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Abstract. In this paper, some corrected dual Euler-Simpson type inequali-
ties via Riemann-Liouville fractional integrals and s-convexity of the module
of the �rst derivatives are established. The obtained results are based on a
new integral identiy. some application to Numerical integration as well as
analytique inequalities are given.

1. Introduction

Integral inequalities are extensively recognized as a fundamental mathematical
tool, playing a critical role in numerous �elds such as real, complex, and numeri-
cal analysis, number theory, di¤erential and integral equations, probability theory,
among others. Over the past decades, many mathematicians have delved into the
investigation of error estimations for Newton-Cotes formulas for a diverse range of
function classes, including but not limited to convex functions, bounded functions,
and other such classes see [1; 2; 4; 5; 6; 8; 9; 11; 12; 13; 14; 15; 16; 17; 19; 20; 21; 22] and
references therein.
We recall that a function f : I ! R is said to be convex, if for all x; y 2 I and

all t 2 [0; 1] (see [18]), we have

f (tx+ (1� t) y) � tf (x) + (1� t) f(y):

The concept of convex functions has been also generalized in diverse manners.
One of them is the so-called s-convex function or Breckner convex function de�ned
as follows:
A nonnegative function f : I � [0;1)! R is said to be s-convex in the second

sense for some �xed s 2 (0; 1], if

f(tx+ (1� t)y) � tsf(x) + (1� t)sf(y)

holds for all x; y 2 I and t 2 [0; 1] (see [3]).
Nowadays, the fractional calculus has become an attractive �eld of research,

quenseqently several articles have been appeared, in particular those using the
Riemann-Liouville operator whose de�nition we recall

Key words and phrases. Corrected dual Euler-Simpson inequality, s-convex functions, Hölder
inequality, Riemann-Liouville integral operator.

Mathematics subject classi�cation (2010): 26D10, 26D15, 26A51.

1



2 S. SALAH1 AND B. MEFTAH2

De�nition 1 ([10]). Let H 2 L1[i; j] with i � 0 and � > 0. The following operators

I�i+H(v) = 1
�(�)

vZ
i

(v � u)��1H(u)du; v > i;

I�j�H(v) = 1
�(�)

jZ
v

(u� v)��1H(t)du; j > v

denotes The Riemann-Liouville fractional integrals, where �(�) =
1R
0

e�tt��1dt is

the gamma function and I0a+H(x) = I0b�H(x) = H(x).

The corrected dual Euler-Simpson formulae (see [7]) is as follows

bZ
a

H(t)dt ' b�a
15

�
8H
�
3a+b
4

�
�H

�
a+b
2

�
+ 8H

�
a+3b
4

��
:

In this investigation we �rst establish a new fractional identity. Based on this iden-
tity we derive some corrected dual Euler-Simpson type inequalities for s-convex dif-
ferentiable functions via Riemann-Liouville fractional integrals. some particularly
cases are discussed. Application to Numerical integration as well as analytique
inequalities are given.

2. Main results

Befor giving our results we start this section by considering the following special
functions (see [10]).
For all reals and nonpositive integers x; y the beta function is de�ned by

B (x; y) =

1Z
0

tx�1 (1� t)y�1 dt:

For all positive numbers c > b > 0 and jzj < 1 the hypergeometric function is
de�ned by

2F1 (a; b; c; z) =
1

B(b;c�b)

1R
0

tb�1 (1� t)c�b�1 (1� zt)�a dt;

where B (:; :) is the beta function.



FRACTIONAL CORRECTED DUAL EULER-SIMPSON TYPE INEQUALITIES... 3

Lemma 1. Let H : I � R ! R be a di¤erentiable function on I�, u; v 2 I� with
u < v, and H0 2 L1 [u; v], then the following equality holds

1
15

�
8H
�
3u+v
4

�
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H

= v�u
16

�
1R
0

w�H0 �(1� w)u+ t 3u+v4 �
dw

�
1R
0

�
(1� w)� + 2

15

�
H0 �(1� w) 3u+v4 + w u+v

2

�
dw

+
1R
0

�
w� + 2

15

�
H0 �(1� w) u+v2 + w u+3v

4

�
dw

�
1R
0

(1� w)�H0 �(1� w) u+3v4 + wv
�
dw

�
;

where

S�f = I�( 3u+v4 )
�H(u) + I�

( 3u+v4 )
+H(u+v2 ) + I�

(u+3v4 )
�H(u+v2 ) + I�

(u+3v4 )
+H(v): (2.1)

