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Ïðåäñòàâëåíî À.Â. Æàðêîâîé

Abstract:Graph models occupy an important place in tasks related
to information security, including the construction of models and
methods for managing the continuous operation of systems and
system recovery, countering denials of service. Finite dynamic systems
of complete graphs orientations are considered. States of a dynamic
system (ΓKn

, α), n ≥ 1, are all possible orientations of a given
complete graphKn, and evolutionary function transforms the given
complete graph orientation by reversing all arcs that enter into
sinks and there are no other di�erences between the given and the
next digraphs. In this paper, the algorithm to calculate indices of

system states is proposed. Namely, the index of the state
−→
G ∈ ΓKn

is equal to 0 if it does not have a sink or its indegrees vector
(a vector whose components are the degrees of entry of all its
vertices located in descending order) is equal to (n−1, n−2, . . . , 0),
otherwise its index is equal to f , f ≥ 1, where f is the power of
the largest set (n − 1, n − 2, ..., n − f) that is a subvector of the

indegrees vector
−→
G . As a consequence, the states

−→
G ∈ ΓKn

with

index i(
−→
G) ≥ 1 belong to a basin with an attractor of length

1, whose generator state has a source and no sink. The maximal
index of the states in the system is found: it is equal to 0 for

Zharkova, A.V., Indices of states in finite dynamic systems of complete

graphs orientations.
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1 ≤ n ≤ 3 and it is equal to n − 3 for n ≥ 4. The corresponding
tables with indices of states are given for the �nite dynamic systems
of orientations of complete graphs with the number of vertices from
one to eight inclusive.

Keywords: attractor, complete graph, cybersecurity, evolutionary
function, fault-tolerance, �nite dynamic system, graph, graph orientation,
index.

1 Ââåäåíèå

Ãðàôîâûå ìîäåëè çàíèìàþò âàæíîå ìåñòî â çàäà÷àõ, ñâÿçàííûõ ñ
èíôîðìàöèîííîé áåçîïàñíîñòüþ. Â âîïðîñàõ êèáåðáåçîïàñíîñòè ñ ïîìî-
ùüþ ãðàôîâûõ ìîäåëåé ìîæíî, íàïðèìåð, âûÿâëÿòü ñâÿçè ìåæäó ñóù-
íîñòÿìè ñèñòåìû, ãðóïïèðîâàòü èõ, îöåíèâàòü èõ ïîâåäåíèå, âûÿâëÿòü
ðàçëè÷íûå àíîìàëèè. Â çàäà÷àõ, ñâÿçàííûõ ñ îòêàçîóñòîé÷èâîñòüþ êîì-
ïüþòåðíûõ ñåòåé, îòêàçû ïðîöåññîðîâ èíòåðïðåòèðóþòñÿ êàê óäàëåíèå
ñîîòâåòñòâóþùèõ âåðøèí, à îòêàçû ñåòåâûõ êàíàëîâ � êàê óäàëåíèå äóã.
Ïðè èçó÷åíèè ìîäåëüíûõ ãðàôîâ ìîæíî ïðèìåíÿòü èäåè è ìåòîäû

