CERTAIN FUNCTORS FOR p-GROUPS OF CLASS TWO WITH
ELEMENTARY ABELIAN DERIVED SUBGROUP OF ORDER p?
AND ELEMENTARY ABELIAN ABELIANIZATION

FARANGIS JOHARI

ABSTRACT. Let G be a finite d-generator p-group of class two such that G/G’
is elementary abelian and G’ 2 Zj, & Zp. The aim of the present work is to
characterize the exact structure of some functors including the Schur multi-
plier, the non-abelian tensor square, and the non-abelian exterior square of G.
We also give the corank of G.

1. INTRODUCTION AND MOTIVATION

For a given group G, the center, the derived subgroup, and the Frattini subgroup
of G are denoted by Z(G), G', and ®(G), respectively. Let p be a prime number.
The subgroup (z? | x € G) of G is denoted by GP. Let exp(G) be used to denote

the exponent of G. Let ng) denote the direct sum of r-copies Z,, in which Z, is
the finite cyclic group of order n.

The concept of the non-abelian tensor square G ® G of a group G is a special case
of the non-abelian tensor product of two arbitrary groups that was introduced by
Brown and Loday in [5]. It is easy to check that the map

kGG =G
g®g 19,9
for all g, ¢’ € G is an epimorphism. Let J5(G) be the kernel of &, and let 7(G) be

a subgroup of G ® G generated by the set {g®g | g € G}. It is known (see [5]) that
both J2(G) and v7(G) are central subgroups of G ® G. The quotient group

GG

V(@)
is called the non-abelian exterior square of G. The element (¢ ® ¢') v (G) in GAG
is denoted by g A ¢’ for all g, ¢’ € G. The epimorphism « induces the epimorphism
K :GNG — G given by g\ g+ [g,9'] for all g,¢' € G.
The concept of the Schur multiplier M(G) of a group G was introduced by Schur
while he was studying on the projective representation of groups. The kernel of the
map ' is isomorphic to the Schur multiplier of G (for more information, see [5]).
Many authors found the structure of the Schur multiplier, the non-abelian tensor
square, and the non-abelian exterior square for some classes of groups such as finite
abelian groups and extra-special p-groups (see [8, 12]).
Recall that a group G is called capable if G = E/Z(FE) for some group E. Following
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[3], the epicenter Z*(G) of a group G is defined as the smallest central subgroup K
of G such that G/K is capable. In particular, G is capable if and only if Z*(G) = 1.
A finite p-group G is called special of rank k if G’ = Z(G) = ®(G) and Z(G) is an
elementary abelian p-group of rank k. It is obvious that exp(G) < p2. Special p-
groups of rank one are extra-special p-groups. Capable extra-special p-groups were
classified by Beyl, Felgner, and Schmid in [3]. Later, it is shown [10, Proposition 3]
that if G is a finite capable p-group of class two such that ®(G) = G’ = Z,(f), then
p°> < |G| < pT. Also, he classified all finite capable special p-groups of rank two and
exponent p. In the following, the classification of all finite capable special p-groups
of rank two and exponent p is given.

Theorem 1.1. (See [10, Section 2, pages 246-247] and [9, Theorem 1.4(c)]) Let G
be a finite special p-group of rank two with exp(G) = p. Then G is capable if and
only if G is isomorphic to one of the following p-groups:

G1 = ®4(1°) = (a,a1,as,by,bs[a;,a] = bj,a? =af =b) =1,1<i<2).

Gy = 015(1%) = By x By, in which Ey is the extra-special p-group of order p* with

exp(G) =p and p > 2.

Gz = ®13(1%) = (aj, billai, ait1] = by, [az, aq) = bg,&? =W =11<;j<4,1<i<2).

Gy = 015(1%) = (aj, bi|[ai, ait1] = b, [a3, a4] = b1, [az,a4] = by,al =bf =1,
1<5<4,1<i<2), wheret is non-quadratic residue modulo p.

Gs =T = (aj, billag, a1] = [as, a3] = by, [a3, a1] = [as, a4] = by, af = V) =1,
1<j<51<i<2).

