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Abstract. We consider the global Morrey-type spaces GM (. o(),w()(€2), @ C R™ with
variable exponents p(x), 6(z) and general function w(z,r) defining these spaces. In
the case of unbounded sets {2 C R", we give sufficient conditions for the boundedness
of the commutators of singular integral operator and Riesz potential in these spaces.

1 Introduction

In this paper we consider the global Morrey-type spaces GM () 6(.),w(.) (Q2) with variable
exponents p(.),0(.) and a general function w(z,r) defining a Morrey-type norm. The
Morrey spaces M, \ introduced in [15] in relation to the study of partial differential
equations. The classical result for Calderon-Zygmund operators states that if 1 < p <
oo then T is bounded from L,(R") to L,(R"), and if p = 1 then 7" is bounded from L,
to W L,.(see, for example [3]).

J.Peetre [4] prooved that, if 1 < p < 0o, 0 < XA < n, then T is bounded from £, ) to
L, . Many classical operators of harmonic analysis (for example, maximal,fractional
maximal,potential operators) were studied in the Morrey type spaces with constant
exponents p,0 ([[9]). The Morrey spaces also attracted attention of researchers in
the area of variable exponent analysis ([6]-[7],[11]-[12]). The Morrey spaces Lyy.x(.)
with variable exponent p(.),A(.) were introduced and studied in [1].The general version
Mp(),0()(82), @ C R™ were introduced and studied in [11] in the case of bounded sets
2 C R"™ and in [12] in the case of unbounded sets @ C R". The boundedness of
Calderon Zygmund singular integral operator in the generalized Morrey type spaces
with a variable exponent were considered in [11] in the case of bounded sets 2 C R",
in [12] in the case of unbounded sets Q2 C R™.

Let f € Lio.(R™).The Calderon-Zygmund singular integral operator defined as

Tf(x)= . K(z,y)f(y)dy, (1.1)

where K(z,y) is a "standard singular kernel", that is, a continuous function defined
on (z,y) € Q x Q: x # y and satisfying the estimates

K (2, y)] < Clz —y| ™,
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for all = # y,
J
K(oyy) - Ko, 2)] < 042550,
|z —y|
if [x-y|>2ly-z],
4
K (2,9) ~ K(€.9)] < c%,a >0,

if |z —y| > 2|z —¢|.
The Riesz potential I* with exponent « is defined by :

I°f(x) :/R %dy70<oz<n.

e —y

Here and below, we denote by B (x,r) the ball with center x € R™ and radius r > 0,
B(xz,r) = B(z,r)NQ, Q C R".

The space BMO(f) is defined as the space of all integrable functions f with finite
norm

£ = 171 = s (Bl [

zeQ,r>0 B

B(z,r)
~ ~1
where fB(m,r) - |B("E7 T)' fé(x’r) f(y)dy
Let b € BMO(S2). The commutator of the singular integral operator is defined by

b, T1f =T®f) =b(Tf) = | Kz, y)(b(y) = b(x))f(y)dy.

R™

The boundedness of commutators of singular integral operator in the generalized
weighted Morrey spaces with variable exponent was prooved in [13].
Let b € BMO(S2). The commutator of the Riesz potential is defined by

(b(y) — b(x))

|7"L—Oé

b.1°)f = 1°(0)  bi1°7) = [ F()dy,0 < a <n.

no |z —y

The boundedness of commutators of Riesz potential in the generalized weighted Morrey
spaces with variable exponent was prooved in [14].

2 Preliminaries.Variable Exponent Lebesgue Spaces
L,). Generalized variable exponent Morrey spaces

My
Let p(z) be a measurable function on an open set {2 C R™ with values (1,00). Let

1<p-<plx)<ps <o (2.1)
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where p_ = p_(Q) = esinf cqp(z), py = p+ () = essup,cqp(x). We denote by
Ly()(€2) the space of all measurable functions f(z) on € such that

T () = / @) de < oo,

where the norm is defined as follows
||f||p(.) =1n {77>O, Ip() _77 1}'

This is a Banach space. The conjugate exponent p’ is defined by the formula

Holder inequality for the variable exponents p(.), p'(.)

