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Abstract: In this paper, we studied bounded k-linear functionals
(k € N), on the n-normed spaces. We defined k-linear functionals
in new several types of boundedness and showed that those are
equivalent. We then formed dual spaces with respect to the type of
boundedness. Since the types of boundedness are equivalent, those
spaces are identical as a set. We also defined two norms on the dual
spaces and showed that both norms are equivalent. Moreover, we
gave some examples of bounded k-linear functionals on an n-inner
product space and calculated their norms with respect to the types
of boundedness. We also gave a relation between the bounded k-
linear functional and k-continuous function in n-normed spaces.
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1 Introduction

The concept of the n-normed spaces was initially introduced by S. Géhler
in the 1960’s. One can see it in [1, 2, 3, 4]. Various characteristis on n-normed
spaces have been studied by many researchers since then, see for instance
[5,6,7,8,9,10, 11, 12|. Let n be a nonnegative integer and X be a real vector
space with dim X > n. An n-norm on X is a function [|-,... || : X"...R
which satisfies the following conditions:

NI1. ||z1,..., 2] = 0 if and only if x4, ..., x, linearly dependent,
N2. ||z1,...,zy|| is invariant under permutation,
N3. ||az1,...,zy|| = |a|||z1,. .., 2y for any a € R,
N4 ||z + 2, x| < lzt, .zl + |2, - 2l
The pair (X, ||-,-||) is called an n-normed space. One can observe that (N3)

and (N4) imply ||z1,...,2,| > 0, for any z1,...,z, € X. In the case n = 1,
this will be the definition of a normed space. [13] Moreover, in an n-normed
space one may see that

|z1 + aoxo + -+ + an@p,y ..oy 20| (1)

Let (X, (-,-)) be an inner product space, we can define the standard n-norm
on X by

1
<'T1"T1> <a:17xn> :
H-Tl, 7anS = .
(Tn, 1) -+ (T, Tn)
Geometrically, the value of ||z, ...,2,||° represents the volume of the n-
dimensional parallelepiped spanned by x1,...,z,.
Next, a function (-,-|-,...,-) : X" — R that satisfies these following
comditions:
I1. (x1,z1|z2,...,2,) > 0 and it is equal to 0 if and only if xy,..., 2,
are linearly dependent,
12. (zi,, %, |Tiy, ..., xi,) = (x1, 21|22, . .., y) for any permutation {iy,...
of {1,...,n},
I3. (x,ylza, ..., xn) = (y,x|T2,. .., Tn),
4. (az,y|ze,...,zn) = alz,y|ze,. .., Tn),
5. (x+ 2 ylxe, ... xn) = (z,y|za, ..., 2n) + (2 ylxe, . .. 2p),
is called an n-inner product on X, and the pair (X, (-,|-,...,-)) is called an
n-inner product space. In the case n = 1, this will be the definition of the
inner product space. Moreover, for every n-inner product (-,-|-,...,-) on X,
we have )
||$1,$2,...,l’n|| :<$1>$1|x27"'7$n>§1 (2)
with x1,...,2, € X. The n-norm defined in equation (2) is called the n-

normed induced by the n-inner product on X. Furthermore, in an n-inner
product space we have Cauchy-Schwarz inequality [14]

Hx,y|ze, ..., xn)| < @, z2,. .., 20|lly, 22y - - -, 0],
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for any z,y,x2,...,2, € X.

Moreover, let X; with ¢ = 1,...,k be vector spaces and f : Hle X;—R
be a functional. The functional f is called k-linear if for any z; € X;, we
have

flor.. ari+ B2, .. xn) = af(T1, .. iy ooy ) HBf (@1, T ),

where «, 8 € R. The function f is linear for each part. We will investigate
the boundedness of a k-linear functional in the next section.

2 Results and Discussions

In this section we define bounded k-linear functionals in several ways.
We also discuss the duality properties for bounded k-linear functionals. In
the end, we give a relation between bounded k-linear functionals and k-
continuous functions. The results are developed from [15, 16, 17|

2.1. Bounded k-Linear Functionals (of 1st index). Leti=1,...,k
and (X, ||-,...,-]|) be normed spaces. Fix a linearly independent set Y; =
{Yirs-- i} C Xi. A k-linear functional f : [J*, X; — R is said to be
bounded of 1st index (with respect to Y;), if there exist a C' > 0 such that

k
|f(x17 cee ,fL’k)| S CH (Z ||x’iayij27 ce. 7yijn ||Xz) ) (3)
i=1

for all z; € X;,i=1,...,k. The sum is taken over {jo,...,jn} C{1,...,n}
and e {L" : an} \ {an- : a]n}

Moreover, we will see more formulas contain a sum similar to (3). To keep
it simple, all the sums after this will be taken over {j2,...,jn} C {1,...,n}
and j; € {1,...,n}\ {Jjo,...,Jn}, unless we specify the condition.

