
ÐÅÖÅÍÇÈß ÑÒÀÒÜÈ ÁÀÉÆÀÍÎÂÀ-ÓÌÁÅÒÁÀÅÂÀ
CONSTANT EXPANSION OF THEORIES AND THE

NUMBER OF COUNTABLE MODELS

Íàñòîÿùàÿ ñòàòüÿ êàñàåòñÿ ìåòîäà êîíñòàíòíûõ îáîãàùåíèé ïîëíîé òåîðèè
äëÿ èññëåäîâàíèÿ äèíàìèêè èçìåíåíèÿ ÷èñëà ñ÷åòíûõ ìîäåëåé. Òåìàòèêà íåñî-
ìíåííî ÿâëÿåòñÿ èíòåðåñíîé äëÿ øèðîêîãî êðóãà ñïåöèàëèñòîâ. Â íàñòîÿùåé
ñòàòüå óòâåðæäàåòñÿ, ÷òî âîïðîñ óìåíüøåíèÿ ÷èñëà ñ÷åòíûõ ìîäåëåé ñ êîíòè-
íóóìà äî ñ÷åòíîãî ÷èñëà îñòàåòñÿ îòêðûòûì. Ê ðàáîòå ó ðåöåíçåíòà ïîÿâèëèñü
âîïðîñû è çàìå÷àíèÿ, êîòîðûå íå ïîçâîëÿþò ïîêà ðåêîìåíäîâàòü åå ê ïóáëè-
êàöèè. Ïîñëå îòâåòà íà âñå âîçíèêøèå âîïðîñû è óñòðàíåíèÿ îáíàðóæåííûõ
íåòî÷íîñòåé ñòàòüÿ ìîæåò áûòü ðåêîìåíäîâàíà ê ïóáëèêàöèè.

Abstract

Â äàííîì àáñòðàêòå îäíîâðåìåííî óïîòðåáëÿåòñÿ ñëîâà "article"è "paper".
Íàäî îñòàâèòü ÷òî-òî îäíî èç íèõ.

Ïåðâîå ïðåäëîæåíèå ðåêîìåíäóþ ïåðåïèñàòü â ñëåäóþùåì âèäå: The present
paper is dedicated to the method of constant expansion of a complete theory for
studying its number of countable models.

Âî âòîðîì ïðåäëîæåíèè çàìåíèòü "calculating"íà "counting".
Â òðåòüåì ïðåäëîæåíèè çàìåíèòü ñëîâîñî÷åòàíèå "by means of a constant

expansion"íà "by a constant expansion".
Îòâåò: Èçìåíåíèÿ âíåñåíû

Keywords

Äîáàâèòü îïðåäåëåííûé àðòèêëü "the"ïåðåä ñëîâîñî÷åòàíèåì "number of
countable models".
Îòâåò: Èçìåíåíèÿ âíåñåíû

Ïàðàãðàô 1

Ñòðàíèöà 145, ñòðîêà 1 âòîðîãî àáçàöà: çàìåíèòü "2ℵ0"íà "2ℵ0". Âîîáùå â
ýòîì ïàðàãðàôå

Âû ãäå-òî èñïîëüçóåòå ℵ0, à ãäå-òî ω. Æåëàòåëüíî îñòàíîâèòñÿ íà îäíîì
âàðèàíòå.

Ñòðàíèöà 145, ñòðîêà 3 òðåòüåãî àáçàöà: äîáàâèòü îïðåäåëåííûé àðòèêëü
"the"ïåðåä ñëîâîì "de�nition".
Îòâåò: Èçìåíåíèÿ âíåñåíû

Ïàðàãðàô 2

Ñòðàíèöà 145, ñòðîêà 2 ïåðâîãî àáçàöà ïàðàãðàôà 2: âìåñòî q(x̄) ñëåäóåò
ïèñàòü q(ȳ).
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 145, ñòðîêà 3: âìåñòî "2-A-de�nable formula"ñëåäóåò ïèñàòü "LA-

formula".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, De�nition 1: âìåñòî "2-type"ñëåäóåò ïèñàòü "l(x̄) + l(ȳ)-type".
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Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, ñòðîêà 9: äîáàâèòü îïðåäåëåííûé àðòèêëü "the"ïåðåä ñëîâîì

"de�nition".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, ñòðîêà 10: âìåñòî "A-de�nable formula"ñëåäóåò ïèñàòü "LA-

formula".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, àêñèîìà 1 äëÿ T0: ñëåäóåò ïåðåïèñàòü â ñëåäóþùåì âèäå: ¾ is

a dense linear ordering without endpoints".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, àêñèîìà 2 äëÿ T0: äîñòàòî÷íî íàïèñàòü â ñëåäóþùåì âèäå:

"∀x[f(f(x)) = x]".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 146, ñòðîêà 33: çàìåíèòü "and then complete"íà "and therefore T0

is complete".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 148, ñòðîêè 2-4 (àêñèîìà 4 äëÿ T2): Íå ñîâñåì ïîíÿòíî, ÷òî èìååòñÿ

ââèäó. Â Ïðèìåðå Îìàðîâà hi áûëî áèåêòèâíûì îòîáðàæåíèåì ìåæäó ýòèìè
äâóìÿ ìíîæåñòâàìè, ñîõðàíÿþùèì < è f . Çäåñü íàïèñàíî òàê, áóäòî hi � ýòî
ïåðåñòàíîâêà âñåãî íîñèòåëÿ, ñîõðàíÿþùàÿ < è äîïîëíèòåëüíî ñîõðàíÿþùàÿ
f íà âûäåëåííûõ ìíîæåñòâàõ.

Äîáàâèëè ÷òî hi ýòî áèåêòèâíîå îòîáðàæåíèå äâóõ ðàçíûõ ìíîæåñòâ
ñòð. 148, ñòðîêè 5-8:
4. hi is a bijective mapping preserving < and f between two di�erent sets

de�nable by the following formulas:

A(x) ∧ (ci < x < f(ci)) and A(x) ∧ (ci+1 < x < f(ci+1)), i < ω.

That is hi : A(M) ∩ (ci, f(ci)) → A(M) ∩ (ci+1, f(ci+1)).
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöû 147-148 (àêñèîìû äëÿ T2): Íåïîíÿòíî, ïî÷åìó çàäàííàÿ òàêèì îá-

ðàçîì òåîðèÿ äîëæíà áûòü ïîëíîé, áîëåå òîãî, îíà ïî-âèäèìîìó è íå ÿâëÿåòñÿ
òàêîâîé, ïîñêîëüêó íà ìîé âçãëÿä íàïðèìåð íå çàâèñèò îò ôîðìóëû

∀x∃y∀z[H(x) ∧H(y) ∧ ((A(z) ∧ z < x < f(z)) → hi(z) < y < hi(f(z)))].

Âîçìîæíî, èç-çà íåÿñíîñòè ñ ïóíêòîì 4. Êâàíòîðû ñëåäóåò áðàòü òîëüêî ïî
ìíîæåñòâàì, óêàçàííûì â ýòîì ïóíêòå.
Âîïðîñ Âîçìîæíî â Âàøåé ôîðìóëå Âû èìåëè â âèäó, ÷òî

∀x[H(x) → ∃y(H(y) ∧ ∀z(A(z) ∧ z < x < f(z)) → hi(z) < y < hi(f(z)))]

Íî è â ýòîì ñëó÷àå ýòà ôîðìóëà íå âåðíà, òàê êàê â ýòîé ôîðìóëå H îïðå-
äåëÿþòñÿ íå ýëåìåíòàìè, à ñå÷åíèåì.

Äîáàâèëè óòî÷íåíèÿ â àêñèîìó 5
ñòð. 148, ñòðîêè 9-17:
5. ∀x(ci < x < ci+1 → (H(x) ↔ hi(x) = x)), i < ω.
Notice that for α ∈ H(M) such that ci < α < f(ci) the formula

K(x, α) := H(α) ∧ ∃y(A(y) ∧ ci < y < α ∧ hi(y) = x)

de�nes an irrational cut in (ci+1, f(ci+1)) and provides that the following formula
is satis�able:

¬∀x[(H(x) ∧ ci < x < f(ci)) → ∃y(H(y) ∧ ∀z(Al(z) ∧ (ci < z < x < f(z) →
hi(z) < y < hi(f(z)))))].
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Äîáàâèëè äîêàçàòåëüñòâî ïîëíîòû T2 ñî ñòð. 148 ñòðîêè 16 äî ñòð. 151 ñòðîêè
10.
Îòâåò: Èçìåíåíèÿ âíåñåíû

Ïàðàãðàô 3

Ñòðàíèöà 148, ñòðîêà 3 ïàðàãðàôà 3: çàìåíèòü "next"íà "following".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 148, ñòðîêè 5-9 ïàðàãðàôà 3: Èç-çà íåïîëíîòû òåîðèè T2 ñðàçó æå

