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EXISTENCE THEOREM OF A WEAK SOLUTION FOR
NAVIER-STOKES TYPE EQUATIONS ASSOCIATED
WITH DE RHAM COMPLEX
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Abstract: Let {d;, A7} be de Rham complex on a smooth compact
closed manifold X over R* with Laplacians A,. We consider operator
equations, associated with the parabolic differential operators 9; +
As+N? on the second step of complex with nonlinear bi-differential
operator of zero order N2, Using by projection on the next step of
complex we show that the equation has unique solution in special
Bochner-Sobolev type functional spaces for some (small enough)
time 7.
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1 Introduction

Consider the de Rham complex on a Riemannian n-dimensional smooth
compact closed manifold X with vector bundles A? of exterior forms of
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degree q over X,
0— 2°(x) 2 1(x) Dy . Dl grix) 0, (1)

Here §2,(X) denotes the space of all differential forms of degree ¢ with
smooth coefficients on X. In this case the Laplacians Ay = dydy +dg—1d;,_,
qg=0,1,...,n, of the complex are second order strongly elliptic differential
operators on X, where operator dj is a formal adjoint to d,. As usual, for
q <0 and g > n we assume that d, = 0.

We want to study the non-linear problems, associated with the complex.
With this purpose, we denote by M; ; two bilinear bi-differential operators

of zero order (see [5] or [23]),

My () (20F1(X), 29(X)) — 09(X), 2)
Mya(-,) : (29(X), 29(X)) = 2971(X).

We set for a differential form u of the degree ¢
N(u) =: Mg 1(dqu, u) + dg—1 Mgy 2(u, u). (3)

Note, that operator N9(u) is non-linear.

Let now time T' > 0 is finite. Then for any fixed positive number p the
operators 0y + A, are parabolic on the cylinder X x (0,T) (see [7]). Consider
the following initial problem: given sufficiently regular differential forms f
of the induced bundle A%(t) (the variable t enters into this bundle as a
parameter) and ug of the bundle A?, find a differential forms u of the induced
bundle A%(t) and p of the induced bundle A9~1(¢) such that

Oiu+ pAgu+ N(u) +dg—1p=f in X x (0,7),

d&i_ju=0 in X x 0,77, n
d:_yp =0 in X x [0, 7],
u(z,0) = ugp in X,

For general elliptic complexes this problem was considered in the works
[21] and [27], where the open mapping theorems were proved in the special
spaces of Holder (see [21]) and Sobolev (see [27]) types. It means that the
range of the non-linear operator A, , related to the problem, is open in the
constructed spaces. However, obtaining an existence theorem for the solution
(even the so-called weak one) and closedness of the range of the related non-
linear operator in such spaces appears to be a more difficult task.

For example, if we take ¢ = 1 and a suitable nonlinear term we may
treat (4) as the initial problem for the well known Navier-Stokes equations
for incompressible fluid over the manifold X (see, for instance, [16] or [28]).
Note that the equation with respect to p is actually missing in this case,
because d* ; = 0.

We consider problem (4) in the case n = 3, ¢ = 2 and a special nonlinearity
Mg 1(dgu,u) = (dqu)u. It easy to see that in this case we can treat the de
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Rham differentials as d2 = div, d; = rot, d5 = —V, dj = rot and then (4)
transforms to

Ot + pAou + N%(u) +rotp = f in X x (0,7),

rotu =0 in X x [0,7], (5)
divp=0 in X x [0,7],
u(z,0) = ug in X,
where
N?(u) = (divu)u + rot (M2 (u,u)), (6)

and Laplacian
Agu = dyds + di1d] = —Vdivu + rotrot u = —Au.

Here Aw is a standard Laplace operator applied componentwise to the differential
form w in the space variable x.

Using projection to the next step of complex (1), we prove an existence
theorem of weak (distributional) solution in the constructed Bochner-Sobolev
type spaces for some (small enough) time T*. Note, that considering general
non-linear perturbations of linear parbolic equations one have to impose
essential restrictions on the non-linear term N?(u) in order to achieve existence
of weak solutions. For example, one of such condition can be positiveness of
non-linear operator N?(u). However, we do not impose such strong conditions
on the non-linear term, but still have an existence of weak solutions due to
special properties of the de Rham complex.

