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Abstract: In this paper, the projective curvature tensor compo-
nents of Cg—manifold determined. Only fifteen of such components
had been non-zero under the projective curvature properties. The
projective invariant classes of these non-zero components establish-
ed and their relationships to Einstein manifolds investigated. More-
over, the case when Cg—manifold has dimension 3 discussed
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1 Introduction

In 1990, D. Chinea and C. Gonzalaz classified the almost contact metric
manifolds into many classes [1]. One of these classes is a C9g—manifold where
its geometry studied by Rustanov et al. [2|. There are another important
classes for instance, manifold of Kenmotsu type and Cjs—manifold that
introduced and examined respectively by M. Y. Abass, H. M. Abood [3, 4, 5]
and M. Y. Abass, Q. S. A. Al-Zamil [6].

H. M. Abood and N. J. Mohammed focused on studying of the geometric
identities of projective curvature tensor of nearly cosymplectic manifold [7]
and on the geometry of the pseudo projectively tensor of nearly cosymplectic
manifold [8].
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K. De and U. C. De [9] studied the flatness of ¢—projectively and &—
projectively for connected 3—dimensional trans-Sasakian manifolds. They
also, studied the semi-symmetric projective property of aforementioned mani-
folds. A. R. Rustanov et al. [10] investigated the projective tensor and its
invariants on almost C'(\)—manifolds.

T. Raghuwanshi et al. [11] generalized the projective curvature tensor and
discussed it on para-Kenmotsu manifold. On the other hand, there are many
researches which are related to this article, such as [12, 13, 14]

This article divided into four sections. After the introduction is section 2
that devoted to reviewed the basic related definitions and theorem. In section
3, the components of projective tensor are concluded for Cy—manifolds and
their relationship to Einstein manifold decided. The last section has new
classification based on projective tensor.

2 Preliminaries

Let M be the (2n+1)—dimensional manifold with n € Z*, V is Levi-Civita
connection, and X (M) be the C°°(M)—module of smooth vector fields on
M.

Definition 1. [1| A quadruple (n,&, ®,g) of tensor fields on M is called an
almost contact metric (AC—) structure on M, if n is a differential 1—form,
€ is a vector field named the characteristic vector field, ® is a (1,1)—tensor
field named the structure endomorphism of the module X (M), and g = (-,-)
is a Riemannian metric, such that the following satisfied:

P)nE)=1; ii)no®=0; i) P(E)=0; i) P> =—-id+nR¢E;

v) (PX,PY) = (X,Y) — n(X)n(Y), VXY e X(M).
Additionally, a manifold M equipped with an AC'—structure (n,&, ®,g) is
called an almost contact metric (AC'—)manifold.

Definition 2. [2] If an AC—manifold satisfies the following identity:
Vx(D)Y = n(Y)Vaoxt — (®X, 9y E)E, for all X,Y € X(M),

then it is called a Co—manifold.

Proposition 1. [2] Let S = (n,&, P, g) be an AC—structure on a manifold

M. Hence the next terms are equivalent:

1) S is an AC—structure of class Cy; 2) B=C =Dy =E=F, =G =0;

3) Fap = —Bap = —/=180 ; F0 = — Bt = /=180, Fp = Fop;

Fuy = Fpqi F = F".
Proposition 2. [2] Cy-manifold coincide cosymplectic manifold if and only
if F = F;, = 0 on the space of associated G-structure

Definition 3. [15] A Riemannian curvature tensor of type (3,1) on
AC—manifold is known as:

R(X,Y)Z = ([Vx, Vy] = Vixy))Z,
forall XY, Z € X(M).
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The researchers can be learned about the space of associated G—structure
(AG—structure for short) from the references [10] and [16], such on this space,
the tensors ® and g of any AC'—manifold are given by:

0 0 0
(@) =10 V-1I, 0 (1)
0 0 —/—11I,

gij = § Off o ifi=b&j=aori=a& j=0» (2)
0 ; ifi=a&j=bori=a&j=0b

where I, is the identity matrix of rank n, 4,5,=0,1,2,---,2n,
a”b7: 1,2,"',71, and a =a +n.

