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Communicated by

Abstract: In this paper, the projective curvature tensor compo-
nents of C9−manifold determined. Only �fteen of such components
had been non-zero under the projective curvature properties. The
projective invariant classes of these non-zero components establish-
ed and their relationships to Einstein manifolds investigated. More-
over, the case when C9−manifold has dimension 3 discussed
Keywords: C9−manifold, projective curvature tensor, Einstein
manifold.

1 Introduction

In 1990, D. Chinea and C. Gonzalaz classi�ed the almost contact metric
manifolds into many classes [1]. One of these classes is a C9−manifold where
its geometry studied by Rustanov et al. [2]. There are another important
classes for instance, manifold of Kenmotsu type and C12−manifold that
introduced and examined respectively by M. Y. Abass, H. M. Abood [3, 4, 5]
and M. Y. Abass, Q. S. A. Al-Zamil [6].

H. M. Abood and N. J. Mohammed focused on studying of the geometric
identities of projective curvature tensor of nearly cosymplectic manifold [7]
and on the geometry of the pseudo projectively tensor of nearly cosymplectic
manifold [8].
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K. De and U. C. De [9] studied the �atness of ϕ−projectively and ξ−
projectively for connected 3−dimensional trans-Sasakian manifolds. They
also, studied the semi-symmetric projective property of aforementioned mani-
folds. A. R. Rustanov et al. [10] investigated the projective tensor and its
invariants on almost C(λ)−manifolds.

T. Raghuwanshi et al. [11] generalized the projective curvature tensor and
discussed it on para-Kenmotsu manifold. On the other hand, there are many
researches which are related to this article, such as [12, 13, 14]

This article divided into four sections. After the introduction is section 2
that devoted to reviewed the basic related de�nitions and theorem. In section
3, the components of projective tensor are concluded for C9−manifolds and
their relationship to Einstein manifold decided. The last section has new
classi�cation based on projective tensor.

2 Preliminaries

LetM be the (2n+1)−dimensional manifold with n ∈ Z+, ▽ is Levi-Civita
connection, and X(M) be the C∞(M)−module of smooth vector �elds on
M .

De�nition 1. [1] A quadruple (η, ξ,Φ, g) of tensor �elds on M is called an
almost contact metric (AC−) structure on M , if η is a di�erential 1−form,
ξ is a vector �eld named the characteristic vector �eld, Φ is a (1, 1)−tensor
�eld named the structure endomorphism of the module X(M), and g = ⟨·, ·⟩
is a Riemannian metric, such that the following satis�ed:

i) η(ξ) = 1; ii) η ◦ Φ = 0; iii) Φ(ξ) = 0; iv) Φ2 = −id+ η ⊗ ξ;
v) ⟨ΦX,ΦY ⟩ = ⟨X,Y ⟩ − η(X)η(Y ), ∀ X,Y ∈ X(M).

Additionally, a manifold M equipped with an AC−structure (η, ξ,Φ, g) is
called an almost contact metric (AC−)manifold.

De�nition 2. [2] If an AC−manifold satis�es the following identity:

▽X(Φ)Y = η(Y )▽ΦXξ − ⟨ΦX,▽Y ξ⟩ξ, for all X, Y ∈ X(M),

then it is called a C9−manifold.

Proposition 1. [2] Let S = (η, ξ,Φ, g) be an AC−structure on a manifold
M . Hence the next terms are equivalent:
1) S is an AC−structure of class C9; 2) B = C = D1 = E = F1 = G = 0;
3) Fab = −Bab = −

√
−1Φ0

a,b; F
ab = −Bab =

√
−1Φ0

â,b̂
; Fab = Fab;

Fab = Fba; F
ab = F ba.

Proposition 2. [2] C9-manifold coincide cosymplectic manifold if and only
if F ab = Fab = 0 on the space of associated G-structure

De�nition 3. [15] A Riemannian curvature tensor of type (3, 1) on
AC−manifold is known as:

R(X,Y )Z = ([▽X ,▽Y ]− ▽[X,Y ])Z,

for all X,Y, Z ∈ X(M).
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The researchers can be learned about the space of associated G−structure
(AG−structure for short) from the references [10] and [16], such on this space,
the tensors Φ and g of any AC−manifold are given by:

(Φi
j) =

0 0 0
0

√
−1In 0

0 0 −
√
−1In

 (1)

gij =


1 ; if i = j = 0

δab ; if i = b & j = â or i = â & j = b

0 ; if i = a & j = b or i = â & j = b̂

(2)

where In is the identity matrix of rank n, i, j,= 0, 1, 2, · · · , 2n,
a, b,= 1, 2, · · · , n, and â = a+ n.

