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ABSTRACT. It has been establish that the locally finitely separability
of any universal algebra represented over a given uniformly computably
separable equivalence is equivalent to the immune of the characteristic
transversal of this equivalence. Examples are presented that demonstrate
the infidelity of this criterion for finitely separable algebras, as well as
for computably separable equivalences that are not uniform. It is shown
that every infinite and co-infinite set is a characteristic transversal of a
computably separable equivalence, over which only finitely approximable
algebras are represented.
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obJtaratoreit HEHYIEBBIMEU KOHIPYIHIIUSIMH TOJHKO KOHETHOTO WHIEKCA SBJISETCS
BBIYUCJIMMO#, 9TO MOCTABUJIO BOIPOC O CIPABEITHBOCTU JTAHHOTO YTBEPXKICHUS B
obuiem ciyuae (6e3 ycsioBus KOHEYHOMN nopoxienHocru). Oka3anoch, 410 UMEIT-
€S KOHTPIPUMEPBI, MPUYEM WUMEHHO W TOJHKO B KJIACCE BBIYUCINMO OTIEJIUMBIX
anre6p ([8]). Bosee Toro, Besikasi MO3UTHBHAST HyMepalis aireGpbl co cYeTHOH (B
YACTHOCTH, HETEPOBOIi) PENIETKON KOHIPYIHIUIT SABJISETCA BBIYUCIUMO OTIEJIUMOMN
(9, 10]). dpyroit nupumep — npobiema Beprcrpol-Takepa B Teopuu abCTpak THBIX
THIOB JIAHHBIX O CYMIECTBOBAHUU WHUIMAJIHHOIO B KOHEYHO-0A3UPYyEMOM MHOTOO6-
pa3uu oboralueHust /1iist 000 KOHEYHO OPOXKAEHHON 103uTUBHON anrebpot ([11]).
OrpunarennbHoe perreHue 3TOH MPOOIEMbl OBITIO TTOJIYIEHO TPEIbABICHHEM COOT-
BETCTBYIOIIEr0 TPUMEPA, KOHETHO MOPOKICHHON anreOpbl, MMEIOIIeH BBITHCINMO
OTJIETTUMYTO TIO3UTHBHYI0 HYMEPAIUIO ¢ KMMYHHOM XapaKTEPUCTHIECKON TpaHCBep-
caubio ([12]).

Baxkue#mmm moKIaccoM KIacca BbIYUCIUMO OTIETUMBIX aJIre0p SBISeTCs KIACC
PABHOMEPHO BBIYUCINMO OTIACIUMBIX aIredp, A/t 00beKTOB KOTOPOTO CYIIECTBYIOT
AJITOPUTMBI, TTO3BOJISIONTIE PABHOMEPHO 3 (DEKTUBHO TIOPOXKIATH XAPAKTEPUCTHIE-
CKHe MHJEKCHI oT/essonmx MEoxkects ([13]). ocTtaTodHo cKa3arh, YT0 KOHTPIIPH-
Mep K yIOMsHYTO# Bbiie npobseve A. V. MajibiieBa sIBIAseTCs pABHOMEPHO BBIYKC-
JIIMO OTIEJIUMOI anrebpoii, a KouTprupuMmep K mpobieme Beprerpor-Takepa MoKHO
YCUJIUTD, BbIOPAB TAKYIO PABHOMEDPHO BbIYUCJIAMO OTJEIUMYIO IIO3UTUBHYIO KOHEY-
HO TIOPOXKIEHHYIO aredpy, HUKAKOe ODOralleHre KOTOPO He SBJISIETCS CBOOOTHOM
CUCTEeMOIl HI B KaKOM KJIACCe CHUCTEM, KOHEYHO aKCHOMATH3WDPYEeMOM YHUBEPCAJIb-
HBIMH TIPEJIIOKEHUSME CIIENUanbHOr0, HO BecbMa o0miero Buma ([6]). Ormernm,
9TO KJACC PABHOMEPHO BBIYHCIMMO OTAETUMBIX aaredp Becbma obrmuper. Hampu-
MEpP, B KaXKJOU M-CTEleHU COJEPKUTCH PABHOMEPHO BBIYUCIMMO OTIEJIAMAs AJl-
redpa. Ocoboe MecTo cper paBHOMEPHO BBIUMCINMO OTACIUMBIX aIredp 3aHNMaioT
HEraTUBHBIE AJITeOphI, T.K. HyMEPOBAaHHAs aarebpa BBIUUCIUMO OTIEIMMA TOTJIA U
TOJIBKO TOIJIA, KOIJIa OHA AlPOKCHMHDYeTCs HeraTMBHbIME airebpamu ([13, 14]),
T.€. HCKJIIOUUTEHHON 0CODEHHOCTHIO BBIYUCIUMO OTIAETUMBIX aIrebp, B OTIMYUe OT
JIPYTUX HYMEDOBAHHBIX CHUCTEM, SIBJISIETCH WX AIMIPOKCUMUPYEMOCTh HErATHBHBIMU
ajarebpamn.

[Tos c710BOM SKBUBATIEHTHOCTE TIOHUMAETCST OTHOIIEHNE SKBUBAJIEHTHOCTH Ha, MHO-
JKecTBe HATypPaJbHBIX 4HCeN w. Ecin 1) — 9KBUBAJIEHTHOCTDb, TO MHOXKECTBO o C w
HA3BIBAETCSA 7)-3aMKHYTBIM, €CJTH (¢ ABISIETCS O0bEMHEHUEM TTOIXO/ISIINX 7)-KI1aCCOB
(re. v € aAzx =y (mod n) = y € a). DKBUBATEHTHOCTH OyJeM Ha3bIBATH Oec-
KOHEYHO#, eciit OGECKOHEYHO YHCJIO €e CMEXKHbIX KJIaccoB. [OBOps O pacumpeHuun
SKBUBAJIEHTHOCTH 7)g Oy/IeM TIOpa3yMeBaTh €€ PACHIMPEHNUE, SBISIONIEECs OTHOIIIe-
HUEM KBHUBAJIEHTHOCTH, T.€. BCAKOE TaKOe OMHAPHOE OTHOIIEHHE 1)1, UTO 19 C 11 U
71 — 9KBUBAJEHTHOCTb.

Ecnu (A, v) — nymepoBannas anrebpa, T0 ee HyMEPaIUOHHY 0 SKBUBAJIEHTHOCTh
OyJeM Ha3blBaTh, /Ul KPATKOCTH, $/IPOM HyMepauuu u obosuadars vepes ker(v).
Mpr 6y/1eM OTOXKIECTBIISATH TIOHSITHST HYMEPAIINHN W aJITOPUTMHYECKOTO MPEICTaBIe-
HUSI YHUBEPCAIbHON aarebpnl. TOYHO Tak K€, CBOWCTBO MPEICTABUMOCTH AJreOpbI
HaJ, SKBUBAJIEHTHOCTHIO 7) OyeT MOHUMATHCs KAaK PABHOOObEMHOE CBOUCTBY “OBITH
n-aaredpoii”.
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XapakTepuCTUIeCKO TPAHCBEPCAIbIO IKBUBAJEHTHOCTH 7) HA3BIBACTCH MHOMKE-
CTBO MUHUMAJILHBIX TPEICTABUTENEH BCEX CMEXKHBIX KJIACCOB ITON IKBHUBAJICHTHO-
cru, re. tr(n) = {z | Vy(z = y (mod n) = = < y)}. Xapakrepucruieckoii Tpanc-
BEPCANIbI0 HYMepaIuu (AJIrOPUTMHUYECKOTO TIPEJCTABIEHNST) ¥ HA3hIBAETCS Xapak-
TepUCTHYECKast TPaHCBepcasb ee sapa, T.e. tr(ker(v)) = tr({{(z,y) | va = vy}),
KOTODYIO, B LIEJIIX COKPAIIEHUs, 4acTo Oyaem obo3Hadarh depes tr(v). Xapakrepu-
CTHYECKAsT TPAHCBEPCAND MPEICTABIIET COO0I BasKHBIN ATTOPUTMUIECKUH aTpUOyT
KaK 9KBUBAJIEHTHOCTH, Tak U HyMepaimu. Hanpumep, o4eBuIHO, 9TO /sl HEraTUB-
HO#1 (LLO3UTUBHON) SKBUBAJIEHTHOCTH €€ XaPAKTEPUCTUIECKA TPAHCBEPCAJLb BbIYUC-
JIMMO TIepedncnma (KOTepeuncinmMa).

IMycts (A, v) — nymepoBannas ajnrebpa. IlonmuoxkecTBo B anreOpnl A Ha3bIBaeT-
Csl V-BBIYUCIUMBIM (V-TIEPEYUCTUMBIM, V-KOIEPEUUCTUMbIM ), €C/TH BBIYUCIUMO (BbI-
YHCIUMO MEePedHC/IIMO, KOepeuancIumo) MHokectso v~ L (B). Eciu u3 konTekcra
Oyzer sCHO, KakKas HyMepalys UMEeeTcs B BUJLY, TO [IOJIMHOXKECTBA aareopbl Oyaem
HA3BIBATH TIPOCTO BBIYUCIUMBIMU (TIEPEUUCTUMBIMY, KONEPEUUCTUMbIME) 63 TIpH-
CTaBKHU V.

Hanomuunm, 910 yHUBEpCAIbHAsS ajredpa HAa3bIBAETCS (GUHUTHO AMMTPOKCHMUPYe-
MOIi, €CJTH J1JTs1 JTIOOBIX JIBYX PA3TMIHBIX €€ 3JIEMEHTOB CYIIECTBYeT TOMOMOP(hU3M Ha
KOHEUHYIO ajrebpy, B KOTOPOM 0Opa3bl 3THX 3JIEMEHTOB TAKXKe Pa3IndHbl. AHAIO-
PUYHO, YHUBEPCAIbHas ajiredpa A Ha3biBaeTcss GPUHUTHO OTAEJIUMON, €CIIH U1 BCs-
Koit ee mopanrebpn Ay n sroboro semenTa a € A\ Ay Halimercst Takast KOHIDYIHITHS
KOHEYHOTO MHIEKCA, IO MOJYJI0 KOTOPOH JJIEMEHT @ OTJIMYEH OT BCEX JJIEMEHTOB
nozanreopsl Ag. JIpyrumu cioBamu, Ha S3bIKe TOMOMOP(U3MOB, CyIIEeCTBYeT TaKOM
romoMopdusm ¢ u3 anrebpol A Ha KoHeuHyio anrebpy, 4ro ¢(a) ¢ ¢(Ap). Anasno-
PUYHO, ajrebpa Ha3bIBAETCs JIOKAJIBHO (DUHUTHO OTAEJIUMOMN, €CIu i BCAKON ee
KOHEYHO MOPOXK IEHHOM MoIaareOphl 1 JII000T0 9JIeMEHTa, BHE 3TOH mogaarebpbl Haii-
JIeTCsT KOHTPYIHIUST KOHETHOIO MHIEKCA, PA3INYIAIOIIAS TaHHbIE 9JIEMEHT W MOIaJI-
rebpy. OueBuIHO, 9TO KJacC (DUHUTHO OTIEIUMBIX aJIredp ABJISETCS COOCTBEHHBIM
MOJIKJIACCOM KJIACCa, JIOKATHHO (BUHUTHO oTAenuMbix anreOp. Cpemaum 3amad, cBs-
3aHHBIX C AJTOPUTMUYECKON PA3PEIIMMOCTHIO airedp, BbIAEJSETCs KJIACC 3a/ad,
CBSI3AHHBIX CO CTPYKTYPHBIMU CBOMCTBAMU T, (PUHUTHON oTaenumoctu. C anro-
PUTMUYECKONU TOYKH 3PEHUS] 0COOEHHO BAsKHA JIOKAJIHHO (DUHUTHAS OTIEIUMOCTD.
OTO CBS3aHO C TEM, 9TO [jIsi KOHEYHO MOPOXKIEHHBIX momajreop Bcerma dddek-
TUBEH TEPBbIi, HAYATBHBIN [IAl TOPOXKJIEHUS TAKUX MOAAITeOp U MOTOMY TAKUE
nofasreopol OyayT 3pHEeKTUBHBIMHU, B TO BPEeMs KaK Jjisi OECKOHETIHO MOPOXKIEH-
HBIX 101/ Irebp MHOXKECTBO MOPOKIAIONIMX, KAK U CaMa ojasredpa, MOKEeT UMEeTh
CKOJIb YTOJHO BBICOKYIO QJITOPUTMUYIECKYIO CIIOKHOCTD.

[IpenBapss cieayroriue gajee CTPOre OmpeiesieHust Oy1eM TOBOPUTH, YTO HyMe-
panus v anrebpbl A BBIYUCTUMO OTIETUMA, €CITH JIJTsl JTIOOBIX PA3IUIHbIX g, a1 € A
Haiizercsd Takoe MHOXKeCTBO (OKpecTHoCTb) Ag zJis 3jeMeHra ag, 910 ag € Ag,
a; ¢ Ay u nonnblii v-npoobpas MuHoxecTBa Ag (1., v Ag) BBHIUMCIHM.

Ocobo momuepkuem ciexaytomee. Ecin (A, v) — HymMepoBaHHasi ajarebpa v v Bbl-
YUCUMO OTHeuMa, TO (A, V) allllpOKCUMUPYETCs HEraTUBHBIMU aJIre0paMu U eCjiu
npu 9TOM 7 (V) HMMYHHA, TO XapAKTEPUCTUIECKUE TPAHCBEPCAJIM BCEX HEraTUBHbBIX
roMoMOpdHBIX 06pPa30B Hy MEPOBAHHOMN asire6psbl (A, V) aBJIMIOTCH BBIYUCIUMO [Iepe-
YUCAMMBIMU HOAMHOXKECTBAMKU UMMYHHOIO MHOkecTBa 1 (v). Ilosromy Bee aTu 06-
Pa3bl KOHEYHBI U, CJIeI0BATENBHO, anredpa A dunutHO annpokcuMupyema. OgHAKO,
BOITPOCHI (JIOKAJIbHO) (DUHUTHON OTAEIUMOCTH TOpa3ao Oosee Tonkue. OYeBUIHO,
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4910 U3 (UHUTHON OTAETUMOCTH JII000H aareOphl CIegyeT ee JIOKAJIbHO (pUHUTHAS
OTJEJIMMOCTh, KOTOPOIi, B CBOIO OY€PE/b, IPH BECbMa ODLIMX MPEIIOIOKeHusIX (Ha-
puMep, /1Jis JIOOBIX JBYX PA3JIMIHBIX JEMEHTOB HANIETCs KOHEYHO MOPOXKI€HHAS
nogaarebpa, ComepIKaIas ONUH U3 ITUX SJEMEHTOB W HE COIEPIKAIas BTOPOH) 1To-
CTATOYHO JIJIst (PUHUTHON anmpoKcuMupyemMocTu. Ho memnouka oOpaTHBIX UMILIUKA-
Ui HEe UMeeT MECTA.

3ameruM, 9TO BBIYUCIAUMAS OTAETAMOCTH HYMEPAIUH TO3BOJISIET BBOJWTH MO-
JIE3HBIE TOIOJIOTUU, 6a3y KOTOPBIX 0OPA3yIOT BBIYUCIUMbBIE TOAMHOXKECTBA HyMe-
POBaHHbIX ajredp. Jru upocrpaHcrsa aisaiorcs Ty-upocrpancrsamu ([15]) u Bee
OTIepaIlNU HYMEPOBAHHBIX aJirebp HEeMpPEPhIBHBI KAK OTHOCUTEIHHO BHIYUCIAMO MO-
POKJEHHBIX TOIOJIOTHH, TaK ¥ OTHOCHTEJIHHO CYIIECTBEHHO 0OJjiee CHJIbHBIX — BbI-
YUCITUMO TEPEYUCINMO HOPOXKIEHHBIX Tonooruii ([16]).

