SOME FRACTIONAL CORRECTED DUAL EULER-SIMPSON
TYPE INEQUALITIES FOR DIFFERENTIABLE s-CONVEX
FUNCTIONS

S. SALAH! AND B. MEFTAH?

ABSTRACT. In this paper, some corrected dual Euler-Simpson type inequali-
ties via Riemann-Liouville fractional integrals and s-convexity of the module
of the first derivatives are established. The obtained results are based on a
new integral identiy. some application to Numerical integration as well as
analytique inequalities are given.

1. Introduction

Integral inequalities are extensively recognized as a fundamental mathematical
tool, playing a critical role in numerous fields such as real, complex, and numeri-
cal analysis, number theory, differential and integral equations, probability theory,
among others. Over the past decades, many mathematicians have delved into the
investigation of error estimations for Newton-Cotes formulas for a diverse range of
function classes, including but not limited to convex functions, bounded functions,
and other such classes see [1,2,4,5,6,8,9,11,12,13,14,15,16, 17,19, 20,21, 22] and
references therein.

We recall that a function f: I — R is said to be convex, if for all z,y € I and
all t € [0,1] (see [18]), we have

fle+ A =t)y) <tf(z)+(1-1) f(y)

The concept of convex functions has been also generalized in diverse manners.
One of them is the so-called s-convex function or Breckner convex function defined
as follows:

A nonnegative function f: I C [0,00) — R is said to be s-convex in the second
sense for some fixed s € (0,1], if

fltz+ (1 =t)y) <t°f(z)+ (1 —1)°f(y)

holds for all z,y € I and t € [0, 1] (see [3]).

Nowadays, the fractional calculus has become an attractive field of research,
quenseqently several articles have been appeared, in particular those using the
Riemann-Liouville operator whose definition we recall
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Definition 1 ([10]). Let H € L'[i, j] withi > 0 and o > 0. The following operators

SHw) = %a)/ (w—u)* " Hw)du, v >i,
J
I Hv) = %@/ (u—v)* " H)du, j>v

oo
denotes The Riemann-Liouville fractional integrals, where I'(a) = [ e "t~ 1dt is
0

the gamma function and 1°, H(z) = I} H(z) = H(z).

The corrected dual Euler-Simpson formulae (see [7]) is as follows
b
o b (s (25— (252) 4 8 (252)
a

In this investigation we first establish a new fractional identity. Based on this iden-
tity we derive some corrected dual Euler-Simpson type inequalities for s-convex dif-
ferentiable functions via Riemann-Liouville fractional integrals. some particularly
cases are discussed. Application to Numerical integration as well as analytique
inequalities are given.

2. Main results

Befor giving our results we start this section by considering the following special
functions (see [10]).
For all reals and nonpositive integers x,y the beta function is defined by

1
B(z,y) = /tH (1— 1) at,
0

For all positive numbers ¢ > b > 0 and |z|] < 1 the hypergeometric function is
defined by

1
2F1 (a,b,¢:2) = =gy [t (L= )" (1= 2) ™" dt,
0

where B (.,.) is the beta function.
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Lemma 1. Let H: I C R — R be a differentiable function on I°, u,v € I° with

u <wv, and H' € L' [u,v], then the following equality holds

) + 7 () - £ e s

(v—u)®

15 (8% (257) —H (%5

1
= L (fw"‘H'((l—w)u—I—tsﬁ“’)dw

0
—[ (1= w)® + ) H' (1 - w) 25 + w2 duw

(w® + ) H (1 - w) 252+ wi) dw

o — O%H

—i(l—w)“H’((l—w)ﬂ“+wv)dw),

where
Saf = Ia3u+v - (U) + Ia3u+v +H(u‘2~‘u) + Iau+3u - (u;’_v) + Iau+3v +H(U)' (21)
(#5) (25) (=) (=5)
Proof. Let
I'=5 -1 +1I3— I, (2.2)
where
1
L = [w'H ((1-w)u+w) dw
0
1
I, = { (1—w)*+ Z)H (1 —w) 24 + wd?) dw
1
I; = { (w* + 2)H (1 — w) “52 + w3 dw
and
1
=[(1-w)*"H ((1-w)3 + wv) dw.
0
Integrating by parts I, we get
w=1 1
L = Ufuwo‘H((l— )u—|—w3“+“) f ( u—|—w3“+”)dw
w=0 0
= UEHH(?WZ‘U)i v— ufwa 1H((17 )u+w3u+v)dw
Sutv
_ 4 H 3u+tv 4oty P aH d
—  v—u ( 4 ) T (o—w)* T f (Z - u) (Z) z
u+tv 4TI (a+1) 7o
= M () A (). (2.3)
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Similarly, we get