We define a dual space that contains all bounded linear functional (of 1st

index) on (Hle Xi). We denote it by (Hi-“:l XZ>>; Next, define a function
I = (T X)l R defined by

| fll1 :==inf{C >0 : (3)holds}. (4)
One can check that this function defines a norm in (Hle Xz)j We also
define an identical norm to (4). We state it in the following lemma.

Lemma 1. The norm in (4) is identical with

”f”l = sup{|f(x1,...,:nk)| : Z waylmvvyZJnHXzH <li= 17>k}

(5)
Proof. Let [ € <Hf:1 Xl)alk and o = inf{C > 0 : (4) holds}. For each i =
...,k let Y; = {y1,...,vi,} C X; be linearly independent set, and z; =
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Yollwisyisys -5 i, Ix;, with @; € X;. We can see that for any € > 0, we
have
H[zl + 5}711.’& yij27 o 73/i]-n HXz S 1.
As a consequence, we have
}f([zl + 6]71$1, ey [Zn + E]ilmk)‘ < ||f||1

Then we can write

k
@m0l < I (H[zi +e]> ,

i=1
for e = 0, we have
k k
@m0l < N1l (H) = 10 TT (32 s s, 1)
i=1 i=1
Thus, a < ||f|li. Conversely, if for each z; € X;,i = 1,...,k we have
If(z1,...,21)] < C’Hlezi, with z; < 1, then |f(z1,...,2%)] < C. This
means || f|l1 < C. Thus, ||f|l1 < a. This leads us to conclude ||f|; =a. O

Moreover, we call the norm in (4) and (5) inf norm-1 and sup norm-1,
respectively. The above lemma shows that inf norm-1 and sup norm-1 are
equivalent, precisely they are identical. Next, we give an example of bounded
k-linear functionals.

Fori=1,...,k, let (X,(|,...,")x;) be n-inner product spaces and fix
a linearly independent set Y; = {vyi,,...,vi,,} C X;. We give a functional
I Hle X; — R is defined by

2
flxe, ... xp) = H (Z(J%yih Yisys - - - ,yij,L)Xi) : (6)

i=1
It is easy to see that f is a k-linear functional. We give a following fact of f.

Fact 1. The k-linear functional defined on (6) is bounded (of 1st index) with

K
A1 =TT Wi - - vl
=1

Proof. By using Triangle inequality and Cauch-Schwarz inequality, we have

k
Fanm)l < T Ko, i o0, )
i=1
k
< H (Z sz? Yijgs -1 Yig, HXquyljl y Yijor - - -5 Yiy, ||X1>

=
—_

k

= H (Z Hxi7yij27 - Yig, HXiHyilvyiw s 7yinHXi) :

~
—_
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Thus, we have
k
|f(z1,. . zp)] < (H Yiy s Yigs - - - ayan) (H (Z H$i’yij27 < Yig, H%)) )
=1

which means f is bounded (of 1st index). By the definition of inf norm-1, we
also have

k
Hf”l < H ”yiu .- 'ayin”Xi'
=1

To obtain the equality, choose z; = ||yi;, - - -, ¥i, H;(?lyzl foreachi=1,,...,k.
We have

Z ||xla Yijgr -1 Yy, || = ||yi17 s 7yln‘|;(} Z ||yil7yij27 s Y, ”Xz

||yi17 cee 7yln||)—(} ||yi17 ey ylnHXz
= 1.

One can see that for the last sum, all terms will be 0 except for ||y;,, ..., v, || x;-
Next,

\f(xl,.. . ,(L‘k)‘ =

Py
~

s o I3 Ui [ 1)

Hyila e Yig, ‘X}) (Z(yilayih |yij27 ce. 7yljn>Xz>>

Hyzla v 7y7;n|XfL-L> ( <yl1’y11 |y127 s 7yin>Xi>
1

Hyllv s 7yin‘_;(;-[> <
1

< Yin |-

=

—

=k

@

g
I

—

:w

@
Il
—_

1

Ew
:?r

Il
P N
-

Hyll?yll ‘y227 ] yi'n. |’§(L>

@
Il
—_
Il

—

I
—
s

s
Il
—

Therefore, with respect to sup norm-1 we have || f||; = Hle WYins - Yin |l x; -
]

