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Abstract: Axial algebras of Jordan type n are a special type of commutative non-associative
algebras. They are generated by idempotents whose adjoint operators have the minimal
polynomial dividing (x — 1)x(x — n), where n is a fized value that is not equal to 0 or 1.
These algebras have restrictive multiplication rules that generalize the Peirce decomposition
for idempotents in Jordan algebras.

A universal 3-generated algebra of Jordan type % as an algebra with 4 parameters was
constructed by 1. Gorshkov and A. Staroletov. Depending on the value of the parameter,
the universal algebra may contain a non-trivial form radical. In this paper, we describe all

semisimple 3-generated algebras of Jordan type % over a quadratically closed field.
MSC code: 20D60
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Introduction

Axial algebras of Jordan type n were introduced by Hall, Rehren, and Shpectorov [2] within
the framework of the general theory of axial algebras. These algebras are commutative
non-associative algebras over a field IF, generated by special idempotents known as primitive
axes. While Jordan algebras generated by primitive idempotents are an example of Jordan

type 1 algebras , not all algebras of this type are Jordan algebras. The Matsuo algebras,

constr2ucted from the group of 3-transpositions, are an example of such algebras. It was
proved in [2] (with a correction in [3]) that for n # 1/2, algebras of Jordan type n are the
Matsuo algebras or their quotient algebras. Therefore, the case n = 1/2 is special for algebras
of Jordan type, and for this n, they are called Jordan type half algebras. The class of Matsuo
algebras was introduced by Matsuo [6] and later generalized in [2].

Jordan type half algebras are not exhausted by Matsuo algebras and their quotient
algebras. Moreover, the quotient algebras of Matsuo algebras do not contain all Jordan
algebras generated by primitive idempotents. For example, the 27-dimensional Albert algebra
is generated by 4 primitive idempotents and hence it is a Jordan type half algebra but not a
Matsuo algebra [5].

A universal 3-generated algebra A(«, 3,7,1) of Jordan type half was constructed in [,
where «, 3,7, 1) are parameters. It is proved there that if (a+ 8+~ — 2 — 1)(afy —?) # 0



and 92 — a3y is a square in F, then A(a, 3,7,) is isomorphic to the matrix algebra M;"(F)
of 3 x 3 matrices with Jordan multiplication. Otherwise, the algebra A(«, 3,7,%) is not
simple.

A Frobenius form (, ) on A is a nonzero symmetric bilinear form that associates with
multiplication in A, i.e., Va,b,c € A, we have (ab, c) = (ac,b). Hall, Rehren, and Shpectorov
[2] showed that for Jordan type algebras, there exists a unique Frobenius form with the
property (a,a) =1 for any primitive axis a.

Let A be an algebra with a Frobenius form ( , ). The radical of the form ( , ) is an ideal
R(A) generated by elements z such that (z,a) = (a,x) = 0 for any element a € A.

The purpose of this article is to describe all 3-generated algebras of Jordan type half with
trivial radical over a quadratically closed field.

The universal 3-generated algebra A(c«, 3,7,1) from [I] is a Jordan algebra, so any
quotient algebra is also Jordan. Although, we use notation of universal algebra instead of
notation of Jordan algebras. When embedding a 3-generated algebra into some large algebra,
its parameters remain unchanged, despite the fact that the large algebra may not be Jordan.
For example, in the article [?], 2-generated subalgebras in section 3 are studied. In this
article it is shown that isomorphic 2-generated subalgebras with different parameters of the
Frobenius form have fundamentally different properties when embedded in a large algebra.
This statement emphasizes the importance of studying semisimple 3-generated algebras of
Jordan type as algebras with parameters.

1 Preliminary results

We consider commutative non-associative algebras over a ground field F of characteristic not
two. For definitions, we almost always follow [2] and [4].

By L{X) denote the linear span of the set X over F, and by ((X)) denote the algebra
generated by the set X.

Definition 1. Given a € A and \ € F, consider the subspace Ax(a) = {u € A | au = Au}.
Obviously, Ay(a) is an eigenspace of the operator ad, : * — ax, associated with A € F.
Definition 2. An idempotent a € A is said to be primitive if dim(A;(a)) = 1.