Several works have been done to determine the structure of the Schur multiplier
for some classes of finite special p-groups such as extra-special p-groups and special
p-groups of exponent p having maximum rank (see [12, 14]). Moreover, Hatui [9]
obtained the order of the Schur multiplier for finite special p-groups of rank two.
Here, we are interested in studying the Schur multiplier of all finite p-groups of class
two with elementary derived subgroup of order p? and elementary abelianization.
In addition, it is known that |M(G)| = p2™(»=D~%) for a p-group G of order p".
The non-negative integer ¢(G) is called the corank of G. Some authors characterized
the exact structure of a finite p-group G with small corank, for example see [2, 7].
Here, we will determine the corank of a finite p-group G of class two with ®(G) =
G =7
Let G be a finite d-generator p-group of class two with ®(G) = G’ & Zéz). In the
same motivation, the aim of the present paper is to give a complete description of
the structure of some functors, such as the Schur multiplier, the non-abelian tensor
square, and the non-abelian exterior square of G. Moreover, we compute the corank
of G.

To determine the functors for the group G, we consider two cases for G, which is
capable or non-capable. At first, by considering the non-capable group G, we will
have the following result.

Theorem A. Let G be a non-capable d-generator p-group of class two with ®(G) =
G' = Z](JQ). Then the following results hold:
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1 _
() 2(G) = 2, if and only if M(G) = 25 wG) = 2041, G A
1 _
G = Z,gZd(d 1)+2), GG = Zédzﬂ), and J2(G) = Z,(,dz). In this case,

G/Z*(G) = Fy x 22,

(
(1) 7°(G) = G if and only if M(G) = 2wy Z2a 43, GrG
d

La(d— f
Z,g?d( 1)), GeG= Z](gdz), and J3(G) = Z,()dzd). In this case, G/Z*(GQ) =
z,

Now, we assume that G is capable. Obviously, G? C ®(G) = G’ and exp(G) <
p?, and so GP =1, G, = Z,, or G, = G'. It is shown that if G, = Z,, then G is
non-capable in Theorem 2.1(vi). Therefore, we will characterize the same functors
in two cases as follows:

Theorem B. Let G be a capable d-generator p-group of class two such that
P(G)=G = Z](,Z) and exp(G) = p. Then one of the following cases holds:

() G = B,(1%) x 299 Mm(@) = 23 o) —2i—2 GaG =

d71)+5)’ G® G Z;()d2+5)7 and J2(G) o~ Zl()d2+3)'
(d-1)+2)

Zﬁ%d(

(i) G = HxZi, M) = Z8H H(G) = 2d-1, GAG = Z 4D +)

GG 2T and Jo(G) = 2D | where H = ®15(15), H = $15(19),
or H= @15(16).
(it)) G=Tx 2™, M(G) = ZZE
2 2
GoG=7\ ™ and JL(G) = z{* Y.

Yd(d—1)-1) (3a(a-1)+1)

L H(G) =2d, GAG 217,

)

Theorem C. Let G be a capable d-generator p-group of class two with ®(G) =
GP =G = 21(72) and exp(G) = p?. Then the following results hold:

1d(d—1)-3)

(i) M(G) = Z,: & Z,S and H(G) = 2d.

1 —1)—
i) Ip £ 2 then GAG =7, 573 Gagaz, 028 and
p P vy 4

2
JQ(G) &~ Zp2 () Zéd -3

1 —1)— 2
i) Ifp=2, then GAG =7y 02" ™) (Go 6N =242, and
(#ii) If p 2 2

J(G)N 2 2, & 25 ™) where N = ker (7 (G) = v(G/G")).
2. PRELIMINARIES

In the present section, we give some results, which will be used throughout the
next section.
The following theorem plays an essential role in the proof of main theorems.

Theorem 2.1. Let G be a d-generator p-group of class two with ®(G) = G' = Zéz).
Then the following assertions hold:
(i) G® G is an abelian p-group.

(1) Letp£2. Then |GG = IM(@)||C'], GG = (GAG) &z ™) un

1(G) = M(G) & 2).

(iii) If p=2, then G' = G% = &(G).
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(i) If G» = G’ and G is non-capable, then Z*(G) =G, GG 2 G/G'®G/G,

J2(G) = M(G)@Zlgéd(dﬂ)), and GAG 2 M(G)®G’. In particular, GG

is an elementary abelian p-group.
(v) If exp(G) = p, then exp(G @ G) = p.
(vi) If GP = Z,, then G is non-capable and G @ G is an elementary abelian
p-group. Moreover, GANG = M(G) ® G'.
(vii) If G is non-capable or exp(G) = p, then both M(G) and GAG are elemen-
tary abelian p-groups.
(viii) If exp(G) = p? and G is capable, then exp(G A G) = exp(G ® G) = p*.
(iz) If G is a capable special p-group of rank two and exponent p?, then G AG =
(1d(a-1)-1)

Z: ® Ly ~ M(G) @ ZE and M(G) = Zyz @ z{3e-0-3),
Proof. (i) The result follows from [1, Proposition 3.1 and Lemma 3.4].
(1) Clearly, |G A G| = IM(G)||G’|. From [4, Lemma 1.2(7), Theorem 1.3(ii7),
and Corollary 1.4], it is concluded that (G) = Z,g%d(dﬂ)), GG =
G n6) oz ) and 16) = M@)oz ).