Ymecrao ormerutb, 4o 3bdEKThl (PABHOMEPHOI) BHIYUCIMMON OTIEJIUMOCTU
SIPKO MPOSBIAIOT ce0si U B CIydae MOeseil, B 9aCTHOCTU — JIMHEHHBIX MOPSIIKOB.
Tak, BcsIKas HEraTUBHAS HYyMepallus JUHEHHOTO TIOPSIKA TUTIA, PAIIMOHAIHHBIX Y-
CeJl C eCTECTBEHHBIM YIOPSIOYEHNEM MTPOAYKTUBHA OTHOCUTETHHO BEIYACIUMBIX Je-
JIeKUHA0BbIX cevdennii ([17]).

ITpu srom, nenekunnoso ceuenue A|B nuneiinoro nopsuaka (L; <) (B koropom
BCsIKUIl 3J1eMeHT momnajaer Jubo B HuxKHuU Kiaacc A, mubo B Bepxuwuii Kiacc B, npu-
yem A(VB =0 u Va € AVb € B(a < b)) Ha3blBaerCs BbIYMCIMMBIM B HyMepaLuu
v JMHETHOTO Topsifika L, eciu BBIYMCANMO MHOXKeCTBO {z|x € A} m Ha MHOXKe-
crBo {(z,y)|ve < vy} HamaraTCs eCTecTBeHHbIE OPAHWYEHHS aJITOPUTMUYECKO-
ro xapakrepa (BbIYUCIMMOCTD, O3UTUBHOCTH, HEFATUBHOCTH U T.J.). KacaresbHo
MPOAYKTHBHOCTH OTMETHM, 9TO CEMEHCTBO BBIYUCIUMBIX CEUYEHUH HYMEPOBAHHOIO
JIMHEITHOIO TOPS/IKA HA3BIBAETCS MPOyKTUBHBIM, €CIu cyliecTByer 3ddexkTuBHas
nporeaypa, Koropasi gobomy BerancanMomy (B embicae FO.JL.Epmiona, [1]) cemeii-
CTBY BBbIYUC/IMMBIX CEUYE€HMI ITOrO MOPSAIKA CONOCTABJIAET (MHTEHCHOHAJIBHO, T.€.
[OCPEJICTBOM aJIrOPUTMa, CHOCODA BBLIYMC/IEHUS, XaPAKTEPUCTUIECKOrO MHIEKCA)
HEKOTOPOE BBIYMCIUMOE CEYEHNEe BHE JTAHHOTO ceMmelicTBa. Boiee jgeranbho, cemeii-
¢TBO & BBIYUC/IUMBIX JI€JIEKHHIOBBIX CEYEHUN BBIYUCIUMO, €CJIA CYIIECTBYET TaKasi
ero Hymeparus y : w — &, 910 MHOKeCTBO { (2, y)|y € pr} BEIMHCIIMO (AIrOpUT-
MUYECKU PA3PEIIUMO) U MPOLYKTUBHOCTD CEMEHCTBA D BCEX BLIYUCIUMBIX CEYCHUM
o3HadaeT Hagmane 3PHEKTUBHON MPOIETYyPhl “BbIIAIONIEH /I JII0OOT0 BBIUHUCIIN-
Moro nozcemeiicrea & (3amaHHOr0 HyMepanueii () cemeiicrBa © aaropuTM paspe-
IIEHUsT HEKOTOPOIO BBIYUCIUMOrO cedenus S uz D \ &.

B 10 ke Bpems, CylIecTBYeT TaKOe MO3UTUBHOE IIPEJICTABJICHUE JIMHEHHOIO 110-
pSIKa THIA PAIMOHATLHBIX YMCeJ, JIJIsT KOTOPOTO BOODIIE HEeT BBIYUCINMBIX Ceve-
muit ([18]). OrMernm TakKe TOT 04eBUAHBIH (DAKT, YTO Jyisi 060 HYyMepOBaHHOMN
CHCTEMBI CEMEHCTBO ee BBIYUCTUMBIX aBTOMOP(MU3MOB 00pa3yer MOIYrPyINny ¢ e/1u-
auteit. [Ipu aTom, a1 106010 BEIMUCIIMOTO aBTOMOP(MU3MA MTO3UTUBHON CHCTEMBI
obparHblit K HeMy aBroMopduim rakzke BbraucauM. QHAKO, yzKe Ha YPOBHE KJlac-
Ca HETaTWUBHBIX NPEJICTABIIEHUH CYIIECTBYET MOJIeJIb — HETQTUBHBIN JTUHEWHBIH MO-
PSIJIOK, TTOJIYTPYTITIA BBIYUCIUMBIX aBTOMOPGhHU3MOB KOTOPOro OeCKOHEeYHa, HO e/INH-
CTBEHHBIM BBIYUCJIMMO OOPATUMBIM aBTOMOPMU3IMOM 3TOH MOJYTPYIIBI SBJSETCS
exuananHbi ([19]).

Ob6menssectro, 9T0 /i 3MEKTUBHO 3aJaAHHOIO CeMefcTBA KOHIPYIHIMIA PO~
ey pa MOCTPOEHHUST UX TOYHON BEpXHeH rpaHu BhosHe mpo3padna. OaHako mporecc
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"paciernyienus’”’ KOHTPYIHIUN He sIBJISETCs I0BJIETBOPUTEILHBIM HU C aJITOPUTMHU-
YeCKOM, HU ¢ anreOpamdeckoil Touek 3penns. OKa3anioch, YTO UMEHHO PABHOMED-
HO BBIYHMCJIUMO OTJEIMMbIE aJaredpbl MPEIOCTABIISIOT BO3MOXKHOCTD 3P DEKTHBHO-
TO PACIIENJIEHNs KOHTPYIHIINH MPU HEKOTOPHIX, BEChMa ODIIUX, ITOTOTHUTEIHHBIX
yeaosusix ([20]), 9To erme pa3 momuepKUBAET BasKHOCTH CBOMCTBA PABHOMEPHOCTH
JIUIST BBIYUCIUMO OTIAEJUMBIX HyMepaluii ajareop.

KacarenpHo NpUHIMNTATBHBIX PA3TUUIHA MKy HETATUBHBIMU U MO3UTUBHBIMUA
HyMepaIusiMu, KOTOPbIE COXPAHATOTCS TIPY PEIATUBU3AINE OTHOCUTETHLHO apudMe-
TUYECKUX IPEJICTABJIEHUHN, OTMeTuM ciejayiomiee. Jliobas HeraruBHasi SKBUBAJECHT-
HOCTB SIBJISIETCST HY MEPAITMOHHOM JIJTsT TTOXOSATIEH KOHETHO TOPOK IEHHO KOTPYIHII-
POCTOi yHUBEpPCATbHON aire6ps! ([21]). s MO3UTHBHBIX SKBHBAJEHTHOCTEN HU-
4ero mog06HOro He umeeT Mecra (6oJiee TOAPOGHO 06 3TOH MpobaeMaTuke cM. 0630p
[6]), 40 O3HAUaAeT Gosee Gorarble peann3aldoOHHbIE BOSMOKHOCTH HETATHBHBIX HY-
Mepaiuii OTHOCUTETbHO TTO3UTUBHBIX.

Ucxonst w3 cKa3aHHOTO, B HACTOSIIEH paboTe PacCCMATPUBAIOTCS PABHOMEPHO BbI-
YUCIUMO OTJETUMBIE HYMEPAIUN YHUBEPCATBHBIX aJre0p, 00/1aTaloMMUX CBOHCTBOM
JIOKATIFHO (PUHUTHOM OTAeTnMOCTH. OCHOBHBIM PE3YJIBTATOM CTATHU SIBJISETCS CJie-
JYIOIIas aJrOPUTMHUIECKAs XapaKTEPU3AIHsa PABHOMEPHO BBIYUCIUMO OTIECTUMBIX
9KBUBAJIEHTHOCTEN HA S3bIKE MPEJCTABUMOCTH HAJ HUMHE JIOKAJIBLHO (DUHUTHO OTJIe-
JIIMBIX aJIreop:

J1j151 paBHOMEPHO BBIUUCINMO OTAEIUMOM 3KBUBAJIEHTHOCTH JIOKAJIBHO (DUHUTHAS
OTIEIMMOCTh BCSIKOM TIPEICTABUMON HAJT Hell YHUBEPCAJIbHON aare0pbl pABHOCUIBHA,
UMMYHHOCTH €€ XapaKTEePUCTHIECKON TPaHCBEPCAIH.

ITokasbiBaeTcs HEBO3MOXKHOCTH PACIIMPEHUS ITOIO KPUTEPHsi HA KJIACC BBHIYUC-
JIUMO OTAEJNUMBbIX (HE SABJIAIOIMXCH PABHOMEPHO BbIYMCIIMMO OT/ICJIUMbIMK) SKBUBA~
JIEHTHOCTEH, & TAK¥KEe ero Cy>KeHUs Ha KJIACC (DMHUTHO OTIENUMBIX YHUBEPCATbHBIX
anrebp.

[Tokazamo TaksKe, 9TO KJIACC BEIYUCIUMO OTAEIUMBIX SKBUBAJCHTHOCTEH, HA KO-
TOPBIMHU TIPEICTABUMBI TOJBKO (PUHUTHO AMMTPOKCUMHUPYEMbIE aaredpbl O4eHb O0IIHU-
PEH, B OTJIMYHE OT KJIACCA PABHOMEDPHO BBIYUCIUMO OTAEJUMbIX SKBHUBAJICHTHOCTEH
¢ TIOMOOHBIM CBOjiCTBOM. B mocnennem ciydae, T.e. st GECKOHETHON pABHOMEPHO
BBIYUC/IMMO OTIEJIMMOI 3KBUBAJEHTHOCTH, (DUHUTHAS AMMPOKCUMUDPYEMOCTH BCS-
KO asireOphl MpeICTaBUMOi HAJI Hell PABHOCHJIBHA MMMYHHOCTH XapPAKTEPUCTHIE-
CKOM TPAHCBEPCAH TOI IKBUBAJIEHTHOCTH. B TO ke BpeMs, 1000e KOOECKOHETHOe
MHOXKeCTBO (coiepzkainee 4ucsio 0) sBisgercs XapaKTepPUCTUIECKON TPAHCBEPCAIbIO
BBIYUCJIMMO OT/IETUMON 9KBUBAJIEHTHOCTH, HAJl KOTOPOH [IPEJACTABUMBI TOJIBKO (bu-
HUTHO AMMPOKCUMUPYEMbIE aIreOphI.

1. TIPEABAPUTE/ILHLIE CBEJEHMS

Caenys FO.J.Epmosy ([1]) mymepaiueil v He Gojiee 4eM CYETHOIO MHOMKECTBA
N Ha30BeéM BCSAKOE CIOPBEKTHMBHOE OTOODasKEHHE MHOXKECTBA HATYPATbHBIX IHCEJT
w wa N. Ilpu srom, moamuoxkectBO Ny MHOKeCTBA [N HA3BIBAETCS V-BbIIUCIUMBIM
(v-BBIYHCIIUMO IEPEIUCTUMBIM ), €CJIT TAKOBBIM SBJIAETCS MOJIHBIH V-TIPO00Pa3 MHO-
skectBa Ny, T.e. ecin MHOXKecTBO {x|vax € Ny} Bcex v-HOMepOB MHO)KecTBa Nj sB-
JISIETCsl BBIYUCIMMBIM (BBIYUCIMMO [EPeUUucauMbIM ). IHOrIA, KOrga U3 KOHTEKCTa
SICHO O KaKO¥ HyMepanun  MHOKeCTBa N UeT pedb, MOAMHOKECTBA MHOKECTBa, [N
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Oy/JieM Ha3bIBaTh MPOCTO BBIYUCJIUMBIMU (BbIYUCIUMO IIEPEUUCIUMBIME), 0€3 TIPH-
craBku V. B ciiyuae nymepoBanHoit anrebpbt (A, ) Mbl npejanosaraeM Kak 3hgdek-
THBHOCTH CUTHATYPBI X 3TOi aarebpnl, Tak u Hajandne 3PQPEKTUBHON MPOIEIyPhI,
COTIOCTABJISAIONIEH KayKI0i Y-omepanun F', 3a1aHHON Ha OCHOBHOM MHOXKECTRe aJl-
reOpbl A, anropuT™M BbIUUC/IEHUs (KJIMHUEBCKUII HOMEp) TOTaJbHOI (GyHKIuu f,
npezcrasigiomeii oneparuioo F B mHymepanuu v, t.e. F(vT) = vf(Z). Ormernm,
9TO TAKON TOAXOJ] K TOHSTHIO HyMepanuu ajrebpbl KOHIEMTYATBHO BOCXOAUT K

A M. Manbuesy ([5]).

Eciin A — yauBepcasibHas ajiredpa, TO €ée OCHOBHOE MHOXKECTBO Oy1eM 0003HAYATh
rakake yepe3 A. 13 konrekcra Bcerga Oyler $CHO O 4eM UJET Pedb.

ITycrs A — ynuBepcanbHasi anrebpa, P(A) = {B|B C A} — MHOXKeCTBO BCex
noamuOXKecTB MHOXKecTBa, A 1 & = {S;]i € I} C P(A) — HekoTopoe ceMeiicTBO
IIO/IMHOKECTB OCHOBHOI'O MHOKECTBA, 3TOM anrebpel. Byaem roBopuTh, 4T0 3JeMEHT
ap OTIEJSeTCsa OT 3JIEMEHTa a1 IocpeacTBOM &, eciu CylecTByer Takoe i € I, 4ro
ap € S; may ¢ S;. Ecim nyia BCAKOi napbl pA3JIMIHBIX 3JIEMEHTOB (g, 4] aJaredper A
UMEET MECTO OTAEUMOCTH g OT a; JU0O ai OT ag mocpeacTBoM &, To & Ha3oBEM
IIOJTHBIM OTIEJISAIOIIAM CEMEACTBOM.

Oupegnesnenne 1.1. Hymeposannas anrzebpa (A, V) Ha36164ENCH 6DUUCAUMO OTN-
derumoti, ecal 6CAKAA NAPG PABAUNHOLL €€ INEMEHMOE 0MICAAEMCA NOOTOOAULUM
V-BbUUCAUMDLM MHOHCECTEBOM.

JpyruMu cJI0BaMH, €CJIU ag, 41 — PA3IHYHbIE 3JIeMEHThI aare6psl A, To Hafiger-
¢l TAKOE V-BbIYUCJIUMOE MOJAMHOXKECTBO Ag OCHOBHOIO MHO2KECTBa ajire0pbl A, 410
ap € Ag m a; ¢ Ag. TakuM 06pa3oM, BEIYACIUMAST OTIAEINMOCTh HYMEPOBAHHOMN aJi-
reOpbl PABHOCHILHA, CYIIECTBOBAHUIO TIOJIHOTO OTIENSAIONIETO CEMEHACTBA BHIMACIIN-
MbIX (B JAHHOW HyMEPAIMU) TOJMHOKECTB. 3aMETUM, YTO B CUILY CUMMETPHUYHOCTH
cuTyanuu (JTOMOJHEHWE BBITUCIAMOTO MHOMKECTBA TAKIKE BBIYUCIUMO) W3 BBITHC-
JIUMOM OTIEJIMMOCTH (g OT (] CJIEILYET BBIYUCIUMAZA OTJAEJUMOCTb a1 OT ag. s
V-BBIYACUMO TI€PEIUCTUMON OTAeIUMOCTH (To4uHAass (GOPMYJUPOBKA MOHATUS A~
Ha B ompejesnenun 1.3) 310 He Tak. PaccMoTpuM, HAIpUMED, CBA3HOE JBOETOYHUE,
KOTOpOE peanu3yem Tak. [IycTh o — BBIMUCINMO TIEPEYNCINMOE HEBBIMACINMOE TIO/I-
muOXKecTBO w, A = {ap,a1} u ve = ag s x € o, v = a; gua x ¢ «. Torma ag
ABJIACTCA V-BBIYMCIUMO II€PEYHCIUMO OTACIUMBIM OT (1, HO 1 HE SABJIAETCH -
BBIYMCIINMO TIEPEUNCINMO OTAeanMBIM OT ag 1 & = {{ag}} — monHoe oTmensomee
ceMeficTBO JIJisi HyMepOBaHHOM airebpsl (A, ) MycToil CUrHATYDHI.