òåîðèè êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåì. Â ðàáîòå [1] â êà÷åñòâå ìåõà-
íèçìà âîññòàíîâëåíèÿ ðàáîòîñïîñîáíîñòè ñåòè ïðåäëàãàåòñÿ òàê íàçûâà-
åìàÿ SER-äèíàìèêà áåñêîíòóðíûõ ñâÿçíûõ îðèåíòèðîâàííûõ ãðàôîâ.
Â èññëåäîâàíèè [2] ðàññìàòðèâàåòñÿ ñòðóêòóðíûé ìåòîä ìîäåëèðîâà-
íèÿ ëîãèêî-äèíàìè÷åñêèõ ñèñòåì óïðàâëåíèÿ, â îñíîâå êîòîðîãî ëåæèò
åñòåñòâåííîå ðàçáèåíèå ñèñòåì íà ðÿä ñòðóêòóðíûõ ñîñòîÿíèé. Â ðàáî-
òå [3] ðàññìàòðèâàþòñÿ è àíàëèçèðóþòñÿ àëãîðèòìû ïîñòðîåíèÿ öåïíî-
ðåêóððåíòíûõ ñòðóêòóð íà ãðàôàõ, ýëåìåíòû êîòîðûõ ÿâëÿþòñÿ àïïðîê-
ñèìàöèåé äèíàìè÷åñêîé ñèñòåìû � ñèìâîëè÷åñêèì îáðàçîì. Â ñòàòüå
[4] ïðåäñòàâëåíà ýâîëþöèîíèðóþùàÿ ãðàôîâàÿ ñâ¼ðòî÷íàÿ ñåòü, êîòîðàÿ
óëàâëèâàåò äèíàìèçì, ëåæàùèé â îñíîâå ïîñëåäîâàòåëüíîñòè ãðàôîâ,
ñ ïîìîùüþ ðåêóððåíòíîé ìîäåëè äëÿ ðàçâèòèÿ ïàðàìåòðîâ ãðàôîâîé
ñâ¼ðòî÷íîé ñåòè.
Â íàñòîÿùåé ðàáîòå ïîëíûå ãðàôû èçó÷àþòñÿ ñ òî÷êè çðåíèÿ äèíà-

ìè÷åñêîãî ïîäõîäà ê êèáåðáåçîïàñíîñòè è îòêàçîóñòîé÷èâîñòè ãðàôîâûõ
ñèñòåì. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì âû÷èñëåíèÿ èíäåêñîâ
ñîñòîÿíèé â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ îðèåíòàöèé ïîëíûõ ãðà-
ôîâ, íàõîäèòñÿ ìàêñèìàëüíûé èç èíäåêñîâ ñîñòîÿíèé ñèñòåìû. Ïðåäâà-
ðèòåëüíûå ðåçóëüòàòû ÷àñòè÷íî áûëè àíîíñèðîâàíû íà íàó÷íîé êîíôå-
ðåíöèè [5], äàííàÿ ñòàòüÿ ÿâëÿåòñÿ ïîëíîé è çàâåðøàþùåé ýòè èññëåäî-
âàíèÿ.

2 Îñíîâíûå îïðåäåëåíèÿ è ïîñòàíîâêà çàäà÷è

Îñíîâíûå ïîíÿòèÿ òåîðèè äèñêðåòíûõ ñèñòåì, â ÷àñòíîñòè ãðàôîâ,
èñïîëüçóþòñÿ ñîãëàñíî [6].
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Ïîä êîíå÷íîé äèíàìè÷åñêîé ñèñòåìîé ïîíèìàåòñÿ ïàðà (S, δ), ãäå S �
êîíå÷íîå íåïóñòîå ìíîæåñòâî, ýëåìåíòû êîòîðîãî íàçûâàþòñÿ ñîñòîÿíè-
ÿìè ñèñòåìû, δ : S → S � îòîáðàæåíèå ìíîæåñòâà ñîñòîÿíèé â ñåáÿ,
íàçûâàåìîå ýâîëþöèîííîé ôóíêöèåé ñèñòåìû. Êàæäîé êîíå÷íîé äèíà-
ìè÷åñêîé ñèñòåìå ñîïîñòàâëÿåòñÿ êàðòà, ïðåäñòàâëÿþùàÿ ñîáîé ôóíêöè-
îíàëüíûé îðãðàô ñ ìíîæåñòâîì âåðøèí S è äóãàìè, ïðîâåä¼ííûìè èç
êàæäîé âåðøèíû s ∈ S â âåðøèíó δ(s). Êîìïîíåíòû ñâÿçíîñòè îðãðàôà,
çàäàþùåãî äèíàìè÷åñêóþ ñèñòåìó, íàçûâàþòñÿ å¼ áàññåéíàìè. Êàæäûé
áàññåéí ïðåäñòàâëÿåò ñîáîé êîíòóð ñ âõîäÿùèìè â íåãî äåðåâüÿìè. Êîí-
òóðû, â ñâîþ î÷åðåäü, íàçûâàþòñÿ ïðåäåëüíûìè öèêëàìè, èëè àòòðàê-
òîðàìè. Ïîä äëèíîé àòòðàêòîðà áóäåò ïîíèìàòü êîëè÷åñòâî ðàçëè÷íûõ
ñîñòîÿíèé â ñîîòâåòñòâóþùåì êîíòóðå. Ñîñòîÿíèå, ïðèíàäëåæàùåå àò-
òðàêòîðó, íàçûâàåòñÿ öèêëè÷åñêèì.
Îñíîâíûìè ïðîáëåìàìè òåîðèè êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåì ÿâëÿ-