(iii) For all x,y € G, we have [y, 2] = y~ 22~ 2(xy)?. It implies that G’ C GZ%. On
the other hand, G’ = ®(G), and so G’ = G? = ®(G). The result holds.

(iv) Using part (ii7), if p = 2, then G?> = G’. By a similar way used in the proof
of [9, Theorem 1.1(a)], Z*(G) = G’ for an arbitrary prime number p. [6,
Proposition 16(iv) and (v)] implies that

GeG=G/G®G/G, v (G) =2 v(G/G), and GAG = G/G' NG/G.

It is clear that both G ® G and G A G are elementary abelian p-groups,

so is M(G). Hence, J2(G) = M(G) & v(G) 2 M(G) @ Zz()ad(dﬂ)) and

GANGEZMG) DG
(v) The result holds by [1, Lemma 3.4].

(vi) From part (iii), p > 2. By a similar way used in the proof of [9, Theorem
1.3(a)], G is non-capable and Z*(G) C G'. Hence, G/Z*(G) = G/G’ or
G/Z*(G) = Eq x Z](gdfz), from [11, Theorem 3.1]. By a similar way used
in the proof of part (iv) and using [6, Proposition 16(iv)] and [8, Corollary
2.4], we can see that GAG is elementary abelian, and so GAG =2 M(G)®G'.

(vit) It is easily obtained by parts (iv), (v), and (vi).

(viii) Using part (vi), GP = G'. Without loss of generality, assume that G’ =
GP = (2P) @ (yP), in which z,y € G and 2P # yP. From [6, Proposition 7],
consider the following exact sequence

G'®(G/6)—- GG 5 G/G2G/G" — 1.

Put S = (2? ® g,y* ® g1 | 9,91 € G). It is clear that ker7 = S. By [6,
Proposition 16(v)], (G® G)/S = G/G' ® G/G’ and S # lgge. For some
g € G, we have a” @ g # laag, 50 (z® g)F = (2 @ g) (g @ [, g]) 7 ?~1) #
lgga, using [1, Lemma 3.4]. Thus exp(G ® G) = p?. By a similar method,
we can see that exp(G A G) = p?.

(iz) Using [9, Theorems 1.1(c), 1.3(a), and 1.5], GP = G’ and |[M(G)| =
p2dd=D-1"and so |G A G| = p2z@d=D+1 1[5 Proposition 7] implies that
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the following sequence

G'®(G/G)—=GANGDGIGANGIG = M(G)G') =1
, , (1d(a-1))
is exact. Let K = kern. From [12, Corollary 2.2.12], M(G/G’) = Zp .
Since |G A G| = pz¥@=D+1 we have 1 # K = Z,. It is concluded that

- ) N (1d(a-1)-1)
(GAG)P = K = 7, using part (viii). Therefore GAG = Z,2 ®Zyp .

We claim that exp(M(G)) = p?. Assume to the contrary that M(Q)
Zlgid(dil)il). Then G A G = M(G) & Zy2, hence, G' = (G AN G)/M(G) =
(Ld(a-1)-3)

IR

Zy2, which is impossible. Therefore, M(G) = Z,» ® Zyp and
GANG =7, ngfd(d_l)_l) ~ M(G)® 7.
([l

The following lemma will be used in the proof of Theorem 2.3.

Lemma 2.2. Let G be a finite p-group of class two such that (G) = G’ = Zz(,k)
and |Z(G)| = p™. Then

(4)
(i)

exp(Z(G)) = p if and only if Z(G) 2 G’ & Zl(,m_k) = Zz(jm),
exp(Z(G)) = p? if and only if G’ is not a direct summand of Z(G) if and
only if Z(G) = Zl(jm_%) e Z;? for some t with 1 <t <k.

Proof. G/G' is elementary abelian, so is Z(G)/G’. Hence, exp(Z(G)) < p*.