Theorem 1. 2| The components of Riemann-Christoffel tensor of type (3,1)
are:

(1) Rgi)o = FacFCb i (2) Rgbo =—Fuo; (3) R abc =—Fy °;
(4) By ;= Apl + FOF (5) Rig = —2Fyc Fja,

and the other components are identical zero. Note that
a) R has the fo]lowing properties:

1. Riji = Rékl; 2. —Rijik = Rijri = —Rjirs 3. Rijri = Ryuijs

4- Rijr = Ryzpis 9 Rigky + Rikgy + Rajre = 0 = Rijrt + Ryiji + Rjgir-
b) Al = Agd =0,
where 0=0; i 0k, 0=0,1,2,--- . 2n, a,b,c,d=1,2,---.n, a =a+n, and
a=a.

On the space of AG—structure if ;; = —ka, then r is called Ricci tensor
of a Riemannian manifold. On C9—manifold, the components of Ricci tensor
are [2]:

ro0 = —2F 0 F" reo = —Fy, % rap = Fao; 15 = A%, (3)
Definition 4. [10| The projective curvature tensor of type (3,1) on AC-
manifold M is given by the relation

1
P(X,)Y)Z =R(X,Y)Z - 2—{7’(Y, )X —r(X,2)Y}, VX,Y,Z € X(M)
n
Proposition 3. [10] On an AC—manifold, the projective curvature tensor
of type (4,0) has the following properties:
1) Pijki = =Pijie; 2) Piji + Pirig + Pajk =0 5 8) Py = Py

Definition 5. [2] An AC—manifold is called an Einstein manifold if it
satisfies the identity r;; = X g;j, where X is a smooth function.
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3 Geometry of projective curvature tensor

Theorem 2. The components of projective curvature tensor on the space of
AG—structure for Co-manifold are given by:

(1) Poood = —35 Tod;
(2) Poroa = Z2rpa;

_ d_ 1. .
(3) Popoi = —Foe F« = 5574

(4) PObch = _Fbcd;
(5) PaOOd = —Tads
(6) PaOOJ = FacFCd + %&f 700,

- Facd + Léd TOC;

2n - a

(8) Paoaci = —ﬁ{ég Tod — 55 Toe};
(9) P = 204 Th0;

(10) Papea = —2Fyc Flya);

(11) Pabcd - %63 Tbes

(12) P05 = _%{55 T~ 68 roc};

(13) Fojoq = F + 320 Toi

(19) By = (2 TP 4

(15) Fypei = —501% Tig = 9a T}
and the remaining components are identical to zero or can determined by the
Proposition 3.

Proof. The components of projective curvature tensor P of type (4,0) on
AC-manifold is given by the following formula:

1
Pijii = Rijia — %{gik il = Gil Tjk}- (4)

This formula give us 81 components.These 81 components are divided into
the following collections:
(i) The non-zero 15 components are:

{Poood; Povoa, F 0v0d> Loved> Fa00ds Paoods Paoeds Paoeds

P od> Paveds Popegs Papeds Paiods Labeds Labed)

and their conjugates:

{Poooci’ Poéoci’

Paved: Pygogr Paped:
are 15 components, also.
(ii) The zero 13 components are:

POI;Od’ POI;&d’ P&on7 Paood; Paoeds

Pioas Pabear Pavods Pabeds Paved }

{Poocds Pygegs Povoos Poveds Pypegs Pa000, Paoeds

Pap00; Pavods Paveos P00 Pt U{Poooo},
and their conjugates are:

{Pooai’ Pooed; Poi;oo’ Poéa(iv Pszcd’ Paooo, Paoaaiv Paéoo’ Pai)od’ PaBaov Favoo, Pabaci}v
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just, 12 components.
(iii) The cor.n.ponent. P ;04 and its conjugafte P04 can find them by using
Proposition 3; items 2 and 3, respectively.
(iv) The following 12 components determined by Proposition 3; item 1:

{P00c0, Pobeo, Poveo, Povéd> Paoco, Paoeo,

Pooeds Pabeo, Pabéd; PalA)c()’ Pai)éO’ Pai)éd}’

and their conjugates are:

{Pooeos Pyja0»

P&Occj ’ P&ECO’

are also 12 components.