Definition 3. An algebra A is an algebra of Jordan type half if A is generated by the
set of primitive idempotents X such that for every x € X, we have a decomposition A =
Ao(x) ® A1 () ® Ayjo(x) with the following fusion (multiplication) rules:

Ao(a)Asja(a) € Arja(a), Ar(@) Ay ja(a) C Ayyo(a), Aofa) Ar(a) € {0}
A3(a) € Ao(a), 4%(a) € Av(a), A3 () € Ay ® A,

Such idempotents are called axes. By an n-generated algebra we mean an algebra
generated by n primitive axes.
Let us introduce some classes of simple Jordan algebras.
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Definition 4. Denote by M} (F) the matriz algebra M, (F) with Jordan product Ao B =
1(AB + BA).

Definition 5. If j is an involution of M,(F), then define the Hermitian Jordan algebra
H(M,(F),j) as {A € M,[(F) | j(A) = A}.

Definition 6. Define the Jordan form algebra JForm,(F) on F @&V over an arbitrary field
F and vector space V' of dimension n over F with bilinear form ¢, with the product

(adv)e(bdw)=(ab+ ¢(v,w)) ® (aw + bv), where a,b € F and v,w € V.

It is well known that M, (F), H(F), JForm,(F) for n > 2 are simple Jordan algebras
generated by primitive idempotents, so they are algebras of Jordan type half.

Lemma 1. [3, Theorem 4.1.] Every algebra of Jordan type n admits a unique Frobenius form
which satisfies the property (a,a) =1 for all azes a € X.

Lemma 2. [2, Proposition 2.7.] The radical of Frobenius form R(A) coincides with the
largest ideal of A containing no azxes from A.

Lemma 3. Let A be an algebra of Jordan type n. Then for all a,b € A and their images
a,b e A/R(A), (a,b) = (a,b).

Proof. Let a = @+ r,,b = b+ rp, Where a,b € A/R(A), 74,7 € R(A). Then (a,b) =
(@+7rq,b41) = (@,b) + (@, 1) + (b,74) + (ra,1) = (@, D). O

Lemma 4. [/, Lemma 1.] Let A be a finitely generated algebra of Jordan type half, a,b are
azes, o« = (a,b). Then we have the following equalities:

1. a3(b) = (1 — a)ag(b);
2. af/Q(b) = aag(b) + (a — a?)a;
3. ap(b)ai 2 (b) = (1 — a)ai s (b).

Lemma 5. Let A = ((a,b)) be a 2-generated algebra of Jordan type half. Then one of the
following holds:

1. dim(A) =1, (a,b) =1, a = b,

2. dim(A) =2, (a,b) =0, AZF & T,

3. dim(A) =2, (a,b) =1, dim(R(A)) = 1;

4. dim(A) =3, (a,b) =0, dim(R(A)) =1, A/R(A) =F & F;

5. dim(A) = 3, (a,b) = 1, dim(R(A)) = 2;

6. dim(A) = 3, (a,b) # 0,1, and A is a Matsuo algebra. In particular, it is a simple

Jordan algebra isomorphic to JEForms(IF).
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Proof. The assertion of the lemma is a simple consequence of [3, Proposition 1]. O]

Lemma 6. [, Corollary 1] Let A be a 2-generated algebra of Jordan type half with generating
azes a and b. Denote o = (a,b). Then we have

1. a(ab) = 5(aa + ab);

[

2. (ab)b = 3(ab+ ab);
3. (ab)(ab) = G(a + b+ 2ab).

Lemma 7. [1, Main theorem] There exists a 3-generated 9-dimensional algebra A(c, 8,7, )
such that each 3-generated algebra of Jordan type half is a quotient algebra of this algebra for
suitable values of parameters.

Let A = <<a7b7 C>>, dlm(A) = 97 a = (CL, b)u 6 - (ba C)? T = (CL,C), 1/} = (Clb, C)' In the
table 1 below (that is similar to [T, Table 6] up to renumbering rows), we present all possible
relations for «, 3,7, ¢ for A(a, 8,7,1) to not be simple.

