) Let f = f(x1,22,...,2pn) € Z[x1,29,...,2,] be a symmetric polynomial,
Ny is its Newton polyhedron. Let us present f as a polynomial on
elementary symmetric polynomial, f = Flej,ea,...,e,] € Zley, ea, ..., e,

and construct its Newton polyhedron Np. What is connection between
N f and N F?
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(2) Let f = f(z1,22,...,2y) € Z[x1, 29, ...,2,] be a symmetric polynomial
of degree k, which does not contain x%. What can we say on its
Newton polyhedron N;7

(3) Since there exists homomorphism of one multivalued group to another
multivalued group and define a kernel of this homomorphism, we
can say on extensions of multivalued groups. Construct a theory of
extensions multivalued groups.

(4) Is it possible to define (co)homology for multivalued groups?
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