S@©MR ISSN 1813-3304

CUBNPCKNE SJIEKTPOHHDBIE
MATEMATUYECKUE USBECTUA

Siberian Electronic Mathematical Reports
http://semr.math.nsc.ru

Tom 12, cmp. 144—-144 (2015) VIIK 512.54
DOI10.17377 /semi.2015.12.xxx MSC 20D60, 05C25

OJHO CJIEACTBHUE OIIMCAHNA KOHEYHBIX
I'PVYIIII BE3 9JIEMEHTOB ITIOPAJKA 6

A.C. Kongparbes, M.C. Huposa

ABSTRACT. Let G be a finite group. The set of all prime divisors of the
order of G is denoted by 7(G). The Gruenberg-Kegel graph (the prime
graph) I'(G) of G is defined as the graph with the vertex set 7(G) in which
two different vertices p and g are adjacent if and only if G contains an
element of order pq. If the order of G is even, then 71 (G) denotes the
connected component of I'(G) containing 2. It is actual the problem of
describing finite groups with disconnected Gruenberg-Kegel graphs. In
the present article, all finite non-solvable groups G with 3 € 7(G)\71(G)
are determined.
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1. BBEJIEHUE

ITycts G — koneunast rpymma. Yepes m(G) 0603HATAETCSI MHOXKECTBO BCEX IPO-
cThIX Jenurestedi nopsiaka rpymnsl G. pad 'prorbepra — Kerens (rpad npocrsix
quces) ['(G) rpynust G onpezensierca kak rpad ¢ muoxecrsoM sepuud 7w(G), B
KOTOPOM JIBE Pa3/IiYHble BEPIIMHBLI P M ¢ CMEXKHBI TOTJA U TOJLKO TOTJA, KOIJIa B
G CcOlepKUT 3J1eMeHT NMopsaiaKa pg. O603HAYNM YHCIIO KOMIIOHEHT CBA3HOCTHU Trpada
I'(G) 1epes s(G). Ecan nopsinok rpynmnst G geren, 1o 71 (G) 0003HaYAET CBA3HYIO
koMmrorenTy rpada I'(G), conepxaryio 2.

B pamkax o0mieil 3a/a9u u3y9eHnst KOHEUHBIX IPYIII 110 CBOficTBaM uX rpadon
I'pronbepra — Kerenst (cm. [9]) Halle BHUMaHWHE NpeXK/Jie BCErO MIPUBJIEKAET 0oJiee

KongpatseB A.C., HuroBa M.C., OZHO CAEACTBUE OIUCAHUSI KOHEYHBIX T'PYIII BE3
SJEMEHTOB TMOPSIIKA 6.

© 2023 KonapaTteeEB A.C., HuroBa M.C..

MCCHeﬂOBaHI/Ie IIEpBOT'0 aBTOPa BBIIIOJIHEHO IIPU IIOANEPZKKEe MUHHUCTEPCTBA HAYKH U BBICHIETO
obpazoBanust Poccuiickoit @enepanun B paMKax npoekrta "VYpaabCKuil MareMaTudecKuil menTp"
(cormamenune Ne 075-02-2023-935).

Received , published .

144



OJHO CJIEACTBUE OITMCAHNA KOHEYHBIX I'PVIIII 145

o/IpOOHOE M3yUeHne KJIacca KOHEUHBIX IPYIII ¢ HeCBsA3HBIM rpadom ['pronbepra —
KereJs.

DTO MOTHUBUPOBAHO CJIEIYIOMINM. YKAa3aHHBIA KJACC IMUPOKO 00ODIIAeT KJIACC
KoHedHbIX rpynn OpobeHnyca, 9TO cpa3y BUIHO U3 U3BECTHOM OOIIEH CTPYKTYPHOI
Teopembl ['proabepra — Kerejisi 0 KOHEUHBIX IPYIIIAX C HECBSI3HBIM I'padoM ['proH-
Gepra — Keresa (em. npenoxkenue 1 nuxe). Posb ke rpynn @pobenuyca B Teopun
KOHEUYHBIX T'PYII COBEPIIIEHHO MCKJIIOYNTETbHA.

SamMeTnM TakKe, 9TO KJIACC KOHEYHBIX I'PYIII ¢ HECBS3HBIM rpadom ['prondep-
ra — Kerensa coBnamaer ¢ KiaccoM KOHEYHBIX TDYII, MMEIOIINX H30JIUPOBAHHYIO
noarpyniy (T.e. COBCTBEHHYIO HOJIPYIILY, COJAEPKAILYI0 IIEHTPAIU3ATOP KarKIo-
IO CBOEr0 HEEJIMHUYHOIO 3JIEMEHTA), KOTOPBIA M3ydasicsd MHOTUME aBTOPAMU (CM.,
uanpumep, [1]).