Proof. Let

I = I1 � I2 + I3 � I4; (2.2)

where

I1 =
1R
0

w�H0 �(1� w)u+ w 3u+v
4

�
dw

I2 =
1R
0

�
(1� w)� + 2

15

�
H0 �(1� w) 3u+v4 + w u+v

2

�
dw

I3 =
1R
0

�
w� + 2

15

�
H0 �(1� w) u+v2 + w u+3v

4

�
dw

and

I4 =
1R
0

(1� w)�H0 �(1� w) u+3v4 + wv
�
dw:

Integrating by parts I1, we get

I1 = 4
v�uw

�H
�
(1� w)u+ w 3u+v

4

����w=1
w=0

� 4
v�u

1R
0

H
�
(1� w)u+ w 3u+v

4

�
dw

= 4
v�uH

�
3u+v
4

�
� 4�

v�u

1R
0

w��1H
�
(1� w)u+ w 3u+v

4

�
dw

= 4
v�uH

�
3u+v
4

�
� 4�+1�

(v�u)�+1

3u+v
4R
u

(z � u)�H (z) dz

= 4
v�uH

�
3u+v
4

�
� 4�+1�(�+1)

(v�u)�+1 I
�

( 3u+v4 )
�H(u): (2.3)
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Similarly, we get

I2 = 4
v�u

�
(1� w)� + 2

15

�
H
�
(1� w) 3u+v4 + w u+v

2

����w=1
w=0

+ 4�
v�u

1R
0

(1� w)��1H
�
(1� w) 3u+v4 + w u+v

2

�
dw

= 8
15(v�u)H

�
u+v
2

�
� 68

15(v�u)H
�
3u+v
4

�
+ 4�
v�u

1R
0

(1� w)��1H
�
(1� w) 3u+v4 + w u+v

2

�
dw

= 8
15(v�u)H

�
u+v
2

�
� 68

15(v�u)H
�
3u+v
4

�
+ 4�+1�

(v�u)�+1

u+v
2R

3u+v
4

�
u+v
2 � z

���1H (z) dz
= 8

15(v�u)H
�
u+v
2

�
� 68

15(v�u)H
�
3u+v
4

�
+ 4�+1�(�+1)

(v�u)�+1 I
�

( 3u+v4 )
+H(u+v2 ); (2.4)

I3 = 4
v�u

�
w� + 2

15

�
H
�
(1� w) u+v2 + w u+3b

4

����w=1
w=0

� 4�
v�u

1R
0

w��1H
�
(1� w) u+v2 + w u+3b

4

�
dw

= 68
15(v�u)H

�
u+3b
4

�
� 8

15(v�u)H
�
u+v
2

�
� 4�
v�u

1R
0

w��1H
�
(1� w) u+v2 + w u+3b

4

�
dw

= 68
15(v�u)H

�
u+3b
4

�
� 8

15(v�u)H
�
u+v
2

�
� 4�+1�

(v�u)�+1

u+3b
4R

u+v
2

�
z � u+v

2

���1H (z) dz
= 68

15(v�u)H
�
u+3b
4

�
� 8

15(v�u)H
�
u+v
2

�
� 4�+1�(�+1)

(v�u)�+1 I
�

(u+3b4 )
�H(u+v2 ) (2.5)

and

I4 = 4
v�u (1� w)

�H
�
(1� w) u+3b4 + wv

����w=1
w=0

+ 4�
v�u

1R
0

(1� w)��1H
�
(1� w) u+3b4 + wv

�
dw

= � 4
v�uH

�
u+3b
4

�
+ 4�

v�u

1R
0

(1� w)��1H
�
(1� w) u+3b4 + wv

�
dt

= � 4
v�uH

�
u+3v
4

�
+ 4�+1�

(v�u)�+1
vR

u+3b
4

(v � z)��1 f (z) dz

= � 4
v�uH

�
u+3v
4

�
+ 4�+1�(�+1)