þòñÿ çàäà÷è îòûñêàíèÿ ýâîëþöèîííûõ ïàðàìåòðîâ ñèñòåìû áåç ïîñòðî-
åíèÿ êàðòû è ïðîâåäåíèÿ äèíàìè÷åñêèõ èññëåäîâàíèé íà å¼ îñíîâå. Ê
÷èñëó òàêèõ õàðàêòåðèñòèê îòíîñÿòñÿ èíäåêñ ñîñòîÿíèÿ (åãî ðàññòîÿíèå
äî àòòðàêòîðà òîãî áàññåéíà, êîòîðîìó îíî ïðèíàäëåæèò), à òàêæå ìàê-
ñèìàëüíûé èç èíäåêñîâ ñîñòîÿíèé ñèñòåìû.
Àâòîðîì ïðåäëîæåíû àëãîðèòìû âû÷èñëåíèÿ èíäåêñîâ ñîñòîÿíèé â

êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ îðèåíòàöèé íåêîòîðûõ òèïîâ ãðàôîâ
(ñì., íàïðèìåð, [7]). Â äàííîé ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì âû÷èñëå-
íèÿ èíäåêñîâ ñîñòîÿíèé â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ îðèåíòàöèé
ïîëíûõ ãðàôîâ, íàõîäèòñÿ ìàêñèìàëüíûé èç èíäåêñîâ ñîñòîÿíèé ñèñòå-
ìû.

3 Îïèñàíèå êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α)

Ïóñòü äàí ïîëíûé ãðàô G = Kn, n ≥ 1, m = n(n−1)
2 , ãäå m � ÷èñ-

ëî ð¼áåð. Ïîìåòèì åãî âåðøèíû è ïðèäàäèì åãî ð¼áðàì ïðîèçâîëüíóþ

îðèåíòàöèþ, òåì ñàìûì ïîëó÷èâ íàïðàâëåííûé ãðàô
−→
G = (V, β), ãäå îò-

íîøåíèå ñìåæíîñòè β àíòèðåôëåêñèâíî è àíòèñèììåòðè÷íî. Ïðèìåíèì
ê ïîëó÷åííîìó îðãðàôó ýâîëþöèîííóþ ôóíêöèþ α, êîòîðàÿ ó äàííîãî
îðãðàôà îäíîâðåìåííî ïåðåîðèåíòèðóåò âñå äóãè, âõîäÿùèå â ñòîêè, à
îñòàëüíûå äóãè îñòàâëÿåò áåç èçìåíåíèÿ, â ðåçóëüòàòå ÷åãî ïîëó÷àåì îð-

ãðàô α(
−→
G). Åñëè ïðîäåëàòü óêàçàííûå äåéñòâèÿ ñî âñåìè âîçìîæíûìè

îðèåíòàöèÿìè äàííîãî ãðàôà, òî ïîëó÷èì êàðòó êîíå÷íîé äèíàìè÷åñêîé
ñèñòåìû, ñîñòîÿùóþ èç îäíîãî èëè íåñêîëüêèõ áàññåéíîâ.
Òàêèì îáðàçîì, áóäåì ðàññìàòðèâàòü êîíå÷íóþ äèíàìè÷åñêóþ ñèñòå-

ìó (ΓKn , α), n ≥ 1, ãäå ÷åðåç ΓKn îáîçíà÷èì ìíîæåñòâî âñåõ âîçìîæíûõ
îðèåíòàöèé äàííîãî ïîëíîãî ãðàôà Kn, |ΓKn | = 2m, à ýâîëþöèîííàÿ
ôóíêöèÿ α çàäà¼òñÿ ñëåäóþùèì îáðàçîì: åñëè äàí íåêîòîðûé îðãðàô
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−→
G ∈ ΓKn , òî åãî äèíàìè÷åñêèì îáðàçîì α(

−→
G) ÿâëÿåòñÿ îðãðàô, ïîëó÷åí-

íûé èç
−→
G îäíîâðåìåííîé ïåðåîðèåíòàöèåé âñåõ äóã, âõîäÿùèõ â ñòîêè,

äðóãèõ îòëè÷èé ìåæäó
−→
G è α(

−→
G) íåò.