/ f dz < C( )HfHLp(,)(Q)HgHLp/(~)(Q)

where C'(p) = p% + p%

P(Q) is the set of measurable functions p : Q@ — [1,00), P5(€) is the set of
measurable functions p(x) satisfying the local log -condition

A 1
a e —y| <

— ,y € Q
—ln|z —y|" oY

Ip(z) — p(y)| <

where A, is independent of z u y. P°8(Q) is the set of measurable functions p(z)
satisfying 2.1 and the log-condition. In case {2 is a unbounded set, we denote by
P29(Q)) the set of exponents which is a subset of the set of P°¢(Q2) and satisfying the
decay condition

Ip(z) — p(oo)| < Axln(2 + |z|),z € R". (2.2)

A9(Q)) is the set of bounded exponents « : € — R satisfying the log-condition.

Let © be a open bounded set, p € P°6(Q) and A(z) be a measurable function on
with values in [0,7]. The variable Morrey space Lp())(£2) was introduced in [1] with
the norm

11z, ) 0 x:#ﬁot »0 ||f||L oo (Bt)"
Let w(z,r) - nonnegative measurable function on €, where Q@ C R" is a open
bounded set .The generalized Morrey type space M) .,()(§2) with variable exponent
was defined in [11] with the norm

r;v()

1o () () xesﬂugo w(z, ) HfHLp()(B(:Jcr))
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Let w(x,r) - nonnegative measurable function on 2, where 2 C R is a open unbounded
set .The generalized Morrey type space My ).y (€2) with variable exponent was defined
in [12] with the norm

= Su
HfHM()w() xEQ,?P>O w(m,r)

Let
if r <1;

r,r)= p()’ o
p(:7) {Z@ ifr> 1.

Definition 1. Let p € P"9(Q), w(z,r) is a positive function on Q x [0, 00], where
Q2 € R". The Global Morrey type spaces with variable exponents G M ,(.9().w()(£2) is
defined as the set of functions f € Li% (Q2) with finite norm

_ —np(,)
1 oty o) = U ™Al il (23)

We assume that the positive measurable function w(z, ) satisfies the condition

sup w (@, )L, 0,00 < O©-

Then the space contains bounded functions and thereby is nonempty. In case w(x,r) =

— 2y ()

r the corresponding space is denoted by G’M ()

GM ) () = GM () )

p(.), @) 4 (@)

w(z,r)=r ~p(x)

_A(@)
e (z) ~
HfHGMA((.; o) () igg“r P HfHme(B(x,r))HLG(')(QOO).

In case § = oo the space GM () 0ow()(£2) concides the generalized Morrey space
with variable exponent M) . (.)(Q) with finite quasi-norm

1l o0 = s N 3y
If p(.) = p = const, O(x) = 0 = const the space GM () 0()w()(€2) coincides with the
ordinary global Morrey space GM, ¢ ,,(£2), which was considered in the works of V. L.
Burenkov, V. Guliev and others [9].

3 The auxiliary theorems

The next theorem was proved in [13]

Theorem 3.1. Let Q C R"™ be an unbounded domain p € P29(Q) , b € BMO(Q).
Then

X > T x,T
1TV, ey < CIBLEPE [ (D, e (3)

where C' does not depend on x € Q) and t > 0.
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The next theorem was proved in [14]

Theorem 3.2. Let Q C R" be an unbounded domain, 0 < o < n, p € P9(Q) , p, < -
(x) ( ;- bE BMO(RQ).Then

10, 1111 By < ClIDI| 7 (1+ln ) EDTFL Bandn (32)
a() ) p()( )

t

where C' does not depend on x € €2 and t > 0.

Let u and v be a positive measurable functions.The dual Hardy operator is defined
by the identity

Hyof (2 / FHu(t)dt,z € B (3.3)

Suppose that a is a positive fixed number. Let 6 ,(z) = essinf e, o) 01(y),

01 = const if x € [a,0); z€R, z€R,

01(z) = {ela(@ it € 0.d] 01 = essinf 6,(x), 09 = essup bz(x)

The next theorem was proved in [10].