(v�u)�+1 I
�

(u+3v4 )
+H(v): (2.6)

Using (2.3)-(2.6) in (2.2), and then multiplying the result equality by v�u
16 we get

the desired result. �
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Theorem 1. Under the assumptions of Lemma 1. If jH0j is s-convex in the second
sense for some �xed s 2 (0; 1], then we have��� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� b�a
16 (B (�+ 1; s+ 1) (jf

0 (a)j+ jf 0 (b)j)

+
�

32(s+1)+2�
15(s+1)(�+s+1)

� ���f 0 � 3u+v4 ���+ ��f 0 �u+3v4 ����
+
�
2B (�+ 1; s+ 1) + 4

15(s+1)

� ��f 0 �u+v2 ���� ;
where S�H is de�ned by (2.1) and B (:; :) is the beta function.

Proof. From Lemma 1, modulus and s-convexity of jH0j, we have��� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� b�a
16

�
1R
0

w�
��H0 �(1� w)u+ w 3u+v

4

��� dw
+
1R
0

�
(1� w)� + 2

15

� ��H0 �(1� w) 3u+v4 + w u+v
2

��� dw
+
1R
0

�
w� + 2

15

� ��H0 �(1� w) u+v2 + w u+3v
4

��� dw
+

1R
0

(1� w)�
��H0 �(1� w) u+3v4 + wv

��� dw�
� b�a

16

�
1R
0

w�
�
(1� w)s jH0 (u)j+ ws

��H0 � 3u+v
4

���� dw
+
1R
0

�
(1� w)� + 2

15

� �
(1� w)s

��H0 � 3u+v
4

���+ ws ��H0 �u+v
2

���� dw
+
1R
0

�
w� + 2

15

� �
(1� w)s

��H0 �u+v
2

���+ ws ��H0 �u+3v
4

���� dw
+

1R
0

(1� w)�
�
(1� w)s

��H0 �u+3v
4

���+ ws jH0 (v)j
�
dw

�
= b�a

16

�
jH0 (u)j

1R
0

w� (1� w)s dw + jH0 (v)j
1R
0

(1� w)� wsdw

+

�
1R
0

w�+sdw +
1R
0

�
(1� w)� + 2

15

�
(1� w)s dw

� ��H0 � 3u+v
4

���
+

�
1R
0

�
(1� w)� + 2

15

�
wsdw +

1R
0

�
w� + 2

15

�
(1� w)s dw

� ��H0 �u+v
2

���
+

�
1R
0

�
w� + 2

15

�
wsdw +

1R
0

(1� w)�+s dw
� ��H0 �u+3v

4

����
= b�a

16 (B (�+ 1; s+ 1) (jH
0 (u)j+ jH0 (v)j)

+
�

32(s+1)+2�
15(s+1)(�+s+1)

� ���H0 � 3u+v
4

���+ ��H0 �u+3v
4

����
+
�
2B (�+ 1; s+ 1) + 4

15(s+1)

� ��H0 �u+v
2

���� ;
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where we have used the facts that
1R
0

w� (1� w)s dw =
1R
0

(1� w)� wsdw = B (�+ 1; s+ 1) ; (2.7)

1R
0

w�+sdw =
1R
0

(1� w)s+� dw = 1
s+�+1 ; (2.8)

1R
0

�
(1� w)� + 2

15

�
(1� w)s dw =

1R
0

�
w� + 2

15

�
wsdw = 17(s+1)+2�

15(s+1)(�+s+1) (2.9)

and
1R
0

�
(1� w)� + 2

15

�
wsdw =

1R
0

�
w� + 2

15

�
(1� w)s dw = B (�+ 1; s+ 1) + 2

15(s+1) :

(2.10)
The proof is �nished. �

Corollary 1. In Theorem 1, if we take s = 1, then we obtain��� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

�
1

(�+1)(�+2) (jH
0 (u)j+ jH0 (v)j) + 30+2(�+1)(�+2)

15(�+1)(�+2)

��H0 �u+v
2

���
+ 32+�

15(�+2)

���H0 � 3u+v
4

���+ ��H0 �u+3v
4

����� :
Corollary 2. In Theorem 1, if we take � = 1, then we obtain���� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� v�u
16