2 Functional spaces

Denote by Lf,, 1 < p < oo, space of differential forms of the degree ¢
with coefficients in the Lebesgue space LP(X). In a similar way we designate
the spaces of forms on X whose components are of Sobolev class or have
continuous partial derivatives. We denote it by W7 and C%, respectively
with smoothness s. In particular case, for p = 2 we designate H3, := Iif.

For calculations, it is convenient to use the fractional powers of the Laplace

operator. Namely, for differential form u of degree ¢ we denote by
Ty Agn/Qu, m is even,
‘ (dg @ d;_)AY" Y0, miis odd.
It easy to see that integration by parts yields
o, |12 _ m, |12
S 0%ul = 95l

laf=m

(7)

Now, we want to recall the standard Hodge theorem for elliptic complexes.
For this purpose denote by H? the harmonic space of complex (1), i.e.

HI={ueCR  :du=0and dj ju=0in X}, (8)
and by II’ the orthogonal projection from L%q onto HY.
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Theorem 1. Let 0 < q <n, s € Z,. Then operator
Ay HYP? = Hy, (9)

1s Fredholm:
(1) the kernel of operator (9) equals to the finite-dimensional space H;
(2) given v € H}, there is a form uw € Hit? such that Ayu = v if and
only if (v, h)Lqu =0 for all h € HY;

3) there exists a pseudo-differential operator ©* on X such that the operator
¥

@l Hyg — Hi, (10)

induced by o9, is linear bounded and with the identity I we have
WIA, =117 on Hit?, Ayp?=1-T11 on Hj, (11)
Proof. See, for instance, |23, Theorem 2.2.2]. O

Denote by V§, := H3, N Sdf;q the space of all differential forms v € Hj,
satisfying dj_;u = 0 in the sense of distributions in X. Let now L*(1,H3,)
be the Bochner space of L?-mappings

u(t) : I — Hjyq,

where I = [0, T}, see, for instance, [14]. It is a Banach space with the norm

T
2 2
el gy = [ g

We need to introduce suitable Bocner-Sobolev type spaces, see [?] or [28] for
the de Rham complex and [27] for the general elliptic complexes. Namely,

for s € Z denote by Bg’vzesl’s (X7) the space of all differential forms of degree
q over Xp := X x [0,T] with variable ¢ € [0, T] as a parameter, such that

u € O(I, Vi) 0 LA(I, V2t

and
VIl € C(I Va2 A L1, Viretimm=2)
for all m 4+ 2j < 2s. It is a Banach space with the norm
2 l i 12 141 T
el 2 += > IVeVgdlulle pz,) + 1V Va'olullizg p2
ave m+2j<2s

0<i<k

Similarly, for s,k € Z,, we define the space Bj’é‘?s(XT) to consist of all
differential forms

f e O HF™) n L3I HiH )
with the property that
Vol € O, i) 0 A1, Hi =)
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for all m + 25 < 2s. We endow the space Bg’fz(i’s(XT) with the natural norm
2 o I i 112 I+1 j £(2
W= 3 970 i3+ 195950 3,
m+25<2s
0<i<k

Lastly, the space for the differential form p we denote by ijiﬁff(XT).

This space consists of all forms p from the space C(I, Hi‘jff“)ﬂlzg (I, Hif:f”
such that d,_1p € BYeo*(X7), di_,p = 0 and for all h € HI~!
(p, h)Liq—l =0. (12)
It is a Banach space with the norm
28,8 — d — ,25,5 «
1Pl g1 22 = [ldq 1pHB§,?or

Define now for suitable forms v and w of degree ¢ a bi-differential operator

By(w,v) = Mg,1(dgw,v) + Mg1(dgv, w) + dg—1 (ng(w, v) + Mgz (v, w)),
(13)
with the operators M, and M, > satisfying

|Mga(u,v)| < cgalul|v], | Mga(u,v)| < cgolul|v] on X (14)

with some positive constants ¢; j. Following theorem allows us to see the
correctness of operators in this spaces.