Number Relations dim(A/R(A)) Basis of the radical
1 Yp=a=B=v=1 1 b—a,c—a,ab— a,bc —a,ac — a,
a(bc) — a, b(ac) — a,c(ab) —a

2 Yp=a=p=0,y=1 2 ¢ — a,ab, bc,ac — a,
a(bc), b(ac), c(ab)

3 Yp=a=B=~v=0 3 ab, be, ac, a(be), b(ac), c(ab)
1 1 1

4 Y =a=0,8,v#0, 3 ab,gwa—gﬂb—gc-ﬁ-bc,

B+y=1

1 n I,Bb 1 n
——va + —Bb — —c + ac,
27 2 2
1 n 1ﬁb 1 + a(be)
— —Bb — —c + a(bc),
47(1 4 4

1 1 1
Zya + Zﬁb — Zc + b(ac), c(ab)

5 aBy =92, #£0,a #1, 3 a(f—1Da+a(y —1)b+ a(l — a)c+ (2a — 29)ab,
atBty=20+1 (aB — ad)b + (¢ — aB)ab + (a® — a)be,
(a7 — a)a+ (1 — a)ab + (a2 — a)ac,
(ap — a?B)a + (a + ¢ — a® — ay)ab + 2a(a — 1)a(be),
a(h —ay)b+ (o + ¢ — a? — aB)ab + 2a(a — 1)b(ac),
(v —aB)a+ (Y — ay)b+ (1 — a)ab + 2(a — 1)c(abd)

6 Yp=a=p=0,v#0,1 4 ab, be, ac, a(bc), b(ac), c(ab)
7 v? # apy, 4 3B—Da+ 3B —a)b+ 10— a)e+ (1 - Bab+ (a—1)be,
a+ B4y =20+1, $(v—a)a+ (v —1b+ (1 —a)e+ (1 - y)ab+ (a — 1ac,
a#l (2¢ =208+ B8 —Da+ (v — Db+ (1 — a)e+ (4 — 2a — 2y)ab + (4o — 4)a(be),

B—1a+ 2¢ —2ayv+~v—1)b+ (1 —a)c+ (4 — 2a — 28)ab + (4o — 4)b(ac),
(Y —a)at+ (@ —a)b+al —a)et+ (2 - 8 —7)ab+ (2a — 2)c(ab)

8 Yy=a=0,8,v#0, 6 ab, b(ac) — a(bc), c(abd)
B+y#1
9 aBy =2, #0, 6 —Bvyab — aBac + 2¢a(be),
at+B+y#2¢9+1 —Byab — aybe + 2¢b(ac),

—aybe — afac + 2¢c(ab)

Table 1: Bases of the radical



2 Quotient algebras

In this section we describe 3-generated algebras of Jordan type half over a quadratically
closed field F' with trivial radical and prove the following theorem.

Theorem 1. Let A be a 3-generated algebra of Jordan type half with trivial radical over a
ground quadratically closed field F with characteristic not equal to two or three. Then A is
1somorphic to one of the following algebras:

1. F*ne{1,2,3);

2. JFormy(F);

F & JForms(F);

M (F);

H(My(F), j) with j(X) = XT;

S v e

M (F).

It follows from Lemma [7| that we need to describe the quotient algebras of the algebra
A(a, 8,7,1) by its radical. We use the description of the algebra A(«, f3,v,%) from [,
Theorem 2.

Following [1], denote o = (a,b), 8 = (b,¢),y = (a,c),® = (ab,c).

In [I, Table 6], one can find the dimensions and bases of the radicals of the algebra
A(a, B,7,1). Denote by A; the universal 9-dimensional algebra A(c, 3;, Vi, ¥;) with param-
eters and numeration from Table 1, R; the radical of this algebra and by S; the quotient
algebra A;/R;.

We begin with two trivial propositions for 1-dimensional and 2-dimensional algebras,
which are not generated by three linearly independent axes.

Proposition 1. If A is a 1-dimensional algebra of Jordan type half with trivial radical, then
A= 9.

Proof. Tt is easy to see that S; = F. We have that A is 1-dimensional, so dim L{a,b,c) = 1
and a =b=c. Hence AZFX=GS,. O

Proposition 2. If A is a 2-dimensional 3-generated algebra of Jordan type half with trivial
radical, then AZTFHF = S,.