�
1

(s+1)(s+2) (jH
0 (u)j+ jH0 (v)j) + 38+4s

15(s+1)(s+2)

��H0 �u+v
2

���
+ 32s+34

15(s+1)(s+2)

���H0 � 3u+v
4

���+ ��H0 �u+3v
4

����� :
Corollary 3. If we take � = s = 1, then Theorem 1 becomes���� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� 17(v�u)
120

�
5jH0(u)j+22jH0( 3u+v4 )j+14jH0(u+v2 )j+22jH0(u+3v4 )j+5jH0(v)j

68

�
:

Theorem 2. Under the assumptions of Lemma 1. If jH0jq is s-convex in the second
sense for some �xed s 2 (0; 1] and q > 1 with 1

q +
1
p = 1, then we have��� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

 �
1

p�+1

� 1
p

 �
jH0(u)jq+jH0( 3u+v4 )jq

s+1

� 1
q

+

�
jH0(u+3v4 )jq+jH0(v)jq

s+1

� 1
q

!
+
�
17p

15p :2F1
�
�p; 1; 1� + 1;

15
17

�� 1
p

�
 �

jH0( 3u+v4 )jq+jH0(u+v2 )jq
s+1

� 1
q

+

�
jH0(u+v2 )jq+jH0(u+3v4 )jq

s+1

� 1
q

!!
;

where S�H is de�ned by (2.1) and 2F1 (:; :; :; :) is the hypergeometric function.
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Proof. From Lemma 1, modulus, Hölder�s inequality and s-convexity of jf 0jq, we
have ��� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� b�a
16

 �
1R
0

wp�dw

� 1
p
�
1R
0

��H0 �(1� w)u+ w 3u+v
4

���q dw� 1
q

+

�
1R
0

�
(1� w)� + 2

15

�p
dw

� 1
p
�
1R
0

��H0 �(1� w) 3u+v4 + w u+v
2

���q dw� 1
q

+

�
1R
0

�
w� + 2

15

�p
dt

� 1
p
�
1R
0

��H0 �(1� w) u+v2 + w u+3v
4

���q dw� 1
q

+

�
1R
0

(1� w)p� dt
� 1

p
�
1R
0

��H0 �(1� w) u+3v4 + wv
���q dw� 1

q

!

� b�a
16

 �
1R
0

wp�dt

� 1
p

 �
1R
0

�
(1� w)s jH0 (u)jq + ws

��H0 � 3u+v
4

���q� dw� 1
q

+

�
1R
0

�
(1� t)s

��H0 �u+3v
4

���q + ts jH0 (v)jq
�
dw

� 1
q

!

+

�
1R
0

�
w� + 2

15

�p
dw

� 1
p

�
 �

1R
0

�
(1� w)s

��H0 � 3u+v
4

���q + ws ��H0 �u+v
2

���q� dw� 1
q

+

�
1R
0

�
(1� w)s

��H0 �u+v
2

���q + ws ��H0 �u+3v
4

���q� dw� 1
q

!!

= v�u
16

 �
1

p�+1

� 1
p

 �
jH0(u)jq+jH0( 3u+v4 )jq

s+1

� 1
q

+

�
jH0(u+3v4 )jq+jH0(v)jq

s+1

� 1
q

!
+
�
17p

15p :2F1
�
�p; 1; 1� + 1;

15
17

�� 1
p

�
 �

jH0( 3u+v4 )jq+jH0(u+v2 )jq
s+1

� 1
q

+

�
jH0(u+v2 )jq+jH0(u+3v4 )jq

s+1

� 1
q

!!
;

where we have used
1R
0

wp�dw = 1
p�+1

and

1R
0

�
w� + 2

15

�p
dw = 17p

15p�

1R
0

(1� x)
1
��1

�
1� 15

17x
�p
dx

= 17p

15p :2F1
�
�p; 1; 1� + 1;

15
17

�
:

The proof is �nished. �
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Corollary 4. If we take s = 1, then Theorem 2 becomes��� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

 �
1

p�+1

� 1
p

 �
jH0(u)jq+jH0( 3u+v4 )jq

2

� 1
q

+

�
jH0(u+3v4 )jq+jH0(v)jq

2

� 1
q

!
+
�
17p

15p :2F1
�
�p; 1; 1� + 1;