Theorem 1. [2] The components of Riemann-Christo�el tensor of type (3, 1)
are:

(1) R0
ab̂0

= FacF
cb ; (2) R0

ab0 = −Fab0; (3) R0
abĉ = −F c

ab ;

(4) Ra
bcd̂

= Aad
bc + F adFbc ; (5) Râ

bcd = −2Fa[c F|b|d],

and the other components are identical zero. Note that

a) R has the following properties:

1. Rijkl = Rî
jkl; 2. −Rijlk = Rijkl = −Rjikl; 3. Rijkl = Rklij ;

4. Rijkl = Rîĵk̂l̂; 5. Rijkl +Riklj +Riljk = 0 = Rijkl +Rkijl +Rjkil.

b) A
[ad]
bc = Aad

[bc] = 0.

where 0̂ = 0; i, j, k, l = 0, 1, 2, · · · , 2n, a, b, c, d = 1, 2, · · · , n, â = a+ n, and
ˆ̂a = a.

On the space of AG−structure if rij = −Rk
ijk, then r is called Ricci tensor

of a Riemannian manifold. On C9−manifold, the components of Ricci tensor
are [2]:

r00 = −2FabF
ba; ra0 = −F b

ba ; rab = Fab0; rab̂ = Abc
ac. (3)

De�nition 4. [10] The projective curvature tensor of type (3, 1) on AC-
manifold M is given by the relation

P (X,Y )Z = R(X,Y )Z− 1

2n
{r(Y,Z)X− r(X,Z)Y }, ∀X,Y, Z ∈ X(M)

Proposition 3. [10] On an AC−manifold, the projective curvature tensor
of type (4, 0) has the following properties:

1) Pijkl = −Pijlk; 2) Pijkl + Piklj + Piljk = 0 ; 3) Pijkl = Pîĵk̂l̂,

De�nition 5. [2] An AC−manifold is called an Einstein manifold if it
satis�es the identity rij = λ gij, where λ is a smooth function.
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3 Geometry of projective curvature tensor

Theorem 2. The components of projective curvature tensor on the space of
AG−structure for C9-manifold are given by:

(1) P000d = − 1
2n r0d;

(2) P0b0d = 2n−1
2n rbd;

(3) P0b0d̂ = −Fbc F cd − 1
2nrbd̂;

(4) P0bcd̂ = −F d
bc ;

(5) Pa00d = −rad;
(6) Pa00d̂ = FacF

cd + 1
2nδ

d
a r00;

(7) Pa0cd̂ = F d
ac + 1

2nδ
d
a r0c;

(8) Pa0ĉd̂ = − 1
2n{δ

c
a r0d̂ − δda r0ĉ};

(9) Pab0d̂ = 1
2nδ

d
a rb0;

(10) Pabcd = −2Fa[c F|b|d];

(11) Pabcd̂ = 1
2nδ

d
a rbc;

(12) Pabĉd̂ = − 1
2n{δ

c
a rbd̂ − δda rbĉ};

(13) Pab̂0d̂ = F bd
a +

1
2nδ

d
a rb̂0;

(14) Pab̂cd̂ = −(Abd
ac + F bdFac) +

1
2nδ

d
a rb̂c;

(15) Pab̂ĉd̂ = − 1
2n{δ

c
a rb̂d̂ − δda rb̂ĉ},

and the remaining components are identical to zero or can determined by the
Proposition 3.

Proof. The components of projective curvature tensor P of type (4,0) on
AC-manifold is given by the following formula:

Pijkl = Rijkl −
1

2n
{gik rjl − gil rjk}. (4)

This formula give us 81 components.These 81 components are divided into
the following collections:
(i) The non-zero 15 components are:

{P000d, P0b0d, P0b0d̂, P0bcd̂, Pa00d, Pa00d̂, Pa0cd̂, Pa0ĉd̂,

Pab0d̂, Pabcd, Pabcd̂, Pabĉd̂, Pab̂0d̂, Pab̂cd̂, Pab̂ĉd̂},
and their conjugates:

{P000d̂, P0b̂0d̂, P0b̂0d, P0b̂ĉd, Pâ00d̂, Pâ00d, Pâ0ĉd,

Pâ0cd, Pâb̂0d, Pâb̂ĉd̂, Pâb̂ĉd, Pâb̂cd, Pâb0d, Pâbĉd, Pâbcd},
are 15 components, also.

(ii) The zero 13 components are:

{P00cd, P00cd̂, P0b00, P0bcd, P0bĉd̂, Pa000, Pa0cd,

Pab00, Pab0d, Pabc0, Pab̂00, Pab̂cd}
⋃

{P0000},
and their conjugates are:

{P00ĉd̂, P00ĉd, P0b̂00, P0b̂ĉd̂, P0b̂cd, Pâ000, Pâ0ĉd̂, Pâb̂00, Pâb̂0d̂, Pâb̂ĉ0, Pâb00, Pâbĉd̂},
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just, 12 components.
(iii) The component Pab̂0d and its conjugate Pâb0d̂ can �nd them by using

Proposition 3; items 2 and 3, respectively.
(iv) The following 12 components determined by Proposition 3; item 1:

{P00c0, P0bc0, P0bĉ0, P0bĉd, Pa0c0, Pa0ĉ0,

Pa0ĉd, Pabĉ0, Pabĉd, Pab̂c0, Pab̂ĉ0, Pab̂ĉd},
and their conjugates are:

{P00ĉ0, P0b̂ĉ0, P0b̂c0, P0b̂cd̂, Pâ0ĉ0, Pâ0c0,

Pâ0cd̂, Pâb̂c0, Pâb̂cd̂, Pâbĉ0, Pâbc0, Pâbcd̂},
are also 12 components.