Theorem 2. Suppose that s € N, k € Zy and 2s +k > 5§ — 1. Then the
mappings

v;n : Bk,Z(s—l),s—l(XT) _) Bk—m,Q(s—l),s—l(XT)’ m<k

q,for g,for
k,2s, k,2(s—1),s—1
o Bq,vesls(XT) - B‘Lfo(rs e (X1),
k,2s, k,2(s—1),s—1
at : Bqavjls(XT) % Bq,fo(rs ) ° (XT)7

k+2,2(s—1),5—1

are continuous. Besides, if w,v € B;

(X7) then the mappings

Bq(w, ) : Bk+2,2(571),371(XT) N Bk,Q(sfl),sfl(XT)’

avel k2 %f;(r 1),5—1 (15)
,25,8 2(s—1),5—
B,(w,-) : BP0 (Xp) - BEE (X7),

are continuous, too. In particular, for all w,v € B;—:j’Q(s_l)’s_l(XT) there is

positive constant cg i, independent on v and w, such that

1By, 0)| grte-r0-1 < sl geraaovaillel grrsio o (16)
gq,for q,vel g,vel

Proof. See, for instance, [28] or [27]. O

k,2(s—1),s—1 (XT)

Let us introduce now the Helmholtz type projection P? from Bq,for

to the kernel of operator dy.
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Lemma 1. If s, k € Z4, then for each q the pseudo-differential operator
P?=dydgp? + 117 on X induce continuous map

P9 - B(Zf’,f?c)(lrsfl),sfl(XT) N Btlzﬂ,’\?e(fgil)’Sil(XT), )
such that
PioPYy = Pqu, (Pq’U,7 /U)Liq (X) = (U7 qu)L?\q (X)> (Pqu’ (I_Pq>u)Liq . _0
for all u,v € B(’;:f?(;(rsfl),sfl‘
Proof. See, for instance, [27]. .

The following Lemma is just a consequence of Hodge Theorem 1.

Lemma 2. Let F' € Bj’é(f_l)’s_l(XT) satisfy P4F = 0 in Xp. Then there

is a unique section p € nglly’sﬁg_l)’s_l(XT) such that (12) holds and

dg—1p=F in X x[0,T]. (18)

Now we are ready to go to the main section of this paper.

3 Existence theorem

In order to get existence theorem to the Problem (5) we use a projection
to the next step of complex (1). Namely, applying an operator dy = div to
the equation (5) we have

{ﬁtdivu — pdiv(Vdivu) + div((dive)u) = divf in X x (0,7), (19)
divu(z,0) = divug in X,
because of rot u = 0 and div o rot = 0. Now,
div((divu)u) = (divu)? + Au - u = (divu)? + Vdivu - u.
By Theorem 1
u = 2 Agu + IT%u = ¢?*Vdiv u 4 IT%u.
Denote
g = divu,

then we can rewrite (19) by the next way

{atg — udiv(Vg) + g2 + Vg - (¢®Vg + II2u) = divf in X x (0,7), (20)

g(x,0) = divug in X.

Theorem 3. Given any pair (f,ug) € L*(1, (V%)) x Vis. There is time
to € (0,T] such that for all t € [0,to] there exist a differential form g €
C(I,L3;) N L*(I,H}5) with 8yg € L*(1,(H,s)'), satisfying

d :

(00)2, +1(Vg, V)2 = (div f =g = Vg (¢* Vg +T"u),v),
g(-,0) = divug

(21)
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forallv e HE, with k > 2.
A

Proof. Let {u,,} be the sequence of Faedo-Galerkin approximations, namely,

M
um = 32" (1)), (22
j=1
then
M
g = divum = 3" (0)div by (z), (23
j=1

where the system {b;}jen is a L3,(X)-orthogonal basis in VJ, and the
functions wu,, satisfy the following relations

d . .
g7 9m> divbj)pz 4 p(Vgm, Vdivdy) 2, = (24)

(div f = gp = Vgm + 9 Vg — Vgm - IPupm, div by),
gm(x,0) = div ug m(x),
for all 0 < j < m with the initial date ug,, from the linear span £({b;}7L,)

such that the sequence {ug, } converges to ug in Vy,. For instance, as {uom}
we may take the orthogonal projection onto the linear span L£({b;}7",).

Multiplying (24) by cg.m) (t) and summing by j we have

(Oegms gm) 12, +1(V G, Vgm) 12, = (diV F =05, =V gm0* Vgm—V g I ttm, gim).
(25)

It follows from Lemma by J.-L. Lions (see, for instance, [25, Ch. III, § 1,

Lemma 1.2]) that

d
a”gm(’t)H%is =2 <8tgmagm>'
Then integrating by ¢ € [0,7] we see that

t
2 2 _
ol + 2 [ 19, it = (26)

t
lgm (-, O)H%ig + 2/0 (div f — g2, — Vgm - ©* Vgm — Vg - TP, gim)dt.