Íà ðèñ. 1 èçîáðàæ¼í ãðàôK3 è êàðòà êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû
(ΓK3 , α).

K3

Ðèñ. 1. Ãðàô K3 è êàðòà êîíå÷íîé äèíàìè÷åñêîé ñèñòå-
ìû (ΓK3 , α)

Îïðåäåëåíèå 1. Ïîä âåêòîðîì ñòåïåíåé çàõîäà îðãðàôà áóäåì ïîíè-
ìàòü âåêòîð, êîìïîíåíòàìè êîòîðîãî ÿâëÿþòñÿ ðàñïîëîæåííûå â óáû-
âàþùåì ïîðÿäêå ñòåïåíè çàõîäà âñåõ åãî âåðøèí.

Íàïðèìåð, íà ðèñ. 1 ðàñïîëîæåííûé ïîñåðåäèíå ñâåðõó îðãðàô èìååò
âåêòîð ñòåïåíåé çàõîäà (2, 1, 0).

4 Èíäåêñû ñîñòîÿíèé â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå
(ΓKn , α)

Òåîðåìà 1. [8] Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn , α), n ≥ 1, ñî-

ñòîÿíèå
−→
G ∈ ΓKn ïðèíàäëåæèò àòòðàêòîðó (ÿâëÿåòñÿ öèêëè÷åñêèì)

òîãäà è òîëüêî òîãäà, êîãäà îðãðàô
−→
G

1) íå èìååò ñòîêà
èëè
2) èìååò âåêòîð ñòåïåíåé çàõîäà (n− 1, n− 2, . . . , 0).

Òåîðåìà 2. Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn, α), n ≥ 1, èíäåêñ

ñîñòîÿíèÿ
−→
G ∈ ΓKn ðàâåí 0, åñëè îðãðàô

−→
G íå èìååò ñòîêà èëè èìååò

âåêòîð ñòåïåíåé çàõîäà (n−1, n−2, . . . , 0), èíà÷å ðàâåí f , f ≥ 1, ãäå f �
ìîùíîñòü íàèáîëüøåãî ìíîæåñòâà (n−1, n−2, ..., n−f), ÿâëÿþùåãîñÿ

ïîäâåêòîðîì âåêòîðà ñòåïåíåé çàõîäà
−→
G .

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñîñòîÿíèÿ êîíå÷íîé äèíàìè÷åñêîé ñèñòå-
ìû (ΓKn , α), n ≥ 1.
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1) Ïóñòü îðãðàô
−→
G ∈ ΓKn íå èìååò ñòîêà èëè èìååò âåêòîð ñòåïåíåé

çàõîäà (n− 1, n− 2, . . . , 0).
Ñîãëàñíî òåîðåìå 1 äàííîå ñîñòîÿíèå ïðèíàäëåæèò àòòðàêòîðó, òî

åñòü åãî èíäåêñ ðàâåí 0: i(
−→
G) = 0.

2) Ïóñòü îðãðàô
−→
G ∈ ΓKn èìååò ñòîê vs, d

−(vs) = n− 1, è åãî âåêòîð
ñòåïåíåé çàõîäà îòëè÷åí îò (n−1, n−2, . . . , 0). Î÷åâèäíî, ÷òî â îðãðàôå
−→
G íå ìîæåò áûòü åù¼ îäíîãî ñòîêà, îòëè÷íîãî îò vs.

Ñîãëàñíî òåîðåìå 1 i(
−→
G) ≥ 1. Ïðèìåíèì ýâîëþöèîííóþ ôóíêöèþ α ê

îðãðàôó
−→
G , ïðè ýòîì îäíîâðåìåííî ïåðåîðèåíòèðóþòñÿ âñå äóãè, âõîäÿ-

ùèå â âåðøèíó vs, îñòàëüíûå äóãè îñòàíóòñÿ â ïðåæíåé îðèåíòàöèè, òî

åñòü ïîëó÷àåì ñîñòîÿíèå α(
−→
G), ó êîòîðîãî d−(vs) = 0, à ñòåïåíü çàõîäà

îñòàëüíûõ âåðøèí óâåëè÷èëàñü íà 1.