4 w=1
L, =

v—Uu

(=)™ + 35) H((1 - w) 258 + wf?)

w=0

(1—w)* (1 —w) 255 + w) dw

" (20)

1
+on
0
15(’1}8—u) H (u;v) -

1
4o

v—uf (1
0

68
15(v—u)

—w)* T (1 — w) B Ui dw

+ 2

utv
g0ty
(U_u)u+1

B 15(28—u)H (3ujv) +

3u+tv
4

4“+1F(a+1)la
(v—u)>t? (%)

o (U5Y) — ma M (P) +

w=1

_ 4
IS - v—u

(w7 + ) H (1 - w) 252 + )|
1
— A LI (1= w) “52 + wiE3) dw

H (uz?)b) B 15(1)8—11,)7_( (u—QH))

0

1
(1 ) 52 4w du

0

w=0

68
15(v—u)

15(?iu)H (ung) B 15(§7u)H (qurv) -

_ 4”+1F(a+1)Ia

68
15(v—u)

H (“Zsb) B 15(1?—u)H (qurv)

4

and

w=1

4
I4 = v—u

(1—w)*H ((1 — w) 23 + wo) ‘w:O
j (1—w)* 'H (1 —w) “E3 4+ wo) dw
0

4o
v—Uu

+

1
da
v—u

0

LH (252 +

v—Uu

4%t q
(,U_u)a+1

J w=2""1(2)de

u+3b
4

4 H (uﬁfm

v—Uu

)+

4a+1r(a+1)la

A (wtdu) 4 (o—w)atT <%)+H(v).

v—u

Using (2.3)-(2.6) in
the desired result.

+H(u;—v

“lo—u)o T (@)—H(ugv)

(2.2), and then multiplying the result equality by

);

(1—w)* " H (1 —w) “E3 4 wo) dt

(2.6)

v—u

16

we get
(]
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Theorem 1. Under the assumptions of Lemma 1. If |H'| is s-convex in the second
sense for some fized s € (0,1], then we have

(87 () — 7 (252) 4 87 (252 - 7 Tleg
bt (Bla+ 1o+ 1) (1f @)+ ()
+ (st ) (I ()] + |7 (2
+ (2B(a+ s+ 1)+ ey ) |7 (% )I)

where SyH is defined by (2.1) and B (.,.) is the beta function.

IA

7))

Proof. From Lemma 1, modulus and s-convexity of |H'|, we have

s (87 (20) = 3 (52) + 874 (520)) - CLHL S 7|

IN

b (Z’w“ M (1 - w)u+ w3t | dw
(0" 4 ) (- w) 2555+ wg)
(0 ) (1) 5 )
=) (1 w) e +wv)]dw)

—w)” [H' (w)] +w* [ (24)]) dw

IN
[=al
2
=)
7N
O%»—A
—
—~

(=) 2) (1 - w)” [ (252 4w [ (252)]) doo

0
(o 2) (- w) [ (2

O]+ wt [H(5)]) dw

0
= w)® (1= w)* [H (2] + o [ ()] dw)

0
1 1
- f’;ﬁa(H’<u>|fwa< w)* dw + [H )] [ (1 — w)* w'dw
0 0
*(fwa“dwwm—wmé)ﬂ—wde) e (2)
0 0
(s gy wa ] s - aw) e o)

0
+ (f (w* + Z) widw + [ (1 —w)*** dw |H/(WZ&))|>
0 0
= S (Bla+ls+1) (1K (u)]+|H (0)

(v
e l2e ) (r (B | 4 [ (52
9))),

2B (a+1, 3+1)+1os+1))|H/(

—
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where we have used the facts that

1 1

Jw* (1 —w)’dw=[(1-w)*wdw=DB(a+1s+1), (2.7)

0 0

1
{wa+sdw = { (1 w)8+0¢ dw = S+Clt+1’ (2 8)
1 1
s _17(s+1)+2

{ ((1 —w)” + 1%) (1 —w) dw = {; (w + 15) wdw = 15(s+81)(a+si1) (2.9)

1
{((17w)a+%)wsdw:f(wo‘+1—25)(17w)sdw:B(a+1,s+1)+ﬁ.