Hence, the demonstration of them, for P de�ned on C9−manifold, can be
done by the substitutions of the values Rijkl from Theorem 1 and gij from
equation (2) in the equation (4) give the desired as in the following chosen
components:

P0b0d =R0b0d −
1

2n
{g00 rbd − g0d rb0},

=−R0bd0 −
1

2n
rbd,

=−R0
bd0 −

1

2n
rbd,

=Fbd0 −
1

2n
rbd =

2n− 1

2n
rbd. from equation (3).

Pa00d̂ =Ra00d̂ −
1

2n
{ga0 r0d̂ − gad̂ r00},

=R0ad̂0 +
1

2n
δda r00,

=R0
ad̂0

+
1

2n
δda r00,

=FacF
cd +

1

2n
δda r00.

Pab̂cd̂ =Rab̂cd̂ −
1

2n
{gac rb̂d̂ − gad̂ rb̂c},

=−Rb̂acd̂ +
1

2n
δda rb̂c,

=−Rb
acd̂

+
1

2n
δda rb̂c,

=− (Abd
ac + F bdFac) +

1

2n
δda rb̂c.

P0000 =R0000 −
1

2n
{g00 r00 − g00 r00},

=− 1

2n
{r00 − r00} = 0.
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The component Pab̂0d will be proved as follow: from Proposition 3,
Pab̂0d + Pa0db̂ + Padb̂0 = 0. So, Pab̂0d = −Pa0db̂ − Padb̂0. From the non-zero

components, we obtain: Pa0db̂ = F b
ad + 1

2nδ
b
a r0d, and from Proposition 3, we

get: Padb̂0 = −Pad0b̂ = − 1
2nδ

b
a rd0, then

Pab̂0d =− (F b
ad +

1

2n
δba r0d) +

1

2n
δba rd0

=− F b
ad = −F b

da .

At last we will calculate the component P00c0 as follow: by Proposition 3,
P00c0 = −P000c = −(R000c − 1

2n{g00 r0c − g0c r00}) = 1
2n r0c. □

Corollary 1. When M in Theoerm 2 of dimension 3, then the non-zero
components are given by:

1) P0112 = −2P0001 = −2P1012 = 2P1102 = r01;
2) P1001 = −2P1112 = −2P0101 = −r11;
3) P0102 = P1212 =

1
2(r00 − r12);

4) P1202 = −1
2r20.

Proof. Since M is a C9−manifold of dimension 3, then n = 1 and hence
a = b = c = d = 1 and â = b̂ = ĉ = d̂ = 2.

The results be ful�lled from Theorem 2 and the following facts:
F ab = F 11; Fab = F11; F 1

11 = −r01; F 11
1 = −r02;

A11
11 = r12; F11F

11 = −1
2r00; δab = 1,

and the facts attained from equation (3). □

Theorem 3. If a C9−manifold M of dimension greater than 3 has �at
projective curvature tensor, then M has �at Ricci tensor.

Proof. From Theorem 2, we have the following components:

P000d = − 1

2n
r0d (5)

P0b0d̂ = −Fbc F
cd − 1

2n
{rbd̂} (6)

Pa00d = −rad (7)

Pa00d̂ = FacF
cd +

1

2n
{δda r00} (8)

Pabĉd̂ = − 1

2n
{δca rbd̂ − δda rbĉ} (9)

since P is �at, then Pijkl = 0. So, from (5), we get r0d = 0. The equation (7)
gives: rad = 0.
Now, from equation (9), we obtain: δca rbd̂ − δda rbĉ = 0, and by contracting
(a,c), we get:

δaa rbd̂ − δda rbâ = 0,

(n− 1) rbd̂ = 0,

n = 1 or rbd̂ = 0.
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If n = 1, then 2n + 1 = 3.This contradict with hypothesis, which M of
dimension greater than 3. Then rbd̂ = 0. Hence from equation (6), we have:

Fbc F
cd = 0. (10)

From equations (8) and (10), we obtain: r00 = 0. Then M has �at Ricci
tensor. □

Corollary 2. If C9-manifoldM of dimension greater than 3 has �at projective
curvature tensor, then M will be cosymplectic manifold.

Proof. Let M has Pijkl = 0, then

FbcF
cd = 0, from equation (10)

FbcF
cb = 0, by contracting (b,d)∑

c,b

|F cb|2 = 0.

So, F cb = 0 and Fbc = 0. Then the tensor F must be zero and this gives the
result, from Proposition 2 □

Corollary 3. If C9-manifold M of dimension greater than or equal to 5 has
�at projective curvature tensor, then Aba

ac = 0.