à) Ïóñòü â ñîñòîÿíèè
−→
G íåò âåðøèíû vt, ó êîòîðîé d−(vt) = n− 2.

Òîãäà â ñîñòîÿíèè α(
−→
G) íåò ñòîêà, ñîãëàñíî òåîðåìå 1 îíî ïðèíàäëå-

æèò àòòðàêòîðó, òî åñòü i(
−→
G) = 1.

Çàìåòèì, ÷òî â äàííîì ñëó÷àå ïîëó÷àåì èñêîìîå íàèáîëüøåå ìíî-
æåñòâî ñ îäíèì ýëåìåíòîì (n − 1), ÿâëÿþùååñÿ ïîäâåêòîðîì âåêòîðà

ñòåïåíåé çàõîäà
−→
G , f = 1.

á) Ïóñòü â ñîñòîÿíèè
−→
G åñòü âåðøèíà vt, ó êîòîðîé d−(vt) = n− 2.

Â ñîñòîÿíèè α(
−→
G) äàííàÿ âåðøèíà vt ÿâëÿåòñÿ ñòîêîì: d

−(vt) = n−2+
1 = n− 1, è ïðè ïðèìåíåíèè âíîâü ýâîëþöèîííîé ôóíêöèè α ïîëó÷àåì
íîâîå ñëåäóþùåå ñîñòîÿíèå.

Òàê êàê ó îðãðàôà
−→
G âåêòîð ñòåïåíåé çàõîäà îòëè÷åí îò (n − 1, n −

2, . . . , 0), îáîçíà÷èì äâå åãî ïîäõîäÿùèå âåðøèíû ÷åðåç vu è vw, äëÿ
ïåðâûõ èç êîòîðûõ ïî âåêòîðó ñòåïåíåé çàõîäà, åñëè ïðîñìàòðèâàòü åãî
ñëåâà íàïðàâî, âûïîëíÿåòñÿ d−(vu)− d−(vw) ≥ 2. Ïóñòü d−(vu) = n− f ,
d−(vw) = n− f − k, ãäå f, k ≥ 2.

Ïðèìåíèì ê ñîñòîÿíèþ
−→
G ýâîëþöèîííóþ ôóíêöèþ α f ðàç, ïîëó÷èì,

÷òî ó ñîñòîÿíèÿ αf (
−→
G) d−(vu) = n − f + f = (n) mod n = 0, d−(vw) =

n−f−k+f = n−k. Òàê êàê áûëè âûáðàíû äâå âåðøèíû ñ íàèáîëüøèìè
ïîäõîäÿùèìè ñòåïåíÿìè çàõîäîâ è k ≥ 2, òî ïîëó÷èëè, ÷òî ó ñîñòîÿíèÿ

αf (
−→
G) íåò ñòîêà, ñîãëàñíî òåîðåìå 1 îíî ïðèíàäëåæèò àòòðàêòîðó, òî

åñòü i(
−→
G) = f .

Çàìåòèì, ÷òî â äàííîì ñëó÷àå ïîëó÷àåì èñêîìîå íàèáîëüøåå ìíîæå-
ñòâî ñ f ýëåìåíòàìè (n − 1, n − 2, ..., n − f), ÿâëÿþùååñÿ ïîäâåêòîðîì

âåêòîðà ñòåïåíåé çàõîäà
−→
G , f ≥ 2. □

Ñëåäñòâèå 1. Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn, α), n ≥ 1, ñî-

ñòîÿíèÿ
−→
G ∈ ΓKn ñ èíäåêñîì i(

−→
G) ≥ 1 ïðèíàäëåæàò áàññåéíó ñ àò-

òðàêòîðîì äëèíû 1, ó îáðàçóþùåãî ñîñòîÿíèÿ êîòîðîãî åñòü èñòî÷íèê
è íåò ñòîêà.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç äîêàçàòåëüñòâà òåîðåìû 2,