(2.10)
The proof is finished. O

Corollary 1. In Theorem 1, if we take s = 1, then we obtain

5 (8H (252) — M (252) + 8 (2422)) — LLirls, i
< 5 (s (7 )]+ 1 )]+ SRS [ (452)]
iy (7 () [+ |1 (252)]))

Corollary 2. In Theorem 1, if we take o = 1, then we obtain

L (S (2552) — M (252) 4+ 8H (2522)) — Lo [H (2) dz

7)1

< 55 (ot (7 @]+ 11 ) + 12ty [ (
o (1 () |+ [ (=5)]))
Corollary 3. If we take « = s =1, then Theorem 1 becomes

(89 (25) — H(252) 4 89 (2422)

v

u

170 <5|H’<u>|+22IH’(3T“)I+14H’(“z”)+22|H’(“
68

<

120

*43”)|+5H’<v>|>

Theorem 2. Under the assumptions of Lemma 1. If|H'|? is s-convex in the second

sense for some fized s € (0,1] and ¢ > 1 with % + l =1, then we have

|5 (87 () = (252) 80 (2520)) — GRS |

1 T a
e (o VF (Pl F (e e
< g5 <<m+1) (( s+1 4 + 3 s+1

1
+(15P 2F1( p,l,é—ﬁ—l;%))”

1 1
|Hl(3u;u)q+|H/(uT+u)q q |Hl(%) q+|H/(#)q q
X s+1 + s+1 )

where SoH  is defined by (2.1) and oF; (.,.,.;.) is the hypergeometric function.
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Proof. From Lemma 1, modulus, Holder’s inequality and s-convexity of |f/|?, we
have
s (87 (22) — 3 (242) + 874 (252)) - Lt s
1 e 2
< b (({w”“dw) <£ |H' ((1 w)u+w?’7ﬂjl’)|qdw>
1 7
c(F@wregran) (1 - s ws)an)
(1] ¥ K
#(J e ra) (T - wepe +wu+fv>\qdw)

+
TN
—
—

S
N~—
kS

Q

S
~
~__
N
O S~—
<
—
—
—
£

e

+

{98}

)

+

g

<
SN—
e
o

S
~~—_

)

(fwmdt); ((f (00" [l 4w [ (2252)[") o)

0

1
q

IN
c-
i
O S— — o—r~ ©

e (ftmorpe er e o an)

1
q

(fer
J (U= w)* [W () [* 4w [H(252) %) duw
((: )

1 :
(@ I b e () ) )

1 i v

) ( ) ( LURLIC SR Do )

Pa+1 s+1 s+1

1
(52 F (-p L5 +1537))"

y ((m (%)fﬂn <u;v>|q>é . (IH’(“?’”)IZ:If’(%‘”’”)I")é» |

where we have used

w)" [H (45

1
pa _ 1
{U)p dw = pati
and
r 177 r 11 15, \P
{(w +15) dw = 15ra£(1_$) (1_ﬁ$) dx
= 15v 2F1( ’""17 }?)

The proof is finished. O
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Corollary 4. If we take s =1, then Theorem 2 becomes

L (8M (Be) — 1 (52) + s (28e)) - A Lleih) s gy

1
1 1
SR (( ; )é<<|H'<u>|‘*+|w<w>|qy+(|H'<"+fv>|u|wv)|q>q>
= 16 pati 2 2
1
+ (2P (L 5 + 15 12))”
i

y <<|H'<3«ﬁ>|q2+|w<“+v> > . (|H'<urf>|Q+2|H’<u+fv>|Q>3>> .