Since f € L*(I,L3%,) then div f € L*(I,(V}s)’) and

2

t t
[t g <2 [ s plamlar s en

4 [t 2 poft 2 poft 2
Ry A e e
On the other hand

t t
2 \ / <g2mgm>dt1 <2 [ lgnltls, . (28)
0 0 A3
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Note that in our case Vs = —V with n = 3. Then from the Gagliardo-
Nirenberg inequality (see [20] or [4, Theorem 3.70]) we have

t
3
2 [ ol de < (29)

t 1 1 3
L
¢ /0 {(\wani?ﬂgmn%) \gmnzigﬂgmu%] dt <

t 1 1 3
o [ [19amt s onls, + lanliz, | a <

t 3 3
2 2 3
o [ (19l lanl s, + otz ) dt <

t t
H 2 ( 3 6 )
| 10l o [ (ol +llanl S, ) de

with positive constants ¢, ¢; and cy. The last expression is consequence of
standard Young’s inequality. Moreover, there are positive constants ¢ and ¢;
such that

t t 4
3 6 2
[ (ol +llanls, )t < [ lanla, (14 lawliz, ) dt <

t t
2 6
c1 (/0 |’gmHLi3dt+/0 Hgm!Lisdt>.

Then we conclude that

t t t t
3 H 2 2 6
< =
2 [anliy @t <§ [ 190z dt+e [ lanlis b e [ ol a
(30)
with some constant ¢ > 0. Next,

t 3 t
j:l X

3 .
_Z/ /9m(<ﬂ23jgm)3jgmda:dt—/ /gf;l dx dt,
Jj=1 0 X 0 X

because p?Ag,, = gm. It means that

t 1 t
/<V9m'so2 YV Gm, gm)dt = —/ /g;”’nda;dt,
0 2 Jo J

and hence

2

t t
/ <ng-¢2v9m,gm>dt\ < [ lanli . 31)
0 0 A3
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Finally,

t 3 t
/ (Vg - HQum,gm)dt = E / /8jgm(H2u¥n)gm dz dt =
0 - 0
Jj=1

X

3 pt 3.yt
- Z/ /gm(HQUf;n)ajgm dx dt — Z/ /g?naj(ﬂgugn) dx dt,
=170 % =179 %
and then
t
/ <v9m : HQUmv gm>dt =0, (32)
0

because div IT?u,, = 0.
Now, inequalities (26) - (32) give

t
om0, + 20 [ IVomls de < om0+ (39)

41t 2 ! 2 poft 2
PRy A A P A

t t
2 6
2¢ [ Ngnltz e +2¢ [ Nl dr

and then

t
2 2 B
ooz, +0 [ 190l dt < g0+ (39)

4,0 2 I ¢ 2 ! 6
MlldwfllLQ(L(VAlg),)+(4+2c) /O lgmlzz, dt +2¢ | gz,

It follows from the Gronwall-Perov’s Lemma (see, for instance [18, p. 360|)
that there exist a time tp € (0,7"] and a positive constant Cy, such that

”gm('at)H%iS < Gy (35)

for all ¢ € [0,%]. Then the sequence g, is bounded in L>(Iy,, L%,), where
I, = [0, to]. Moreover it follows from (34) and (35) that [|[Vgp, (-, t)||%2(1t 7))
07773

is bounded too. It means that there is a subsequence that converges weakly-
 in L>(Iy,, L3;) and weakly in L?(Iy,, H);) to some g € L>®(Iy, L35) N
L3(Iy,, H}\?,) We use the same designation g,, for such a subsequence. Then
the standard argument show (see, for instance, [15], [25] or [13]) that we can
to pass to the limit in (24) with respect to m — oo and to conclude that the
element g satisfies (21).

O
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Let us now return to the Problem (5). Denoting again g = divu and
multiplying (5) scalar in L%, by differential form v € V; we get

d
{ a(UW)Lf@ +/~L(97diV”)Li3 = (f—gu,v), (36)

u(z,0) = wup.
Theorem 4. Let g € C(I,L3;)NL*(I, H}5) be the solution of (21) for given

any pair (f,ug) € L*(I, V/{)Q) X VA12. Then there exist a unique differential
form w e C(I,Vy5,) N L2(1, V) satisfying (36) for all v € Vi with k > 2.