Proof. By Lemma [5], there is only one 2-dimensional algebra of Jordan type half with trivial
radical, so AZFpF = S,. O]

Proposition 3. If A is a 3-dimensional 3-generated algebra of Jordan type half with trivial
radical, then A is isomorphic to either Ss or Ss.



Proof. Assume that A is generated by axes a and b. From Lemmalj] it follows that there is only
one 3-dimensional 2-generated Jordan type half algebra with trivial radical. In this case, we
can choose any other axis of the algebra A as the axis ¢. Put ¢ = a™ = a —4ab+4ab. We have
B=a, v=(1-2a)?and ) = a(2a—1). Therefore affy = 1%, 1 # 0, # 1, a+B+y = 2¢+1.
So in this case A ~ S5.

Assume that A is not generated by 2 axes. Therefore, based on the dimension of A, we
conclude that A is the linear span of the axes a, b, and c.

Assume that ab ¢ L{a,b). Hence dim({a, b)) = 3. Therefore ¢ € L{a, b, ab) = A, which is
a contradiction. Similarly, we can show that if ac € L{a, c) and bc € L{b, c¢). In particular,
we have dim(((a, b))) = dim({({(a,c))) = dim(((c,b))) = 2. From Lemma 5| it follows that
{(a,b), (a,c),(b,c)} C {0,1}. Moreover, if (a,b) = 0, then ((a,b)) ~ F @ F. Therefore, if
(a,b) = (a,c) = (b,c) =0 then A~FOFDF and ¢ = 0. In this case the Gram matrix of
the algebra A is the identity matrix and hence the radical of A is trivial. We conclude that
in this case A ~ Sj.

Assume that (a,c¢) # 0. We have (a,c¢) = 1. In this case, R({{a,c))) is not trivial
and contains the element a — ¢. Assume that (a,b) = (b,c) = 0. In this case we have
(a —¢,b) = 0. Consequently a — ¢ € R(A), which is a contradiction. Therefore, without loss
of generality, we can assume that (b,c¢) = 1. If (a,b) = 1 then (a — ¢,b) = 0 and consequently
a —c¢ € R(A), which is a contradiction. Therefore (a,b) = 0. From the description of
2-generated algebras of Jordan type half we have ab = 0, a = ¢+ ap, b = ¢ + b, where
an, by € Ayja(c). Therefore 0 = ab = (¢ + ap)(c + by) = ¢+ 1/2(ap + by) + apby, where
¢+ apby € Agti(c) and ap + by, € Ayya(c). Therefore aj, + by, = 0. In particular, b = a™ and
dim(A) = 2. O

Proposition 4. Algebras Sy and S5 are isomorphic.

Proof. We will first show that Sy = ((a,c)). Put S = ({a,c)). We have that S = Sy(a) +
Si(a) + Siy2(a) and ¢ = co(a) + va + c12(a), where co(a) € Sp(a), cij2(a) € Sija(a). If
ci1/2 = 0 then we can see that c is not the primitive idempotent. Thus set ¢/, # 0. Assume
that ¢y = 0. Therefore, ya + ¢ijp = ¢ = 2 = ~%a + ey + C%/z- Hence v = 1 and from
definition of Sy it follows that 5 = 0. In this case (a — ¢,b) = (a,b) — (¢,b) = 0. It follows
that a — ¢ € R(S,), which is a contradiction. Therefore, dim(S) = 3. Thus, S, = S. Hence
S, is generated by 2 axes and is isomorphic to Ss. [

It is known that A is isomorphic to JForms(F) in this case.

Proposition 5. If A is a 4-dimensional 3-generated Jordan type half algebra with trivial
radical, then one of the following assertions holds:

1. A~ Sg~F @ JFormy(F);
2. A~ Sy~ MS(F).

Proof. The algebra M (F) is a simple Jordan algebra. Algebra F @& JForms(F) contains
non-trivial ideals. Therefore M, (F) £ F & JForms(F). Hence, to prove this proposition, it
suffices to show that Sg ~ F @ JFormsy(F) and S; ~ M, (F). O
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Lemma 8. Ss is isomorphic to F & JForms(F).