Hamomuuwm ([1, 4, 5]), uro ecim (A, p), (B,v) — HyMepoBaHHBIE AIreOpBI, TO
romomopdusm ¢ : A — B HazbiBaeTcs MOpdU3MOM, eciiu OH (D deKTuBeH Ha,
HOMEDAX, T.e. CyIIEeCTBYeT Bhumcammasi pyukius f takas, uto pu = vf. Ecan
B = {(B;, ;)i € I} — cemeiicTBO HyMEPOBaHHBIX ANTE0D, TO TOBOPAT, YTO HyMEPO-
BaHHast anrebpa (A, ) anmpokcnMupyercss B-aarebpamMu, ecan JJist BCSTKOH maphl
PA3IHIHEIX JIEMEHTOB ag, a1 € A cymecTsyer MopdusM v 4 q,3 13 (A, 1) B MOIXO-
ALY B-anrebpy, PasTHuIaioNmyil 3T SMEMEHTH (T.€. ©{q).q,1(00) 7# P{ag,a:}(a1))-

Crenyromasi, y»kKe yIOMWHABIIASCS BBIIIE, TEOPEMA O HETATUBHOMW aImpPOKCUMU-
PYEMOCTH UT'PAET BaXKHYIO POJIb B TEOPWUH BBIYUCIUMO OTIEIUMBIX ajreop:

Teopema 1.2. Hymepo6aHHaA aaz2edPa BbLYUCIUMO OTROEAUMSE T020a0 U TOALKO
mozda, K020a 0OHG ANNPOKCUMUPYEMCA HE2AMUBHLLMU AA2e0PAMU.

Hoxasamesvcmeo B [13, 14]).
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Taxum 00pa3oM, B paMKaX CTPYKTYPHON T€OPUY BBIYUCIUMO OTIAEIUMBIX aIredp
HEraTUBHBIE AJreOPhI ONMPEIEIISIIOT KJIACC OOBEKTOB, U3 KOTOPHIX CTPOSITCS BCE BbI-
YUCIUMO OTJe/IUMble aiaredpbl (KaK MOAXOMASIIME OANPAMbBIE IPOU3BEICHUS ).

Oupenesnenne 1.3. Hymeposannas anszebpa (A, V) nasweaemes omdeaumot, ec-
AU BCAKAHA TAPA PABAUNHBLE €€ INEMEHMOE OMOCAALMCA NOOTOOAULUM V-8bLUUCAUMO
NePeYUCAUMBLM MHOHCECTLEOM.

Eciom cymecrsyer Beruncanmoe (B embicae FO.JI.Eprmosa, cm. [1]) nomHoe cemeii-
cTBO & OTHENAIOMUX BHIYUCIAMO MEPEYUCIAMBIX MHOXKECTE IS HyMEpOBAHHON
anrebpol (A, V) U3 5TOro ompejieienus, TO HyMepalus Ha3biBaercs b hEKTUBHO
OT/JEJMMOI, T.e. BMECTE C IOJIHOTOM cemeiicrBa & (KazKiblil 3JIEMEHT KOTOPOIO eCTh
V-BBIYHCIIMO TIEPETUCTIMOE TIOIMHOKECTBO MHOKECTBA A) TpebyeTcs HaImaue Ta-
Koit mymeparmm 4 : w — {v~1S|S € &} MHOWecTBa, 3MeMEHTAME KOTOPOTO sIB-
JISIIOTCS TIOJIHBIE V-TIPOo0Opaskl ajeMeHToB n3 &, 4ro MuOKecTBO {{(x,y)|y € ux}
BBIUUCIUMO mepednciumo. HedopMaibHO rOBOpsi, UMesi [i~HOMED MHOXKECTBa U3
cemeiicTBa 1~ 1G MBI aBTOMATHYECKH PACTIOaraeM ajirOpuTMOM (TIOCTOBCKUM HO-
MepOM) JIJIsl IEPEYUCIICHUS SJIEMEHTOB 3TOTO MHOXKECTBA.

HanoMHMM, 9TO 3KBHBAJEHTHOCTH 7) HA W HA3BIBAETCHA OTICIMMON, €CJIH Jjisd
akTOp-npoCTPAHCTBA W /1) CYMECTBYET MOJTHOE OTIEISIONIEe CEMEHCTBO 1)-3aMKHY ThIX
BBIYAC/IAMO TIEPEYUCINMBIX MHOXKECTB G (MOIpa3yMeBaeTcss eCTECTEEHHAS TPOCK-
TUPYIOIAst HyMepanus 7 : w — w/7 GaKTop-MpOCTPaHCTBa, T.e. T = x /7).

AHAIOrMYHO, SKBUBAJIEHTHOCTL 7) HA3bIBAeTCA 3(PMEKTUBHO OTIENUMOIN, eciu
CYIIECTBYET HOJHOE OTJAENAIONIee CeMEHCTBO 7)-3aMKHYTBIX BBIYUC/IUMO MEPEIHC-
JuMbIx MHOXKecTB &, obuazaroniee BblYUCAUMON HyMmepanuein p @ w — & (re.
MHOXKeCTBO {(x, y)|y € pa} BBIUKCINMO Tepeuncaumo). Apyrumu crosamu, sbdex-
THUBHAS OTACIMMOCTh IKBUBAJCHTHOCTH 1) O3HAYAET, UTO CYMIECTBYET BLIYHCIUMOE
nosHoe To-OTAEIAIONEe CeMeHCTBO 1)-3aMKHYThIX BBIYHACIUMO IEPEIUCIIMBIX MHO-
JKECTB JJIsl TIPOCTPAHCTBA W /1), T.€. COOTBETCTBYIOIIEE TOMOJOIMIECKOEe MPOCTPAH-
cTBO (mOpOXKAEHHOE 6a30il BBIMMCIUMO TEPEYUCTUMBIX MHOXKECTB), siBisiercss To-
LIPOCTPAHCTBOM WJIM, MHBIMU CJIOBAMH, JIjis JIIOOBIX JIBYX Pa3J/IMYHBIX KJIACCOB K-
BUBAJICHTHOCTH HAHJETCA BBHIYUCIUMO MEPEUUCIIMAasd OKPECTHOCTL OJHOTO U3 HUX,
He CozepzKalad Apyrou.

BaxkuO OTMETHTB, 9TO I7Isi HyMEpOBaHHON anreGpbl (A, V) B KauecTBe JIeMEeH-
TOB IIOJIHOTO OTAEIAIONIErO CeMefCTBA MbI PACCMATPUBAEM V-BBIYHCIHMO MIEPEIHC-
JIUMBIE IIOJIMHOKECTBA, MHOJKECTBA, A M B KAYECTBE BBIYUCJIUMON HYyMEpAIUU 3TOrO
cemeiicTBa BHIOMpaeTCcst (€CM OHA CYIMIECTBYET) TOAXOIAIIAS BHIUYUCIAMAS HyMe-
panys ceMeiicTBa MOJIHBIX V-IPOo0OPa30B ITUX MHOXKECTB. I SKBUBAJIEHTHOCTH 7)
PacCMaTPHUBACTCA HEIIOCPEICTBEHHO IIOJHOE OTIEJIAIONee CEMEeHCTBO 1)-3aMKHY ThIX
BBIYHC/IIMO [EPEYUCTUMbBIX MHOYKECTB U, IPH YCJIOBHHU CyNICCTBOBAHMS, BHIYUCIIA-
Masg HyMepalys 3TOro ceMeifcrsa.

FO.JI. EpmiosbiM B [1] 6610 BBegeHO Haubosiee 00lee HOHATHE OTAEJIUMON Hy-
Mepalnnun MHOXKeCTBA (T.e. TaKoW HyMepalnuH, siapo KOTOporo Ty-OTaennMo B Te-
PEYUCIUMO TMOPOXKIEHHOW TOMOJOTMH) U JaHA CJIEAYIONAs XapaKTepU3alus a1ep
BBIUHUC/IMMBIX HYMEpaIuii CEMEHCTB BbIUUCINMO TIEPEUNCIUMBIX MHOXKECTB:

Teopema 1.4. (FO.JI.Epinos, [1]) Omuowenue K6UBAAEHMHOCTAU 1) HE W AG-
AAEMCA AOPOM GHMUCAUMOTE HYMEPAUUL NOITOOAUE20 CEMETCMEA BLIUUCIUMO Ne-
PEHUCAUMDBLT MHONHCECTNE 0200 U MOALKO Mo2da, K020a 1) dPPexmueHno omaoesuma.
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HywmepoBannas anrefpa, sipo MpecTaBienus KOTopoil oraemumo (3¢ dexkTuBHO
OTJEJMMO) Ha3bIBAETCs OTAEIUMON (COOTBETCTBEHHO (M MEKTUBHO OTAETUMOI).

IIpumenenue Teopembl 1.4 K yHHBEPCAJIbHBIM ajaredpamM, C yIeTOM HEKOTOPBIX
CIIEITUAJIBHBIX aJIreOpandeckux (hakTOB, JAET CIEAYIONINN PE3yIbTaT:

Teopema 1.5. Hymeposarnas anrzebpa omoesuma moz20a u moabko moz0a, xo20a
OHA ANNPOKCUMUPYEMCH IPPHERMUSHO OMIEAUMMMUY AN2E0PAMU.

Joxasamesvcmeo B [16].

Takum 06pa3oM, B CTPYKTYPHOM TE€OpWUH OTIEIUMBIX aJredp pOJIb U MECTO -
(GEKTUBHO OTIETUMbBIX TIOJODHBI POJIK U MECTY HETATWBHBIX — B TEOPUU BBIYUCIUMO
OTIETNMBIX aareop.

Kaxk ormeuasocs B [1], kimacc 3¢bbeKTHBHO OTIENINMBIX aireGp HE UMeeT yIoBJie-
TBOPHUTEJIHHOI'O OIUCAHUS B TEPMHUHAX apudMeTHUeCKO# mepapaxuu. ITOT KJACC
MPE/ICTABIISETCS €CTECTBEHHBIM, T.K. OH JIEKHUT JTOCTATOYHO HU3KO B apudMernde-
CKOfi IepapXuy U COIePKUT B cebe BazkHeiimme mizkane Knaccel — L | JI19. TTosto-
My BOIIPOC O CTPOEHHUH HUKHEHN mosypemeTku 3GGEKTUBHO OT/IeINMbIX KOHIPYIH-
1wl (& 970 MHOYKECTBO SIBJISIETCS HUYKHEH OOy PEIIeTKOM PEIeTKH KOHTPY SHITHH
JI000# HyMepoBaHHO( aireGpsl [22]), U ee BasKHEHIINX TOZMOIYPENIETOK MOXKET
[IPEJICTABJISATH MHTEPEC TaKXKe U C TOUKHU 3PEHUs] TeOPETUIECKONH MH(MOPMATHKY.

Hauiee, roopsi 0 coBuajenun (Pas3jiuvuu) JIEMEHTOB VI, VY HyMEDOBAHHON aJj-
rebphI (A, V) 10 MO0 KOHTpY3HIMY § anrebpsl A B HymMepanun v GyaeM moapasy-
MeBaTh COBHaJeHNE (PAa3/IUdKe ) STUX JJIEMEHTOB B HyMEPOBaHHOi (hakTop-anrebpe
(A/0,mpv), Tae Ty — €CTECTBEHHOE NIPOEKTUPOBAHKE (3JIEMEHTA B COAEPIKAIIUI ero
KJ1acC H-5KBUBAJIEHTHOCTH).

Oupenesnenne 1.6. Konzpysnyus 6 nymeposannot arzebpo, (A, v) nazweaemes
V-no3umueholi (V-wezamuehol, v-omoesumoti u m.d.), ecau maxoeo ee A0po.

Eciv u3 KOHTEKCTa SCHO, O KAKOil HyMepalluu V WAET Pedb, TO MPUCTABKY V-
OyaeM OIyCKaTh.

Onpegnesenne 1.7. Konzpysnyua 0 nymeposannot aszebpu (A, v) nasveaemca
DAGHOMEPHO GLIMUCAUMO OMOCAUMOT, ECAU CYULCTNEYEM YACTNUYHAL GbYUCAUMAS
Pynryua A\z.g(x,y, z) maxas, wmo das ecex x %y (mod 0) dynwyus Az.g(x,y, z)
ABAACTNCA TAPAKMEPUCTNUNECKOT OAA HEKOMOPO20 0-3AMKHYMO20 MHONHCECTNEA, OTN-
deasrowezo x om y.

Ha si3bike sxBUBaIEHTHOCTEH, HEDOPMAIBHO, SKBUBAJEHTHOCTH 7) HA W PABHO-
MEPHO BBIYHUCJIMMO OTIEJINMA, €CJIN CYIIEeCTBYeT eauH00Opas3Has 3 dekTuBHA TPO-
ey pa, KOTopas i KayKI0i mapbl PA3JIMIHBIX [0 MOYJIIO 1) HATYPAJIbHBIX 9UCET
”BbIIaeT’ AJTOPUTM PA3PEIeHNs 7)-3aMKHYTOr0 BRIYUCINMOIO MHOXKECTBA, 0TI~
IOIIEro TU YUCIA.

CoorBercTBeHHO, HyMepoBaHHas ajarebpa (A, ) Ha3bIBAETCsl PABHOMEDPHO BBIUNC-
JINMO OTAEJIMMOMN, €CJIU CYIIeCTBYET 3 DEKTUBHAS TPOIEIYPA, KOTOPAas JIJIs JIF000i
napbl Pa3INIHBIX JIEMEHTOB g, a1 € A "BbIIaeT” XapaKTepUCTUIECKUN HHIEKC Ta-
KOT'O TIOAXOSAIIEr0 BBIYUCTHMOr0 MHOXKeCTBa S C w, 94TO S ABJISeTCs V-3aMKHY ThIM
(re.zeSAve=vy=yeS),acvSuna ¢5S.