âûòåêàþò âîïðîñû ê ïîëíîòå ýòèõ òèïîâ, â ÷àñòíîñòè, â íåêîòîðûõ ïîïîëíåíè-
ÿõ òåîðèè T2 ýòè òèïû íå ïîëíû.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Äîáàâèëè óòî÷íåíèÿ
ñòð. 151 ñòðîêè 5-11 ïàðàãðàôà 3
For j < ω consider extentions of qj(x) to the complete types. Every element

from q(M) must satisfy exactly one of the following 1-formulas: H(x), Al(x), Ar(x).
Therefore qj(x) has exactly three completions:

q1j (x) = qj(x) ∪ {H(x)};
q2j (x) = qj(x) ∪ {Al(x)};
q3j (x) = qj(x) ∪ {Ar(x)};

qj(M) = q1j (M) ∪ q2j (M) ∪ q3j (M).

Ñòðàíèöà 148, ñòðîêè 2-4 ñíèçó (ôîðìóëà Sj+k(x, α)): Òàêèì îáðàçîì, ýëå-
ìåíòû x, äëÿ êîòîðûõ âûïîëíåíà ýòà ôîðìóëà, ýòî â òî÷íîñòè âñå x èç A∩Bn,
ïðîîáðàçû êîòîðûõ ìåíüøå α, è âñåx èç H ∩ Bn, êîòîðûå ëåæàò ïîä îáðàçîì
íåêîòîðîé äóãè ìåíüøåé α.

Ýòî âåðíî, åñëè íåìíîãî ïîäêîðåêòèîâàòü Âàø âîïðîñ è âíåñòè èíäåêñû
ñëåäóþùèì îáðàçîì:

Ôîðìóëà Sj+k(x, α): Òàêèì îáðàçîì, ýëåìåíòû x, äëÿ êîòîðûõ âûïîëíåíà
ýòà ôîðìóëà, ýòî â òî÷íîñòè âñå x èç A ∩Bj+k

n , ïðîîáðàçû êîòîðûõ ìåíüøå α,
è âñåx èç H ∩Bj+k

n , êîòîðûå ëåæàò ïîä îáðàçîì íåêîòîðîé äóãè ìåíüøåé α èç
A ∩Bj

n.
Ò.å. ýòó ôîðìóëó ìîæíî òðàêòîâàòü êàê "ýëåìåíò x ëåæèò ñëåâà îò ýëåìåíòà

α". Âåðíî? Çäåñü ÷åðåç ìíîæåñòâî Bn îáîçíà÷àåòñÿ èíòåðâàë

[(hj+k−1(...(h1(h0(bn)))...), (hj+k−1(...(h1(h0(f(bn))))...)]

ò.å. èíòåðâàë ïîä îáðàçîì äóãè bn ïîñëå ñîîòâåòñòâóþùèõ ïåðåíîñîâ ôóíêöè-
ÿìè hi, â êîòîðûé îáÿçàíû ïîïàäàòü x, óäîâëåòâîðÿþùèå ôîðìóëå Sj+k(x, α).

Íå ñîâñåì âåðíî, ýòó ôîðìóëó ìîæíî òðàêòîâàòü êàê �ýëåìåíò x ëåæèò ñëå-
âà îò ñå÷åíèÿ îïðåäåëÿåìîãî ýëåìåíòîì α,� òàê êàê α ∈ q1j (M), à ñå÷åíèå

îïðåäåëÿåòñÿ â q1j+k(M).
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 149, ñòðîêà 7: ×òî îçíà÷àåò ÷òî ôîðìóëà splits íåêîòîðûé òèï?

Äåëèò? Åñëè äà, òî ñîâñåì íå î÷åâèäíî ïî÷åìó â ýòîì ñëó÷àå ýòî òàê.
Äîáàâèëè îïðåäåëåíèå Splits è óòî÷íåíèÿ
ñòð. 145, ñòðîêè ñíèçó 7-8:

De�nition 1. We say ϕ(x) splits a linearly ordered set B (not necessary de�nable)
if ϕ(M) ∩B < ¬ϕ(M) ∩B.

ñòð. 152, ñòðîêè 10-15:
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And, similarly to the remark to Axiom 5, Sj+k(x, α) splits qsj+k, for every s ∈
{1, 2, 3}. In particular Sj+k(x, α) splits qj+k(M), if

(Sj+k(M,α) ∩ qj+k(M)) ∪ (¬Sj+k(M,α) ∩ qj+k(M)) = qj+k(M)

and,

Sj+k(M,α) < (¬Sj+k(M,α) ∩ qj+k(M)).