15
17

�� 1
p

�
 �

jH0( 3u+v4 )jq+jH0(u+v2 )jq
2

� 1
q

+

�
jH0(u+v2 )jq+jH0(u+3v4 )jq

2

� 1
q

!!
:

Corollary 5. If we take � = 1, then Theorem 2 becomes���� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� v�u
16

�
1
p+1

� 1
p

 �
jH0(u)jq+jH0( 3u+v4 )jq

s+1

� 1
q

+

�
jH0(u+3v4 )jq+jH0(v)jq

s+1

� 1
q

+
�
17p+1�2p+1

15p+1

� 1
p

�
 �

jH0( 3u+v4 )jq+jH0(u+v2 )jq
s+1

� 1
q

+

�
jH0(u+v2 )jq+jH0(u+3v4 )jq

s+1

� 1
q

!!
:

Corollary 6. If we take � = s = 1, then Theorem 2 becomes���� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� v�u
16

�
1
p+1

� 1
p

 �
jH0(u)jq+jH0( 3u+v4 )jq

2

� 1
q

+

�
jH0(u+3v4 )jq+jH0(v)jq

2

� 1
q

+
�
17p+1�2p+1

15p+1

� 1
p

 �
jH0( 3u+v4 )jq+jH0(u+v2 )jq

2

� 1
q

+

�
jH0(u+v2 )jq+jH0(u+3v4 )jq

2

� 1
q

!!
:

Theorem 3. Under the assumptions of Lemma 1. If jH0jq is s-convex in the second
sense for some �xed s 2 (0; 1] and q � 1, then we have��� 115 �8H � 3u+v4 �

�H
�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

��
1

�+1

�1� 1
q

��
B (�+ 1; s+ 1) jH0 (u)jq + 1

�+s+1

��H0 � 3u+v
4

���q� 1
q

+
�

1
�+s+1

��H0 �u+3v
4

���q +B (�+ 1; s+ 1) jH0 (v)jq
� 1
q

�
+
�
17+2�
15(�+1)

�1� 1
q

�
��

17(s+1)+2�
15(s+1)(�+s+1)

��H0 � 3u+v
4

���q + 15(s+1)B(�+1;s+1)+2
15(s+1)

��H0 �u+v
2

���q� 1
q

+
�
15(s+1)B(�+1;s+1)+2

15(s+1)

��H0 �u+v
2

���q + 17(s+1)+2�
15(s+1)(�+s+1)

��H0 �u+3v
4

���q� 1
q

��
;

where S�H is de�ned by (2.1) and B (:; :) is the beta function.
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Proof. From Lemma 1, modulus, power mean inequality and s-convexity of jH0jq,
we have

��� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

 �
1R
0

w�dw

�1� 1
q
�
1R
0

w�
��H0 �(1� w)u+ w 3u+v

4

���q dw� 1
q

+

�
1R
0

�
(1� w)� + 2

15

�
dw

�1� 1
q

�
�
1R
0

�
(1� w)� + 2

15

� ��H0 �(1� w) 3u+v4 + w u+v
2

���q dw� 1
q

+

�
1R
0

�
w� + 2

15

�
dw

�1� 1
q
�
1R
0

�
w� + 2

15

� ��H0 �(1� w) u+v2 + w u+3v
4

���q dw� 1
q

+

�
1R
0

(1� w)� dw
�1� 1

q
�
1R
0

(1� w)�
��H0 �(1� t) u+3v4 + wv

���q dw� 1
q

!

� v�u
16

 �
1R
0

w�dt

�1� 1
q
�
1R
0

w�
�
(1� w)s jH0 (u)jq + ws

��H0 � 3u+v
4

���q� dw� 1
q

+

�
1R
0

�
(1� w)� + 2

15

�
dw

�1� 1
q

�
�
1R
0

�
(1� w)� + 2

15

� �
(1� w)s

��H0 � 3u+v
4

���q + ws ��H0 �u+v
2

���q� dw� 1
q

+

�
1R
0

�
w� + 2

15

�
dw

�1� 1
q

�
�
1R
0

�
w� + 2

15

� �
(1� w)s

��H0 �u+v
2

���q + ws ��H0 �u+3v
4

���q� dw� 1
q

+

�
1R
0

(1� w)� dw
�1� 1

q
�
1R
0

(1� w)�
�
(1� w)s

��H0 �u+3v
4

���q + ws jH0 (v)jq
�
dw

� 1
q

!