3ameuanne 1.8. Hecmorps Ha HaIW4Yre HEKOTOPOU BHEITHEH aHAJIOTUN B OMpe-
JIeJTEHUN TIOHATHI PABHOMEPHO BBIYUCIUMO OTAETUMON U I(PGDEKTUBHO OTAETUMOM
HyMepanuu anredpbl, 3TH NOHATHsS (DYHIAMEHTATBHO pa3iaudHbl. JIis paBHOMEp-
HO BBIYUCIAMO OTIEJTUMBIX HYMepPaIyii, BOOOIE TOBOPsI, HU O KaKOit 3(pPEeKTUBHOM
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OTIIEIMMOCTH He MOXKeT OBITh M PEYH, T.K. B JIO0OH 7-CTEIeHN €CTh PABHOMEPHO
BBIYMCIMMO OTAETMMas HyMepanus, a 3PQPEKTUBHO OTAETAMBIE JIEXKAT B KJIACCE
1Y (cm. ¥O.JL.Epmos, [1]). C apyroit croponsl, nmetorcs 3¢hbeKTHBHO OTAe HMbIe
HYMEpAINH, He ABJAONINECS PABHOMEPHO BLIYUCIUMO OTIEJUMBIME (Ia3Ke BHIUUC-
JIAMO OTAEIWMBIME; TIPOCTEHIINI TPUMEpP — CBA3HOE NBOETOYHE, KOTIA BBIMUCIAMO
[EePEYUCIUMOE HEBBIYUCIUMOE o C W HYMEPYeT OJWH 3JIEMEHT JIBYX3JIEMEHTHOrO
MHOXKeCTBa, a w \ « — japyroii). Ormernm, uro B kaacce 119 \ I1Y comepzxarcsa xak
HOAIIPSMO HEPA3IO0XKUMbIE HyMEPOBAHHBIE aireOpbl, TaKk W anrebpbl ¢ apTHHOBbI-
MU peulerkamu KOHIpysHuuit ([23]), [isi KOTOPBIX BCAKUE OTJeJMMbIe HyMepaluu
sipsisiiorest g dexTrBHO oTnennMbivu ([16]). B ciyuae BBIYHCINMO OTAEIUMBIX HY-
Mepalyii BCAKOEe BBIYUCIMMO OTIEJUMOE IIPEICTABJICHHE KaK MOJIPAMO HEPA3JIO-
KHUMOI anreOphl, TaK U aaIredphbl ¢ APTUHOBOMH PENIeTKON KOHTPYIHITHH COTEPKUTCS
B xnacce 119, T.e. spaserca neratusubiM ([6]).

Bermme 66110 0OTMEYEHO, 9TO pPABHOMEPHO BBIYUCINMO OTACTUMBIE AIreOphl WMe-
IOT PsJ] MOJIE3HBIX TIPUMEHEHWH, B T.9. B TeOpeTHIecKoil mapopmMarnke. VI mMeHHO
PABHOMEPHO BBIYUCIUMBIE aITe0phl, 00pa3yIolue BayKHEAINI MOIKIACC BHIYACIN-
MO OTJIEIMMBIX ajire6p, MO3BOJWIKA PEIlUTh yrKe YIOMUHABIINECS BOIPOCHI, B T..
onucaTh FpaHulbl IpUMeHuMOocTH TeopeMbl A JI.MaJjibliesa 0 BLIYUCIMMOCTY KOHeY-
HO LOPOXK/IEHHbBIX [O3UTUBHbIX a/irebp, 06/1aJalolluX HeHyIeBbLIMU KOHIPYIHIMAMU
s KoHewHoro wHzekca ([8]), a Takke pemurh npobiemy Beprerpsr-Takepa B
TEOPETHYIECKON MH(MOPMATHKE O CYIIECTBOBAHNY TTIO3NTUBHO TIPEACTABAMBIX aareop,
HUKaKue o0OraleHus KOTOPLIX He SBIAI0TCA CBOOOJHBIMU CHCTEMAMU HH B KAKHUX
KOHEYHO aKCHOMATU3UPYEMbIX yHUBEpcaIax BecbMa obmiero sua ([6]).

3ameuanne 1.9. KacarennHo ompenesieHusi KOHEUHOW MOPOXKICHHOCTH. Mbl
npuHuMaeM 6eckoHedHbIe 3P (HEKTUBHBIE CUTHATYPBI, HO, IPU 3TOM, aJredpy Ha3bi-
Ba€M KOHEYHO MOPOXKIECHHOW (JIOKAJIbHO KOHEYHOM), €C/IM KOHEYHO MOPOXKIEHHON
(J10KaIbHO KOHEYHOH) airebpoii sBJigeTcs HeKOTopoe (J00oe) ee KOHeUHOe 0bel-
Herwe. J[s KOHEYHBIX CUTHATYDP TAKOE MOHUMAHUE COBIAJAET C TPAJAUIUOHHBIM.
Onnako mi1st GECKOHETHBIX CHTHATYD 9T0 He Tak. Hanpuwmep, mycrs A = (w; {fn|n €
{0,1,...}), noe w — MHOXKECTBO HATYDPAIbHBLIX umces u Vo € w(f,(xz) = n). Torma
anrebpa A JIOKAJIbHO KOHEYHA, HO MOPOXKIAETCs JIIOOBIM CBOMM 3JIEMEHTOM W BCE-
MU CHTHATYPHBIM omeparnusmu. Eciun anreOpa A KOHEYHO MOPOXKIEHHAS, TO JIJIsk
JII000TO ee MPEJCTABICHNS ¥ MOXKHO TPUBHAILHO MOJIYYUTh €€ KOHEYHOE KOHEIHO
HOpOXK/JIeHHOe oboraieHue. B camMom jesie; mycrb ¢y, . . . , ¢, — MOPOKIAIOIINAE ITOM
anre6pet u ky € v 1(cy), ...k, € v 1(c,). OBoratnm KoHewHyI0 CUTHATYDY X aJl-
rebpsl A yrapabiMu byHKIuaMA 7, ..., f¥ 70 curHATYphl X B ONpeIeIuM BBIYHUC-
muMble QyHKIUA fi ..., fp, IpejcTasasiomue onepamun f1, ..., f oboramenus A*
B HyMepauuu v Tak, uro Vo € w(fi(x) = ki,..., fo(z) = ky). OueBunno, yro A* —
anrebpa KOHEYHOH CUTHATYPbI, IOPOXKIAeMas JJIOObIM CBOUM dJieMeHTOM. Bee Hamm
PE3YJIBTATHI, €CJIN HE OTOBOPEHO MPOTUBHOE, BEPHBI HE TOJIHKO JJIs KOHEUHBIX, HO 1
11t 6ecKOHEIHBIX 3(DPEKTUBHBIX CUTHATYP. 1103TOMY, TOBOpPS O KOHEYHON MOPOXK-
JIEHHOCTU YHUBEPCAJbHOM areOpbl MbI, M0 YMOJYAHUIO, MTPEIN0JIaraéM KOHETHYIO
MOPOXKIEHHOCTh HEKOTOPOT'O €6 KOHEYHOrO OOeTHEeHNU .

st HymepoBaHHOM anre6per (A, ) OIHO3HAYHO OIPEESeHO AP0 ee MPeCTaB-
JIeHWs, T.e. HyMepaluoHHas sKBuBajieHTHOCTh ker(v) = {(z,y) | ve = vy}. C opy-
rOii CTOPOHBI, [1Jisi (DUKCUPOBAHHOW YKBUBAJIEHTHOCTH 7) BIOJIHE OMPEIEJIEH KJIacC
anrebp, IMEIOIINX HyMePaIun ¢ siapoM 1. Besakyio Takyio anrebpy 6ymeMm Ha3bIBATH
[IPEICTABUMOI HAJ 1) uiu n-aarebpoii. Takoil momxo/, ssBIA0NUuiics JBOMNCTBEHHBIM
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C TOYKH 3PEHUs TEOPUH HYMEPOBAHHBIX AJTeOp, MPEICTABISIETCS ETeCO00PaA3HBIM
Jutst (DOPMYITUPOBKHU U PelieHns MHOTUX 3aaa4d. Hanpumep:

- eCJId SKBUBAJIEHTHOCTD 1) KMEET TUIEPUMMYHHYIO XaPAKTEPUCTUIECKYTO TPAHC-
Bepcasib, TO BCsAKas 7-airebpa JIOKaJIbHO KOHEWYHA (TIPHW STOM aJTOPUTMHUYECKAs]
CJIOZKHOCTB 7) MOXKeT OBITH Kakoil yroamo, [6]);

- €CJIM 1) IO3UTHUBHA U He SIBJISEeTCS BBIYUCINMO OTIEINMOIT, TO BCsKAs 1-aaredpa
UMeeT KOHTUHYaJIbHYIO pemierky KoHrpysuuuit ([24]);

- ec/id 1) BBIYUCJIMMO OTJEJINMa, M He HEeraTHBHA, TO BCAKas 7)-ajredbpa mmeer
HeapTUHOBY pewerky KoHrpysuuuii ([7]);

- CYIIECTBYeT Takas GECKOHEYHAs TIO3UTHUBHAS SKBUBAJEHTHOCTD 1), YTO BCSIKASI
omeparus Jo00# 17-anredpsl JeCTByeT HA KJIACCAX 7)-9KBUBAJEHTHOCTH JIHOO KAK
MPOEKTHUPYIOIIAs, TNO0 KaK KOHCTAHTA, T.€. 9Ta SKBHBATEHTHOCTH — "HAMMEHbIAs
Cpe/id BCeX HKBUBAJEHTHOCTEH C TOYKM 3PEHUs MPEICTABUMOCTH airebp HaJ K-
BUBAJEHTHOCTAMU, T.K. (DYHKLIMHU-KOHCTAHTHL U [POEKTUPYoue (U TOJIBKO OHH)
COTJIACOBAHBI € JIFO0OH IKBUBATIEHTHOCTHIO (CM. TakkKe [6]);

GECKOHETHOE TTOMHOYKECTBO (v MHOXKECTBA W HA30BEM HACJIEJICTBEHHO BBICOKWM,
€C/I HUKAKOE ero GeCKOHEUHOE MOJAMHOXKECTBO (BKJII0Yast CAMO (v) HE JIEXKUT B KJIAC-
ce I1Y apudmermeckoit mepapxun Kmunu-Mocrtosckoro. [lonsrue HacIe1CTBEHHO
BBICOKOI'O MHOXKeCTBa (KJIACC OT/IEIUMbIX YKBUBAJIEHTHOCTEH C HACJIEICTBEHHO BbI-
COKUMU XaPAKTEPUCTUIECKUMU TPAHCBEPCAJILAMU BECbMA OOLIMPEH) 1103BOJISIET JIer-
KO JTIOKA3aTh, 9TO

- BCsKas anrebpa, o0agaroniast OTAeINMOM HyMepalieii ¢ HacJeJICTBEHHO BBICO-
KOIi XapaKTepUCTUIECKOH TPAHCBEPCAIIbIO, (PUHUTHO annpokcuMupyema ([16]).

Jpyrue momobHbIe (AKThI, CBA3BIBAIOIINE CTPYKTYPHbBIE CBOHCTBA anaredp ¢ aj-
POPUTMUYECKUMHU CBOMCTBAMU UX HyMEPAIUil, MOXKHO HAWTH B BbIIICYIOMSHY ThIX
o63opax [6, 7].

Ucxonst u3 coobpaskeHnit MpUOPUTETHOCTH SIEPHBIX IKBUBAJEHTHOCTEH OTHOCH-
TEJIHFHO AIredp, TPEACTABUMbIX HA/T ITUMH SKBUBAJIEHTHOCTSIMHU, MBI Oymem (hopmy-
JIMPOBATDH OOJIBINMHCTBO HAIKUX PE3YJIBTATOB HA SI3bIKE MPEICTABUMOCTH aredbp HaJy
9KBUBAJIEHTHOCTSMU, T.e. 7)-ajaredp, XOTs, C y9eTOM OTMEYEHHOI BbIIIe JBOWCTBEH-
HOCTH, 9TH (aKThI PABHOCUIHLHBI TEM, KOTOPbIE (POPMYTUPYIOTCS C UCTTOTH30BAHTEM
TPAIATIMOHHOTO MTOIX0/A TPU OYEBUIHONW WHTEPTPETAINH (DOPMYIUPOBOK.

2. HEKOTOPBIE CBOMCTBA PABHOMEPHO BBIYMCJIUMO OTAEJIMMBIX
DKBUBAJIEHTHOCTEN U AJITEBP

B macrosmem pasmene, HOCAIIEM BCIIOMOTATETBHBINA XapaKTep, IPUBEIEM HeOb-
XO[UMble B JaJjibHeiiieM (GakTbl 0 (DABHOMEDPHO) BbIYUC/IUMO OTJEJIUMbIX KBUBA~
JIEHTHOCTSIX W aJIre0pax, COMPOBOXKIAA UX MTPUMEPAMHU.

Coryiacuo omnpeseieHuto 1.7 3KBUBAJIEHTHOCTD 7) PABHOMEPHO BBIYUCIUMO OT/Ie-
JIUMa, eCJIM CYIIECTBYET TakKas YaCTUYHAs BblUMCIuMasg DPYHKIUSA § OT TPEX Iepe-
MeHHbIX, 4T0 eciau  # y (mod ), To byukuus Az.g(x,y, z) dBisgercda xapakre-
pucTHYecKoil BIYUCIUMON (DYHKIHER /1jisi HEKOTOPOI'O 7)-3aMKHYTOIO MHOXKECTBA,
OTJENAIOIErO X OT Y.

HamoMHuM ompeiesieHust HEKOTOPBIX 9KBUBaJeHTHOCTEH 13 [1].

IIycts a C w. Torga:

1) n®* ={2z,2z + 1)|z € a} U{(2z + 1,2z)|x € a} Uid w;

2) N = a? Uid w;
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3) = {(z, ¥)|7e ~ @ =y \ a}, rIe 7 — KAHOHUYECKAsT HyMepaIns KOHETHBIX
MHOZKECTB (3KBHUBAIEHTHO, 7, = {(Z,y)|7z & vy C a}).
JIerko mpoBepuTh, ITO BCE ITH FKBUBAIEHTHOCTH BBIMHCIMMO OT/EJIUMBIL.

IIpenioxenue 2.1 ([13]). Jaa a06020 o C w sx6usaAEHMHOCTIL N ABAAEMCA
PABHOMEPHO BUHUCAUMO OMIEAUMOT.

IIpengioxxenne 2.2 ([13]). Jaa arwbozo o C w umeem mecmo c(n®) =, «.

CaencrBue 2.3. Beakas m-cmenenb co0eEPAHCU DAEHOMEPHO BLLMUCAUMO OM-
0ENUMYIO FKEUBAAEHTTIHOCTIVD.

3ameuanne 2.4. B gacrHocru, 4uciio 3KBUBAJIEHTHOCTEN THIIa 7)Y, KaXK1ad U3
KOTOPBIX PABHOMEPHO BBIYMCINMO OTIEINMA, €CTh KOHTUHYYyM. Bojee Toro, dbyHK-
[Usi g U3 ONPEIEICHUS PABHOMEDPHO BBIYUCIUMON OTIEIUMOCTH €IWHA IJI BCEX
3THAX IKBUBAJICHTHOCTEH.

Ounpenesnienne 2.5. DK6USAACHMHOCTIG 1) HA MHONCECTNEE W HAZLLEAETCA DAG-
HOMEPHO ANNPOKCUMUPYEMOT BBLUUCAUMBLMU IKEUBAACHIVHOCTNAMU, ECAU CYULECTNEY-
em ACMUNHAA ELINUCAUMAA GYHKYUA b om vembiper nepemennsir, 064a0a10uLas
CAeOYIOUUM CEOTICTNEOM:

ecau x # y (mod 1), mo \u,v.h(z,y,u,v) — suvuciumas GyHKyUsL, A6AA0OUG-
ACA TAPAKMEPUCTNUNECKOT OAS TAK020 PACWUPEHUA 1 IKEUBAAEHIVHOCTIU 1), NO
MOOYAI0 KOTNOPOTL T, Y MAKIHCE PASAULHDL.

IIpennoxxenue 2.6 ([13]) IKx6uBaAEHMHOCTID ABAAEMCH PABHOMEPHO BHLYUCAU-
MO omodeaumot mozda u MoAbKo Mozda, k0204 OHA PABHOMEPHO ANNPOKCUMUPYEMCA
BHLUUCAUMBMY IKEUEANEHTTVHOCTILAMU.