Note that for j; # 1 and {jo,...,jn} ={1,...,n}\ {j1}, we have
|<yi17yi]'1 |yi]‘27 ce. )yljn>XZ‘ S ||yi17yij2) .. 'ayijn ”Xi”yijlayibv cee 7yijn ||Xz — 0)

because one of y;; ..., y;; will be equal to y;,. This implies (H§:1<yi1 iy [Yins -+ s yzn>Xl> =

k
<Hi:1 Hyilayil |yi2’ < Yip ”%{1)
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2.2. Bounded k-Linear Functionals (of p-th index). Leti=1,...,k
and (X, ||-,...,-||) be n-normed spaces. Fix linearly independent set Y; =
{Yirs--s¥i,} € Xi. A k-linear functional f : Hle X; — R is said to be
bounded of p-th index (with respect to Y;), if there exist a C' > 0 such that

1

k =
’f(xh cee 7xn)| S CH <Z Hw’iayihv o 7yi]-n H§(Z> ? ) (7)
=1

with p > 1 and for all z; € X;. For p = oo, the inequality (7) will be

k
@ m)l < CTT (maxfllz gy v, Ix.}) (8)
=1

The max is taken over {ja,...,jn} C {1,...,n}.

Let (Hle XZ->* be a dual space contains all bounded k-linear functionals
P
of p-th index on Hle X;. For each f € (Hle XZ-) we define
P
I fllp :={C >0 : (8)holds}. (9)

*
Equation (9) defines a norm on (Hle Xi) , we call it inf norm-p. Moreover,

we define an identical norm of the in norm-p in the following lemma. We call
the norm on the following lemma the sup norm-p.

Lemma 2. The norm defined in (9) is identical with

I fllp = sup{]f(a:l,...,xnﬂ : (Z Hxi,y%,.._jyijnug(i)i < 1} (10)

Proof. Let

1
HfHP = Sup{|f($17...,.’1§'n)| : (Z H-’I/'i,yian-- . 7yi]'n‘|§(i)p S 1}7

and
If]lp :={C >0 : (8)holds}.

Fori=1,...,k, let z; = (Z||:ci,yi],2,...,yijan(i);, with z; € X; and a
linearly independent set Y; = {yi,,...,yi, } C X;. For any € > 0, it i easy to

see that

<Z H[ZZ + E]ill’ivyijz)' ) yijn Hg{l) < 17
for each ¢ = 1,..., k. Moreover, we have

1f([zr+el e, e+ el ) < 1 s

which means

k

i=1
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For € — 0, we have

\f(l“l,.-',ﬂﬂk)\

IN

1fllp 2

1l (3 i i 9, 15,

B =

Thus, ap < [|f],-

Conversely, if we have |f(z1,...,2)| < C[I", 2 with z < 1, then
|f(z1,...,2x)] < C. This implies ||f|, < C. Thus, |[f|l, < ap. Therefore,
we obtain || f||, = a;, which means the sup norm-p and the inf norm-p are
identical. O

Now, we give another fact about the k-linear functional defined in (6) with
respect to the boundedness (of p-th index)

Fact 2. The k-linear functional defined in (6) is bounded (of p-th indez)
with

k
k
1Fllp = ns T lvins - vl xis
=1

1,1
where = + = =
p+q

Proof. By using triangle inequality, and Holder inequality, we have

k

|f(x1,...,zn)|] < H Z‘ xyzh‘yzn ~'7yijn>X¢|)

@
I
—

IA
Ew

@
I
—

IA
zw

S Uisys- i  ins Bis0iax,)

s
Il
i

D=

<Z ||CL’ yl]2 . 7yijn ||X1 ||y’ij1 ) Z/ian s 7yi]'n ||X1)

IN
:?r

1

(3 iy i, I, ) (Z\yil,yh,...,yin\|§(i)4]

: ;
m s il (0 iy, )

k
= ni1 HHyilayizv"'ayinH <Z‘|wzayl727yl7n“§(l) )
=1

where % + % =1, which means f is bounded of p-th index with

IN
=

B =

k
k
e < no TT gy tias - 9l
i=1
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1
To get the equality, choose x; = n?||yiy, -, ¥i, || (yi; + -+ + i, ). Since,
_1 C1\P
s iy s Wy = (077 s s wia R i M,

1
77,7

(Z Ha:z, y%, PN 'yijn H%ﬁ) =1.