Proof. Indeed, let {u,,} be the sequence of Faedo-Galerkin approximations
(see (22)) such that the sequence {g,,} = {div u;, } converges to g € C(I, L3;)N
L?(I, H),). Substituting u,, to (36) instead of u, v and integrating by t €
[0,to] we have

to
o 01, + 2031, 1 = e OV, +2 [ (7 =t )t

(37)
As usual, we evaluate by Holder inequality

to to 5 to 5
[t < [ @ [T g1

and by Gagliardo-Nirenberg inequality

to to
[ it < [ iy oz e <

2

2

to
3/2 1/2 2
¢ [ lallz, (Hgm||Li3||um||Liz T uumuig) it <

to to to
2 4 2 2
2 [l dt+er [ lgnlita ol detex [ aliz, ol o

with some positive constants ¢, ¢; and co. Then

to to
)3, < o, + [ 07 et e [ s de (38)

with constant ¢ > 0, independent on m. It follows from Gronwall’s Lemma
that

2
Jum (- )32, < C. (39)

where constant C' depends on norms HfH%Q(ItwLiz)’ ||u0H2Li2 and HQHC(ItO,Li2)7

but not on m.

It follows that the sequence u,, is bounded in L™ (13,, Lig) and there is a
subsequence that converges weakly-x in L (I, L2 ;) to some u € L™ (Iy,, L%5).
We again use the same designation u,, for such a subsequence. Under hypothesis
of this Theorem the sequence gn, = divu,, converges to g € C(I,L3;) N
L(I,Hy},), then actually u € C(I,Vi,) N L*(1, V). Passing to the limit in
(37) with respect to m — oo we conclude that the element u satisfies (36).
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Let now u' and u” are two solutions of (36) such that dive’ = divu” = g.
Hence differential form v = v’ — u” satisfies (36) with zero date (f,ug) =
(0,0). It follows from (38) and Gronwall-Perov’s Lemma that Hg(-,t)”Lz3 =

A

0, then the Problem (36) has unique solution.
Moreover, if u1, ug are two solutions of (36), corresponding to the solutions
g1 = divug and g2 = divug of (21), then differential form u = u; —ug satisfies

d .
%(IQU)L?\Q + /J,(g,dIV U)Li3 = <—gu,v>, (40)
u(z,0) = 0,

where g = g1 — go.

to
2 2 —
Il + 2ol 1, = =2 [ gwde. @)

Applying the Gagliardo-Nirenberg inequality we have

to to 2
3/4 1/4
[ < [Caln, (190 R + s, ) <

to
5/2 1 11/2 2
er [ (152 I} + Tl oz, ) e <

to
23l 2+ 0 (Lol 2,0+ Wolotnazg) [ Tulsz,

with positive constants c1, co and c3. The last inequality, (41) and Gronwall-
Perov’s Lemma yields

2

2
. <
”u( 775)||Li2 = 07

then u; = ug and the Problem (36) has unique solution.
([

Corollary 1. Under hypothesis of the Theorem 3, let g € C(I,L3;) N
L?(I, H},) is a solution of (21) andu € C(I,V5)NL?(I, V) is a corresponding
to g solution of (36). If moreover g € C(I,Hy;) N L*(I,H,3), then the
solution g is unique.

Proof. Indeed, let g1,92 € C(I,H);) N L*(I, H},) are two solutions of (21)
with corresponding forms uy,uy € C(I, Hps) N L*(1, H,,) satisfying (36).
Hence differential form g = g1 — go satisfies

d
Jiloliz, +ulVelia, = (=g = g8) = (Vg1 - (¢* Vg1 + TFu) -
Vo - (¢* Vo + TPuy)) ,v),
g(-,0) = 0.
(42)

Integrating by t € I, we get

to to
lgCa el +2u / IVollZ. dt <2 / (gl + gt (43)
A3 0 A2 0
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(Vg1 (9? Vg1 +TPu1) — Vga - (92 Vo + Puz)) ,0)| dt,

We have to estimate right side of (43). First, it follows from Gagliardo-
Nirenberg interpolation inequality that

to
2 /0 (g(g1 + g2), )| dt < (44)
‘o 3/2 1/2 2
lon+ 9otz [ (176l 10112+l ) o <

to 5 to 5
M/ H;gHIﬁ dt+cl/ HQHL2,dt
0 A3 0 A3

with positive constants ¢, ¢;. Next,

to
2/ (Vg1 ©* Vg1 — Vg - ¢* Vs + Vg1 - 9? Vo — Vg1 - 0> Vo, g)| dt <
0
(45)