Proof. Let Pijkl = 0, and M of dimension greater than or equal to 5, then
from Theorem 3, we get that rab̂ = 0. Thus, from equation (3), we have

Aba
ca = Aba

ac = 0 □

Theorem 4. Let M be a C9−manifold of dimension 3. M has �at projective
curvature tensor if and only if M is Einstein manifold with λ = −2|F11|2=
A11

11

Proof. Pijkl = 0 since M has �at projective curvature tensor. Then from
Corollary 1, we obtain r00 = r12 and r10 = r11 = 0. By using equation (3),
we get:

r00 = r12 = A11
11 = −2F11 F 11 = −2|F11|2.

So, M is Einstein manifold with λ = −2|F11|2= A11
11

conversely, let M is Einstein manifold with λ = −2|F11|2= A11
11. By using

the equation (3), we obtain: r00 = r12 and r01 = r11 = 0. So, Corollary 1,
gives Pijkl = 0. □

Theorem 5. If a Riemannian manifold M of dimension 2n+1 satis�es the
following property:

Pijkl + Pkijl + Pjkil = 0,

then M is an Einstein manifold.

Proof. Let Pijkl+Pkijl+Pjkil = 0, then from the fact Rijkl+Rkijl+Rjkil = 0
and equation (4), we obtain:

− 1

2n
{gik rjl − gil rjk + gkj ril − gkl rij + gji rkl − gjl rki} = 0.
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Thus,

{gik rjl − gil rjk + gkj ril − gkl rij + gji rkl − gjl rki}gik = 0,

gik gik rjl = (2n+ 1) rjl; gkj gik ril = δij ril; gji g
ik rkl = δkj rkl

gil g
ik rjk = δkl rjk; gkl g

ik rij = δil rij ; gjl g
ik rki = γ gjl,

where γ is a scalar curvature of Riemannian manifold M . Then

(2n+ 1) rjl − γ gjl = 0 ⇒ rjl =
γ

2n+ 1
gjl. □

Theorem 6. If M is C9−manifold with the property above in Theorem 5,
then Aac

ac = −2nFacF
ca.

Proof. From Theorem 5, M is an Einstein manifold with dimension 2n+1.
From Theorem 5, γ gij = (2n+ 1) rij .
when i = j = 0 and from equation (3),

γ = −2(2n+ 1)FabF
ba, (11)

when i = a & j = b̂ and from equation (3), γδba = (2n+ 1)Abc
ac,

γ =
2n+ 1

n
Aac

ac. (12)

From equations (11) and (12), we get on Aac
ac = −2nFacF

ca. □

4 Projective invariant classes

Consider the following collections of functions: P1 = {P000d, P000d̂}; P2 =
{P0b0d, P0b̂0d̂}; P3 = {P0b0d̂, P0b̂0d}; P4 = {P0bcd̂, P0b̂ĉd}; P5 = {Pa00d, Pâ00d̂};
P6 = {Pa00d̂, Pâ00d}; P7 = {Pa0cd̂, Pâ0ĉd}; P8 = {Pa0ĉd̂, Pâ0cd}; P9 = {Pab0d̂,
Pâb̂0d}; P10 = {Pabcd, Pâb̂ĉd̂}; P11 = {Pabcd̂, Pâb̂ĉd}; P12 = {Pabĉd̂, Pâb̂cd};
P13 = {Pab̂0d̂, Pâb0d}; P14 = {Pab̂cd̂, Pâbĉd}; P15 = {Pab̂ĉd̂, Pâbcd}, which de�ne

tensors on the manifold M2n+1. Such tensors are called the basic projective
invariants of an C9−manifold.

De�nition 6. A C9−manifold is named C9−manifold of class Pα, α =
1, 2, · · · , 15, if Pα = 0

Lemma 1. Let Π = −1
2(Φ

2 +
√
−1Φ) and Π = 1

2(−Φ2 +
√
−1Φ), then

{Π(X)}i = Xa and {Π(X)}i = X â, ∀ X ∈ X(M).

Proof.

{Π(X)}i = −1

2
{(Φ2 +

√
−1Φ)X}i = −1

2
{Φi

jΦ
j
k +

√
−1Φi

k}Xk

= −1

2
{(
√
−1)2 + (

√
−1)2}Xa − 1

2
{(−

√
−1)2 − (

√
−1)2}X â

= Xa

In the same way we can prove that, {Π(X)}i = X â □
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Theorem 7. The invariants Pα, where α = 1, 2, · · · , 15, of C9-manifold M
are determined by the following formulas, for all X,Y, Z ∈ X(M):

P1(X) = P (ξ,X)ξ +Φ2 ◦ P (ξ,X)ξ;
P2(X,Y ) = P (ξ,Π(X))Π(Y )+Φ2◦P (ξ,Π(X))Π(Y )+P (ξ,Π(X))Π(Y )

+Φ2 ◦ P (ξ,Π(X))Π(Y );
P3(X,Y ) = P (ξ,Π(X))Π(Y )+Φ2◦P (ξ,Π(X))Π(Y )+P (ξ,Π(X))Π(Y )

+Φ2 ◦ P (ξ,Π(X))Π(Y );
P4(X,Y )Z = P (Π(X),Π(Y ))Π(Z) + Φ2 ◦ P (Π(X),Π(Y ))Π(Z)