For the chosen x;, we obtain

we have

k
_1 _
|f($17"'7$k)| = Hn pHyilv"‘?yl'nHXi (ZKy’il+'"+yin7yij1|yij27"->yijn>Xi‘)
1=1
k 1
= Hn_;Hyila"'>yin||)_(1(n<yij17yij1‘yi]’Qa'"7yijn>X1;>
=1

k

_ L -1 2

= TIrlyis- vl i vk,
i=1

k
k
- anHyh?"')yinHXW
=1

1 1 _
Where5+5—1. O

Note that, if p = 1, then ¢ = oo, which means

k
e =TT Igars - wiallxs
i=1

exactly the same with the result we had earlier.
Furthermore, Fact (1) and (2) indicate that there is a relationship between
(X;)] and (X;), for any p > 1. We found that the dual spaces (X;)] and

(Xi),, are identical. It can be seen in the following theorem.

Theorem 1. Let i = 1,...,k and (X;,||-,...,-||) be normed spaces. A k-
linear functional f is bounded of 1st index if and only if it is bounded of p-th
indez.

Proof. Let f be a k-linear functional that bounded of p-th index, p > 1.
If for each z; € X; satisfies ) Hxi,y%, 2 Yi;, [Ix; <1, then each term of
the sum is less or equal 1, or we can write ||z, Yisys - Yisn |lx, <1 for each
i =1,...,k. This implies

Hxi7 yi]’2 sy yijn HI)Q(,L < sz; yij27 cee 7yijn HXz < L.

Therefore,

k k
H Hxivyi]’27- - Yij, le < H Hxivyij27 < Yig, HXz <1l
i=1 =1
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Since |f(x1,...,2k)| < ||fllp, [ is bounded of 1st index with
111 < (1 flps

for any p < 1.
Conversely, let f be bounded of 1st index. If for each x; € X; with ¢ =

1,..., k satisfies
1
(Z Hxi7yi]'27 e 7yijn Hg{z) P S 1.

By using Hélder inequality we have

1

1 1
S it oti e < (3 vy oo, I, ) (3217)

1

< na.

T Tk
]f ()‘ < IIflls
na na

k
‘f(xl) .- ’:Ek)’ < ns ”lea
which means f is bounded of p-th index with

k
1fllp < nallfll-

Then this convincces us that any k-linear functional f is bounded of 1st

We obtain

or

index if and only if it is bounded of p-th index (]
Remark 1. The above theorems shows that || - ||1 and || - ||, are equivalent,
with

k
Il < A llp < mall £l
where %—i—% = 1. Furthermore, for any p > 1 the dual spaces (H§:1 Xi)i and

(H;C:l Xi), are identical as a set.
Next is a corollary of the above theorem.

Corollary 1. Leti=1,...,k, and (X,||-,...,||) be normed spaces. For any
p1,p2 > 1, the dual spaces ([]; Xi);, and (T, Xi);, are identical a set

or
k * k *
(1) (1)
i=1 p1 i=1 P2

Moreover, the norms || f|l,, on ([T%, Xi)y, and ||fllp, on (T, X))
equivalent with

*
P2 are

& ko k
[ fllpy S || fllp, <na o2 || fllp,,
1 1 _ 1 1
wherep—l—l-qfl—l andp—Q—i—q—Q—l.

Proof. The proof is simple. One can proof this corollary using Theorem (1).
The norm || - ||; can be used as a bridge. O
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2.3. Duality Properties for p = 2.. We will give another example of a
bounded k-linear functional on the n-inner product space. Let ¢ = 1,...,k
and (X;, (-,+]-,...,-)) be n-inner product spaces. Fix Y; = {yi,,..., ¥, } be
a linearly independent set on each X;. We define a functional

(i)

fulo, ... ) = ﬁ (Dt wilyiyy v 0x,) (11)

=1

defined by

with a fixed w; € X;. One can check easily that f, is a k-linear functional.
Note that (6) is a special case of (11) by taking

Wi = Yiy + 0t Yi -
Here we give a fact about f,.

Fact 3. The k-linear functional f defined on (11) is bounded of 2nd index
with

k 1
Wl =TT (X iy 12,)
=1

Proof. Let 1 = 1,...,k, fix an element w; € X;. For any z; € X;, using
triangle inequality and Cauchy-Schwarz inequality, we have

(Z ‘ Li, wz‘yzm Yo yljn>X1|)

:?r

\fz(xl, e ,a:k)\ S

N
Il
—

IA
L=

E |

k

D=

= H(Z”xivyima--wyijn”%(i)
i—1

which means f,, is bounded of 2nd index and

k 1
£ < TT (O iy owi, 13)
=1

The equality is obtained by choosing

2 )2
T; = (Z H/U}i,yi]é, e ’yijn ||Xz> W; .