Theorem 3.3. Let 01(x) and 0(x) measurable functions on R, .Suppose that there
exists a positive number a for all x > a holds 0,(r) = 0, = const, 0(x) = 05 = const
and 1 < 01 < 01(x) < Oy(x) < Oy < o0 for a.a. If

b2 ()

t o 0 (a
G = sup/ [v(x)]%(x)(/ uel(”)(T)dT)( Ve < 0o (3.4)
0 t

t>0

then the operator H,,, is bounded from Lg,()(R*) to Lg,(y(R").

4 The Main Results

Theorem 4.1. Let p(.) € P9(Q) and 01(r) and 05(r) measurable functions on R, .
Suppose that there exists a positive number a such that, for all r > a holds 6,(r) =
0, = const, Oy(r) = 0y = const and 1 < 0; < 51(7") < O5(r) < Oy < oo for a.a., the
positive measurable functions wy u wy satisfies the condition

0a(r)

t 2(r) 00 1 [Gl(r)f 6y ()]
A= sup / (wg(x,r)) (/ ( ) ds) dr < oo. (4.1)
¢

zeQ,t>0 J0

Then the commutator [b,T] is bounded from GM p()g,()w,()(2) t0 GMyy.05()w0s()(§2).

Corollary 4.1. Let p(.) € P99(Q), wy(z,7) = wo(x, ) = 7@ If

~ !

inf (B(x))[62(r)] >1, (4.2)

zeQ,r>0
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t t[ (5(37))[91(1")] +1] 92((2)]
01
ac / e e dr < 0. (4.3)
zeQ,t>0.J0 [(5(1‘))[51(7")] 1] 6, ()

Then the the commutator [b,T] is bounded from GM 4 ) ,50(Q2) to
GM 92( 743(.)((2).

Proof. Proof of the theorem 3.1. According to the Theorem 3.1, we have

— —TMp(x,r) <

wo(x,r) [
< Csup|| P22 [ e lifl, | ,

z€Q Ly ()(0,00)

here we use the inequality 1+ Int < £ for t > r > 0. We denote

ﬁmjv>=vw{/wmwmwm,

where

wl(x t)

1
wy(z,t)’

g(t) =
u(t) =

for every fixed x € Q. Then the condition (3.4) takes the form (4.1), from which,
according to the Theorem 3.3, it follows that the operator H,, f(r) is bounded from
Lg,(y(0,00) to Lg,y(0,00). Finally, we have

16: TTf Nl s <CA- SUPHw1(33 it np(“)HfHLp() :vt))” =

p(»),92(»)»w2(-)( Lgl(')(0,00)

= CA - fllga

which means that the commutator [b,7T] is bounded from GM (g, ()w ()(§2) to
GM p(),05(),ws(.)(£2). The theorem 4.1 is proved. O

p(),01()wy () ()7

Proof. Proof of the corollary 4.1. The condition (4.1) takes the form
92(T)

t o]
sup / POIB() 1] / @I gy 0o g oo
0 t

x€Q,t>0

By the convergence of the inner integral, we take the conditions (4.2) and (4.3). O
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Theorem 4.2. Let p(.) € P9(Q) and 0,(r) and 0y(r) measurable functions on R,
such that 1 < 0;_ < 01(r) <601, <00, 1 <BOy_ < 0s(r) < by, <oo. Suppose that, the
positive measurable functions wy(x,t) and we(x,t) satisfy the condition

Wa (CC, T) 1

B = sup|| I I I < . (4.4)

2€Q r wi(@,6) " (o)
1) Lo, ()(0,00)

Then the commutator [b,T] is bounded from GM p()g,()w,()(2) t0 GMyy.05()0a()(§2).
Proof. Using the Holder inequality with the exponents 6;(.), 8;(.), we have

05()(0,00)
wo(x,r) [
< Csup HT/ Ol L, e 4] =
z€Q r Ly ()(0,00)
wy(x,r) [ _ 1
= Csup |2 [ 6N L ey gy <
€N r r Lp(')(B( ) w1 ([lf, t) L02(4)(0700)
wa(x, ) 1 _
< C t t np(xvt) <
<ol gl w0 Wl el S
0100 Lo, ()(0,00)
wa(x,T) 1 _
<C ! £\t e (x5t) _
> igg” r le(:p,t)HL , (TOO)H igg”wl(l‘a ) ||f||LP(')(B($’t>)HLgl(‘)(O,oo)
91(') ’ ng()(0,00)
=CB- Hf||GMp<.>,01<.>,w1<.)(Q>'
The theorem 4.2 is proved. ]