(4)
(i)

One can easily check that exp(Z(G)) = p if and only if Z(G) = G' &

7SR 2 7m) ag desired.

Since exp(Z(G)) < p?, part (i) implies that exp(Z(G)) = p* if and only if
G’ is not a direct summand of Z(G). Now, we show that G’ is not a direct
summand of Z(G) if and only if Z(G) 2 Z{"* & Z{) for some ¢ with
1 <t < k. Without loss of generality, assume that G’ = ®%_; (x;) such that
(x;) is not a direct summand of Z(G) for all j with 1 < j <t and for some ¢
with 1 <t < k. It is easy to see that (z;) S Kj, in which Z,» = K; C Z(G)
and K; N K, =0 for all r,j with 1 < r,j <t and r # j. It follows that
Z(GQ) = Z,(,m_%) D Zz(fz) for some ¢ with 1 <t¢ < k. The converse is clear.

O

The following theorem shows that the structure of a p-group G of class two when

B(G) =

G' = Z,(,Q), which depends on the way G’ is embedded in Z(G).

Recall that the group G is a central product of H and K, if G = HK, H and K
are subgroups of G and [H, K] = 1. If G is a central product of two subgroups H
and K, we shall write G = H - K.

Theorem 2.3. Let G be a p-group of class two with ®(G) = G’ = Zg) and
|Z(G)| = p™. Then one of the following cases holds:

(4)
(i)

G=H x Z,(,m_Q), in which H is a special p-group of rank two.
G (H- K x Z](gm_?’), in which Ky = Zy2, Ky NG" = Z,, and H is a
special p-group of rank two.
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(i) G = (H- (K x K3)) x Z8" ™, in which Ky = K3 = Z,», Ky N Ky = 1,
(Ko x K3)NG' =G, and H is a special p-group of rank two.

Proof. Lemma 2.2 implies that Z(G) =2 G’ x Z,(,md), Z(G) =2 K; x ZI(,m*Q)7 where
KiNG 27, and Ky 2 Zyp, or Z(G) 2= Ky x Ky x ZY"™ | where Ky N K3 = 1,
(K2 x K3)NG' = G and Ky = K3 = Z,2. To obtain the structure of G, we divide
the proof into three cases as follows:

(i) Let Z(G) = G' x A, where A = Z/" Y If A = 1, then G is a special
p-group of rank two, and the proof is complete.
Let now A # 1. Since G/G’ is elementary abelian, we have G/G' = H/G' x
(AG") /G for a subgroup H of G. Thus

G=HA and G’ = HNAG' = (H N A)G'.

Hence, HNACG'NA=1,andso G H x A. Since Z(H) x A= Z(G) =
G' x Aand G’ = H', we have Z(H) = H' = G'. It is concluded that H is
a special p-group of rank two.

(1) Assume that Z(G) = K; x A; x A, in which K1 NG’ = Z,, K1 = Z,,
Zy = Ay ;Cé G', and Ay & Zém_?’). We consider two cases as follows:
Case 1 Let m = 3. Then Z(G) = K; x A;. By a similar way used in the
proof of part (i), we may obtain G = HK1, in which H is a special p-group
of rank two, K1 ¢ H, [H,K;] =1, and HN K; = H' N K;. It follows that
G = H - K; such that K1 N H' =2 Z,,.
Case 2 Let m > 4. Similarly to Case 1, G = P x Ay, P/ = G’, and
Z(P) = K; x A; for a subgroup P of G. Case 1 implies that P = H - K3
and K1 NH = H' N Ky = Z,. Therefore G = (H-K;) x Ay and G’ = H', in
which Ky = Z,2, K1 NG = Zy,, Ay = Zz(,m73), and H is a special p-group
of rank two. The proof is complete.

(iii) Let Z(G) = Ky x K3 x Z5™ ™Y where (K3 x K3)NG' = G and K, = K3 =
Zy2. The result follows by a similar way used in the proof of part (i7).

O

The following theorem shows that a capable p-group G of class two with ®(G) =

G = Z;z) can be considered as a direct product of a capable special p-group of rank
two and an elementary abelian p-group.

Theorem 2.4. Let G be a d-generator p-group of class two such that Z(G) = Z](gm)
and ®(G) = G’ = Z,(gz). Then G is capable if and only if G = H X Z,(,m_2), where H
is a capable special p-group of rank two.