Hence, the demonstration of them, for P defined on C9—manifold, can be

done by the substitutions of the values R;j; from Theorem 1 and g;; from

equation (2) in the equation (4) give the desired as in the following chosen
components:

Poieor Poied» Paoe0s Paocos

Py i Paveo, Pabeo, Pyt

1
Povoa =Ropoad — o {900 Tba — god 0}

= — Ropdo — o5, o>

1
- RO =
bd0 2n7"bda

1 2n —1
=Fpdo — 5-Tbd = z Tbd- from equation (3).

2n 2n

1
PaOO(f :RaOO(i T on {9a0 Tod ~ Yad r00},

1 d
=Rpado T 5,,% 700,

1
—_n0 d
_RacZO + %5(1 700,
1
:FaCFCd + %5:1 TOO

1
Poiei =Rabed = 5, 19ac 754 = 9ad Toebs

L cq
= Rl;accz + %66 ri)c’

1
b d
- R A+7né Tios

acd

1
= = (Age + F*'Fae) + 5 -0 7o

1
Poooo =Roooo — %{900 700 — 900 700},

1
=- %{Too — 100} = 0.
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The component P ;. will be proved as follow: from Proposition 3,
P P

ab0d + a0db + Padi)O = 0. SO’ PaBOd = _PaOdB - Padi)O' From the non-zero

components, we obtain: P . = Fadb + %62 ro4, and from Proposition 3, we

get: Pad?;O = _PadOB = —%52 40, then
1 1
b b b
PaBOd == (Fad + %50, rOd) + %5(1 Tdo

b b

== Fad = _Fda :
At last we will calculate the component Pygo as follow: by Proposition 3,
Pooco = —Poooe = —(Roooe — 57{900 Toc — Joe T00}) = 37 Toe- O

Corollary 1. When M in Theoerm 2 of dimension 3, then the non-zero
components are given by:
1) Por12 = —2Poo01 = —2P1012 = 2P1102 = 701;
2) Pioo1 = —2P1112 = —2Py101 = —711;
3) Poro2 = Pro12 = §(roo — r12);
4) Piaoz = —3720.
Proof. Since M is a Cyg—manifold of dimension 3, then n = 1 and hence
a=b=c=d=1landa=b=¢=d=2.
The results be fulfilled from Theorem 2 and the following facts:
Fe = F' Fy = Fi; Fiyt=—ro1; FYY = —rog;
All =11y FuFY = —3reo; 0 =1,
and the facts attained from equation (3). O
Theorem 3. If a Co—manifold M of dimension greater than 3 has flat
projective curvature tensor, then M has flat Ricci tensor.

Proof. From Theorem 2, we have the following components:

Poood = —% Tod (5)
Pagod = ~Foe F = {1} )
Paood = —Tad (7)
P ooj = FacF + %{53 700} (8)
Pussi = — 55 485 Tyq — 8 e} )

since P is flat, then P;jp; = 0. So, from (5), we get roq = 0. The equation (7)
gives: rqq = 0.
Now, from equation (9), we obtain: dg r,; — 6% rye = 0, and by contracting
(a,c), we get:
(Sg rbd — 5g Tvag = 0,
(n—1)r,;=0,

nzlorrbcz:&
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If n = 1, then 2n + 1 = 3.This contradict with hypothesis, which M of
dimension greater than 3. Then r,; = 0. Hence from equation (6), we have:

Fy. F4=0. (10)
From equations (8) and (10), we obtain: rgo = 0. Then M has flat Ricci
tensor. 0

Corollary 2. If Co-manifold M of dimension greater than 3 has flat projective
curvature tensor, then M will be cosymplectic manifold.