‘ t
2/0 (Vg1 #* Vg.9)| dt+2/0 (g Vang) dt <
to 4y 15/4 2
Al [ (1903 M3 + ol ) des
to
sl [ (IValfe Il + ol )i <

to 9 to 9
ey

with some positive constants ¢, ¢; and co. Finally,

to
2/ (Vg1 - TIPuy — Vgs - TPug + Vo - TPuy — Vo - TPuy, g)| dt < (46)
0

to to
2/ }<Vg-1'[2u1,g>|dt—|—2/ }<V92~H2(u1—uQ),g>‘dt
0 0

The Theorem 4 implies that u; = us. On the other hand, integrating by
parts we easily see that

t
2/0 (Vg - ITPuq, g)| dt = 0,
0

and then (46) equals to zero.
Finally, using by (43) - (46) we get

to
2 2
lot- s, <c [ ol a

with some constant ¢ > 0. Then it follows from Gronwall-Perov’s Lemma
that ||g(-, 75)||L23 = 0, then the Problem (21) has unique solution. O
A
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Theorem 5. Let s € N and k € Z with k > 3/2. Then for all

E+1,2(s—1),5—1
(fv UU) S BA27f0r(S b (XT) X Vi;-‘,—k—l—l

there exist a time Ty, € (0,T] such that the Problem (20) has solution

k,2s,
g€ BA3;oi(XTk)'

Moreover, solution g is unique, if form w in (19) satisfied (36).
Proof. First of all, denote by

A — A3, r is even,
" A2 r is odd.

As before, let gy, be the Faedo-Galerkin approximations, see (23). We start
with the following priory estimates.
Lemma 3. Under hypothesis of the Theorem 5, if (f,ug) € B];—Ei’o’o(XT) X
ij‘g’ with some k € Z,., then there exist a time Ty, € (0,T) such that

k/ k‘l
V3 9m||20(1Tk i) TH IV Hgm”%?(ITk,Lik/H) < Cr (47)

for any 0 < k' < k + 2, where I, = [0,T}] and the constants Cp =
Cir (1, f,uo) > 0 depending on k', v and the norms || f|| sk+1,0,0 , wol| e
BQ,for (XTk ) VAZ

but not on m.

Proof. Indeed, if k' = 0 then (47) follows immediately from (34) and Gronwall-
Perov’s Lemma. Now, substituting g,, and V3" g, in (20) instead of g and v
respectively with some r € N and integrating by ¢ € [0,T] we get

t
V50013 +20 [ 1957 g0 ot = (48)

t
vagm('7 O) ”%ir + 2/(; <diV f - gr2n - v.gm : 902 ng - va : quma V§T9m>dt'
We have to estimate the right side of (48). First,

t t
2| [ iv s, VEgnlde| <2 [ 195 i Fliy V5 gyt < (49
0 0 Ar_1 Ar+1

4 t . L t
M/O V3 1cjuvf||%i ’71dt+ 4/0 HVS—HQWH%?\ »+1dt'
Further,
P ! 17,2 1
/ <gm,v3”gm>dt\ <2 [ 195 @l V5 gmlug e (50
0 0 r—1 r+1
Let r > 2, using by Holder and Gagliardo-Nirenberg inequalities we get

IIVg’l(gfn)lngilé > Coa,BHaagmHLigHaﬁgmHLisS (51)
’ |a|+|8]=r—1

2
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ol +1 o el 1/

« o o
T (e PP A O I At
o +|Bl=r—1 ol el Hle

3/4
a 1 1/4
IV gl 12 )((nvﬁ'* gmllzz 1V gmllz ) IV¥ gmlls +
A [B]+1 Mgl A1)

Ag|

5/4 3/4
Il ) < (Il + ol 150l )
A3

with some positive constants ¢ and c,g. For the exception case r = 1 the last
inequality take the form

1/2 3/2
Vsl lug, << (lomlls, + ol 95005 ) (62)
because of in (51) arise a case when |a| = |3] = r — 1 = 0. It follows from
(50), (51) and Young’s inequality that
o| [t roma] <& [105tantty ar o