Proof. Let ({a,b,c)) ~ Ss. We have (a,c) ¢ {0,1}. Therefore ((a,c)) is isomorphic to
JForms(F). From Table 1, it follows that the radical of A(0,0,~,0) contains ab and be.
Therefore ab = bc = 0 and Sg >~ ((a, c)) ® ((b)) ~ F & JFormsy(F).

[l

Lemma 9. S; is isomorphic to M, (F).

1 AMY, (10 o 1=a 1
(o) e=(0 ) o= (i )

where Ag, Ay, A. € F\ {0}. Consider the following map f : S; — M, (F), f(a) = A, f(b) =
B, f(c) = C. Tt is easy to see that dim L(A, B,C, Ao B) =4, so ((A,B,C)) = ;(IF)
Amap (-,-) : My (F)? — Fsuch that (X,Y) = tr(XY) = tr(XoY), where X, Y € M, (F),
is a symmetric bilinear form on M, (F). This form associates with the product o. Clearly,
we have tr(Ao A) =tr(BoB) =tr(Co(C) =
Furthermore, we see that tr(Ao B) = 1+ A\ = a,tr(BoC) = 1 — Ao + M — MWA\2 =
Bitr(AoC) =14+ XN, —A.=~vand tr(Ao(Bo(C)) =tr(Bo(Ao(C)) =tr(Co(AoB)) =
p=21(1—a—pB—7). So we can take

2
¢+<wi\/m

Proof. Let

P (Y +ay F VY2 — afy)

:igwﬂrum

as the solution of these equations.

Using computer calculations, we show that multiplication table for f({{a, b, c)))[[] coincides
with multiplication table for S7. Hence, f is an isomorphism.

We also use computer calculations to check that R(f({{a,b,c)))) = {0} and relations
between «, 3,7, hold. [} O

Proposition 6. If A is a 6-dimensional 3-generated algebra of Jordan type half with trivial
radical, then A ~ Sg ~ Sq ~ H(M3(F),j), where j(X) = XT.

Lemma 10. Sy = H(M;3(F), j)

Proof. Consider the following matrices in H(Mj3(F),j) and map f : Ss — H(M;(F), j),
fla) = A, f(b) = B, f(c) = C, A\g, \p, A\c € F\ {0} are the invariant by 6 parameters which

LComputer calculations for multiplication table in S7 can be found in
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/S7multiplicationtable.nb,
see paragraph Tables.

20ne can find our computer calculations here:
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/M2+(S7) .nb


https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/S7 multiplication table.nb
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/M2+ (S7).nb

are defined later from conditions to «a, 3,y and .

100 0 0 0 14++4/1—4X2 0 A\
2 2 c
A={0o00 |B=]|0 2= ), C= 0 0 0

Below we show that the mapping f is an isomorphism between the algebras Sg and
H(My(F), j).

It is easy to see that A> = A B?> = B,C? = C. We check that f(({(a,b,c))) =
L(A,B,C;AoC,BoC,Ao(Bo()). Thus, dim L(A,B,C;AocC,BoC,Ao(Bo(C)) =6.
Hence ((A, B,C)) and H(M3(F), j) are isomorphic as vector spaces.

A map (- ,-) : H(M3(F),5)?> — F such that (X,Y) = tr(XY) = tr(X oY), where
X,Y € H(M;(F), j) is a symmetric bilinear form on H(M;(F), j). This form associates with
the product o. Clearly, we have tr(Ao A) =tr(Bo B) =tr(Co(C) = 1.

Furthermore, we see that tr(Ao B) = 0,tr(BoC) = (1 — /1 —4A})(1 — /1 —4X2) =
B,tr(AoC) = VIE yand tr(Ao(BoC)) =tr(Bo(Ao(C))=tr(Co(AoB))=0.

2
So, we have conditions to Ay, A..

Take the basis a,b,¢,b-c,a-c,a- (b-c) for Sg. Multiplication table for f({(a,b,c))) [
coincides with multiplication table for Sg.

We also use computer calculations to check that R(f({{(a,b,c)))) = {0} and relations
between a, 3,7, hold. [l

We have that A, B,C,BoC,AoC,Ao(BoC(C)is a basis of the algebra H(M;(F), j)
and hence the kernel of f is trivial. Thus f is an isomorphism of the algebras Sg and
H(My(F), j). -

Lemma 11. Algebras Ss and Sy are isomorphic.