Proof. Let M has Pjji; = 0, then

Fy Fed =0, from equation (10)
Fp F =0, by contracting (b,d)
D IF?)? =o0.
c,b
So, F =0 and Fy. = 0. Then the tensor F must be zero and this gives the
result, from Proposition 2 (I

Corollary 3. If Co-manifold M of dimension greater than or equal to 5 has
flat projective curvature tensor, then Ag‘z =0.

Proof. Let Pjjp; = 0, and M of dimension greater than or equal to 5, then
from Theorem 3, we get that r ; = 0. Thus, from equation (3), we have

Atz = Al =0 0
Theorem 4. Let M be a Co—manifold of dimension 3. M has flat projective
curvature tensor if and only if M is Einstein manifold with \ = —2|Fy1|?=
Al

Proof. Pjj;; = 0 since M has flat projective curvature tensor. Then from
Corollary 1, we obtain rgp = r12 and r19 = r11 = 0. By using equation (3),
we get:
Too = T12 = AH = —2F11 FH = —2‘F11’2.

So, M is Einstein manifold with A = —2|Fy; = A}

conversely, let M is Einstein manifold with A = —2|Fj1|?= Ail. By using
the equation (3), we obtain: rop = r12 and 791 = 11 = 0. So, Corollary 1,
gives Pjjr = 0. O

Theorem 5. If a Riemannian manifold M of dimension 2n+ 1 satisfies the
following property:

Pijii + Priji + Pjra = 0,
then M is an Finstein manifold.
Proof. Let Pijki+ Priji+ Pjri = 0, then from the fact Rijki+Ryiji+Rjrag =0
and equation (4), we obtain:

1
_%{gik 751 — 9il Tk T 9kj Til — Gkl Tij T Gji Tkl — G5l Tki} =0.
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Thus,
{gi 7t = gt Tk + grj it — 9wt Tij + Gji T — Gt Thi}g™ = 0,

gik 9" T =Cn+ 1) ris g 9 ra =0ty gji 9 T =0} it
9il gik Tjk = 5zk Tjk; Gkl gik Tij = 5li Tig; gjt Qik Tki =7 9jl
where v is a scalar curvature of Riemannian manifold M. Then
(2n—|—1)rjl—ngl:O:>rjl:Tngl. O
Theorem 6. If M is Co—manifold with the property above in Theorem 5,
then A = —2nF, F.

Proof. From Theorem 5, M is an Einstein manifold with dimension 2n-+1.
From Theorem 5, v gi; = (2n + 1) ry;.
when i = 7 = 0 and from equation (3),

v =—2(2n + 1)F F*, (11)
when i = a & j = b and from equation (3), 762 = (2n + 1) A,
2 1
y="T A (12)
n
From equations (11) and (12), we get on A% = —2nF, F°. O

4 Projective invariant classes

Consider the following collections of functions: Pi = {FPoood; Fygpi}; P2 =
{Povods Pojoits Ps = {Fopod> Dosoats £a = {Popeds Dobeats Ps = {Pavod; Prood}s
Ps = {P, g0 Paooa}; Pr = A{P, .4 Paocea}; Po = { P,z FPaoca}; Po = { P04
Pioals Pro = {Paveds Pjegh; Pri = (P Paoa}s P12 = {Pabcjci’ Bipeals
Pi3 = {P ;5 Pavoa}; Pra = { P4 Paveat; Prs = { P34 Pabea}, which define
tensors on the manifold M?"+!. Such tensors are called the basic projective

invariants of an Cy—manifold.

Definition 6. A Co—manifold is named Cyo—manifold of class P,, a =
1,2,---,15,if P, =0

Lemma 1. Let I = —3(®% + /=1®) and Il = (—®? + /—1®), then
{I(X)} = X% and {TI(X)}' = X%,V X € X(M).