ãäå ïîêàçûâàåòñÿ, ÷òî êàæäîå ñîñòîÿíèå
−→
G ∈ ΓKn ñ èíäåêñîì i(

−→
G) ≥ 1

ïðè ýâîëþöèè ïðèõîäèò â ñîñòîÿíèå, ó êîòîðîãî åñòü èñòî÷íèê è íåò
ñòîêà, îáðàçóþùåå àòòðàêòîð åäèíè÷íîé äëèíû ñîãëàñíî çàäàííîé ýâî-
ëþöèîííîé ôóíêöèè α. □

Àëãîðèòì âû÷èñëåíèÿ èíäåêñà ñîñòîÿíèÿ ñèñòåìû (ΓKn, α),
n ≥ 1

Èíäåêñ i(
−→
G) ñîñòîÿíèÿ

−→
G ∈ ΓKn ñèñòåìû (ΓKn , α), n ≥ 1, âû÷èñëÿåòñÿ

ïî ñëåäóþùåìó àëãîðèòìó.

1 Åñëè n = 1, òî i(
−→
G) := 0, êîíåö àëãîðèòìà.

2 Äëÿ ñîñòîÿíèÿ
−→
G ïîñòðîèòü åãî âåêòîð ñòåïåíåé çàõîäà.

3 Åñëè n− 1 íå ÿâëÿåòñÿ êîìïîíåíòîé âåêòîðà ñòåïåíåé çàõîäà
−→
G , òî

i(
−→
G) := 0, êîíåö àëãîðèòìà.

4 Åñëè âåêòîð ñòåïåíåé çàõîäà
−→
G ðàâåí (n−1, n−2, . . . , 0), òî i(

−→
G) := 0,

êîíåö àëãîðèòìà.
5 Ïîñòðîèòü íàèáîëüøåå ìíîæåñòâî (n−1, n−2, ..., n−f), ÿâëÿþùååñÿ

ïîäâåêòîðîì âåêòîðà ñòåïåíåé çàõîäà
−→
G .

6 i(
−→
G) := f , êîíåö àëãîðèòìà.

Ñëîæíîñòü àëãîðèòìà áóäåò çàâèñåòü îò âûáðàííîãî àëãîðèòìà ñîð-
òèðîâêè äëÿ ïîñòðîåíèÿ âåêòîðà ñòåïåíåé çàõîäà îðãðàôà, ïðè èñïîëü-
çîâàíèè áûñòðîé ñîðòèðîâêè îíà áóäåò ðàâíà O(n log n).
Íàïðèìåð, âû÷èñëèì èíäåêñ ðàñïîëîæåííîãî ïîñåðåäèíå ñâåðõó îð-

ãðàôà
−→
G íà ðèñ. 1 ñèñòåìû (ΓK3 , α). Ñîãëàñíî øàãó 2 àëãîðèòìà ñòðîèì

åãî âåêòîð ñòåïåíåé çàõîäà: (2, 1, 0). Ñîãëàñíî øàãó 3 àëãîðèòìà n− 1 =

3 − 1 = 2 ÿâëÿåòñÿ êîìïîíåíòîé âåêòîðà ñòåïåíåé çàõîäà
−→
G . Ñîãëàñíî

øàãó 4 àëãîðèòìà âåêòîð ñòåïåíåé çàõîäà
−→
G ðàâåí (n − 1, n − 2, . . . , 0),

çíà÷èò, i(
−→
G) := 0, êîíåö àëãîðèòìà.

Òåîðåìà 3. Ïðåäëîæåííûé àëãîðèòì âû÷èñëåíèÿ èíäåêñà ñîñòîÿíèÿ
êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn, α), n ≥ 1, êîððåêòåí.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ñëåäóåò èç òåîðåìû 2, ïðè ýòîì øàãè 1)

è 3) àëãîðèòìà îïèñûâàþò ñèòóàöèþ, êîãäà îðãðàô
−→
G ∈ ΓKn íå èìååò

ñòîêà. □

Îäíèì èç ïàðàìåòðîâ êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû ÿâëÿåòñÿ íàè-
áîëüøèé èç èíäåêñîâ å¼ ñîñòîÿíèé.