Proof. Assume that a« = § = v = 1, but then ¢y = 1 and we obtain a contradiction. Let
2ab — aa —
a # 1, take d = z,(b) = %. It is known from [4], that d is a primitive idempotent
a p—

in Sy with ad = 0 and so d is an axis because Sy is a Jordan algebra.

Assume that (¢, d) # 0. It can be proved via computer calculations that a, ¢, d, ac, cd, a(cd)
is an additive basis of B = ((a,c,d)). In particular B = Sy. Define a homomorphism f
from Sy to Ss: f(a) = a, f(d) = b, f(c) = ¢. We have (a,b) = 0,(a,bc) = 0,(a,¢c) = B # 0,

_ _ 0 — B —
(b,e) =7 #0. Relationﬁ+"yzw+’y7élis equivalent to a + 8+ v # 2¢ + 1,

so f is an isomorphism between Sg and Sy iff (¢, d) # 0.
Now assume that (¢,d) = 0. We will prove that v # 1 in this case. We have that

0=(c,(a—1)d) = (¢,2ab — va — b,¢c) =

3Computer calculations for the multiplication table in Sg can be found in https://github.com/
RavilBildanov/3gen-axial-algebras/blob/main/S8multiplicationtable.nb, see paragraph Tables.

*Computer calculations for this proof can be found in
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/H3+(S8) .nb
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https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/S8 multiplication table.nb
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/S8 multiplication table.nb
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/H3+ (S8).nb

= (2ab —b,c) — a = (2ab,c) — (b,c) —a=2¢ — f — «
If vy =1, then 2¢ +1 = 5+ a + 7, a contradiction. Therefore, v # 1.
Qa0 — ~a —
Put & = 2~ 77 Note that (b,d') # 0. Indeed, if (b,d’) = 0, we have
’y J—
0= (b72ac_’ya_ C) = (b,2ac) - (bafya) - (b,C) = 2¢ _’705_5

Using these equalities, we obtain @ = ya and so v = 1 or a = 0, a contradiction.
We then take a,b,d as the new generating set of Sy and, using the same computer
calculations, prove that a,b, x, ab, ax, b(az) form an additive basis of B’ = ({a, b, d’)). Define

a homomorphism f’ from Sy to Ss: f(a) = @', f(d') =V, f(b) = &. We have (@,b) =

- _ _ _ N — B —
0,(a’,b'd)=0,a,c)=p0 #0,0,¢) =74 #0. Relation ' + 7 = M +a#1lis

equivalent to oo + 8 + v # 21 + 1, so f’ is an isomorphism between Sg and Sy iff (b, d") # 0.

We can also check that the multiplication table for a,c,d,ac, cd, a(cd) coincides with
the multiplication table for the standard basis a, b, ¢, be, ac, a(bc) of Sg. This means that Sg
contains a 6-dimensional subalgebra isomorphic to Sgf

[]
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4 Tables

Here are the multiplication tables for S;, Ss.

’ * H a ‘ b ‘ c ab
ab b *
(O = a)at (= 1b | 5 (B =D+ (F—a)b : ;
+(1—-a)c+2(—y+1ab) | +(1 —a)c+2(—5+ 1)ad)
ab 3(ac + ab) 3 (ba + ab) m(&b —a)a+ talat
+(1 — )b+ (o — a?)e+ | +b+2ab)
+(2 -8 —~)ab)

Table 2: Multiplication table for S;

5One can see our computer calculations here:
https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/3genaxialalgebra.nb, see sec-
tion ”Isomorphism between Sg and Sy”.


https://github.com/RavilBildanov/3gen-axial-algebras/blob/main/3gen axial algebra.nb

H a b c be ac \ a(be) ‘
a * * * *
0 b * * * *
ac be c * * *
a(be) (0B + be) 2(cB + be) B((b+c+ 2bc)) * *
3 (ay + ac) a(be) s(cy+ac) | Tbe+ fac + a(bc)) 17(a + ¢+ 2ac) *
a(be) 0 1(Bac + 2a(be)) | 1(vbe + Bac) mb + ac + a(bc) %a + gbc + Fa(be) %’ﬁa—l—
+52b

Table 3: Multiplication table for Sy
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