Proof.
XY = (@ 4 VIR)XY = — (B8] + v Ta]) X"
= VD (VIPEX — (VAT - (VIR
G

In the same way we can prove that, {II(X)}’ = X4 O
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15, of Co-manifold M

are determined by the following formulas, for all X,Y,Z € X(M):

Py(X) = P(§, X)§ + ®2 0 P(¢, X)€; -
Py(X,Y) = P(& H(X)IL(Y )+<I>20P(£ II(X))ILY) + P (&, L(X))IL(Y)
+®% o P(¢,TI(X))II(Y); B
P3(X,Y) = P(§,II(X)II(Y)+®% 0 P(&, I(X))IL(Y) + P (&, I1(X))II(Y)
+d2 0 P(&TI(X))IL(Y);
Py(X,Y)Z = P(HLX),H(Y))HLZ) + P20 P( L ) Iy ) L )
+P(H(X), (Y )I(Z) + ®* o P(II(X), II(Y))TI(Z);
P5(X) = 3{® o P(£§,2X)¢ — 2 0 P(§, X)E
Ps(X) = 2{<1>2 o P(X, &)+ ® o P(PX,&)E);
Pr(X,Y) =To P(I(X),I(Y))é + o P(TI(X), TI(Y));
Py(X,Y) =TT o P(TI(X),TI(Y))¢ + I o P(II(X), TI(Y))¢;
Py(X,Y) =Tlo P(¢§, TI(Y))II(X) + o P(§, TI(Y)IT(X);
Pio(X,Y)Z =Tl o P(I(X),IY)NII(Z) + T o PII(X), (Y )II(Z);
P (X,Y)Z =T o P(II(X),I(Y)IL(Z) + o P(IL(X), II(Y))IL(Z);
Piy(X,Y)Z =To P(TI(X), TI(Y)II(Z) + I o P(II(X), II(Y)TI(Z);
Pi3(X,Y) =To P(&TI(X)II(Y) + T o P(&, TI(X)II(Y);
P(X,Y)Z =T o P(II(X),I(Y)IL(Z) + I o P(IL(X), IL(Y))IL(Z);
Pi5(X,Y)Z =Tlo P(II(X),T(Y))II(Z) + I o P(II(X), I(Y )II(Z).

Proof. We will prove some of P, and the other should be in the same way.
We need to know in the A-frame % = 0 = £2,£° = 1 and use the equation
(1). So, to prove P; do the following:

{P(va)f}l = P}klfjgle wklfjkal

= Poooa X + POOOdX + Poooa X%+ P, 00dX + P 00dX
+Paooa X .
{920P(&, X)€Y = BJOLPL IR X! = BIOLPog X', st =0,1,2,-+,2n
= _{PaOOdX +PaOOdX + PaOOdX +P OOdX }
Then, {P(&, X)€ + @2 0 P(¢, X)E} = PogoaX? + Py X .

Hence the functions { Poood, P4} are components of the following tensor:
{P(£,X)€ + @2 o P(&, X)€Y}, and therefore this tensor coincides with the
tensor P;(X). The first equality is satisfied.
To prove P do the following: by use Lemma 1 and equation (1):
{P(& XY} = Pp {TI(Y) P EHTI(X) Y,
byd byd byd
_PObOfY b +Pab0d2f b +fD vhxd,
DL P {TI(Y) P EHII(X) },
—{PyV "X+ Py VP X
P ATV PEHII(X) Y,
byd byd byd
—PObOgY X —i—PabOdlz/ X +53b0dY X
;0 P, {IL(Y) F EHII(X) },

{®2 o P(&, TH(X))IL(Y) }!

{P(E H(X))ﬁ(Y)}

{@% o P(&, TI(X))II(Y) }*
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byd byd
{PabOdYX + PijoqY "X 2

Then,
Py bxd PObOdY”Xd {P(I(X), I(Y'))I1(Z) +@%o P(II(X), II(Y) II(Z)
+P( (X), II(Y)II(Z)+®* P(II(X), IL(Y ) II(Z) }".

Hence, the functions { Py, Pyjo.} are the components of the following tensor:
P(H(X),ﬁ(Y))H(Z) + @2 o P(II(X), TI(Y)IL(Z) + P(II(X), T(Y))II(Z) +
®20 P(II(X), TI(Y))II(Z), and therefore, this tensor coincides with the tensor
P3(X,Y) and the third equality is satisfied.