Komeunsie nmpocteie rpynmnsl ¢ HecBa3ubM rpadom ['pronbepra — Keresst Ob11n
kyaccudbunupoBansl B padorax Yusibsamca [14], A.C. Konaparwesa [8] u Uuepn n
Amaxu [7]. OHE COCTABISIFOT JOBOJIBHO Y3KUI TOJKIACC BCEX KOHEUHBIX TPOCTHIX
IPYII, OJHAKO BKJIIOYAIT MHOTHE “MaJible’ B PA3JIMYHBIX CMBICJIAX TPYIIIBI, Ya-
CTO BO3HUKAIOIINE B HCCaeI0BaHusSX. Hampumep, Bce KOHEUHBIE IIPOCTHIE TPYIIIHI
UCKJIIOYUTEIHHOrO JIMeBa Tulla, Kpome rpyiu Fr(q) npu ¢ > 3, a TakxkKe IpocTbie
IPYIITBI U3 U3BECTHOTO “ATnaca KoHeIHBIX Tpynir’ [3], Kpome rpymmsr Ajg, IMEOT
HecBsi3HbI rpad ['prorbepra — Kerejist. dra kiaccudukaius 6611a npuMenena JIy-
qu10 [12] 1tst Moy YeHnsT aHAJIOTUIHOM KIacCUbUKAIAN JJIs BCEX KOHEIHBIX OUTH
MIPOCTBIX T'PYIII.

B cBs3u ¢ Teopemoit I'pronbepra — Kerenst n kiaccudukannm KOHEIHBIX TOYTH
MIPOCTBIX TPYTIII ¢ HeCBA3HBIM rpadoMm ['pronbepra — Keress ecrecTBeHHO BOZHUKAET
cleiyrorasi mpoosemMa.

ITpo6iema. Onucamsd cmpoerue KOHEYHHLT HEPA3PEWUMBLT 2DYNN C HECEAZHILM
epaom I'pronbepea — Keeeasn u nempusuasvhoti nodepynnot Pummureaa.

Ora mpobieMa BO MHOTOM CBOJUTCA K M3YYEHUIO MOJYJISPHBIX IIPEICTABICHHI
KOHEYHBIX TPOCTHIX rpymm (moxpobree cm. B [10]). Tlo aToit mpobreme mosrydeHst
TOJIBKO HEKOTOPbIe YacTHLIe Pe3yJIbTaThl, B 00IIeM cjIyuae 3Ta BasKHas mpobJema
JIaJIeKa OT PelleHHsL.

B macrogmeil cTaThe, NCIOIL3YS ONIMCAHAE KOHEYHBIX TPYI 0€3 3JIeMEHTOB II0-
psiaka 6 (cM. mpemyiozkenne 4), MBI MOJTyTaeM CIeAYIOMUil MOJIE3HBIH /I NCCIeT0-
BaHMs YKa3aHHOM IIPobJIeMbl Pe3yIbTaT.

Teopema. [Iycmos G — koneunasn nepaspewumas epynna. Toeda 3 € w(G)\m1(G)
ecau u moavko ecau epynna G uzomopdra 0dnot us caedyrowux epynn: Lo(27),
L2(3™), PGL2(3"™), La(3™).25 (n uemno), La(q) (¢ = £5 (mod 12)), pacwupe-
HUE HEMPUBUAALHOU daemenmaphoti abesesotli 2-epynnw E nocpedcmeom epyn-
now Lo(2"), ede E xax G/E-mo0yav uzomopdra npamoti cymme ecmecmeeHHbiT
GF(2™)L2(2")-modysed.

2. OBO3HAYEHNS 1 BCIIOMOI'ATEJIbHBIE PE3VJIBTATHI

Hamwm obo3HavYeHns] U TEPMUHOJIOIAS, B OCHOBHOM, CTAHAPTHBI, X MOXKHO Hafi-
a B [3, 4, 5.

Ecmu rpynmna G geitctByer na rpynne H, To Mbl Oy/ieM TOBOPUTD, 9TO HEETUHII-
Hblil asteMenT g € G geiicrByer Ha H c60600n0 (um 6e3 HENodBUINCHBIT MOek),
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ecim Cy(g) = 1. Eciiu n — derHOe HaTypasbHOE 4ncyo, TO 4depe3 Lo(3™).23 060-
sHavaercst rpynna Lo (3")(df1), tne PGL3(3™) = L2(3™)(d) u fi — MHBOIIOTHBHBII
1oJs1eBoit aBromopdusM rpyumnst L (37).