Òåîðåìà 4. Â êîíå÷íîé äèíàìè÷åñêîé ñèñòåìå (ΓKn, α), n ≥ 1, ìàê-
ñèìàëüíûé èç èíäåêñîâ ñîñòîÿíèé ðàâåí 0 ïðè 1 ≤ n ≤ 3 è n − 3 ïðè
n ≥ 4.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñîñòîÿíèÿ êîíå÷íîé äèíàìè÷åñêîé ñèñòå-
ìû (ΓKn , α), n ≥ 1.
1) Ïóñòü 1 ≤ n ≤ 3.
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Ñèñòåìà ñîñòîèò èç ñîñòîÿíèé, ïðèíàäëåæàùèõ àòòðàêòîðàì, èíäåêñ
âñåõ ñîñòîÿíèé ðàâåí 0, òàêèì îáðàçîì, ìàêñèìàëüíûé èç èíäåêñîâ ñî-
ñòîÿíèé ñèñòåìû òàêæå ðàâåí 0.
2) Ïóñòü n ≥ 4.
Ñîãëàñíî òåîðåìå 2 ìàêñèìàëüíîå çíà÷åíèå áóäåò ïîëó÷àòüñÿ ïðè ïî-

ñòðîåíèè íàèáîëüøåãî ìíîæåñòâà (n − 1, n − 2, ..., n − f), ÿâëÿþùåãîñÿ
ïîäâåêòîðîì íàèáîëüøåãî âîçìîæíîãî âåêòîðà ñòåïåíåé çàõîäà ñðåäè
ñîñòîÿíèé ñèñòåìû.
Ïîñòðîèì îðèåíòàöèþ ïîëíîãî ãðàôà G ñ íàèáîëüøèì âåêòîðîì ñòå-

ïåíåé çàõîäà, îòëè÷íîãî îò (n− 1, n− 2, . . . , 0). Çàäàäèì âåêòîð ñ ìàêñè-
ìàëüíî âîçìîæíûìè ñòåïåíÿìè çàõîäà âñåõ âåðøèí: d−max = (n − 1, n −
1, . . . , n− 1). Ïðè ïîñòðîåíèè áóäåì íóìåðîâàòü âåðøèíû ïî ìåðå çàäà-
íèÿ îðèåíòàöèè ð¼áðàì, èíöèäåíòíûì èì.
Íà÷èíàåì ñ âåðøèíû v0, ñòåïåíü çàõîäà êîòîðîé ðàâíà n−1: d−(v0) =

n − 1, òî åñòü îíà ÿâëÿåòñÿ ñòîêîì, âñå èíöèäåíòíûå åé ð¼áðà îðèåí-
òèðóåì â íå¼. Ñòåïåíü çàõîäà âåðøèíû v0 îïðåäåëåíà, èç âñåõ îñòàëü-
íûõ âåðøèí èñõîäèò ïî 1 äóãå, ïîýòîìó ìàêñèìàëüíî âîçìîæíàÿ ñòåïåíü
îñòàëüíûõ âåðøèí óìåíüøàåòñÿ íà 1: d−max = (n− 1, n− 2, . . . , n− 2).
Áåð¼ì ñëåäóþùóþ âåðøèíó v1, ñòåïåíü çàõîäà êîòîðîé ðàâíà n − 2:

d−(v1) = n − 2, òî åñòü èç íå¼ âûõîäèò åäèíñòâåííàÿ äóãà â ñòîê v0,
âñå îñòàëüíûå èíöèäåíòíûå åé ð¼áðà îðèåíòèðóåì â íå¼. Ñòåïåíü çàõîäà
âåðøèí v0 è v1 îïðåäåëåíà, èç âñåõ îñòàëüíûõ âåðøèí èñõîäèò ïî 2 äó-
ãè, ïîýòîìó ìàêñèìàëüíî âîçìîæíàÿ ñòåïåíü îñòàëüíûõ âåðøèí âíîâü
óìåíüøàåòñÿ íà 1: d−max = (n− 1, n− 2, n− 3, . . . , n− 3).
Ïðîäîëæàÿ àíàëîãè÷íî, äîõîäèì äî 3 ïîñëåäíèõ íåîáðàáîòàííûõ âåð-