Theorem 4.3. Let pi(.) € P%9(Q) and a constant number « satisfy the conditions
a >0, (api(.)), = sup,cq api(xz) < n the functions p1(x) and pa(x) satisfy the equality
1 1

@ = @ 01(r) and O5(r) are positive measurable functions on R, and there

exists a positive number a such_that, 61(r) = 6, = const, 02(r) = 02 = const for all
r > a, the inequality 1 < 6 < 01(r) < Oy(r) < Oy < 00 are holds almost everywhere.
Suppose that the positive measurable functions wy and ws satisfy the condition

02(r)

t O2(r) oo a [91(1“)]/ [0 ()
D= sup /(“’2(1"”)) (/ (———)  ds) dr<oo.  (45)
0 t

z€Q,t>0 r w1 (ZE, S)

Then  the  commutator [b,1*] is  bounded  from  GMp, ()0, () () to
G M pa().02()ua() ($2)

Corollary 4.2. Let pi(.) € PY%99(Q) and a constant number « satisfy the conditions
a >0, (api(.), = sup,eqapi(z) < n the functions p1(x) and pa(x) satisfy the equality

Piw) - pl%w) — wy(z, 1) = we(x, 1) = rﬁ(r)']f

~ ’

inf (B(x) —a)[ba(r)] >1, (4.6)

zeQ,r>0
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t t[ (B(x)+a)[91(r)] +1] :2((2)]
1
sup / rO2(r)[B(z)—1] r<oo -
zeQ,t>0J0 [(B(x) — Oé)[él(r)] _ 1] gl(r)

Then the the commutator [b,I%] is bounded from GM )91()7,5(')(9) ‘o
GM,,().05()780 ().

Proof. Proof of the theorem 4.3. According to the Theorem 3.2, we have

a _ 11y (@,7)
0871ty o = 500 s P Ll

< Coup 8D [T, gl
r T

z€Q Loy (.)(0,00)

here we use the inequality 1+ Int < £ for ¢t > r > 0. Denote

Houf ) = 0(r) [ g(outo)ar

where

_wi(w,t)
g(t) = Tl o) HfHLpl(')(B(:Jc,t)ﬁ

ta
u(t) = @)

for every fixed x € 2. Then the condition (3.4) takes the form (4.5), from which,
according to the Theorem 3.3, it follows that the operator H,, f(r) is bounded from
Lg,(1(0,00) to Lg,()(0,00). Finally, we have

< CD - sup ||wy(x, )t @D £,
e

116: 11 f | s

p2(),62(),wz () () () (B, t))”L

0,(.)(0,00)

=CD- ”f‘|GMP1(_)791(_)7’LL)1<4>(Q)7

which means that the commutator [b,1%] is bounded from GMp, )0,y ()(£2) to
GM py(),05()wa() (2). The theorem 4.3 is proved. [

Proof. Proof of the corollary 4.2. The condition (4.5) takes the form
92(7")

t o]
sup / pOa)lA) 1) / @+l ] gy BT g oo
0 t

zeQ,t>0

By the convergence of the inner integral, we take the conditions (4.6) and (4.7). O
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Theorem 4.4. Let pi(.) € P%9(Q) and a constant number « satisfy the conditions
a >0, (api(.)), = sup,cq api(xz) < n the functions p1(x) and pa(x) satisfy the equality
pix) = pliw) — <, 01(r) and 0y(r) measurable functions on Ry, such that 1 < 6,_ <
O1(r) < b1, < o0, 1 <y <Oy(r) < by, <o0. Suppose that, the positive measurable

functions wy(z,t) and we(x,t) satisfy the condition

ta
E—sup 25D Ly <. (1)
z€Q r wy ($, t) L (r,00)
h0) Lo, ((0,00)

Then the the commutator [b,I%] is bounded from GMp (y0,0)uw()(2) to
GMP2(~)7'92(~)7’LU2(~)(Q>'

Proof. Proof of the theorem 4.4. Using the Holder inequality with the exponents 6;(.),
6,(.), we have