The same is true for the formula Si(M,α).
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 149, ôîðìóëèðîâêà Òåîðåìû 1: cëåäóåò ïèñàòü â ñëåäóþùåì âèäå:

The theory T2 has countably many countable models ...
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 149, ôîðìóëèðîâêà Claim 1: cëåäóåò ïèñàòü â ñëåäóþùåì âèäå:

The theory T2 has at least countably many non-isomorphic ...
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 149, ñòðîêà 4 äîêàçàòåëüñòâà Claim 1: çàìåíèòü "countable number

of"íà "countably many".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ôîðìóëèðîâêà Claim 3: çà÷åì èñïîëüçóåòñÿ ñëîâî Then? Âîç-

ìîæíî, ãäå-òî ïîòåðÿíî óñëîâèå äàííîãî óòâåðæäåíèÿ.
Íîâàÿ ôîðìóëèðîâêà Claim 3
ñòð. 153 ñòðîêè 16-18:
Claim 3 For every j ̸= k < ω, Mj,k contains an in�nite number of realizations

of q1i , q
2
i and q3i for i < ω. And consequently, for every i < ω,

⟨q2j (Mj,k); =, <, f⟩ ∼= ⟨q2i (Mj,k); =, <, f⟩.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ñòðîêà 1 äîêàçàòåëüñòâà Claim 3: ïî÷åìó ìû ìîæåì ïðåäïî-

ëîæèòü, ÷òî αk ∈ Sk(M,αj)∧H(M)? Äëÿ ïàðû αk, αj ñëó÷àé αk ̸∈ Sk(M,αj)∩
H(M) äåëèòñÿ íà äâà ïîäñëó÷àÿ: 1. αj ∈ Sj(M,αk)∧H(M); 2. αj ̸∈ Sj(M,αk)∧
H(M).

Òîëüêî ïåðâûé èç íèõ ó÷èòûâàåòñÿ ïðè Âàøåì ïðåäïîëîæåíèè.
Âíåñëè ïðàâêè ñîãëàñíî Âàøèì çàìå÷àíèÿì è íîâîå äîêàçàòåëüñòâî Claim

3 íà ñòð. 153, ñòðîêè 19-34.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ñòðîêè 7-8: Ðàçâå ýòî íå ÿâëÿåòñÿ áóêâàëüíî ÷àñòüþ îïðåäå-

ëåíèÿ hi?
Äîáàâèëè óòî÷íåíèÿ
ñòð. 153, ñòðîêè 7-8 ñíèçó:
Since hi and h−1

i are bijections for any i < ω, ⟨q2j (Mj,k); =, <, f⟩ ∼= ⟨q2i (Mj,k); =
, <, f⟩.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ïåðâîå ïðåäëîæåíèå äîêàçàòåëüñòâà Claim 4: Ïî÷åìó?
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, âòîðîå ïðåäëîæåíèå äîêàçàòåëüñòâà Claim 4: Âûãëÿäèò êàê

÷òî-òî, èç ÷åãî âûâîäèòñÿ ïðîòèâîðå÷èå ñ ïðåäûäóùèì óòâåðæäåíèåì... Ñòðà-
íèöà 150, òðåòüå ïðåäëîæåíèå äîêàçàòåëüñòâà Claim 4, óñëîâèå αk ∈ Sk(M,αj)∧
H(M): Îïÿòü òàêè, ïî÷åìó ìû ìîæåì ýòî ïðåäïîëîæèòü, êóäà òåðÿåòñÿ ñëó÷àé
êîãäà îíè îáà ëåæàò íå ñëåâà äðóã îò äðóãà?
Îòâåò: Èçìåíåíèÿ âíåñåíû
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Ñòðàíèöà 150, ñòðîêà 13 äîêàçàòåëüñòâà Claim 4: Íåò, h îñòàâëÿåò íå ìåñòå
ýëåìåíòû qk(N) ∩H(N), ñàìè æå åãî òàê îïðåäåëÿëè.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ñòðîêà 13-14 äîêàçàòåëüñòâà Claim 4: Ïî÷åìó "we can map

them to q(Mj,k)"? Âåäü N è Mj,k âñå æå ðàçíûå ìîäåëè.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ñòðîêà 14-16 äîêàçàòåëüñòâà Claim 4: Êðàéíå íåïîíÿòíîå

óòâåðæäåíèå. Âî-ïåðâûõ, â q(N) åñòü ýëåìåíòû b òàêèå, ÷òî f(b) < b, èëè òà-
êèå, ÷òî S0(b, αk) S

0(f(b), αk) îäíîâðåìåííî, à âî-âòîðûõ, òî ÷òî çäåñü âåðîÿòíî
ïîäðàçóìåâàåòñÿ áóêâàëüíî îçíà÷àåò, ÷òî αk è αj îäíîâðåìåííî ëåæàò íå ñëåâà
äðóã îò äðóãà, ÷òî ïðîòèâîðå÷èò Âàøåìó íà÷àëüíîìó ïðåäïîëîæåíèþ.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 150, ñòðîêà 17 äîêàçàòåëüñòâà Claim 4: ×òî çäåñü èìååòñÿ ââèäó?