T.K. OCHOBHBIM OOHEKTOM WMCCICIOBAHAS TAHHONW pabOThI ABISIOTCA PABHOMEP-
HO BBIYHCJIUMO OTJEIUMbIE SKBUBAJICHTHOCTH C UMMYHHBIMHI XapaKTEPHCTHICCKUMA
TPAHCBEPCAISMHA, TO PACCMOTPUM BKPATIE BOMPOCHI CYIIECTBOBAHUSA TAKWX IKBH-
BAJIEHTHOCTEM.

BameruM, 94TO HU /1 KAKOro o C w 3KBUBAJIEHTHOCTD 1% He 006/1a1a€T HMMYHHOM
XapAKTEPUCTUUECKOH TpaHCBepcanbio, T.K. {2z | ¢ € w} C tr(n®), xors MHOrHE
IpyTHe WHTEPECHBIE CIydYan peannsylorcs n s n¢. Hanpumep, J1erko mpoBepuTh,
9TO €CJIU (v KPEATUBHO, TO N MO3UTHBHA U tr(N%) NpPOLyKTUBHA.

Onpenenenne 2.7. IK6UBAAECHMHOCTID HA3BIBAEMCA IPPermueno beckoreu-
HOU, €CAU CYULLCMBYEM OECKOHEUHOE BOINUCAUMO TLEPEHUCIUMOE MHOHCECTNEO Ha-
MYPAALHOLL YUCEA, TONAPHO DASAUYHBL NO €€ MOJYAI0.

WNuave TOBOPs, 3KBUBAJIEHTHOCTH 7] 3(P(PHEKTUBHO DECKOHEYHA TOTJAA W TOJHKO
TOr/Ia, KOrJa CYIIEeCTBYeT PA3HO3HAYHOE BLIUUCIUMOE BjIOXKeHUE id w B 1) (T.€. [y
nozaxoseit Beraucaumoil dyukuuu f Bepuo x # y = f(z) # f(y)). Beckoneunyio
SKBHBAJIEHTHOCTb HE SBJIAIONLYIOCH 3(PPEKTUBHO OECKOHEYHOI Ha30BeM Heddderk-
MuUBHO beckoneyHol.

IMycrs Ky — KIace 3KBUBATIEHTHOCTEN ¢ UMMYHHBIME XaPAKTEPUCTUICCKAMU TPAHC-
Bepcasiamu, K — kmacc HedI(PEKTUBHO OECKOHEYHBIX KBHBAJEHTHOCTEH n Ko —
KJIACC 9KBUBAJIEHTHOCTEH, XapAKTEPUCTUIECKUE TPAHCBEPCAIM KOTOPBIX HUIIEPUM-
MyHHBI. IMeeT MecTo ciemyroree

Ilpennoxenne 2.8. Ky D K1 D Ks. Bce skatouenus cobcmeenmoie.

Jlokazameavcmeo. OTHOIEHNsST BKIIOYEHUS O4YeBUIHBI. [loKaXKeM CTporocTh 3THX
BKfodenHmit. IlycTh o — MHOXKECTBO ¢ UMMYHHBIM HE THIEPUMMYHHBIM JTOMOJTHEHH-

€M. TOI",ZLa nZGKO\KlmnaeKl\KQ. O
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B kjtacce paBHOMEPHO BBIYUCIUMBIX IKBUBAJEHTHOCTE CBOMCTBA MMMYHHOCTH
XapaKTePUCTHIECKON TpaHcBepcann u HedpHEKTUBHON OECKOHETHOCTH OKA3aJNCh
PABHOCHJIBHBIMU.

IIpennoxxenne 2.9 ([13]). PagHoMePHO 6HUUCAUMO OMOCAUMAA IKEUBANEHTTI-
HOCTb UMEEM UMMYHHYIO TAPAKMEPUCTIUECKYI0 MPAHCEEPCANL MO20a U MOALKO
mozda, Ko20a 0Ha HesPPermueno beckoHeHa.

CuencrBue 2.10. Ecau w \ @ UMMYHHO, HO HE 2UNEPUMMYHHO, MO 15 HE A6-
AAETNCA PAEHOMEPHO BBIYUCAUMO 0MIENUMOT.

fcHo, 9TO B 3TOM Cilydae SKBUBAJIEHTHOCTH 7)) 3GbdEKTHBHO OeCKOHEUHA, T.K.
HAJIMYIHE CUIbHOM TabuIpl O, 01, - - . 71 w\ v (T.€. BBIYUCIUMOrO 110 KAHOHUYECKUM
HHJEKCAM ceMefCTBA TIOMapHO HEeePeCeKaIOIMUXC st KOHEUHBIX MHOYKECTB, KaXK10€e U3
KOTOPBIX COJEPKUT YUCIIO U3 W \ () FAPAHTUPYET, 9TO M # 1 = §p, \ @ # p \ @, T.€.
Y L6 # 715, (mod 1)), Tie ¥ — KaHOHEYECKas HyMepaIusa KOHETHbIX MHOKECTB.

Paccmorpum Tenepp BBIYMCIMMO OTJEIMMBbIE SKBUBAJIEHTHOCTH THUIA 7)o C UM-
MYHHBIMA XapaKTEPUCTHIECKAMU TPAHCBEPCATISIMA — C TOYKW 3PEHNs HAJTMIHS CBO-
cTBa "ObITH paBHOMEpHOIT” (B cMbIcse ompenenenus 1.7).

IIpennoxkenue 2.11 ([13]). Ecau w \ @ ummynno, Ho He 2UNEPUMMYHHO, MO
IKBUBANEHTHOCTDL 1) HE ABAACTNCS PAGHOMEPHOT.

IIpennoxenue 2.12 ([13]). Ilycts o — 2unepnpocmoe mmoscecmso ¢ pezpec-
cueHvm donosrenuem. Toz20a K6UBAAEHMHOCTID 1), — PABHOMEPHO BUUUCAUMO O
deauma.

IepeiieM K pacCMOTPEHUI0 HEOOXOAUMBIX IIOHATHUI U3 TEOPUU PABHOMEPHO BbI-
YUCIUMO OT/ICTMMO HyMEepOBAaHHBIX yHUBEPCAJILHLIX ajrebp.

DopMmyJla Ha3bIBAETCS HO3ZUTUBHOM, €C/IM B ee 3allCU HeT 3HAKOB OTPULAHUS U
nvumkampn (cm. AL Manbues [2], n.7.4). Bamernm, 910 MO3UTHBHBIE HOPMYIIHI
YCTOWYHMBBI OTHOCUTEILHO ToMOMOpdU3MOB (Takxke [2]).

Omnpenenenne 2.13. Becksanmopras Popmyra Ha3vi6aemcs Ju3sOHKMUBHO-
UMNAUKGMUSHO-No3umueHot (IHUII-popmynrot), ecau ona umeem odun u3 caredy-
0WUT MPex 6udos:

1. Al\/...\/An—>P,’

2. Al\/\/An*)F,

3. P,

2de A; — amomapuvie, P — nosumuenas gopmyavs, a F' — “noocw”,

JUNTI-dpopmymamu SIBASIIOTCS, B 9aCTHOCTH, KOHBIOHKITHH OTPUIIAHUI aTOMAPHBIX
(cayuaii 2), nosurussbie dbopmynbl (caydail 3), a Takke OECKBAHTODHBIE YACTH
OJIHOTIOCBITIOYHBIX KBAa3UTOXKIeCTB Buga A1 — P (mpu n = 1 u aromapuoctu P).
VYuusepcanbuoe 3ambikanue JIUII-dbopmysisr HazbiBaercs yuausepcanbabiv JIUII-
[PEJIJIOXKEHUEM.

HeratuBHble anrebpbl, ONsTh-TakKu, 00pa3yIOT BAYKHBIN KIACC PABHOMEDHO BbI-
YUCIMMO OTJEJINMBIX ajaredp, ITO JEMOHCTPUPYET CIIeAYIOIast

Teopema 2.14 ([6]). Jas nymeposanroli arzebpo, (A, V) pasHocusvHol caedyio-
WUE YCAOBUA:

1) (A,v) — pasromepro eviuucAUMO 0OmOeAUMaR arzebpa;

2) ecau D — 6LIMUCAUMO NEPERUCAUMOE MHONHCECTNEO YHUGEPCAbHuLL JHUII-npedaoscerud,
peaausyroweeca 6 A, mo (A,v) pasHomepro annpoxcumupyemes nezamuenomu -
anzebpamu (m.e. He2aMUBHBLMUY asz2ebpamu, 68 KoOmopur peasusyemcs @ ).
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KnroueBas nmest m0Ka3aTebCTBA 3aKJII0YAETCs B cieayiomem. Hauwras ¢ mpo-
U3BOJILHOIO BBIYUCJIUMOrO Pa3OUeHHUsl w HA KOHEYHOE YHMCJI0 MHOXKeCTB (ompese-
JIAIOUIMX KOHEYHOE BBIYMCJIMMOE PACIIMPEHUE si/IPa UCXOAHON HyMepaluu) 1iar 3a
IIaroM mepedbmpaeM mpeaokenus n3 $, mpoBepsist UX HA, TPEIMET UCTUHHOCTH Ha,
9TOM pa3dmeHwuu, u ecju 9ro-TO u3 P JIOXKHO, TO MPOU3BOAUM PACIIEILIEHUE CO-
LJIACHO JIeBOi uacTu coorsercrBytomero JIUIT-npemioxkenus (eciu ¢ € O,p =
Ay V...V A, > Pu p I0)KHO, TO PACKJIEUBAEM BCEe aTOMapHbIe (POPMYJIbI, yIacT-
BYIOLIYE B JU3BIOHKIMU B JIEBOI MOCHUIOYHON YacTu (GOPMYJIbL () U IPOJOIIZKAEM
nporecc. Ilpenenpras cucrema u 6yaeT HeraruBHOI (pakTOp-aaredpoi NCXOaHOM -
reOpbI, B KOTOpoit peasm3yerca ®. Craesaem 1Ba BaXKHBIX 3aMeUuaHus. Bo-TepBHIX,
st (DOPMYJT MMEIOIIUX BHJ KBA3WTOXKIECTB C HE MEHEE UeM JBYMs MOCHLIKAMU B
JIeBoii dacrtu, ckaxeMm ¢ = A; A--- A A, — P (n > 2), upu NOnbITKE peanu3a-
[UU P 3a CYeT pPACHIEIIeHUs] BO3HMKAET JUJIeMMa — KOTOpoe u3 A; paciienursb?
1 stor Bonpoc npunnunuaabubiii. g AUII-dopmyn Takue 3aTpyaHeHnss OTCYT-
CTBYIOT. BO-BTOpBIX, HA KaXKJIOM KOHEYHOM IIIAre MPOIEAyPhl PACIIEIIEHUST TEKY-
II€e BBIYUCIUMOE PA30UEHUe MOKET M He ObITh aarebpoii (T.e. /i KakoH-TO ome-
pamnuu Ha SKBUBAJEHTHBIX OTHOCUTEIBHO pa3dmenns HAOOPAX 3HAYEHUS OIEPAIUU
HedKBHUBaJIeHTHbI). Ho s n1060#i onepanuu f OT n apryMeHTOB Peanu3yeMOCTh
yHUBEpCAIbHOIO npeioxenus Vo, ylr =y = f(¢,z,d) = f(C,y,d)] (tue ¢, d — na-
pPaMeTPbI, BbIIEJICHHBIE KOHTAHTAMH, a 1) — TeKyIlee pa3duenue), KOTopoe ABJIseTcs
yuusepcanbubiM JIUTI-peayioxenneM, B airebpe (w/n; f) o3Hadaer, 4ro mpeaesb-
HOE pa3OHMeHne COrJIACOBAHO CO BCEMU OMEPAIUSIMU, T.€. SABJISIETCS KOHTPYIHIIHEH,
[pUYeM HEraTUBHOW, T.K. JIODAs Mapa 3JeMEeHTOB JUOO HUKOTIA HE PACKJIEUTCS,
Jinb0 PACKJIEMTCsI POBHO OJMH Pa3 U OOJIbIIE HUKOL/IA HE CKIIEUTCS.

Ilpenmnoxxenne 2.15. Bcakas pa6HOMEPHO GOIHUCAUMO OMIEAUMAA OECKOHEY-
HAA IKBUBANEHMHOCND € HE UMMYHHOT TAPAKMEPUCTNUECKOTE MPAHCEEPCAABIO UME-
em beckonenHoe He2amueHoe Pacuuperue.

Loxazameavcmeo. Ilycts 1 — GeckOHEYHA PABHOMEPHO BBIYUCIMMO OTIEJIAMAS

9KBHBAJIEHTHOCTD, tr(1n) He mMMyHHA U o = {ag,a1,...} C tr(n) — GeckoHeuHOE
BBIYHCIINMOE TIOJIMHOXKECTBO TpaHcBepcasnn. Oborarnm anrebpy (w/n) mycroit cur-
HATYDBI CYETHBIM MHOKeCTBOM KoHcTanT C' = {cg, ¢y, ... }, CTAHIAPTHBIM 00pa30M

UHTEPIPETUPYs KOHCTAHTY ¢, B djement n/n. [omaraem ® = {¢,, # ¢, | m #
nAm,n € a}. T.k. & — BBMHCIUMO EPEUUCTUMOE MHOKECTBO YHUBEDCATHHBIX
JUTI-ipentoskeHnii, peaan3yoIneecs B pABHOMEPHO BBIUUCINMO OTIETUMOM aared-
pe {(w/n; C), To mo Teopeme 2.14 s1a anrebpa UMeeT HEraTHBHYIO (HaKTOp-aire6py,
B KOTOpOi#l peasnu3yercsa P, T.e. mHAEKC 9TOH HeraruBHOM P-KOHTPYIHIMHM OECKOHE-
9€H. O

IIpennoxkenue 2.16 ([21]). ITycmov 1 — beckoneunas HezamueHas IKEUBA-
AEHIMHOCTIL U O — BECKOHEUH0E EbUUCAUMOE NOOMHONCECMBO TAPAKMEPUCTIUE-
ckoti mpanceepcasu tr(n). Toeda cywecmeyem maxkoe suuuciumoe pacwuperue n*
aKxeusasenmmocmu 1, wmo tr(n*) = a U {0}.

Caencrsue 2.17. Beakxaa 6eckonewnas pasHOMEPHO BbLYUCAUMO OMIEAUMASH,
IKBUBAAEHMHOCTND C HE UMMYHHOU TAPAKMEPUCTNUYECKOT MPAHCEEPCAALIO UMEEM
becKoHeUHOE BBINUCAUMOE PACULUDPEHUE.

Hemocpencreenno BoiTekaer u3 mpeayioxkennit 2.15 u 2.16.
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3. KPUTEPUI JIOKAJIbHO ®UHUTHON OTJIEJIMMOCTU

Ounpenesnenne 3.1. Cemeticmso xonepysnuud (0;)ic,, HA3DL8GEMCA PABHOMEPHO
HezamueHbm, ecau muoscecmeo {{x,y,m) | x # y(modf,,)} ewuuciumo nepevuc-
AUMO.

Crenyroliee yrBepKIeHue OYEBHIHO.

Ilpenmnoxxenne 3.2. Ilepecevenue 6cex KOHZPYIHUUT U3 A100020 PABHOMEDHO
HE2a4MUBHO20 CEMETCMBA HE2AGMUBHBLL KOHZDYIHUUT ABAAEMCA HE2AMUBHOT KOH-
2pysnyuet, npuvem UHOEKC IM0o20 NEPECeReHUs CMPOUMCH PAaBHOMEPHO IPPermue-
HO 10 3G40GHHOMY AAZOPUMMY NEPEYUCALHUSA IMO20 CEMETUCTNEA.

B gacTtrOCTH, Iepecevenue 106010 KOHEYHOTO MHOXKECTBA HETATUBHBIX KOHIPY-
SHUUNA ABJIAE€TCA HETaTUBHOU KOHI'DYIHIUEN.