= v�u
16

��
1

�+1

�1� 1
q

��
B (�+ 1; s+ 1) jH0 (u)jq + 1

�+s+1

��H0 � 3u+v
4

���q� 1
q

+
�

1
�+s+1

��H0 �u+3v
4

���q +B (�+ 1; s+ 1) jH0 (v)jq
� 1
q

�
+
�
17+2�
15(�+1)

�1� 1
q

�
��

17(s+1)+2�
15(s+1)(�+s+1)

��H0 � 3u+v
4

���q + �B (�+ 1; s+ 1) + 2
15(s+1)

� ��H0 �u+v
2

���q� 1
q

+
��
B (�+ 1; s+ 1) + 2

15(s+1)

� ��H0 �u+v
2

���q + 17(s+1)+2�
15(s+1)(�+s+1)

��H0 �u+3v
4

���q� 1
q

��
;

where we have used (2.7)-(2.10). The proof is �nished. �
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Corollary 7. In Theorem 3, if we take s = 1, then we obtain��� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 4��1�(�+1)

(v�u)� S�H
���

� v�u
16

 
1

�+1

 �
jH0(u)jq+(�+1)jH0( 3u+v4 )jq

�+2

� 1
q

+

�
(�+1)jH0(u+3v4 )jq+jH0(v)jq

�+2

� 1
q

!

+
�
17+2�
15(�+1)

� �
(�2+18�+17)jH0( 3u+v4 )jq+(�2+3�+17)jH0(u+v2 )jq

(�+2)(17+2�)

� 1
q

+

�
(�2+3�+17)jH0(u+v2 )jq+(�2+18�+17)jH0(u+3v4 )jq

(�+2)(17+2�)

� 1
q

!!
:

Corollary 8. In Theorem 3, if we take � = 1, then we obtain���� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� v�u
32

 �
2jH0(u)jq+2(s+1)jH0( 3u+v4 )jq

(s+1)(s+2)

� 1
q

+

�
2(s+1)jH0(u+3v4 )jq+2jH0(v)jq

(s+1)(s+2)

� 1
q

+ 19
15

 �
2(17s+19)jH0( 3u+v4 )jq+2(19+2s)jH0(u+v2 )jq

19(s+1)(s+2)

� 1
q

+

�
2(19+2s)jH0(u+v2 )jq+2(17s+19)jH0(u+3v4 )jq

19(s+1)(s+2)

� 1
q

!!
:

Corollary 9. If we take � = s = 1, then Theorem 3 becomes���� 115 �8H � 3u+v4 �
�H

�
u+v
2

�
+ 8H

�
u+3v
4

��
� 1

v�u

vR
u

H (z) dz
����

� v�u
32

 �
jH0(u)jq+2jH0( 3u+v4 )jq

3

� 1
q

+

�
2jH0(u+3v4 )jq+jH0(v)jq

3

� 1
q

+ 19
15

 �
12jH0( 3u+v4 )jq+7jH0(u+v2 )jq

19

� 1
q

+

�
7jH0(u+v2 )jq+12jH0(u+3v4 )jq

19

� 1
q

!!
:

3. Applications

Quadrature formula
Considering the partition � of the points u = e0 < e1 < ::: < en = v of the

interval [u; v], and the following quadrature formula

vR
u

H (u) du = � (H;�) +R (H;�) ;

where

� (H;�) =
n�1X
i=0

ei+1�ei
15

�
8H
�
3ei+ei+1

4

�
�H

�
ei+ei+1

2

�
+ 8H

�
ei+3ei+1

4

��
and the associated approximation error R (H;�).
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Proposition 1. Assume H be a di¤erentiable function on (u; v) with H0 2 L1 [u; v].
Let n 2 N, if jH0j is s-convex function in the second sense for some �xed s 2 (0; 1],
we have

jR (H;�)j �
n�1X
i=0

(ei+1�ei)2
16

�
1

(s+1)(s+2) (jH
0 (ei)j+ jH0 (ei+1)j)