PaceMoTprM HEKOTODBIE PE3YIIBTATHI, KOTOPBIE HCIIOIB3YIOTCS B JOKA3ATETbCTBE
TEOPEMBI.

IIpenmnoxenue 1 (teopema I'pronbepra —Kereus [14, reopema Al). ITycmo G —
KOHEUHASA 2DYNna ¢ Heceasnvim epapom I'pronbepea—Kezean. Tozda eepro 00no u3
CAEOYOUUT YMBePAHCIEHUT:

(a) G — epynna Ppobenuyca;

(6) G — 2-¢poberuycosa epynna, m.e. G = ABC, 20e A, AB — nopmans-
Hue nodzpynnv, epynnu. G, a AB, BC — epynnw. @pobenuyca ¢ adpamu A, B u
donoanernuamu B, C' coomeemcmeeno;

(8) G := G/F(G) — nowmu npocmas epynna c yoxoaem T', das vomopozo s(T) >

s(G) u m(F(G)) Ur(G/T) C m(G).

ITpeosoKum, 9To BBIIOJIHsIETCs yTBepK IeHue (B) npejyioxkenusi 1 u F(G) # 1.
Torga 1060 v1ement npocroro nopsaka us 7(G) \ 71 (G) rpyunsr G aeiicrsyer
cBoboano Ha F(G). lycrs K u L — 1Ba cOCeHUX WIEeHA [VIABHOIO DI IPYIIIbI
G (K < L), copepxamuecsa B F'(G). Torna (rnasustit) dakrop V = L/K rpyn-
bl G sijisieTcst JieMeHTapHO abesieBoil p-rpyIoil Jjisi HEKOTOPOI'O IIPOCTOIO YHC-
na p € m1(G) (MBI Ha3BIBaEM ero p-z2aaeHovim Parmopom rpymusl G). Hoarpynna V
cozepKuTcs B eaTpe rpyunsl F(G)/K, tak kKak V — MUHUMAJIbHAS HETPUBUAIb-
Hag HopMaJsibHag noarpynna B G/K, a rpynna F(G)/K awibnorentra. [losromy
F(GQ)/K < Cg/k(V). Ecm F(G)/K < Cg/k(V), To daxrop-rpynma rpymmst
Ca/k (V) mo ee nopmanbuoit noxrpyme F(G)/K nsomopdna moarpymme rpyrmbt
G, conepsarieit ee 1Mokosib T, aT0 TpoTHBOpPEdnT HechszHOCTH Tpada ['(G). Ta-
kM obpasoM, Cg (V) = F(G)/K u, cienosarenbno, V MOXKHO paccMaTpuBaTh
KaK TOYHBIH HenpusoamMbIit G F(p) G-MOLy b, TIpIHaeM KazKIblii 97IeMeHT TTPOCTOTO
nopska w3 7(G) \ w1 (G) rpymmst G netictyer cBobozHo Ha V.

IIpensioxxenne 2 (|13, npengoxenne 3.2|). Hyemo G — xonewnasn epynna, H <
G, G/H = Ls(q), 2de ¢ > 5 neuemno u Cy(t) = 1 das nexkomopozo ssemenma t
nopaoka 3 us G\ H. Toeda H = 1.

IIpensoxxenne 3 ([6, reopema 8.2|). ITycmv G — xonewnas epynna, 1 # H I G
u G/H =2 Ly(2™), 2de n > 2. IIpednososicum, wmo Cg(t) = 1 das nexomopozo
anemenma t € G\ H nopaodka 3. Toeda H = O3(G) u H asasemea npamvim npo-
UB6EOCHUEM MUHUMANDHOLT HOPMAALHOT nodepynn nopadka 22" 6 G, xascdas u3
romopux xax G/ H-modyav usomopdra ecmecmeernomy GF(2™)S La(2™)-modyato.

IIpengioxxenme 4 ([11, Teopema 2]). Hycmo G — Koneuras HEPA3PEUWUMAA
epynna u 3 deaum |G|. Toeda G ne codeporcum anemenmos nopsdka 6 ecau u moab-
KO €cau 2pynna 0{2’3}/(G/O{273}/(G)) u30MOpPHa 00HOT U3 CAeQYOWUT 2pYnn.:
Ly(2™), La(3™), PGL2(3™), L2(3™).25 (n wemno), L2(q) (¢ = £5 (mod 12)), L3(2™)
(n>2, (2" —1)3<3), U3(2") (n > 2, ((2" 4+ 1)3 < 3), pacwuperue Hempusuanv-
HOT aaemenmaproti abeaesol 2-epynnu E nocpedemeom epynno Lo (2™), 2de E xax
G/ E-mo0yav uzomoppra npamoti cymme ecmecmsernnuix GF(2™) Lo (2™)-Mmo0yaed.
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3. JOKABATEJIbCTBO TEOPEMBI