Corollary 5. If we take o =1, then Theorem 2 becomes

2) H8H () - s H(2) dz

15 (SR (B57) - H (%5

1 1 1
s () ((BEeolteeCnat) (el

S T (ﬁ) < . + T
1
( 17p 1l 2p+1>5

157F1
1 1
<<|H< [ (“;“)“)q . <|H/<u;v>|q+|w<ﬂ3v>q)q>>
s+1 s+1 .
Corollary 6. If we take « = s =1, then Theorem 2 becomes

) 8 (52)) - L[ (2)d
i |<u+3> )t
q q Hlu (1+H/(,U)f1 q
) ()
()

1 1 1
i ([ (EE)” AENIED N
+( 151 ) (( L + 2 .

Theorem 3. Under the assumptions of Lemma 1. If|H'|? is s-convex in the second
sense for some fized s € (0,1] and q > 1, then we have

L (87 () (252 + s (50— e g )
-4
< v <(ai1> ((B(oz+1,s+1) M (w)|” + a+:,+1 H (Bukv) |q>

=
H (4430)|7 4 B (a+ 1,5+ 1) [H (v )I) ) (f&ﬁ%)

& (574 (2 (5

< veu (L)% (<|w<u>|u|n’<%+v>
— 16 \p+l 5

‘1+|Hl(u-tl3v)
2

Q=

+5+1

( 17(s+1)+2a |Hl (3ujv)|q + 15(s+1)B(a+1,s+1)+2 |'H/ (u;v”q)%

15(s+1)(a+s+1) 15(s+1)

(e B33 gy ()] Rt g (uti)[1) ) ),

15(s+1)

where So'H is defined by (2.1) and B/(.,.) is the beta function.
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Proof. From Lemma 1, modulus, power mean inequality and s-convexity of |H'|,
we have

5 (87 (222) = M (52) + 8 (52)) = Eh5ER s

(v—u)®

< x((@ﬁmfﬁ(@wam—wm+w%”Wqu
(fawr s gyan)
(007 ) P (- w22 )
+(iwa+é>m?1;(zw N Ce——rn)

+
VR
o ©

—

\

£

Q

QU

g
N——

Q=
VR

—

_

\

S

<

—~

S

+

w
S

+

g

<

~

T

U

g
N——

I
N—————

IN
+

X
/N -~ N -~ N

—r OY—r Oo—r oOo—~

1
q

—~
—~
—_
|

w) 4 55) (L= w)” [H (352) "+ w1 (*

)| o)

1—1
q

+

(" + 45 do)

1
q

X

(0" + 35) (1= )" 1 (552) "+ w0 [ (252)|") o)

1—1

wfdw) " (J =) (=) ) ) dw>;>

o—r— ©
—
—

+
/N

1

= v <(1)13 ((B(a+1 s+ 1) |H (w)|* + ACSINE
16 a+1 I a+s+1 1
1 1—1
+ (b I ()" Bla 1o+ DI @) ) + (H25)
((méﬁﬁiﬁin 7 ()" 4 (B o+ s+ 1)+ g ) [H(452)]°)

1
b ((Blat Lot 1)+ o) I (S5 + itz o (=52)]") ).

where we have used (2.7)-(2.10). The proof is finished. O
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Corollary 7. In Theorem 3, if we take s = 1, then we obtain

T (87 (B5) = (152) + 8 (252) — FEs S, H

(v—u)®

1 1
< vu ( N <<|H/(u)q+(a+1)H/(3u4+u)|q>q N ((04+1)|H’('“Z3'0)|q+|H'(v)|q>q)
— 16 a+1 a+2 a+2

1
" ( 17420 ) <<(a2+18a+17)|7{«(w)q+(u2+3a+17)|Hz(T)q) q

15(a+1) (a+2)(17+2c)

(a+2)(17+2a)

1
+»(“a%“J”W““¥H“<M+wwuwvm“?wq)q>>

Corollary 8. In Theorem 3, if we take o = 1, then we obtain

L (S (252) — M (242) 4+ 8H (2522)) — Lo [H(2) d

1 1
((ﬂw(“)'q“(‘*f‘ﬂ)lw(aﬁ“)q) q+ <2(S“>|“’<“ff”>|Q+2|H’<”)'q>q

IN
<

|

S

GFDG+2) (T1(+2)