Ilpenmnoxkenune 3.3. Ecau Tapakmepucmuveckas mpanceepcaas beckonewHot
PABHOMEPHO BBLUUCAUMO OMOICAUMOT FKEUBANEHMHOCTNU 1] HE UMMYHHA, MO CYUe-
cmeyem He A0KAADHO HUHUMHO OMOEAUMAS YHUBEPCAALHAA 1)-aN2e0Da.

Joxasamenvcmeo. Ilycrb 1 — 6eCKOHEUHAS PABHOMEPHO BHIYMCJIAMO OTIE/IUMAs K-
BUBAJIEHTHOCTb, Az.¢(x,y, 2) — DYHKIMA U3 ONpeneseHust PABHOMEPHOCTH 1), t7 (1)
He nvMMyHHa # @ = {0 = a9 < a1 < ...} — OECKOHEYHOE BBIYUCIHMOE IOJ-
muoxectBo tr(n). Oupesenum mymepanuio v : w? — Q (e ) — nojcemeiicrso
CEMEHCTBA BCEX BBIYUCIMMBIX PACIINPEHUN SKBUBAJEHTHOCTH 1), MMEIONIAX POBHO
JIBa, KJIACCA), COMOCTABIAS KayK/J0il mape (m,n) NpH M # n BBIYUCIUMYIO SKBHU-
BAJICHTHOCTD () KAK CHMMETPHYHOE U Ped/IeKCHBHOE 3aMbIKAHIE OTHOMICHHS
{z,y) | 9(am,an,z) = 1 A g(am,an,y) = 0}. Od4eBUIHO, YTO V — BBIYUCIHMASL
HyMepanus ceMeficTBa {Q (. ny | (m,n) € w?;m # n} ¥ mOTOMY, O TIPE/IOKEHIIO
3.2, 5KBUBAJIEHTHOCTH
77/ = ﬂ A (m,n)

(m,n)Ew
(115 BCex M # M) sABJSETCH HErATUBHBIM M, OY€BUAHO, OECKOHEUHBIM DACIIMPEHU-
em skBuBajeHTHOCTH 7). ITo mpemokernio 2.16 SKBUBAJIEHTHOCTE 7)) UMeeT HecKo-
HEYHOE BBIYUCJINMOE PACIIupeHue 1*, XapaKTePUCTUIeCKas TPAHCBEPCATIb KOTOPOH
eCcThb Q.

TToctponm He JIOKAThHO (DUHUTHO OTIEIMMYIO aarebpy (w/n*;p) ciaeayrommm

0obpazoMm:
0, ectu x =0 (mod n*),
p(m):{a ecnux—a( (n)d *
ny — Un+41 mod 7 )a

T.e. QyHKIUS p ASHCTBYeT Ha KJAccaX 1)*-9KBUBAJEHTHOCTU KakK ajrebpa mpe/me-
creoBanust P (P = (w;p),p(n + 1) = n,p(0) = 0). dcuHo, uro p corsacoBana ¢ 1),
r.K. ecn a = b (mod n), ro a = b (mod n*) nockoabKy N* — pacwupenue 17, HO
rorga p(a) = p(b), T.e. p cormacorana c 1.

Jlemma 3.3.1. Ecau U — ynapras anzebpa, codepoicauasn nodarzebpy u3omopdh-
Hyto aszebpe npedwecmsosanus P, mo U ne aokarvho gurnumuo omoesuma.

Zoxaszameavcmeo. Jdokazarenscrso. Ilycrs P — noganrebpa yunapa U. Obo3nadunm
4Yepes ¢p — eIUHCTBEHHBIH HETOABUKHbBIA 371eMeHT B P (OTHOCUTEIbHO AeiicTBud p),
a yepe3 ¢ — euHCTBEHHBI (B P) p-ripoobpas sementa cg. Ilycrsb 6 — KoHrpysHIusa
KOHedIHOTro nHaeKca aarebpsr U. Torma xorst 661 B OMHOM CMEKHOM G-Kiacce comep-
KHUTCs1 ObecKoHedHoe MHOKecTBO M amemenToB n3 P. Beibepem mpon3BobHYIO TAPY
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9J1eMEeHTOB n3 M, OTIMYHBIX OT Cg,C1, CKA’KEM a,b W TMyCTh JJIs ONPEIEIEHHOCTH
a = p*(b),p'(a) = c1;k,1 > 1. JIerko mpoBepuTh, 9TO "CKieiiKa’ 37eMeHTOB a,b 1Mo
MO0 f HEOBXOAMMO OTOXKJIECTBJIAET 3JIEMEHTHI Cg, C1 110 MOJLYJIIO0 3TOH K€ KOH-
rpysuin. CrieoBaTesbHo, KOHETHO TOPOXK IeHHas momanrebpa ({co }; p) v amemeHT
€1 He Pa3JINYalOTCAd HUKAKOW KOHTPYIHIMENH KOHEYHOTO WHJIEKCA. ([l

ZLHH 3aBepIICHUA JOKa3aTe/JIbCTBa JOCTATOYHO 3aMETUTDh, YTO OIIpeJe/ICEHHAA BbI-
I1e HaJl 9KBUBAJIEHTHOCTHIO 1) airebpa (w/n;p) COMEPKUT airedpy MpeIecTBOBa-
HUsI B KQ9E€CTBE MMOJAIre0phI. (I

3ameuanne 3.4. B semme 3.3.1 BmecTo anredpbl IpeIIeCTBOBAHUS MOXKHO UC-
MOJIH30BAThH JIIOOYIO TIOAMPSIMO HEPA3IOKNMYI0 ODECKOHeuHYI0 Tonairedbpy A, B Ko-
TOPOIi 17151 HEKOTOPO# TTaphl PA3INIHBIX HJTEMEHTOB, COIEPIKANTUXCS B JTIO00H HEHY-
JIEBO} KOHTI'DYIHIMH, OJIMH M3 HUX JIEKUT B IIOJAXOMSAIIEH KOHEYHO ITOPOZKIEHHOMN
nozanarebpe Ag, a BTOpoil — He IPUHAIJIEKUT ITOH momanaredpe.

Cdopmynupyem kpurepuii JOKAJIHHO (PUHUTHON OTIETUMOCTH BCAKOM ajIreOpsl,
IPEICTABUMON HaJI PABHOMEPHO BLIYMC/IMMO OTIEJAMOI 3KBUBAJIEHTHOCTHIO.

Teopema 3.5. J[aa 0eckoneunoli PAGHOMEPHO BHIUUCAUMO OMOCAUMOT IKEUBH-
AEHTVHOCTIU, 1) CACOYIOULUE YCAOBUS IKEUBAAEHTTIHL:

(1) zapaxmepucmuueckas mpanceepcars tr(n) sK6UBAAEHMHOCTNU 1) UMMYHHA,;

(2) ecarasn n-anrzebpa A0KAALHO PUHUMHO OMOCAUME;

(8) ecarasn n-anzebpa GuUHUMHO ANNPOKCUMUPYEMA.

Hoxazamesvemeo. (1)=-(2). Ilycts 1 — GeckOHEYHAST PABHOMEPHO BBIYHCIAMO OT-
JleJiiMasi S9KBUBAJIEHTHOCTD U ajirebpa A 3¢ppeKTuBHOM CUrHATYPbI ¥ IPEICTABUMA,
uaz 1. Jomycrum, 910 Ag — KoHewHO mopoxkaenHas snementamu C = {cg, ..., Cm}
cobcrBennas nojaarebpa anrebpsl A B curmarype Y. (3aMeTHM, UTO CHUTHATYPA
MOXKeT ObITh ¥ OECKOHEYHON, T.K. MMOJ KOHEYHON TOPOKIEHHOCTHIO MbI TOHUMA-
€M TMOPOKIAEHHOCTh KOHEYHBIM YHCJIOM 3J€MEHTOB W BCEMH HEKOHCTAHTHBIMHU -
olepalysMK, [IPU TOM [OJIAraeM, 4To Bce L-koHcTanTbl jexar B C) u a € A\ Ag.
O6orarum curHaTypy % MHOXKECTBOM KOHCTAHTBIX CHMBOJIOB JIJIsi 3JIEMEHTa ¢ W
MOPOKTAIOIIUX CQ, - . - , Cyp, KOTOPBIE 0003HAUMM TeMu ke OykBamu. Paccmorpum
muokecTBo T(C) Bcex X-repmos. ITo ycmosuio Vi € T(C)(a # t), mostomy B A
UCTUHHBI BCe HepaseHcTBa u3 muoxkectBa © = {a # t | t € T(C)}. 3adukcu-
pyeM Hymepamuio v anreOpbl A ¢ sapom 1), v-HOMep k 37eMeHTa a, MHOXKECTBO
v-nomepos C, = {ko € v (co),...,km € v~!(c;m)} mopoxmaromux momasiret-
pot Ag n obosnaunm uepes T, (C,) mMHOKecTBO Beex TepMoB u3 T(C'), B KOTOPHIX
BCE Y-OTepallii 3aMEeHEHbI COOTBETCTBYIIUMU TPEICTABISIONMMY BHIYHCIUMBIMI
byHKIEAMY B HyMepauu V. B culy paBHOMEPHOCTH CBOWCTBA, BBIYUCIUMON OT/Ie-
JIUMOCTH 9KBHUBAJIEHTHOCTH 1), ajireOpa (A, V) paABHOMEPHO allPOKCUMUPYETCs Hera-
ruBabiMu P-asrebpamu (CM. npeabliynmii pa3zaen, reopema 2.14, cornacHo KOTOpOii
JIJ1sl PABHOMEPHO BbIMUCJIMMO OTJEJIUMON aarebpbl, €C/iu B Hell BbLIOJIHIETC s JTI060e
BBIYUCIUMO TIEPEUUCINMOE MHOXKECTBO yHHUBepcaabubix JINII-mpenmoxennit @, To
9Ta HyMEpOBaHHAs ajrebpa anmpoOKCUMUPYeTCst HeraruBHbiMu P-ajreGpamu). Ta-
KUM 00pa3oM, CYyIIECTBYET TAKOE HETATHBHOE PACIIMPEHUE ™ KOHIPYSHIIAH 1), 9TO
B (akrop-aiurebpe (w/n*;3) peanusyercsd BbIYMCIUMO [EPEUUCIUMOE MHOKECTBO
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{k #t,|t, € T,(C,)}. Ho xapakrepucTuueckas TpaHcBepcasb tr(n*) sroii nera-
THBHOMH KOHTPYSHITAN 7)™ SIBJSIETCA BBIYUCIUMO NEPEIUCIUMBIM MOAMHOKECTBOM HM-
MmyHHOro Muoxecrsa tr(n). CienoBaresbHO, 7)* — KOHIPYIHIKsA KOHEYHOIO UHJIEKCA,
Pa3INIAIoIIAst 3JIEMEHT ¢ ¥ TOmanrebpy Ag.

(2)=(1). Ilycrpb Besikas anrebpa, mpecTaBiMas HaJl 1) JOKAIbHO (GUHUTHO OTJIe-
squma. Jonycrum, 9o tr(n) He ummynna. Toraa, 0 IpeniokeHuo 3.3 CyIIecTByer
He JIOKaJIbHO (bUHUTHO oTaenumas 1-aiaredpa. [Iporusopedne.

(1)=(3). Jouycrum, 4To xapakTepucTuieckas TpaHcBepcaib tr (1) 6eCKOHeYHOM
PABHOMEPHO BBIYMCJIUMO OT/JEJUMOIl IKBUBAJEHTHOCTH 1) ABJSIETCS UMMYHHOMN, HO
MIPY 3TOM CyIIECTByeT He (DMHUTHO anmpOKCUMUpyeMas 7-aaredpa, ckaxkem A, Ko-
Topasi n3oMopdHa BerancanMoii anrebpe (w/n; F), roe F — nogxonsiree s¢bdexTus-
HOE CeMeHCTBO BbIUUCIUMbBIX (DYHKIWI (/1151 KOTOPBIX 1) ABJISETCsS KOHIPYIHIMET ),
PECTABJILAIOIIUX OlePAlMK STON ajaredpbl B JAHHOM IPEJCTaBIeHUr (MMeeTcs B
BHUJy €CTECTBEHHAS HPOEKTHPYIOIIAs HyMepamus vy, : w — A, COmocTaBisiomas
KayKJOMY HATYDPAILHOMY YHCJIy COIepKaIumii ero 7-kjacc). IlycTh mapa pasimd-
HBIX 3JIEMEHTOB g, 1 aareOpbl A He pasImyaeTcs HUKAKOW KOHTPYIHIMEH KOHed-
Horo uagekca. Ho mo Teopeme 1.2 0 HETaTWBHOMN ANMIPOKCHMHUPYEMOCTH CYIIECTBYET
TAKOE HETATMBHOE KOHIPYIHTHOE PACIIMPEHUE 7)* SKBUBAJIEHTHOCTH 1), TIO MOJLYJIIO
KOTOPOI'O 3TU 3JIEMEHTbI Pa3ju4Hbl, T.e. ao/n* # a1/n*. Nunekc n* Heobxoaumo
Geckoneven, tr(n*) C tr(n), HO XapakTepUCTHIECKAas TPAHCBEPCab tr(n*) Berauc-
JIMMO Tiepeuncinma, a tr(n) nmMynna. CienoBaTesbHO, YUCIO 1)*-KJIACCOB JOIZKHO
ObITh KOHeUHBIM. [IpoTnBOpedme. 3aMeTnM, 9TO B JOKA3ATEIHCTBE JAHHOTO MyHKTA,
MOKHO TIPEeHEOPeYh CBOWCTBOM PABHOMEPHOCTH.

(3)=(1). IIycrp Besikas n-anrebpa GpuHUTHO annpokcumupyema, HO tr(n) Gec-
KOHE4YHA U He uMMyHHA. Torza, Torma cornacHo m0Ka3aTenbCTBy MPEIOKeHus 3.3
CyIIeCTByeT yHapHas 1-ajareopa A, comepkainas momaareopy, nu3oMopdHyo aaredpe
npeamecTBoBanusa P. AHAJOrMYHO J0Ka3aTeIhCTBY JJeMMbl 3.3.1 JIerko mokasarh,
aro A He puHUTHO anmpokcumupyema. IIporuBopedne. O

ITokazkem, 9TO yCJIOBHE JIOKAJBHOCTHU [JIsi CBONCTBA (DUHUTHOI OTAEIUMOCTHA B
TeopeMe 3.5 SABISEeTCS CYIeCTBEHHbBIM.

Ilpeagioxkenne 3.6. Cywecmeyem makas PABHOMEPHO BbIHUCAUMO OTNIEAUMAA
NO3UMUBHAA IKBUBAAEHMHOCD 1) € UMMYHHOU TAPAKMEPUCTUYECKOT Mmparceep-
CAADBIO, WMO HEKOMOPAS 1)-GA2e0PA HE ABAACMCA PUHUMHO 0MIEAUMOT.

Hoxazameavemeo. Ilycrs dg = {0},0; = {1,2},02 = {3,4,5},... — cunbnag no-
CJIEJ0BATEJILHOCTD [ONAPHO HENEPECEKAIONINXCA KOHEYHbIX MHOXKECTB, B KOTOPOI
MHOYKECTBO J,, COCTOUT M3 N + 1 MOCJIeI0BATENHHBIX HATYPATbHBIX unces. Onpee-
JquM Bhraucumyio dyuknuio f tax, uro f(x) = x + 1 upu = € §; A x # max d;.
Ecnu ke © = max d;, To nonaraem f(x) = x.