×òî îíè íå ïóñòû? Åñëè äà, òî ýòî è òàê î÷åâèäíî.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 151, ñòðîêà 6, óñëîâèå (2): Ïî÷åìó? Êóäà äåëèñü ýëåìåíòû x èç

q(Mj,k) òàêèå, ÷òî S0(x, αk)∧¬S0(f(x), αk) è S0(x, αj)∧¬S0(f(x), αj)? Åñëè áû
ýòî áûëî âåðíî, òî êàê ìèíèìóì â îäíîì ñëó÷àå ñëåäîâàëî îñòàòüñÿ íà ëåâûõ
êîíöàõ?
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 151, ñòðîêà 7: ×òî çäåñü èìååòñÿ ââèäó ïîä represented, åñëè ÷òî

q(Mj,k) ðàâíî âîò ýòîìó âñåìó, òî âîîáùå òàì åùå è ýëåìåíòû èç H åñòü.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Áëàãîäàðèì çà ïîëåçíûå çàìå÷àíèÿ, âíåñëè ïðàâêè ñîãëàñíî Âàøèì çàìå-

÷àíèÿì è íîâîå äîêàçàòåëüñòâî Claim 4 íà ñòð. 153 ñòðîêà 3 ñíèçó - ñòð. 155
ñòðîêà 18 ñíèçó.
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 151, ñòðîêà 9: çàìåíèòü "next"íà "following".
Îòâåò: Èçìåíåíèÿ âíåñåíû
Ñòðàíèöà 153, ïóíêò 1 â Conjecture 1: Ïî âñåé âèäèìîñòè ýòî íå ÿâëÿåòñÿ

íåîáõîäèìûì óñëîâèåì. Êîíòðïðèìåð: ñ÷åòíîå ÷èñëî êîïèé ïëîòíîãî äåðåâà ñ
ìàêñèìàëüíûìè ýëåìåíòàìè, âìåñòå ñ îòíîøåíèåì ýêâèâàëåíòíîñòè, îáúåäèíÿ-
þùèì îäèíàêîâûå ýëåìåíòû â ðàçíûõ äåðåâüÿõ, äîïîëíåííîå îòíîøåíèåì ýê-
âèâàëåíòíîñòè íà ìàêñèìàëüíûõ ýëåìåíòàõ, îáúåäèíÿþùèì èõ â áåñêîíå÷íûå
êëàññû ïëîòíûå îòíîñèòåëüíî âñåõ ôîðìóë è ôèêñèðîâàííûì ñ÷åòíûì ÷èñëîì
ýêâèâàëåíòíûõ ïîñëåäîâàòåëüíîñòåé, èìååò êîíòèíóóì ìîäåëåé (çàâèñÿùèõ îò
òîãî ê ÷åìó ñõîäÿòñÿ ýòè ïîñëåäîâàòåëüíîñòè), íî îáëàäàåò ðàñøèðåíèåì îä-
íîé êîíñòàíòîé ñî âñåãî ëèøü òðåìÿ ñ÷åòíûìè ìîäåëÿìè. Íåñëîæíî çàìåòèòü,
÷òî ðàçíûå ìîäåëè äîñòèãàþòñÿ çäåñü íå çà ñ÷åò áîëüøîãî ñåìåéñòâà îðòîãî-
íàëüíûõ 1-òèïîâ, à çà ñ÷åò òîãî, ÷òî äëÿ ëþáîãî n ñóùåñòâóþò ñåìåéñòâà èç n
øòóê õîðîøèõ (îðòîãîíàëüíûõ?) m òèïîâ äëÿ âñåõ m > N(n), ãäå N(n) � ýòî
íåêîòîðàÿ íèæíÿÿ îöåíêà äëÿ äëèí êîðòåæåé m îòíîñèòåëüíî n òèïîâ.

Íîâàÿ ôîðìóëèðîâêà Conjecture 1 óòî÷íåíà äëÿ ëèíåéíîãî ïîðÿäêà, íîâàÿ
ôîðìóëèðîâêà Conjecture 1 íà ñòð. 157 ñòðîêè 15-28.
Îòâåò: Èçìåíåíèÿ âíåñåíû