øèí vn−3, vn−2, vn−1. Âñå äóãè, èíöèäåíòíûå èì è óæå îáðàáîòàííûì
âåðøèíàì, èñõîäÿò èç íèõ. Ó êàæäîé âåðøèíû áåç îðèåíòàöèè íàõîäÿò-
ñÿ 2 ðåáðà, èíöèäåíòíûå åé è åù¼ íå îáðàáîòàííûì âåðøèíàì. d−max =
(n− 1, n− 2, . . . , 3, 2, 2, 2). Åñëè êàêàÿ-ëèáî èç ýòèõ âåðøèí áóäåò èìåòü
ñòåïåíü çàõîäà 2 èëè 0 (íàïðèìåð, áóäóò äóãè (vn−2, vn−3), (vn−1, vn−3),
(vn−1, vn−2)), òî âåêòîð ñòåïåíåé çàõîäà ñòàíåò ðàâåí (n− 1, n− 2, . . . , 0),
÷òî íå ìîæåò áûòü ïî óñëîâèþ. Òàêèì îáðàçîì, ñòåïåíü çàõîäà êàæäîé èç
ýòèõ 3 âåðøèí äîëæíà áûòü ðàâíà 1 (íàïðèìåð, áóäóò äóãè (vn−3, vn−2),
(vn−2, vn−1), (vn−1, vn−3)).
Ïîëó÷àåì íàèáîëüøèé âîçìîæíûé âåêòîð ñòåïåíåé çàõîäà (n− 1, n−

2, . . . , 3, 1, 1, 1), ñîãëàñíî òåîðåìå 2 n− f = 3 è èíäåêñ äàííîãî ñîñòîÿíèÿ
ðàâåí n− 3. □

Â òàáëèöå 1 ïðèâåäåíû äàííûå ïî èíäåêñàì ñîñòîÿíèé â êîíå÷íûõ
äèíàìè÷åñêèõ ñèñòåìàõ (ΓKn , α) äëÿ 1 ≤ n ≤ 8, ïîëó÷åííûå ñ ïîìîùüþ
âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ.
Ìîæíî çàìåòèòü, ÷òî â êîíå÷íûõ äèíàìè÷åñêèõ ñèñòåìàõ (ΓKn , α)

áîëüøèíñòâî ñîñòîÿíèé èìåþò èíäåêñ 0 (ÿâëÿþòñÿ öèêëè÷åñêèìè).
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Òàáëèöà 1. Èíäåêñû ñîñòîÿíèé â êîíå÷íûõ äèíàìè÷å-
ñêèõ ñèñòåìàõ (ΓKn , α), 1 ≤ n ≤ 8

n \ Èíäåêñ 0 1 2 3 4 5
1 1 − − − − −
2 2 − − − − −
3 8 − − − − −
4 56 8 − − − −
5 824 160 40 − − −
6 27344 4224 960 240 − −
7 1872816 186368 29568 6720 1680 −
8 251698560 14942208 1490944 236544 53760 13440

5 Çàêëþ÷åíèå

Â ðàáîòå ïðåäëàãàåòñÿ àëãîðèòì âû÷èñëåíèÿ èíäåêñîâ ñîñòîÿíèé ðàñ-
ñìàòðèâàåìîé êîíå÷íîé äèíàìè÷åñêîé ñèñòåìû (ΓKn , α), n ≥ 1, âñåõ âîç-
ìîæíûõ îðèåíòàöèé äàííîãî ïîëíîãî ãðàôà Kn, íàõîäèòñÿ ìàêñèìàëü-
íûé èç èíäåêñîâ ñîñòîÿíèé ñèñòåìû, ÷òî ÿâëÿåòñÿ ïîëåçíûì äëÿ çàäà÷,
ñâÿçàííûõ ñ èíôîðìàöèîííîé áåçîïàñíîñòüþ, â òîì ÷èñëå äëÿ ïîñòðîå-
íèÿ îòêàçîóñòîé÷èâûõ ãðàôîâûõ ñèñòåì ñ íåïðåðûâíûì ôóíêöèîíèðî-
âàíèåì è âîññòàíîâëåíèåì.
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