10, 1% Fll gar,

(@ = sup wa(a,r)r= 20

(2:02()wp () () 78 |[b, 1 ]fHLp (B @

Lo, ()(0,00)

wi1) [ e
< Coup|[ P22 [T, ] -

zeN L92<‘>(0,OO)

wy(x,r) [ o
= Coup |20 [ e e | ] <
e r r Lp () Bt) w1 (x’ t) LGQ(.)(O’OO)
U)Q(I', T) t
< (' su wi(x, t)t il <
<Com Lm0 Wl sl <
f0 Lgy((0,00)
w2<l’, T) t
< (C'su sup ||wy (x, t)t 10 =
<Ol Pl sl 0l mel,
1) Loy (.)(0,00)
=CE- ||f||GMP1(~)791(~)»“)1(<)(Q)‘
The theorem 4.4 is proved. O

References

Acknowledgments should be placed before the bibliography as follows.

Acknowledgments

The authors thank the unknown referee...

This work was supported by ... Foundation, project no. 000.

The bibliography should be placed in alphabetical order. Template for the bibliog-
raphy see below.



10 Zh. M. Onerbek

References

[1] A. Almeida,J.Hasanov S.Samko, Mazimal and potential operators in variable exponent Morrey
spaces . Georgian Mathematical Journal , Vol.15 (2008), no. 2., 195-208

[2] A. Almeida,P.Hasto, Besov spaces with variable smoothness and integrability. Journal of func-
tional anal. , Vol.258 (2010), 1628-1655

[3] E. Stein, Harmonic analysis:real variable methods, orthogonality, and oscillatory integrals.
Princeton Univ.Press, Princeton, NJ, 1993.

[4] J. Peetre, On convolution operators leaving L, x spaces invariant. Ann.Math.Pura ed Appl.,72,
n0.4(1966), 295-304

[5] A. Almeida,S.Samko, Embeddings of variable Hajlasz-Sobolev spaces into Holder spaces of vari-
able order. J.Math.Anal. and Appl., 353(2009), 489-496.

[6] A. Almeida,S.Samko, Fractional and hypersingular operators in variable exponent spaces on met-
ric measure spaces. Meditter.J.Math.,6(2009), 215-232.

[7] J. Alvarez,C.Perez, Estimates with Ao weights for wvarious singular inegral operators.
Boll.Un.Mat.Ital.A(7)8(1994),n0.1, 123-133.

[8] F. Andersen, T.John, Weighted inequalities for vector-valued mazimal functions and singular
integrals. Studia.Math.69(1980),19-31.

[9] V. Burenkov, V.Guliev, A.Serbetci, T.V.Tararyakova Necessary and sufficient conditions for
the boundedness of genuine singular integral operators in local Morrey-type spaces. Eurasian
Mathematical Journal, Volume 1, Number 1(2010), 32-53

[10] D. Edmunds, V.Kokilasvili, A.Meskhi On the boundedness and compactness of weighted Hardy
operators in spaces L. Georg.Math.J.12(2005), Num.1,27-44

[11] V. Guliyev,S.Samko, Boundedness of mazimal, potential type,and singular integral operators
in the generalized variable exponent Morrey type spaces. Journal of mathematical sciences,

Vol.170,No0.4,2010, 423-442

[12] V. Guliyev, S.Samko, Mazimal, potential, and singular operators in the generalized variable
exponent Morrey spaces on unbounded sets. J.Math.Sciences, Vol.193(2013),228-247.

[13] V. Guliyev, J.Hasanov, Mazimal and singular integral operators and their commutators on gen-
eralized weighted Morrey spaces with variable exponent . Math.Ineq.Appl, Vol.21(2018), 41-61.

[14] V. Guliyev, J.Hasanov, Commutators of Riesz potential in the vanishing generalized weighted
Morrey spaces with variable exponent. Math.Ineq.Appl, Vol.22(2019), 331-351.

[15] C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations.
Trans.Am.Math.Soc.43 (1938), 126-166.

Zhomart Onerbek

e.g.: Department of Mechanics and Mathematics

e.g.: L.N. Gumilyov Eurasian National University
e.g.: 5 Munaitpasov St,

e.g.: 010008 Astana, Kazakhstan

E-mails: johnson@gmail.com, petrov@gmail.com



On the boundedness of commutators of singular integral operator and Riesz potential in the global Morrey-type spa

Received: 77.77.2077