To prove Ps do the following:

{®oP(§, 2X)E} = )P 7€M PLX7,

= Paooa X + PaoodXd - PaoociXd — PaooaX*.
{@?0 P(¢, X)E} = q’%‘btspszfjgle

= - aOOdX Pao()dXd PaOOdX PaOOdX

Then, ${®o P, 2X) — 20 P(£, X)E} = PygoaX? 4 P,y X Hence, the
functions {P,04, P 400 d} are the components of the following tensor:
${@ o P(£,2X)¢ — @20 P(&, X)&}, and therefore, this tensor coincides with
the tensor P5(X,Y) and the fifth equality is satisﬁed.
To prove Pjg do the following:
{ITo PIL(X), IN(Y))II(Z) }' = {II(P(IL(X), II(Y))II(Z)) }*
—{P( (X), Iy)I(z)e
P {TI(X ?i}k{ (YV)¥{(2)y

- abch Y Zb7
{ITo P(TI(X), I(Y'))TI(Z)}* —{H( (I ( O), L(Y))IL(Z))}'
—{P< (X)), IL(Y))II( Z)} ,
P ATI(X )}’“ (Y)}{II(Z)}
PabchCYdZ
Then,

{o P(II(X), II(Y)II(Z) + T o P(TI(X), (Y ))II(Z)}*
= Papea XY 2" + P XY IZP.
Hence, the functions { Pypeq, P,j,5} are the components of the following tensor:
Tlo P(TI(X), I(Y))II(Z) +1To P(II( X ), TI(Y))II(Z), and therefore, this tensor
coincides with the tensor Pio(X,Y)Z and the tenth equality is satisfied.
To prove P4 do the following:
{Tlo PI(X), TI(Y))TL(Z)}! = P,y ;XY 2.
{0 PTICX), (Y )IL(Z) Y = Papa XY 20, |
Then, {IT o P(II(X),I(Y)II(Z) + o P(II(X), II(Y NIL(Z)}
= P i XYIZP 4 PaegXCYI 2P,
Hence, the functions { P ;  bed Pipeq} are the components of the following tensor:
Tlo P(I(X), II(Y)II(Z)+1To P(TI(X), (Y ))II(Z), and therefore, this tensor
coincides with the tensor Pi4(X,Y)Z and the fourteenth equality is satisfied.
The rest of the equalities can satisfy by the same way. O
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Corollary 4. Some of the invariants in Theorem 7 can be written as follow:
Py(X,Y) = 3020 {P(¢£, 2X)P%Y — P(¢,0X)DY}
+1{P(£,22X)D%Y — P(£, 2X)PY};
P3(X,Y) = 1020 {P(¢, 22X)D%Y + P(£, 2X)PY}
+3{P(&, P2X) DY + P(£, 0X)PY};
Py(X,Y)Z = 9% o {P(92X, 9?Y)®%Z + P(P2X, DY)DZ
—P(®X,9%Y)PZ + P(PX,Y)P?Z}
—H{P(92X, %Y )D2Z + P(P*X,®Y)0Z
—P(®X,9*Y)®Z + P(®X, dY)D2Z};
Pr(X,Y) = F@% o {P(P%X, @*Y)E + P(PX, DY)E}
+10 0 {P(P2X,Y)¢ — P(OX, B2Y)E};
Py(X,Y) = 2020 {P(P2X, %Y )¢ — P(PX, DY )¢}
+3® 0 {P(®2X,®Y )¢ + P(PX, ®2Y)E};
Py(X,Y) = F D20 {P(£, 2?Y)D2X + P(£, Y )P X}
+10 0 {P(£,PY)P2X — P(£, %Y )PX};
Pio(X,Y)Z = 1% o {P(9?X, ?Y)®*Z — P(PX,9Y)DZ
—P(®X,P%Y)0Z — P(®X,0Y)D%27}
+3® 0 {P(P2X,®%Y)PZ + P(P2X, Y)D?Z
+P(®X, 9%Y)0%Z — P(®X,Y)DZ};
P (X,Y)Z = 9% o {P(92X, ®%Y)D?Z + P(P°X, Y )DZ
—P(®X,®%Y)®Z + P(®X,PY)P%Z}
+1® 0 {P(P2X,®%Y)PZ — P(P°X, DY )P*Z
+P(®X,0?Y)9%Z + P(®X,dY)DZ};
Po(X,Y)Z = 9% o {P(2X, ®%Y)D2Z + P(P?X, Y )0Z
+P(®X,P%Y)DZ — P(OX,dY)P2Z}
+1® 0 {P(P2X,®%Y)PZ — P(PX, Y )P*Z
—P(®X,P%Y)D%Z — P(®X,Y)DZ};
Pi3(X,Y) = 020 {P(¢, 2X)D?Y — P(¢, 2 X)PY}
+1® 0 {P(£, ®2X)PY + P(£, X)) DY };
Piy(X,Y)Z = 9% o {P(®%X, 9?Y)P?Z — P(P?X, DY )DZ
+P(PX,D?Y)DZ + P(PX,2Y)P2Z}
+1@ o {—P(P°X, %Y )PZ — P(92X, PY )92 Z
+P(®X,®%Y)9%2Z — P(®X,dY)DZ};
Pi5(X,Y)Z = 9% o {P(®%X, 9?Y)P?Z — P(P?X, DY )DZ
—P(®X,9?Y)®Z — P(OX,dY)P2Z}
+2®@ o {—P(P°X, %Y )PZ — P(92X, PY )92 Z
—P(®X,9%Y)P2Z + P(OX,dY)DZ}.