+P (Π(X),Π(Y ))Π(Z) + Φ2 ◦ P (Π(X),Π(Y ))Π(Z);
P5(X) = 1

2{Φ ◦ P (ξ,ΦX)ξ − Φ2 ◦ P (ξ,X)ξ};
P6(X) = 1

2{Φ
2 ◦ P (X, ξ)ξ +Φ ◦ P (ΦX, ξ)ξ};

P7(X,Y ) = Π ◦ P (Π(X),Π(Y ))ξ +Π ◦ P (Π(X),Π(Y ))ξ;
P8(X,Y ) = Π ◦ P (Π(X),Π(Y ))ξ +Π ◦ P (Π(X),Π(Y ))ξ;
P9(X,Y ) = Π ◦ P (ξ,Π(Y ))Π(X) + Π ◦ P (ξ,Π(Y ))Π(X);

P10(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z);
P11(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z);
P12(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z);
P13(X,Y ) = Π ◦ P (ξ,Π(X))Π(Y ) + Π ◦ P (ξ,Π(X))Π(Y );

P14(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z);
P15(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z).

Proof. We will prove some of Pα and the other should be in the same way.
We need to know in the A-frame ξa = 0 = ξâ, ξ0 = 1 and use the equation
(1). So, to prove P1 do the following:

{P (ξ,X)ξ}i = P i
jklξ

jξkX l = Pîjklξ
jξkX l,

= P000dX
d + P000d̂X

d̂ + Pa00dX
d + Pâ00d̂X

d̂ + Pa00d̂X
d̂

+Pâ00dX
d.

{Φ2◦P (ξ,X)ξ}i = Φi
tΦ

t
sP

s
jklξ

jξkX l = Φi
tΦ

t
sPŝ00l X

l, s, t = 0, 1, 2, · · · , 2n
= −{Pa00dX

d + Pâ00d̂X
d̂ + Pa00d̂X

d̂ + Pâ00dX
d}.

Then, {P (ξ,X)ξ +Φ2 ◦ P (ξ,X)ξ}i = P000dX
d + P000d̂X

d̂.
Hence the functions {P000d, P000d̂} are components of the following tensor:

{P (ξ,X)ξ + Φ2 ◦ P (ξ,X)ξ}, and therefore this tensor coincides with the
tensor P1(X). The �rst equality is satis�ed.

To prove P3 do the following: by use Lemma 1 and equation (1):
{P (ξ,Π(X))Π(Y )}i = P i

jkl{Π(Y )}jξk{Π(X)}l,
= P0b0d̂Y

bX d̂ + Pab0d̂Y
bX d̂ + Pâb0d̂Y

bX d̂.

{Φ2 ◦ P (ξ,Π(X))Π(Y )}i = Φi
tΦ

t
sP

s
jkl{Π(Y )}jξk{Π(X)}l,

= −{Pab0d̂Y
bX d̂ + Pâb0d̂Y

bX d̂}.
{P (ξ,Π(X))Π(Y )}i = P i

jkl{Π(Y )}jξk{Π(X)}l,
= P0b̂0dY

b̂Xd + Pab̂0dY
b̂Xd + Pâb̂0dY

b̂Xd.

{Φ2 ◦ P (ξ,Π(X))Π(Y )}i = Φi
tΦ

t
sP

s
jkl{Π(Y )}jξk{Π(X)}l,
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= −{Pab̂0dY
b̂Xd + Pâb̂0dY

b̂Xd}.
Then,

P0b0d̂Y
bX d̂+P0b̂0dY

b̂Xd = {P (Π(X),Π(Y ))Π(Z)+Φ2◦P (Π(X),Π(Y ))Π(Z)

+P (Π(X),Π(Y ))Π(Z)+Φ2◦P (Π(X),Π(Y ))Π(Z)}i.
Hence, the functions {P0b0d̂, P0b̂0d} are the components of the following tensor:

P (Π(X),Π(Y ))Π(Z) + Φ2 ◦ P (Π(X),Π(Y ))Π(Z) + P (Π(X),Π(Y ))Π(Z) +
Φ2◦P (Π(X),Π(Y ))Π(Z), and therefore, this tensor coincides with the tensor
P3(X,Y ) and the third equality is satis�ed.

To prove P5 do the following:
{Φ ◦ P (ξ,ΦX)ξ}i = Φi

tP
t
jklξ

jξkΦl
sX

s,

= Pa00dX
d + Pâ00d̂X

d̂ − Pa00d̂X
d̂ − Pâ00dX

d.

{Φ2 ◦ P (ξ,X)ξ}i = Φi
tΦ

t
sP

s
jklξ

jξkX l,

= −Pa00dX
d − Pâ00d̂X

d̂ − Pa00d̂X
d̂ − Pâ00dX

d.

Then, 1
2{Φ ◦P (ξ,ΦX)ξ−Φ2 ◦P (ξ,X)ξ}i = Pa00dX

d +Pâ00d̂X
d̂. Hence, the

functions {Pa00d, Pâ00d̂} are the components of the following tensor:
1
2{Φ ◦ P (ξ,ΦX)ξ −Φ2 ◦ P (ξ,X)ξ}, and therefore, this tensor coincides with
the tensor P5(X,Y ) and the �fth equality is satis�ed.