+
(38+4s)

���H0
�
ei+ei+1

2

����
15(s+1)(s+2) + 32s+34

15(s+1)(s+2)

����H0
�
3ei+ei+1

4

����+ ���H0
�
ei+3ei+1

4

������ :
Proof. Applying Corollary 2 on the subintervals [ei; ei+1] (i = 0; 1; :::; n� 1) of the
partition �, we get������ 115

�
8H
�
3ei+ei+1

4

�
�H

�
ei+ei+1

2

�
+ 8H

�
ei+3ei+1

4

��
� 1

ei+1�ei

ei+1Z
ei

H (z) dz

������
� ei+1�ei

16

�
1

(s+1)(s+2) (jH
0 (ei)j+ jH0 (ei+1)j) + 38+4s

15(s+1)(s+2)

���H0
�
ei+ei+1

2

����
+ 32s+34

15(s+1)(s+2)

����H0
�
3ei+ei+1

4

����+ ���H0
�
ei+3ei+1

4

������ : (3.1)

Summing the inequalities (3.1) for all i = 0; 1; :::; n � 1, using the triangular in-
equality, and then multiplying the obtained result by (ei+1 � ei), we get the desired
result. �

Proposition 2. Assume H be a di¤erentiable function on (u; v) with H0 2 L1 [u; v].
Let n 2 N, if jH0jq is s-convex function in the second sense for some �xed s 2 (0; 1],
we have

jR (H;�)j �
n�1X
i=0

(ei+1�ei)2
16

�
1
p+1

� 1
p

�
 �

jH0(ei)jq+
���H0

�
3ei+ei+1

4

����q
s+1

� 1
q

+

� ���H0
�
ei+3ei+1

4

����q+jH0(ei+1)jq
s+1

� 1
q

+
�
17p+1�2p+1

15p+1

� 1
p

 � ���H0
�
3ei+ei+1

4

����q+���H0
�
ei+ei+1

2

����q
s+1

� 1
q

+

� ���H0
�
ei+ei+1

2

����q+���H0
�
ei+3ei+1

4

����q
s+1

� 1
q

!!
:

Proof. Applying Corollary 5 on the subintervals [ei; ei+1] (i = 0; 1; :::; n� 1) of the
partition �, we get������ 115

�
8H
�
3ei+ei+1

4

�
�H

�
ei+ei+1

2

�
+ 8H

�
ei+2ei+1

4

��
� 1

ei+1�ei

ei+1Z
ei

H (z) dz

������
� xi+1�xi

16

�
1
p+1

� 1
p

 �
jH0(xi)jq+

���H0
�
3xi+xi+1

4

����q
s+1

� 1
q

+

� ���H0
�
xi+3xi+1

4

����q+jH0(xi+1)jq
s+1

� 1
q
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+
�
17p+1�2p+1

15p+1

� 1
p

 � ���H0
�
3xi+xi+1

4

����q+���H0
�
xi+xi+1

2

����q
s+1

� 1
q

+

� ���H0
�
xi+xi+1

2

����q+���H0
�
xi+3xi+1

4

����q
s+1

� 1
q

!!
: (3.2)

Summing the inequalities (3.2) for all i = 0; 1; :::; n � 1, using the triangular in-
equality, and then multiplying the obtained result by (ei+1 � ei), we get the desired
result. �

Application to special means
For arbitrary real numbers u; u1; u2; :::; un; v we have:
The Arithmetic mean: A (u1; u2; :::; un) = u1+u2+:::+un

n .

The k-Logarithmic mean: Lk (u; v) =
�
vk+1�uk+1
(k+1)(v�u)

� 1
k

, u; v > 0; u 6= v and k 2
R8 f�1; 0g.

Proposition 3. Let u; v 2 R with 0 < u < v, then we have��8A2 (u; u; u; v)�A2 (u; v) + 8A2 (u; v; v; v)� 15L22 (u; v)
�� � 17

8

�
v2 � u2

�
:

Proof. Apply Corollary 3 to the function H (z) = z2. �
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