Proof. We will explain P, and P5 and the rest will be in the same way.
According to the definitions of II and II in Lemma 1, P, appears as

P(&,TI(X)I(Y) = P(§, 52X + =10 X) (5L a2y + =Loy),
= HP( P’ X)P%Y + V/—1P(¢, 2 X)PY

+V/—1P(£,dX)P%Y — P(£,2X)PY}.




12 H. T. SADDAM AND M. Y. ABASS

%o P(&,I(XNIL(Y) = 1@% 0 {P(¢, 2 X)®%Y + /—1P({, 9 X)DY
+V—1P(£,0X)®%Y — P(£,X)PY}.
P& TOO)I(Y) = P(E 512X + YL@ X) (%Y + Yo 1aY),
= H{P( P’ X)P%Y — V-1P(¢, 22 X)PY
—/—1P(£,®X)®%Y — P(¢,0X)DY }.
2o P(&,II(X)I(Y) = @20 P(¢, 52X + 10X) (S %Y + 10Y),
= 1020 {P(¢, ®°X)P?Y — V/—-1P(£, 2X)PY
—/—1P(£,®X)®%Y — P(¢,0X)PY }.
So,
Py(X,Y) = P(&II(X))I(Y) + @2 o P&, TI(X))II(Y) + P(&, T(X))II(Y)
+0% o P(&,II(X))II(Y),
= 13?0 {P(£, P2X)P%Y — P(£,2X)®Y } + 2{P({, 2X)P?Y
—P(£,0X)DY ).
Continued in the same manner, then Pj5 appears as:
Mo P(TI(X), TI(Y))I(Z) = {5202 + Y1} o P(5L02X + V1o X, L%y
+Y Aoy (SLe2z + Y 1e2),
= Lo 0 P(P2X, 02Y)D2Z — V1B o P(92X, B2Y)D2Z
Y2192 0 P(92X, 0%Y)DZ — B o P(2X, 92Y)DZ
Y192 o P(B2X, DY) D2Z — L ® o P(P2X, DY )D2Z
— L3200 P(P2X,0Y)DZ + %@ o P(®%X,dY)dZ
—Vl—?qﬂ o P(®X, 9%V )P2Z — ;-® o P(PX, 9%Y)D*Z
— 320 P(OX, %Y )DZ + Y2 P o P(OX, DY )DZ
— 820 P(OX,Y)D2Z + Y 1d o P(OX, DY) D2Z
+Y 1820 P(OX, DY )DZ + L0 0 P(DX,DY)DZ
o P(II(X), TH(Y))II(Z) = {5102+ =2} o P(FL 02X + Lo X, Loy
+= oY) (Fe27 + ~1o7)
= L®20 P(P2X, 02Y)B2Z + Y1 B o P(D2X, B2Y)D2Z
+%q>2 o P(®%X,9%Y)PZ — ;=@ o P(P2X, 92Y)DZ
+Y L1820 P(O2X, DY) D2Z — L b o P(B2X, DY) D2Z
—£320 P(92X, DY )DZ — Y1 P o P($2X, BY)DZ
+%q>2 o P(®X,®%Y)P2Z — ;=@ o P(®X, 9?Y)D?Z
— 820 P(OX, %Y )DZ — =1d o P(DX, P2V )DZ
— 320 P(DX,9Y)P2Z — V1P o P(DX, DY) D22
Y120 P(BX, BY)DZ + Do P(OX,DY)DZ.
So, Pi5(X,Y)Z =T o P(II(X),TI(Y))TI(Z) + o P(II(X), (Y ))II(Z),
= 19?0 {P(92X, 9%Y)9%Z — P(P?X, QY )0Z
—P(®X,P%Y)dZ — P(®X,dY)D%Z}
+1® 0 {—P(9°X,9?Y)DZ — P(2X, ®Y)D?Z
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—P(®X,P%Y)P%Z + P(®X,dY)DZ}. O
Corollary 5. The invariants P,, with o = 4,7,8,10,11,12,14,15 has the
identities Po(X,Y)Z = —P,(Y,X)Z, when a = 4,10,11,12,14,15 and