1
10 [ [ 207s+19)| R/ (242 | " +2(19428) |1/ (2E2) |7 @
+15 19(S+1)(S+2)

19(s+1)(s+2)

1
+—(%w+“””“ﬁfﬂﬁauw+wwwwwf»q)q>>

Corollary 9. If we take « = s =1, then Theorem 8 becomes

v—Uu

1 1
) H 9,9 H Sutv |9\ g 2|’ u+3v |9 H q q
< U3—2u <(| (“)l + |d ( 1 )| > + ( | ( 1 )3| +‘ (U)| )

1 1
1o [ (12 ()T ()TN (T ()T ()T
+E 19 + 19 :

3. APPLICATIONS

L (S (252) — M (242) + 8H (2522)) — Lo [H (2) dz

Quadrature formula
Considering the partition © of the points u = e¢g < €1 < ... < e, = v of the
interval [u, v], and the following quadrature formula

[H (u) du = X (H,©) + R (H,0),

where
200 = S (1 () < (25 e ()

and the associated approximation error R (H, ©).
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Proposition 1. Assume H be a differentiable function on (u,v) with H' € L* [u,v]
Let n € N, if |[H'| is s-convez function in the second sense for some fized s € (0,1]
we have

n—1
R(H,0)] < > testged® (b (1 (e0)] + 1 (e10)))
1=0

(38+4S)‘H/<7ei+;i+l)| 325434 3eite; ei+3e;
BEIDeT T Berh D) (’H/( 1 H)‘ + ‘Hl( 1 H)D .

Proof. Applying Corollary 2 on the subintervals [e;, e;41] (¢ = 0,1,...,n — 1) of the
partition ©, we get

€i41

b (5 () (g o (22)) - [ oy

< 5 (Gmar (W ()] + 1M (earn)) + etz 1 (255222))|
+ iy ([ ()| + [ (o)) - (3.1)

Summing the inequalities (3.1) for all ¢ = 0,1,...,n — 1, using the triangular in-
equality, and then multiplying the obtained result by (e; 11 — e;), we get the desired
result. |

Proposition 2. Assume H be a differentiable function on (u,v) with H' € L* [u,v].
Letn € N, if |H'|? is s-convex function in the second sense for some fived s € (0,1],
we have

n—1

R(H,0)] < Y lemzed (L1)

1=0
(( |H/(€i)|q+‘Hl (Lﬁfiﬂ ) |q) P ( H' (75#346“1 ) ‘q+|H/(€i+1)q> .
X s+1 + s+1
(e ( (L e
15p+1 s+1

(S| ()
+ < s+1 > .

Proof. Applying Corollary 5 on the subintervals [e;, e;11] (¢ = 0,1,...,n — 1) of the
partition ©, we get

S =

€it+1

L (s (Bt ) (g ) s () ) - L /H(z) dz

€it1—€;
Tit1—Ti (L) % (( ‘Hl(ﬂ?i) It H'<43mi+4mi+1 ) |q>
16 p+1 s+1

€

Q=

IN

1
H'(imﬁs:iﬂ) q+|7'l’(mi+1)|q ‘
+ s+1
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i (17p+172p+1 )% (‘H’<W)|‘1+’H’<%+;z+l>|q>é

15p+1 s+1

s+

RN L] , [ Ti+3T; N
. (\H'(”*f)] +\1H ()| > . (3.2)

Summing the inequalities (3.2) for all ¢ = 0,1,...,n — 1, using the triangular in-
equality, and then multiplying the obtained result by (e; 11 — e;), we get the desired
result. |

Application to special means
For arbitrary real numbers u, u1, ug, ..., U, v we have:

The Arithmetic mean: A (uy,ug, ..., u,) =

urtuo+...+un
n :
k41

1
The k-Logarithmic mean: Ly (u,v) = (%) k, u,v > 0,u # v and k €
Rv{-1,0}.

Proposition 3. Let u,v € R with 0 < u < v, then we have

}SA2 (u, w,u,v) — A (u,v) + 8A? (u,v,v,v) — 15L3 (u,v)| < A (v —u?).

Proof. Apply Corollary 3 to the function H (z) = 2. O
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