To prove P10 do the following:
{Π ◦ P (Π(X),Π(Y ))Π(Z)}i = {Π(P (Π(X),Π(Y ))Π(Z))}i

= {P (Π(X),Π(Y ))Π(Z)}â
= P â

jkl{Π(X)}k{Π(Y )}l{Π(Z)}j

= PabcdX
cY dZb,

{Π ◦ P (Π(X),Π(Y ))Π(Z)}i = {Π(P (Π(X),Π(Y ))Π(Z))}i
= {P (Π(X),Π(Y ))Π(Z)}a
= P a

jkl{Π(X)}k{Π(Y )}l{Π(Z)}j

= Pâb̂ĉd̂X
ĉY d̂Z b̂.

Then,
{Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z)}i

= PabcdX
cY dZb + Pâb̂ĉd̂X

ĉY d̂Z b̂.
Hence, the functions {Pabcd, Pâb̂ĉd̂} are the components of the following tensor:

Π◦P (Π(X),Π(Y ))Π(Z)+Π◦P (Π(X),Π(Y ))Π(Z), and therefore, this tensor
coincides with the tensor P10(X,Y )Z and the tenth equality is satis�ed.

To prove P14 do the following:

{Π ◦ P (Π(X),Π(Y ))Π(Z)}i = Pab̂cd̂X
cY d̂Z b̂.

{Π ◦ P (Π(X),Π(Y ))Π(Z)}i = PâbĉdX
ĉY dZb.

Then, {Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z)}i

= Pab̂cd̂X
cY d̂Z b̂ + PâbĉdX

ĉY dZb.
Hence, the functions {Pab̂cd̂, Pâbĉd} are the components of the following tensor:

Π◦P (Π(X),Π(Y ))Π(Z)+Π◦P (Π(X),Π(Y ))Π(Z), and therefore, this tensor
coincides with the tensor P14(X,Y )Z and the fourteenth equality is satis�ed.

The rest of the equalities can satisfy by the same way. □
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Corollary 4. Some of the invariants in Theorem 7 can be written as follow:
P2(X,Y ) = 1

2Φ
2 ◦ {P (ξ,Φ2X)Φ2Y − P (ξ,ΦX)ΦY }

+1
2{P (ξ,Φ2X)Φ2Y − P (ξ,ΦX)ΦY };

P3(X,Y ) = 1
2Φ

2 ◦ {P (ξ,Φ2X)Φ2Y + P (ξ,ΦX)ΦY }
+1

2{P (ξ,Φ2X)Φ2Y + P (ξ,ΦX)ΦY };
P4(X,Y )Z = −1

4 Φ2 ◦ {P (Φ2X,Φ2Y )Φ2Z + P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ + P (ΦX,ΦY )Φ2Z}
−1

4{P (Φ2X,Φ2Y )Φ2Z + P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ + P (ΦX,ΦY )Φ2Z};
P7(X,Y ) = −1

4 Φ2 ◦ {P (Φ2X,Φ2Y )ξ + P (ΦX,ΦY )ξ}
+1

4Φ ◦ {P (Φ2X,ΦY )ξ − P (ΦX,Φ2Y )ξ};
P8(X,Y ) = −1

4 Φ2 ◦ {P (Φ2X,Φ2Y )ξ − P (ΦX,ΦY )ξ}
+1

4Φ ◦ {P (Φ2X,ΦY )ξ + P (ΦX,Φ2Y )ξ};
P9(X,Y ) = −1

4 Φ2 ◦ {P (ξ,Φ2Y )Φ2X + P (ξ,ΦY )ΦX}
+1

4Φ ◦ {P (ξ,ΦY )Φ2X − P (ξ,Φ2Y )ΦX};
P10(X,Y )Z = 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z − P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ − P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {P (Φ2X,Φ2Y )ΦZ + P (Φ2X,ΦY )Φ2Z

+P (ΦX,Φ2Y )Φ2Z − P (ΦX,ΦY )ΦZ};
P11(X,Y )Z = 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z + P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ + P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {P (Φ2X,Φ2Y )ΦZ − P (Φ2X,ΦY )Φ2Z

+P (ΦX,Φ2Y )Φ2Z + P (ΦX,ΦY )ΦZ};
P12(X,Y )Z = 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z + P (Φ2X,ΦY )ΦZ

+P (ΦX,Φ2Y )ΦZ − P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {P (Φ2X,Φ2Y )ΦZ − P (Φ2X,ΦY )Φ2Z

−P (ΦX,Φ2Y )Φ2Z − P (ΦX,ΦY )ΦZ};
P13(X,Y ) = −1

4 Φ2 ◦ {P (ξ,Φ2X)Φ2Y − P (ξ,ΦX)ΦY }
+1

4Φ ◦ {P (ξ,Φ2X)ΦY + P (ξ,ΦX)Φ2Y };
P14(X,Y )Z = 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z − P (Φ2X,ΦY )ΦZ

+P (ΦX,Φ2Y )ΦZ + P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {−P (Φ2X,Φ2Y )ΦZ − P (Φ2X,ΦY )Φ2Z

+P (ΦX,Φ2Y )Φ2Z − P (ΦX,ΦY )ΦZ};
P15(X,Y )Z = 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z − P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ − P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {−P (Φ2X,Φ2Y )ΦZ − P (Φ2X,ΦY )Φ2Z

−P (ΦX,Φ2Y )Φ2Z + P (ΦX,ΦY )ΦZ}.