P,(X,Y)=—-P,(Y,X), when a =7,8VX,Y,Z € X(M).

Proof. Pg(X,Y) =1Tlo P(II(X), 7( )€+ 1o PII(X), II(Y))E,
= —Ilo P(II(Y),II(X))§ — ITo P(I(Y), II(X))¢,
= —{ITo P(II(Y), II(X))¢ + ITo P(II(Y), TI(X))&},
= -R(Y,X).

In the same way, we can prove the identity for the rest of the invariants. [

Theorem 8. Let M be a Co—manifold. If M of classes Py and Py1, then M
is an Einstein manifold with A = ALS = —2F, . F°.

Proof. Suppose that, M of classes P; & Pi1 together. Definition 6 and
Theorem 2, give ro, = 0 & rqe = 0. Moreover, Definition 5 and equation
(3) produced A\ = A% = —2F,.F. Then attains the result. O

Theorem 9. The Co—manifold belongs to class Py iff it belongs to class Py

Proof. Suppose that, M is a Cyg—manifold of class P;. From Theorem 2, we
have that ——rOd 0. Hence rgoq = 0. Since roq = rq9 and b = d then
myo = 0. Also, from Theorem 2, we have that P, . = %{55%0}. Hence
P 1oi = 0= Py, then Py =0, so that M of class Py.

Conversely, by the same way we can show that if M of clags Py, then M

of class P, 0

Theorem 10. On Coy—manifold of dimension equal or greater than 5, then

(1) the following statements are equivalent:
(a) Co—manifold of class Pr;
(b) Coy—manifold of class Pg;
(c) Co—manifold of class Py.
(2) the following statements are equivalent:
(a) Co—manifold of class Px;
(b) Coy—manifold of class Ps;
(c) Co—manifold of class Pi1;
(d) Co—manifold of class Ps.

Proof. Let M?"*! be a Cy—manifold of dimension equal or greater than 5
(n > 2). We will prove 1.(b) = (c) and 2.(a) = (d). The rest cases will be in
the same way. Let M?"*! of class Py, then from Definition 6 and Theorem
2, we get dgr — 6%rgs = 0. So, by contracting (a,c), then either n = 1, but
thls contradict with n > 2 or r,; = 0. This result gives us 7,0 = 0, so that
P 0i = 0. So, by Definition 6 M?"*1 of class Py. Now, let M?***! of class
P5, then by Definition 6 and Theorem 2, we get rpq = 0. So, from Theorem

2, we get P ;.- = 0. Hence, by Definition 6, M2+ of class Pys. (]
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