Proof. Now, let G be capable. Then exp(Z(G)) = p, by [3, Proposition 1.2]. So,

Theorem 2.3(4) implies that G = H X Zémfz), where H is a special p-group of rank
two. Since H/H' is elementary abelian, H/H' is capable, by [3, Proposition 7.3].
Hence, Z*(H) C H’. On the other hand, by [15, Proposition 3.2], Z*(H)NH' =1,
and so Z*(H) = 1. Thus H is capable. The converse holds by [10, Remark (2)
p.247). O
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3. PROOFS OF MAIN THEOREMS

Now, we are ready to a position to compute the corank, the Schur multiplier,
the non-abelian exterior square, and the non-abelian tensor square of a non-capable
p-group G of class two when ®(G) = G’ & Zg).

Proof of Theorem A. (i) First, we show that Z*(G) = Z, if and only if

La(d—
M(G) = Zngd(d 1)). Now, let Z*(G) = Z,,. By Theorem 2.1(i4i) and (iv),
if p=2, then G? = ¢, and so Z*(G) = G'. Tt follows that p must be odd.
So, [11, Theorem 3.1] implies that G/Z*(G) = E; x Zédﬁ). We conclude

La(d—
that M(G) = Z£2d(d n) for p > 2, using [3, Theorem 4.2] and [13, Main

Theorem]. Clearly, ¢(G) = 2d + 1. The converse can be obtained by a sim-
ilar way used in the above. Therefore, Z*(G) = Z,, if and only if M(G) =

La(d—
Zlgzd(d ) if and only if ¢(G) = 2d+ 1. By Theorem 2.1(i7), we can deter-

mine the structure of G ® G, G A G, and J5(G).

(#4) It is obvious to see that Z*(G) = G’ if and only if M(G) = Zg
if and only if ¢(G) = 2d + 3, using [3, Theorem 4.2] and [12, Corollary
2.2.12]. Using Theorem 2.1(vii), we obtain that both M(G) and G A G are
elementary abelian p-groups. Hence, G A G =2 M(G) & G'. By Theorem
2.1(4i) and (iv), we determine the structure of G ® G, G A G, and J2(G).

Ld(d—1)-2)

In what follows, we compute the corank, the Schur multiplier, the non-abelian
exterior square, and the non-abelian tensor square of a capable d-generator p-group

G of class two when ®(G) = G’ = Z1(72)~

Proof of Theorem B. Theorem 2.4 implies that G =2 H x Z}()m—2), where H is a
capable special p-group of rank two and exponent p. Using [9, Theorem 1.4(c)], let
H = ®,(15). Then G = ®4(1°) x Zz(,dfg). By [9, Theorem 1.4(c)] and [12, Theorem
2.2.10 and Corollary 2.2.12], we get
La(d—
M(G) o~ M(H) @M(Z;d—S)) ® (H/H/ ®Z§)d—3)) ~ Z£2d(d 1)+3).

Hence, t(G) = 2d + 4. Similarly, we can obtain the Schur multiplier of G when H is
isomorphic to one of the p-groups ®15(1°), ®13(15), ®15(1°), or 7. Using Theorem
2.1(#i), we may obtain the structure of G ® G, G A G, and J5(G).

Proof of Theorem C. Theorem 2.4 implies that G = H x Z,(,m_2), where H is
a capable special p-group of rank two and exponent p?. Suppose that H is a di-
generator p-group. Then G is a (dy +m — 2)-generator p-group. So, d = dy +m — 2.
Using Theorem 2.1(iz), [9, Theorems 1.1(c) and 1.5], [12, Theorem 2.2.10, and
Corollary 2.2.12], we get

M(G) = M(H) @ M(Zg’n_z)) D (H/H/ ®Z;(nm_2))

~ e 7 (31 (@ =1+ 3 (n=2)(m—3) 4 (m—2)-3)
= p2 D

~ 7.0 Z]S%(d1+m—2)(d+m—3)—3)

p
>~ Zp2 S5 Z;S%d(d—l)—i’,) ,
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La(d—1)—
and so M(G) = Z,> ® Z£2d(d Y 3). Clearly, t(G) = 2d. From Theorem 2.1(viii),

exp(G A G) = p?. By a similar way used in the proof of Theorem 2.1(iz), it is
concluded that (G A G)P = Z,. So, GAG = T2 @ zﬁfd(d‘”‘l) >~ M(G) @ 2.
Using Theorem 2.1(4¢) and [4, Theorem 1.3(i7)], we may obtain the structure of
G ® G and J5(G).
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