Proof. We will explain P2 and P15 and the rest will be in the same way.
According to the de�nitions of Π and Π in Lemma 1, P2 appears as

P (ξ,Π(X))Π(Y ) = P (ξ, −1
2 Φ2X + −

√
−1
2 ΦX)(−1

2 Φ2Y + −
√
−1
2 ΦY ),

= 1
4{P (ξ,Φ2X)Φ2Y +

√
−1P (ξ,Φ2X)ΦY

+
√
−1P (ξ,ΦX)Φ2Y − P (ξ,ΦX)ΦY }.
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Φ2 ◦ P (ξ,Π(X))Π(Y ) = 1
4Φ

2 ◦ {P (ξ,Φ2X)Φ2Y +
√
−1P (ξ,Φ2X)ΦY

+
√
−1P (ξ,ΦX)Φ2Y − P (ξ,ΦX)ΦY }.

P (ξ,Π(X))Π(Y ) = P (ξ, −1
2 Φ2X +

√
−1
2 ΦX)(−1

2 Φ2Y +
√
−1
2 ΦY ),

= 1
4{P (ξ,Φ2X)Φ2Y −

√
−1P (ξ,Φ2X)ΦY

−
√
−1P (ξ,ΦX)Φ2Y − P (ξ,ΦX)ΦY }.

Φ2 ◦ P (ξ,Π(X))Π(Y ) = Φ2 ◦ P (ξ, −1
2 Φ2X + 1

2ΦX)(−1
2 Φ2Y + 1

2ΦY ),

= 1
4Φ

2 ◦ {P (ξ,Φ2X)Φ2Y −
√
−1P (ξ,Φ2X)ΦY

−
√
−1P (ξ,ΦX)Φ2Y − P (ξ,ΦX)ΦY }.

So,
P2(X,Y ) = P (ξ,Π(X))Π(Y ) + Φ2 ◦ P (ξ,Π(X))Π(Y ) + P (ξ,Π(X))Π(Y )

+Φ2 ◦ P (ξ,Π(X))Π(Y ),
= 1

2Φ
2 ◦ {P (ξ,Φ2X)Φ2Y − P (ξ,ΦX)ΦY }+ 1

2{P (ξ,Φ2X)Φ2Y
−P (ξ,ΦX)ΦY }.

Continued in the same manner, then P15 appears as:

Π ◦ P (Π(X),Π(Y ))Π(Z) = {−1
2 Φ2 +

√
−1
2 Φ} ◦ P (−1

2 Φ2X +
√
−1
2 ΦX, −1

2 Φ2Y

+
√
−1
2 ΦY )(−1

2 Φ2Z +
√
−1
2 ΦZ),

= 1
16Φ

2 ◦ P (Φ2X,Φ2Y )Φ2Z −
√
−1
16 Φ ◦ P (Φ2X,Φ2Y )Φ2Z

−
√
−1
16 Φ2 ◦ P (Φ2X,Φ2Y )ΦZ − 1

16Φ ◦ P (Φ2X,Φ2Y )ΦZ

−
√
−1
16 Φ2 ◦ P (Φ2X,ΦY )Φ2Z − 1

16Φ ◦ P (Φ2X,ΦY )Φ2Z

− 1
16Φ

2 ◦ P (Φ2X,ΦY )ΦZ +
√
−1
16 Φ ◦ P (Φ2X,ΦY )ΦZ

−
√
−1
16 Φ2 ◦ P (ΦX,Φ2Y )Φ2Z − 1

16Φ ◦ P (ΦX,Φ2Y )Φ2Z

− 1
16Φ

2 ◦ P (ΦX,Φ2Y )ΦZ +
√
−1
16 Φ ◦ P (ΦX,Φ2Y )ΦZ

− 1
16Φ

2 ◦ P (ΦX,ΦY )Φ2Z +
√
−1
16 Φ ◦ P (ΦX,ΦY )Φ2Z

+
√
−1
16 Φ2 ◦ P (ΦX,ΦY )ΦZ + 1

16Φ ◦ P (ΦX,ΦY )ΦZ

Π◦P (Π(X),Π(Y ))Π(Z) = {−1
2 Φ2+−

√
−1
2 Φ}◦P (−1

2 Φ2X+−
√
−1
2 ΦX, −1

2 Φ2Y

+−
√
−1
2 ΦY )(−1

2 Φ2Z + −
√
−1
2 ΦZ)