Hamomawm, 9T0 MHOXKECTBO (v HA3BIBAETCS PETPECCUBHBIM, €CJTH CYIIECTBYET HEKO-
TODBI 11epecueT IToro MHOKecTBa (He 0ba3aresbHO 3¢ deKTuBHbIA) 63 moBTOpe-
uuit « = {ag, ai, ...} TaKoii, 4T0 JJIs MOAXOUAIIEH YACTUIHON BHIYUCIUMOI (1IPO-
cuiexuBaoleil) GyHKIMU 1) UMeeT MECTO MECTO CJIeAyIOLIee:

Y(ag) = ag AVz[z € a Az = ant1 = Y(x) = ay).

SadurcupyeM mpoOu3BOIHLHOE THIIEPIIPOCTOE MHOXKECTBO [ C PErpPECCUBHBIM 10~
MOJTHEHUEM, HEKOTOPBIH mepecyeT KOTOPOro MPOCTIeKUBACTCS YACTUIHON BHIYUCITH-
Moit dbyHkumeil ¢ (HpuMepbl TAKUX MHOXKECTB MOXKHO HalTH, HAlPUMED, B KHUIE
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X.Pomxepca [3], rmaBa 9, c. 182, reopema X VI (reopema Iekkepa, KoTopasi yTBep-

KIAET, 9TO s J000# pa3sHo3HATHON PYHKIHHN [ ¢ HEBBIYUCIUMONR 00aCTHIO 3HA-

4eHuil MHOXKECTBO ee MHHUMAJbHBLIX 3neMenroB My = {z|Vy(z < y = f(z) <

f(y))} perpeccnsmo, a w\ My rumepmpocTo), cM. TakKe ynpasknenne 9-44, c. 206).
OnpenenuM MHOKECTBO

B ={z|3n|(z € d, An € B)V z=maxdy,]}.

U 9KBUBAJIEHTHOCTD 7)g~ = {(z,y) | z,y € f*} Uid w, T.e. g HMeeT eIUHCTBEHHBIH
HETPHUBUAJIBHBIA CMEXKHBIA Kjacc 5*.

Jlemma 3.6.1. Muoowcecmso 3* — 2unepnpocmoe ¢ pezpeccusHbim JONONHEHUEM.

Jokaszameavcmeo. OueBujno, yro B* BblaucauMo nepeduciaumo. Jlomycrum, 41o
w '\ B* He TUIEPUMMYHHO U 0¢, 071, ... — CHIIbHAs Tabanna ais w \ 8* (r.e. 09,01, ...
— MEePEYUCANMAs TT0 KAHOHMIECKUM HHIEKCAM TIOCJIeI0BATETbHOCTD MOMAPHO HETe-
PECEKAIOIIMXC KOHEYHBIX MHOXKECTB, KaXK/0€ W3 KOTOPBIX COMEPXKUT IJIEMEHT U3
nonomuenus 3*). s Besaxoro Muoxkectsa o C w depes a® 0603HAYHM OLHeparop,
COIOCTABJIATONIUH KaXK/IOMY (¢ MHOYKECTBO BCEX J-HOMEPOB BCEX JIEMEHTOB U3 MHO-
KECTBA (v, T.€.

ad = U {n|xz € d,}.

reo

BaMeTnMm, 9TO [ JII000T0 & UMeeTcs He 060j1ee OIHOTO TaKOroO 7, 9TO T € Jy,.

[TocTpoum ciiemyIomiyro mocae10BaTeIbHOCTh KOHEUHBIX MHOXKECTB 0, 07, . .. IO
maram.
IITar 0.
*
op=J{zlzed.}.
fASTexs}
ITar s + 1.
* —
oin= U zlwes),
rEoL
riue

k = min{y | UZO(USU~-~U0:)5 = (}.
Kowuen mara s + 1.

WNuaykumeit o maraM mocTpoeHusi HeTPY/IHO MOKA3ATh, YTO KAXKIBIH AT 3aBep-
[IAETCs TTPEbIBICHIEM KAHOHUYECKOTO MHJIEKCa KOHEYHOIO MHOXKECTBA, KOTOPOE
COJIEPKUT DJIEMEHT U3 JOMOJHEHUS 3 U He IMEPECEKAETCsl CO BCEMU MHOXKECTBAMU,
MOCTPOEHHBIMHY JI0 TAHHOTO TI1ara, YTo MPOTHBOPEYNT THTIEPUMMYHHOCTH w \ (.

IMokaxkem, a0 w \ B* perpeccuBHO. [Ijisi 9TOr0, HA30BEM 3JIEMEHT MHOXKECTBA, Jy,
[IpeIMaKCUMAJIbHBIM, €CJIM OH HE MAKCHMaJIeH, HO DOJIbIIe BCEX OCTAIbHBIX dJIeMeH-
TOB u3 0,. ns ynoberea Gyaem monaraTth, 9to &g, 01 C f*. Onpenennm BbIYUCITH-
Myto ¢yHKIHIIO * caeayomuM obpazoM. s TaHHOrO HATYPAJBHOTO T HAXOIAM
TaKoe n, 9To x € §, n nomnaraeM ¥*(x) = f(x), ecnn x He SBISETCS MPEIMAKCH-
MaJIbHBIM B §,,. B mpoTHBHOM ciiyvae, T.e. JJi MPEAMAKCUMAIHHOTO I, TIOJIAraeM
Y*(x) = mindy ). Jlerko 3ameTnTh, 9TO Y* perpeccupyeT HEKOTODHIH Mepecder
MHOXKeCTBa w \ B, T.K. KaxKIblii s/1eMenT u3 w\ § "3amMengeTcsa” MOAXOAANMM OTPe3-
KOM 0y, U, TIO CYIIECTBY, PETPECCUPYIOTCS 3TH OTPE3KHU C COXPAHEHUEM KOPPEKTHOCTH
omeparmuu Y*. [
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Cornacuo nemme 3.6.1 1 mpeyIoyKeHnIo 2.12 SKBUBATEHTHOCTD )3+ ABJIAETCA PAB-
HOMEPHO BBIYHCIAMO OTAEINMO KBUBAJIEHTHOCTHIO C UMMYHHON XapaKTUPHCTHU-
9eCcKOH TPaHCBEpCAsbI0 U HOTOMY, IO TeopeMme 3.5, irobas anrebpa mpeicraBuMast
HAJ| 9TOH IKBUBAJIEHTHOCTBHIO JIOKAILHO (uHUTHO oTgenuma. Ilokaxkem, 4TO HaT
71g= TpeJCcTaBnMa He (GDWHUTHO OTAEINMAsA airedpa.

Badurcupyem sBa asementa s,t € (w '\ 8*) u onpesesuM BLIYUCIAMYIO AIrebpy
A = (w;h), rue

f(x), ecn y = s.

Odesnano, 9T0 GYHKIMA h COTTACOBAHA C SKBUBATIEHTHOCTBIO 73+ 1 TOTOMY KOD-
PEKTHO OIpezeseHa mo3uTuBHas dhakTop-anredpa (A/ng«; h) BEINHCIAMOl aareGpsL
A no xourpysuuun 1g-. Torna Ag = (w/ng« \ (8* U {s}); h) — nonanrebpa anrebpor
(A/ng~; h), mony4aromasicst u3 HCXOTHON HAKTOP-AIreGphl YIATEHIEM IBYX JIeMEH-
ToB — * u s/ng-. Ilokaxewm, aro momanrebpa Ap u sjement J* He Pa3IUIAOTCT
HUKAKOW KOHTPYIHIIMENl KOHEYHOTO WHIEKCa. [ljIs 9TOro BBEIEeM HA [IOIMOJHEHUU
muOXkecTBa % Gynkuuio d : w \ f* — w, KOTOpy10 HAa30BeM paccrosgHueM J0 * u
nonaraeM d(z) = min{n | f"(z) € g*}.

[TockoJIbKY 1J1si BCSIKOIO 1 9UCJIO 3JIEMEHTOB U3 JOHoJHeHus (%, paccrosgHue or
KOTOPBIX 10 B* 00JbIe 3TOro n OECKOHEYHO, TO BCAKAS KOHTPYIHIIUS KOHEIHOTO
WHIEKCA, COMEPKUT TAKOH KJIACC KOHTPYIHTHOCTHU, B KOTOPOM COIEPKUTCS Tapa, Ta-
KHX JIEMEHTOB, CKaxkeM a, b, uto d(a) < d(b). VI3 KOHrpySHTHOCTH ITUX 3JIEMEHTOB
u Toro ¢akra, 4ro 5* — HeNOABMXKHAS TOYKA OTHOCUTEILHO JeiicTBus GyHKuu f,
3AK/TIOMAEM, YTO 110 MOJLYJIIO JIAHHOMN KOHIPYy3Hiuu dtementot 5% u f4% (b) /ns- pas-
HBI, XOTS fd(“)(b) ¢ B*. TakuM 006pa3oM, BCsiKasi KOHIPYIHIINST KOHEUHOTO WHIEKCA
OTOXKJECTBJISET dJIeMEHT ¥ ¢ HEeKOTOPHIM 3JIEMEHTOM TOHAIreOphl Ag. (Il

h(z,y) = { t, ecnu y # s,

Bameuanmne 3.7. [lycrs T5(C) — abeostoro cBobogHas ajnrebpa S-repmMoB 3¢h-
bEKTUBHOM CUTHATYDBL Y. OT KOHEYHOro MHOXKecTBa C' CUIHATYDPHBIX HOPOZKIAI0-
mmx. Hamomuwwm, uro ajrebpa abOCOTIOTHO CBOOOIHA, €CJIM C yYETOM MOIIHOCTH
MHOXKECTBA TIOPOXKIAIOIINX U3 Hee eCTh TOMOMOpP(dHU3M B JTI0OYI0 aaredbpy u3 Kjiac-
ca Bcex Y-anredp. C TOYHOCTHIO 70 u30MOpQU3Ma yI00HO BOCIPUHUMATH €€ KaK
anrebpy ciioB (X-TepMOB), IIPU ITOM 3HAYEHUs JIOObIX Y-TePMOB Pa3iuyHbl. JIerko
3aMETHUTD, ITO JII00asi yHUBEpCAIbHAs anarebpa sBasgercs roMoMopdHbIM 0Opa3om
MOIXOSAIIIEH abCOIOTHO CBOOOAHOI. 3adUKCUPyeM HEKOTOPYIO TeIEIEBCKYI0 HyMe-
panuio vy 3Toii anredpsul. JIcHo, uTo J0bdas Y-anrebpa A, TOPOKIEHHAS MHOKECTBOM
curnarypubix Koucraut C sBjgerca romoMopdabiM 06pasom ajredpbt Ts(C'). Boi-
G6epem Takoii romomopdu3M u HA30BeM ero . Torma Hymepalus Vg = @y — HyMe-
panus ajarebpbl A, Ha3bIBaeTCs crangaprHoil. HerpyaHo 3amerurs, 4To0 s Ji000i
HyMepanuu v ajreOpsl A cTaHmapTHas HyMepalus Vg CBOIWUTCS K U, T.e. CyIIe-
CTByeT Takasi Bbluucanmast dynkmus f, aro vg = vf. B cayuae mo3mtuBHOCTH Vv
MMEEeT MECTO TaK¥Ke CBOIAMMOCTH V K Vg, T.€. 9TU HYMEPAINU OKA3BIBAIOTCS BBIUMC-
JINMO KBUBAJIEHTHBIMHA. ¥ 100HO CMOTPETh Ha T€PMBI OT 3D HEKTUBHOIO MHOXKECTBA
MOPOXKIAIOMKX KaK HA "MMEHa” KJIACCOB KOHIPYIHTHOCTH, COIEPIKAIIUX ITH TEPMBI
(11Ba TEpMa PaBHbL, €C/IM COBLAIAIT UX 3Hadenus B ajiredpe). C 910ii TouKK 3peHust
TEpMbI MOYKHO BOCIPUHUMATH KAK HATYPAJbHBIE YHCJIA U, B HEKOTOPHIX CJIYYasX,
TAKOM TIOX0J], KAXKEeTCs TPEANOYTUTEIHHEE MePex0ia OT HATYPaJbHOrO ducia (re-
JIEJIEBCKOrO HOMEPa TepMa) K CAMOMY TePMY H, JaJjiee, K 3HA4eHUIO TepMa B ajirebpe
[IPU COOTBETCTBYIOIIEM FOMOMOP(dU3MeE.
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Ormerum ciremyionmit BaxKubiii (pakt. CorsiacHo npemyioxkenuio 3.6 Ha L paBHO-
MEPHO BBIYHACIAMO OTJEIAMON 3KBUBAJIECHTHOCTBIO BUIA 7)o IIPUA MMOJXONAIIEM KO-
UMMYHHOM (@ TIPEJICTaBuMa He (DUHUTHO oTAesuMas ajarebpa. OgHako, 1mo reopeme
3.5, BCSIKASI 7),,-aaredpa B 9TOM CIydae OyIeT JIOKaJIbHO (DUHUTHO OTaeanMoi. Oxa-
3aJI0Ch, 9TO I KBUBAJEHTHOCTEH ITOTO BHJIA MOXKHO OTKA3ATHCS OT YCJIOBUS
PaBHOMEPHOCTH.

IIpenmnoxkenue 3.8. /as 4106020 o C w caedyrousue Yeao8us pasHOCUALHDL:
(1) tr(Ne) ummyrHa;
(2) ecarasn Ny-as2e0pa A0KANLHO HUHUMHO 0TNIEAUMA.

Joxasamenvcmeo. (1)=(2). Byuem rosoputh, uro cemeiicrBo dbyukimii F' corsa-
COBAHO C 3KBUBAJIEHTHOCTBIO 1), €CJTU JIJIs KaXK10# QyHKIMN u3 F' 9KBUBAIEHTHOCTD
7) ABJAETCA KOHIPYIHIHE.

Mpur Gyziem 6a3MpoBaThCST HA CIIEAYIOMEM YTBEPKIEHUN, TOKa3aHHOM B [12].

JIemma 3.8.1 ([12]). ITycmo F' — sppexmuenoe cemeticmeo unuuciumbi Gymr-
Yuli, COZAACOBAHHBLT C N)g, 20 W\ & ummynno. Tozda 0as 4106020 KOHEWH020 MHO-
ocecmea y C w\ & cywecmeyem makoe e20 Kornewnoe pacwupenue 0, wmo y C § C
w\ a u ecaraa dynxyus uz F coznacoeana ¢ sK6UCAAEHMHOCTIBIO T)y,\ ;-

Ucnonb3yem 3Ty MeMMy CAeayIOnuM 06pa3oM.

Paccmorpum npousBosibayto 1)-anrebpy A. I[lycrs Ay — KOHEYHO TOPOXKIEHHAS
nozasirebpa anredpsl A u syeMeHT a He nexkuT B Ag, T.e. a € A\ Ag. Pacemorpum
JIBa CJrydast.

1. a = . B arom ciyuae neobxonumo Ay Heaukom JexkuT B w \ o. B cuity xoneu-
HOW TIOPOXKJIEHHOCTH Ta MOAAIreOpa BBIYUCIUMO NEPEUNUCTIUMA U IOTOMY KOHETHA,
(r.k. w\ @ ummynno). Ilycrs upoobpas Ag (upu ecrecrsennom romomopdusme 3a-
JAHHOM HyMeparmei v : w — A, rae v(z) = x/1,) ectb v C w\ a. o temme 3.8.1
CYIIECTBYET TaKOe KOHEYHOe pacmuperue d D 7y, 910 v C § C w \ @ ¥ IKBUBAJICHT-
HOCTD 17),,\§ ABJIAETCA KOHTPYIHIMEH KOHETHOTO MHIEKCa aareophl A = (w/Na; F).
OueBUIHO, 9TO 3Ta KOHTPYIHIMS pasandaer nofgaaredpy Ag u amement a = a.