1

2
[(Z ”l”m y1727 s 7yzm H 7,) <Z le, yl]2 e yij" Hg{l) :|
H (Z ”wi7yij27 e 7yijn Hg{z)
=1

N

)



154 H. BATKUNDE, M.NUR, N.K.TUMALUN, M.LTILUKAY, AND B.P.TOMASOUW

Next, we can see that

Z ”xzv yij27 <o 7yijn H%Q

Moreover, we have

k 1
folzi,...,zk) = H [(Z sz,yzm, Vi H Z) 2 fowl(w,. .. ,wn)]
=1
k 1
2
== H [(Z”wmylma"'ayijn‘ z) <ZHxlay’bmv"'7yi_j7L‘|§(i>
=1
k 1
2
= T hwiwin o owi %)
i=1
1
. . 2
This convinces us that | fu]l2 = [T5, (z 1, iy, Ui, Hi(i) O
Furthermore, it is easy for us to determine the norm of the functional
k-linear f,, with respect to norm || - ||,. On the next section we will observe

continuous functions on n normed spaces and its relation with k-linear functionals

2.4. Continuous Function on the n-Normed Spaces. Let (X, |-, ..., [|x),
(Z,|l"y--,-|lz) be two n-normed spaces, Y = {y1,...,yn}, W = {w1,...,wp}

be two linearly independent sets in X, Z respectively. A function f: X — Z

is said to be continuous on z € X, if for any € > 0 there is a § > 0 such
that for any v € X that satisfies Y ||v — z,yi,, ..., ;.|| < I, then we have

Yol f(w)=f(x), wiy, ..., wj, || <e. Wesaid f continuous on X if f continuous

on each z € X. Both sums is taken over {ja,...,j,} C {1,...,n}

Moreover, one can check that the function || - [|x : X — R defined by

lzllx =D 12 ysas -yl x
and || - ||z : Z — R defined by

2]z = Z ”szjzﬂ - '7wjnH7

define norms on X and Z respectively. In the above definition, we observe
the continuity use a specific norm. We use a similar way to observed the
k-continuity of a function on the n-normed space.

Let i =1,...,k, and (X;, |- ..., x,),(Z,]],...,-||z) be normed spaces.
Fix a linearly independent set Y; = {yi,,...,9;,} on each X; and W =
{wy,...,w,} in Z. A function f : H?Zl X; — Z is said to be k-continuous

onz = (x1,...,x) € Hle X; if for any € > 0, there is a 6 > 0, such that for
any v = (v1,...,0p) € Hle X that satisfies > [lvi — @i, 4555 i, | <0

1 2
2
Z H <Z Hwivyi]’27 s Yig, H_2X1> Wi Yijys -+ -5 Yig,
9 -1
= (ZHwZayljzv7y2]n||Xl> ZHwiaZ/ian--wyijn X
1

i

2

|
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then we have Y || f(v1,...,vk) — f(Z1,..., %), Wiy, ..., w;, || < €. The last
sum is taken over {is,...,i,} C {1,...,n}. A function f is k-continuous on
Hle X; if it is k-continuous on each x = z1,...,x} € Hle X;. From this

definition we have the following theorem

Theorem 2. If f: [}, X; — R is a bounded k-linear functional, then f is
k-continuous.

Proof. Let i = ,k, and (X;,||-,...,||x;) be normed spaces. Without

losing of generahty Iet f: H —,— R be a k-linear functional that bounded
of 1st index, there is a C' > 0 such that

| (1'1, o, X | < CH <Z ||l‘laylj2 .. 7yljn||Xz> .

For any € > 0 and for any = (z1,...,2%),v = (v1,...,0%) € HleX that

satisfies
k
TT (O s = iy I, ) < o
jo? In K3 C
=1
we have:
‘f(xlu"ka)_f(vlv"'avk)’ = ’f(wl—'l)l,...,ﬂfk—'vk”
k
é CH(ZHxl_U’LayZDa7y1]n||Xz)
i=1
< E&.
This means [ is k-continuous in Hle X;. O

Since the boundedness for all indexes are equivalent, on the above proof we

use only bounded 1st index. Moreover, we define a function ||- ||, : Hle X —
R, defined by

Il = Z (3l 1)

defines a norm on [J¥_; X;. The last sum is taken over {ja, ..., jn} C {1,...,n}.
Using the norm derived from n-norms of each X;, we can observe the space

k
Hi:l Xi.
3 Conclusion

We already investigated bounded k-linear functionals and k-continuous
function in n-normed spaces. We formed some dual spaces with respect to
the new several types of the boundedness. As a result we found that these
doal spaces are identical as sets. Moreover, we defined
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