= 1
16Φ

2 ◦ P (Φ2X,Φ2Y )Φ2Z +
√
−1
16 Φ ◦ P (Φ2X,Φ2Y )Φ2Z

+
√
−1
16 Φ2 ◦ P (Φ2X,Φ2Y )ΦZ − 1

16Φ ◦ P (Φ2X,Φ2Y )ΦZ

+
√
−1
16 Φ2 ◦ P (Φ2X,ΦY )Φ2Z − 1

16Φ ◦ P (Φ2X,ΦY )Φ2Z

− 1
16Φ

2 ◦ P (Φ2X,ΦY )ΦZ −
√
−1
16 Φ ◦ P (Φ2X,ΦY )ΦZ

+
√
−1
16 Φ2 ◦ P (ΦX,Φ2Y )Φ2Z − 1

16Φ ◦ P (ΦX,Φ2Y )Φ2Z

− 1
16Φ

2 ◦ P (ΦX,Φ2Y )ΦZ − −
√
1

16 Φ ◦ P (ΦX,Φ2Y )ΦZ

− 1
16Φ

2 ◦ P (ΦX,ΦY )Φ2Z −
√
−1
16 Φ ◦ P (ΦX,ΦY )Φ2Z

−
√
−1
16 Φ2 ◦ P (ΦX,ΦY )ΦZ + 1

16Φ ◦ P (ΦX,ΦY )ΦZ.

So, P15(X,Y )Z = Π ◦ P (Π(X),Π(Y ))Π(Z) + Π ◦ P (Π(X),Π(Y ))Π(Z),
= 1

8Φ
2 ◦ {P (Φ2X,Φ2Y )Φ2Z − P (Φ2X,ΦY )ΦZ

−P (ΦX,Φ2Y )ΦZ − P (ΦX,ΦY )Φ2Z}
+1

8Φ ◦ {−P (Φ2X,Φ2Y )ΦZ − P (Φ2X,ΦY )Φ2Z
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−P (ΦX,Φ2Y )Φ2Z + P (ΦX,ΦY )ΦZ}. □

Corollary 5. The invariants Pα, with α = 4, 7, 8, 10, 11, 12, 14, 15 has the
identities Pα(X,Y )Z = −Pα(Y,X)Z, when α = 4, 10, 11, 12, 14, 15 and
Pα(X,Y ) = −Pα(Y,X), when α = 7, 8 ∀X,Y, Z ∈ X(M).

Proof. P8(X,Y ) = Π ◦ P (Π(X),Π(Y ))ξ +Π ◦ P (Π(X),Π(Y ))ξ,
= −Π ◦ P (Π(Y ),Π(X))ξ −Π ◦ P (Π(Y ),Π(X))ξ,
= −{Π ◦ P (Π(Y ),Π(X))ξ +Π ◦ P (Π(Y ),Π(X))ξ},
= −P8(Y,X).

In the same way, we can prove the identity for the rest of the invariants. □

Theorem 8. Let M be a C9−manifold. If M of classes P1 and P11, then M
is an Einstein manifold with λ = Aac

ac = −2FacF
ac.

Proof. Suppose that, M of classes P1 & P11 together. De�nition 6 and
Theorem 2, give r0a = 0 & rab = 0. Moreover, De�nition 5 and equation
(3) produced λ = Aac

ac = −2FacF
ac. Then attains the result. □

Theorem 9. The C9−manifold belongs to class P1 i� it belongs to class P9

Proof. Suppose that, M is a C9−manifold of class P1. From Theorem 2, we
have that − 1

2nr0d = 0. Hence r0d = 0. Since r0d = rd0 and b = d then

rb0 = 0. Also, from Theorem 2, we have that Pab0d̂ = 1
2n{δ

d
arb0}. Hence

Pab0d̂ = 0 = Pâb̂0d, then P9 = 0, so that M of class P9.
Conversely, by the same way we can show that if M of class P9, then M

of class P1 □

Theorem 10. On C9−manifold of dimension equal or greater than 5, then

(1) the following statements are equivalent:
(a) C9−manifold of class P1;
(b) C9−manifold of class P8;
(c) C9−manifold of class P9.

(2) the following statements are equivalent:
(a) C9−manifold of class P2;
(b) C9−manifold of class P5;
(c) C9−manifold of class P11;
(d) C9−manifold of class P15.

Proof. Let M2n+1 be a C9−manifold of dimension equal or greater than 5
(n ≥ 2). We will prove 1.(b) ⇒ (c) and 2.(a) ⇒ (d). The rest cases will be in
the same way. Let M2n+1 of class P8, then from De�nition 6 and Theorem
2, we get δcar0d̂ − δdar0ĉ = 0. So, by contracting (a,c), then either n = 1, but
this contradict with n ≥ 2 or r0d̂ = 0. This result gives us rb0 = 0, so that

Pab0d̂ = 0. So, by De�nition 6 M2n+1 of class P9. Now, let M2n+1 of class
P2, then by De�nition 6 and Theorem 2, we get rbd = 0. So, from Theorem
2, we get Pab̂ĉd̂ = 0. Hence, by De�nition 6, M2n+1 of class P15. □
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