Hokazkem HeoOXomUMOCTh. Ilycrh G — KOHeYHasT Hepa3pernuMast rpyTma u 3 €
7(G) \ m1(G). Torna B G Her sseMeHTOB HOpsAAKa 6 u 110 npeyroxkeHuto 4 rpyu-
na H := 0{2’3}1(G/O{2’3}1(G)) uzoMopdHa OHON u3 curepyomux rpymr: Lg(27),
L2(3"™), PGLy(3™), La(q) (g = £5 (mod 12)), L3(2") ((2™ — 1)5 < 3), Us(2™) (3|
(2" — 1) nam (2" 4 1)3 = 3), paciumpeHne HeTPUBHAIBHOIN dJIEMEHTAPHO! abesieBoii
2-rpyunbl E nocpegcrsoM rpyimbl Lo(2™), rue E kak G/E-monyns uzomopdHa
upsMoit cymme ecrectBeHHBIX GF(2™) Lo (2™)-Momyeit.

IMockomnbky 3 € w(G) \ m1(G), rpad I'(G) mecasen. Ilo nupemroxenno 1 gu6o
G — mepaspenmmas rpymma PpoGennyca, mbo O 31/(G)) < S(G) = F(G), G :=
G/F(G) — nmouru npoctas rpymna ¢ nokoiaeMm T u n(F(G)) U n(G/T C m(G). B
nepBoM cirydae BBUY [4, Teopema 10.3.1, 3amevanue Ha crp. 377] umeem 3 € m1(G),
9YTO IIPOTUBOPEYHUT YCJIOBHIO. 1103TOMY BBINOJIHAETCA BTOPOMl ciydait. flcHO, 9TO
3 € m(T) u smement nopsinka 3 u3 T’ geictByer cBobonHo Ha F(G).

[pemnonozkum, uro Ofa3/(G)) # 1. Ecomn T = La(q) ana mekoToporo g, To
BRIty npejyoxenuit 2 u 3 umeeM Oy 3/ (G)) = 1; npoTuBOpedne ¢ IpeIooxKe-
mueM. [Tosromy T = L§(q), tne € € {+,—} u ¢ = 2" jya HekoTOpPOrO N > 2.
Beuuy [2, Taba. 8.3, 8.5] rpynna T comep:kut noarpyniy, nsoMmopbuywo La(q), n
MBI IIPUXOJUM K IIPOTUBOPEUUIO KAK BBIIIE.

Taxmm obpazom, Oy 3y/(G)) = 1 u, crenosarensro, F'(G) = Ox(G) u H =
023Y(@). Bem T = L§(2"), rue € € {+,—}un > 2 10 F(G) = 05(G) =1u
sButy [8] mmeem 3 € m1(T) = 7(2(22" — 1)) C m1(G), 9TO NPOTHBOPEUUT YCIOBHIO.
IMoaTomy ocrasioch joka3arh, aro G = H.

Hpemnonoxum, uto H < G. Torna T = Soc(G) < G u T = Ly(q) nna
HexkoToporo ¢. Bemmy [5, Teopema 2.5.12] rpymma G m3omopdHa HOATpYIIe U3
Aut(T) = Inndiag(T)x F, rue F' — nukindeckast TpyIIIa HOJIEBBIX AaBTOMOP(OHU3MOB
rpymmet T 2 Lo(q) (Mot otoskaectsasiem rpynmet T u Inn(T)). Hockomsxy G/H —
nerpusnanbuag {2, 3} -rpymmna, rpynma G colepKHuT 3JIEeMEHT T TPOCTOTO TIOPAIKA
p > 3, unaynupyomuii Ha T HeTpuBHAJIbHBL 110J1eBoit aBromMopdusm. Ho BBuay [5,
teopema 4.9.1] nerrpamuzarop Cr(x) conepxxut noarpymry, uzomopduyio La( ¢/gq).
$lcHo, UTO MOPSIIOK 9TOH MOArPYIIBL JAEJIUTCsI Ha 3 U, cyejgoBaressHo, 3 € m1(G).
Ionyyennoe nporusopedne nokasbiBaet, uro H = G u, cjie10BaTebHO, BBIIOJIHSI-
eTcs HeoOXOIUMOCTh TE€OPEMBI.

JIoCTaTOYHOCTH TEOPEMBI JIETKO CJIEAyeT U3 BHJA KOMIOHEHT CBAZHOCTH HECBI3-
Horo rpada 'prortepra—Kerens rpymmsr Lo(q) (em. [14, 8].

Teopema nokazana.
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