5 3/2
il oty elaml sy [ 15l

for r > 2 and
t

t
2 <g%;,v§gm>dt‘ < / 1200 %2 dt+ (54)
0 4 Jo A3

t
llgmllr iz, + cllgmlle oz, /0 V5ml3z, dt

for r = 1 with some constant ¢ > 0.
Next,

t
2 /<V9m-s02ng,V§’”gm>dt‘ < (55)
0

t
2 [ 195 (Vom0 Vom) iz 195 gmlis,
0 r—1 r+1
Analogous by (51) we have
va_l (ng : QOQ ng) HL?\T_l < (56)

1/4

3 4
¢ (Rambga 1620l + Nl 1% 0m s | 50m

1/4 3/4
I¥59m I35 16 m 1195 g2 )

with » € N and some constant ¢ > 0. Theorem 1 imply that ngzgmHHr? <
A

c||gml| yr—1 with some positive constant ¢, then
A3

t
/(ng ® ng,V3 9m dt‘ / ||Vr+lgmHL2 dt+ (57)
0 +1
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t
5/2 3/2
el + lonly ey | 1Vl dtr

t
Ay [ V5ol de

with ¢ > 0.
Finally,

¢
2 /(ngﬂ2um,V§Tgm>dt' < (58)
0

t
2 / IV gl V5 (Vg - TPu) [z dt,
0 Apy1 A

r—1

and we have again

IV5 (Vg TPum) 15 < (59)

1/4

3 4

¢ Ngmll g1 1Tl + N gml s 1T 2w L7, [V gmll > /
A3 A H
A3

V3 gmHl/4 [T \\V’"“9m|!3/4>

with positive constant c. Operator II? is bounded in L?\Q by the Hodge
Theorem 1. On the other hand Theorem 4 yields that the sequence {u.,}
is bounded in L3, (see (39)), then HHQUmHHXQ < c\|gm||Hrg1 and we get

/0<ng112%,% Gm)d ' /HV”“gmHLz 1dt+ (60)

5/2 3/2
s sy + el sy [ I¥50m 13 bt

Ngmll 5 / V5gm 3 dr

with ¢ > 0.

It follows from (48) - (60) and Gronwall-Perov’s Lemma that if (f,ug) €

k+1,0,0 k+3
B2,for ( T) X VvA2

r < k + 2, then there exist a time t, € (0,%] and a positive constant C,
depending on the norms HfHBHolr’O’O(XTk) and \|u0HVAr2+3, such that

and the norm ||gmHO(I,H;§1) is bounded for some r € N,

tr
V50 +or [ IV5 gl dt < Colie frwn). (61)

Using by (61) consistently for » = 1,...,k 4+ 2 we get family of times ¢,.
Denote T}, = I<n]3n2 t,, then (61) yields that for any k € Z there exist a time
r<k+

Ty, such that (3) is fulfilled. 0
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Theorem 3 imply that there exist a solution g € C(I, L%3) N L*(I, H,,)
of (21). On the other hand, it follows from Lemma 3 that for each (f,up) €

Bi;}(’j(s_l)’s_l(XT) fo§+k+1 there exist a time T}, € (0, 7] and a subsequence

{gm' = divu,,} such that {g,/} converges weakly in L?(I7,,L3;) and *-
weakly in L (Ir, , HES?)NL2(1, HY$?) to an element g, then g € BYy 2% (Xr,).
Moreover, the uniqueness of g immediately follows from Corollary 1.

O

Theorem 6. Let s € N and k € Z, with k > 2. Then for all

k+1,2(s—1),s—1
(f,u0) € Bya o V71 (Xp) x VB

there exist a time T € (0,T) such that the Problem (5) has unique solution

k+1,2s, k+2,2(s—1),s—1
(u,p) € BYEL2(Xg,) x Byt 22077 ().

Proof. Indeed, apply the projection P? (see Lemma 1 above) to the equation
(5) we have

(62)

Ou + pAou + P2N?(u) = P2f in X x (0,7),
u(x,0) = ug in X,

then the form p actually has to satisfy the equation
rotp = (I — P?)(f — N*(u)) in X x (0,7T). (63)

Multiplying (62) by v € V%, we get the Problem (36), then the existence
and regularity of solution u follows immediately from the Theorems 4 and
5. On the other hand, it follows from Lemma 2 that there exist unique

differential form p € Bf\ji’i(s_l)’s_l(XTk), satisfying (63).

O
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