2. a € w\ a. ITo nemme 3.8.1 cymecrsyer takoe koneunoe § C w\ «, uro {a} C &
n Bce byHKIUE n3 I COTIACOBAHBI € SKBUBATEHTHOCTHIO 7),,\5. Torga obpas a B
Kone4unol gaxrop-anredpe (w/mn,\s; F) e "ckiensaerca” HH ¢ KAKHM 3J1€MEHTOM
He TOJBKO Ag, HO naxe u A\ {a}.

(2)=(1). Anasornuno npesyoxReHno 3.3. O

ITokazkem Temeph, YTO CBONCTBO PABHOMEDPHOCTH B (DOPMYIUPOBKE TEOPEMbBI 3.5
TaK2>Ke ABJIAeTCH CYIIeCTBEHHBIM, T.€. JJId BBIYUCIUMO OT/IEIMMbBIX IKBHUBAJIEHTHO-
cTell He SABJISIONINXCS PABHOMEPHBIME 9TA TeopeMa He mMmeeT mecrta. 13 mpemoxe-
Hud 3.8 cienyer, 9TO B KJjacce KBUBAJIEHTHOCTEN BHAA 7)o, TAKUX KOHTIIPUMEDPOB
uetr. [loaTomMy mocTpoeHme BBITUCIUMO OTAETUMON IKBUBAJIEHTHOCTH C MMMYHHOMN
XapaKTEPUCTUIECKON TPAHCBEPCAIBIO, HA KOTOPOU MPEICTABIMA HE JIOKAJIHHO (DH-
HUTHAs aJredpa COMPSKEHO C PACCMOTPEHNEM SKBUBAJIEHTHOCTEN 00JI€e CJIOXKHOTO
BHUJA.

Teopema 3.9. Cyuwecmeyem makan 6bHUCAUMO OMOEAUMAA IKEUEAAEHMHOCTID
N € UMMYHHOU TAPAKMEPUCTIUNECKOT MPAHCEEPCAALIO, KOMOPAA ABAAECMCA AOPOM
npedcmasrenus NodTLodswet YHUBEPCANLHOT aN2e0Dbl, HE ABAAOUWETCH NOKANDHO
durummno omoesumot.
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Zlokasameavcmeo. Bymem cTrponTh HyXKHYIO SKBHBAJEHTHOCTH W ajredpy B IBa
srana. CHavasa OCTPOUM KOHEYHO IOPOXKJeHHYIO anrebpy A = (w/n.; f, ), tae
(' — MHOXKECTBO C UMMYHHBIM JIOMOJIHEHHEM, a 3areM onpeienum ajredbpy A* =
(w/nk; f*, g%, h*), tne f*, g* — omHOMECTHBIE BHIUUCINMBIE (DYHKIIUN, CTPOSIIINECS
no f, g cOOTBETCTBEHHO, & h* — Bbrancianmast ounapuas dyukuumst. [Ipu srom tr(n%)
Oymer UMMYHHOI, a A* — He JIOKaJIbHO (DUHUTHO OTIETUMOI.

B pa6ore [12] nocrpoena KOHEUHO HOPOXK IEHHAS 7)q,-AJIrebpa ¢ MMMYHHOI Xapak-
TepuCTHYECKOi TpaHcBepcanbio. O6osHaunm ee vepes A = (w/na;¢, f,g), Toe ¢ —
MTOPOK TAIOIIHI IeMeHT, & f, g — IBe OTHOMECTHBIE BHIYUCIUMBbIE (DYHKITHH. MOXKHO
CYUTATh, YTO TOPOXKIAIOIINI 3JIEMEHT ¢ He MPUHAIJIEKUT 00bEeIUHEHUIO 00IacTeit
suavenuit pyuknuit f u g. [Ipu sTom, Ki1acc o« SKBUBAJIEHTHOCTH 1), ABJISETCS HEIIO-
JIBUZKHOM TOYKO# 1O MOJYJIIO 1), KaK JJisd f, TAK U JJIsi ¢, & MOPOXKTATONIUHN SJIeMEHT
€ OYEBHIHO JIEXKHUT B W \ (.

Hanomnunwm, uro 0}, = {(z,y)|[1= ~a = v, \a}, rae v — KaHOHWYECKas HyMeparust
KOHEUYHBIX MHOYKECTB.

ITepeiinem Tenepsb K MOCTPOEHHIO TAKOI HyMEpOBAHHOI anreGpsl (w/nk; f*, g*, h*),
KOTOpast He SBJISeTCs JOKAIBLHO (DUHUTHO OTHEJUMOl, HO, TP ITOM, XapaKTepu-
cTHYecKas TpaHcBepcadb tr (1)) uMMyHHA.

ITycts v — KaHOHWYecKasi HyMepalyst KOHeYHBIX MHOXKecTB. Torma tr(nk) — nm-
MYHHOE MHOKECTBO (B IPOTUBHOM CJIy4ae HaJIuIre GECKOHEYHOTO BHIYUCIUMO MIEPe-
YUCIUMOTO TTOAMHOKECTBA (1% ) MTPOTHBOPEYUT HMMYHHOCTH W \ @, T.K. KOHEIHBIE
MHOXKECTBa, y-HOMepa KOTOPLIX JiexkaT B r(n),) He nepecekatorcs ¢ «). ITokaxem,
YTO HaJ, 7)) LIPejcTaBuMa KOHEYHO IIOPOXKjaeHHas ajredpa. st sToro omnpejenum
TpU BhrAucAuMbIe byHKIUU f* g%, h*:

@) =~v""{f(n) | n €}
g* () =7"Hg(n) | n € v}
R (z,y) =7 (72 Uy)-

TTokaskeM, uTo 3Tn QyHKIMN coracoBansl ¢ 1. [Iycrs =y (mod n%). ITo onpe-
JETIEHAIO 7Y, \ & = Y, \ @. OB03HAUNM epe3 o MHOMKECTBO g \ &, TOLAA

fr@)=7"{f(n)In€o} (modny),
T.K. [ TOXKJECTBEHHA HA (X IO MOJYJTIO 7)o. AHATOTHIHO,

Fy)=7"{f(n) [nea} (modunp),
re. f*(x) = f*(y) (mod ny).

g g* paccyaaeM TOYHO TakK JKe.

IIycts ¢ = w (mod n)) my =v (mod nY), Te. x \a=7 \any\a="7\a
Torma v, Uy \ @ =7, U7y \ @, T.e. h* Takzke cormacoBana c 1.

IMTokazkem, 410 KOppeKTHO onpexesennas Gakrop-anredpa (w/nk; f*, g%, h*) Ko-
HEYHO TOpOKIeHHast. [Ijist 370ro 3adpukcupyem y-HOMED OJHOJIEMEHTHOIO MHOKE-
crBa {c}, rae ¢ — mopox gaiomuii smement anrebpsut (w; f, g). Myers v~ 1({c}) = c*.
Yepes h*(x1,. .., %y ) 0003HAYUM CYTIEPIO3UIIUIO

¥ (@1, B (2, - B (Tt Tm)) - - ).

Eciun =y~ ({ko, ..., ki}) u ki = ti(c), nne t; — (f, g)-repm, 1o v~ ({ki}) = t7(c"),
rae tf(c*) — pesynpbrar 3amenst B (f, g)-repme t; cumsosa f na f*, g na g*. Torna

h(to(c™), - 87 () = m,
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r.e. anrebpa (w/nk; f*, g%, h*) KOHEIHO MOPOXKIEHHAS.
Hakonen, ybequmcss B ToM, 4T0 ajrebpa A* sBisgercs He JIOKAIbHO (DUHUTHO
oraenumoit. Jljist 9Toro JOKaXKeM CJIEAYoIee BCIOMOraTeIbHOE YTBEPKICHIE

Jlemma 3.9.1. Cmandapmman Hymepayus 8cakol Koneunol aszebpol, KOHEWHOU
CULHAMYDPDL ABAACTNCA BHLYUCAUMOT.

Zloxasameavcmeo. Hamomamm, 9T0 HyMepalusi YHUBEPCAJIbHONM aaredpbl HA3bIBA-
eTcsl CTAHIAPTHOW, €CIIU OHA SIBJISIETCS HAUMEHbBIEH OTHOCHUTEIHHO CBOIMMOCTH
(KJ1aCCOB 9KBUBAIEHTHBIX ) HyMepanuii 91oit anrebpsr (cm. A.M.Masnbnes [5]). [Iycrs
KOHeYHas ajiredpa B KOHEYHO# CUTHATYPBI g MOPOXKIAETCS MHOXKECTBOM JIEMEH-

ToB {b1,...,b,}. Paccmorpum abcomorHo cBoGOmHYyI0 Yg-anrebpy Ty, (X) or cBo-
Gomubix mopoxkaaommx X = {x1,...,x,} v nocrponM orobpaskenue @g : {r1,...,Tn} —
{b1,...,b,}, monaras p(x;) = b;, 1 < i < n. Torma pg equHCTBEHHBIM 06PA30M IIPO-

nomkaercs 1o romomopdusma ¢ u3 Ty, (X) va B. Tem cambiM omnpezesnena cras-
japraas “nymepanus’ ¢ u3 anrebpol Ty, (X) na anrebpy B (cm. 3ameuanue 3.7).
O6oratnm Y) KOHEUHBIM MHOYKECTBOM KOHCTaHTHBIX CUMBOJIOB C' = {c1,...,¢cp} W
paccMoTpuM KoreuHyio anrebpy Ts(C), mOpoXKIeHHY 0 CATHATYPHBIMA KOHCTAHTA-
mu, B curuarype ¥ = Yo | JC.

Brenem ornomenne =p na muomectse T2(C), nomaras t; =p ta & ¢(t1) =
©(t2). Torna =p — kourpysunus anredpot Ix(C) u dakrop-anrebpa Tx(C)/ =p
nsomopdua B. Caenys A.M.Masbueny ([5]) onpeneanm byHKINIO BHICOTHI TepMa
h: Ts(C) — w MHIAYKTHUBHO 110 CJIOKHOCTH TepMa:

- eciu ¢ KoHcranTa, T.e. t = ¢ € C, o h(t) = 0;

-eciut = f(t1,...,t,), e f € ¥ — n-apublii pyHKunOHANbHBIH cuMmBoIL (n > 1),
1o h(t) = max{h(t1),...,h(t,)} + 1.

Herpymao nousrs, uyro Y-anredpa B KOHEYHON CUIHATYPBI, IOPOKICHHAS MHO-
JKECTBOM CHTHATYPHBIX KOHCTAHT, KOHEYHA, TOTIA W TOJIHKO TOTIA, KOTAA JIJIS HEKO-
TOpPOro HarypayubHoro n Beakuii Ts(C)-tepMm BbICOTBI . paBeH (B B) HEKOTOPOMY
T5(C)-Tepmy cTpOro MeHbIeil BLICOThI. 3adUKCUPyeM HAUMEHbIIIEE TAKOE 7. ¥ OIIPe-
JIeTAM MHOXKeCTBO F BCeX PABEHCTB BUAA t1 = Ti1,...,Lm = Tm (rﬂe 1, ybm —
Bce Tx(C)-repMbl BBICOTBL T, & Ti,..., Ty — Hogxousdue Tx(C)-repMbl BbICOTHI
MEHBIIIE 4eM 1), KOTOpbie BepHbl B B. QueBuaHO, 4TO MHUIMAIbHAA (T.€. CBOOOI-
Hast 63 CBOOOMHBIX MOPOKIAIONINX B MHOr000Opasuu aaredp, 3aJaHHOM KOHEIHBIM
MHOX)KecTBOM ToXkaecTB E) anrebpa Tx(C)/E nns cucreMbl ToXaeCTB E siBjsiercst
roMmoMopdHbIM 11poobpaszoM aarebpsl B (31or romoMopdublit npoobpas — uHHIM-
ajpHag ajarebpa B MHOroobpasuu 3aganHom toxiaecrsamu E). Tobasum k E Bce
paBercTBa Mexay Bcemu 1% (C)-TepMamMy BBICOTHI MEHEE 1 U TIOMYIWM KOHEUHOEe
pacmupenune E* muoxkectBa ToxkaecTB E. T.K. Kaxkabrit s;memenT aaredpbr B mpe-
craBJieH HeKOTOPbIM T (C')-TepMOM BBICOTHI MEHEE YeM 71, TO HHUIUAJbHAS CUCTEMA
s E* uzomopdua B (ecau t; # to B Tx(C)/E, vo t; = t2 B B, 10 BbIOUMpA-
eM 71 = t1,70 = ta,h(11) < n,h(12) < n U UpUCOEAMHAEM DABEHCTBO Ti = To
K F; cymecrBoBaHue Takux 71,72 OYE€BHIHO, T.K. B KAXKJOM KJACCE SKBUBAJEHT-
HBIX 3aMKHYTBIX TEPMOB €CTh TEPM BBICOTHI MeHee ). Takum 00pa3soM, MHUIUATb-
Has ajgrebpa s E* m3omopdua anredpe B. B cuily KoHEUHO OMpeIeIeHHOCTH B
MHOI00Opa3nm, 33 IaHHOM TOXKIecTBaMu E*, crammapTHas HyMeparnusa anreOpsl B
NO3WTHUBHA, & B CHJIy KOHEYHOCTH 9TON anreOpbl — BHIYACTHMA. O
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Bamerum, UTO BCAKAA HEOJAHOIJIEMEHTHas ajarebpa MMeeT HyMepaluio, He sB-
JISTONLYIOCS BBIYUCIUMO oTaenuMoit ([25]), mosromy B semme 3.9.1 crangapTHOCTD
HyMEpaI{y CyIIEeCTBEHHA.

Homycrnm, uro A* mokambHo duHUTHO oTnennva. B anre6pe A = (w/na; f, 9)
9JIEMEHT ¢ ABJIAETCS TOPOKIAIOIIUM, IPUYEM OH SIBJIAETCS €UHCTBEHHBIM 3/I€MEH-
TOM, B KOTOPBII HE TIEPEBOAUTCS HUKAKOM d1eMeHT HU DyHKnueil f, uu dyHkimei g.
B anrebpe A* = (w/n%; f*, g%, h*) KaHOHWYECK Mt HHIEKC MHOXKeCTBA {¢} TaKKe fB-
JIsleTCs MOpOXKIaronmM nemenToM st A*. Paccmorpum nonanre6py A anre6psr
A*, 0CHOBHOE MHOZKECTBO KOTOpoii cosnaaer ¢ w/nk \ {¢*}, rae ¢* =y~ 1({c})/n%,
a nopox atomumu aeasgiores v L ({f(c)}) m vy~ ({g(c)}). SIcno, uTo ocHOBHOE MHO-
JKeCTBO 3T0it momanredbps! cosnanaer ¢ A*\ {c*}. Ecan A* nokanapHO GUHATHO OT/IE-
JINMa, TO B HEKOTOPOH KoHeuyHOl (dakTop-anrebpe anrebpol A* obpas anemenra c*
He npuna/IexuT obpasy Aj. Ho B satom dakrope, no nemme 3.9.1, xazkaplit xKiacce
SKBUBAJEHTHBIX 3aMKHYTBIX TEPMOB, B T.9. M COJIEP2KAIIUI 3JIEMEHT C*, BLIYUC/INAM.

Hazosem TepM, cocTaBieHHBINH u3 (DYHKIMOHAIBHBIX CUMBOJIOB f, g OT TIOPOXK-
JIAIOIIEro 3jIeMeHTa ¢ B anrebpe (w/na.; f,g) (He myrars ¢ f*, g*-cumBomamu u -
HOMepoM MHOXKecTBa {c} B anrebpe (w/nk; f*, g%, h*)), a-repmom, ecau ero 3Hade-
HUE TIONaIaeT B MHOXKECTBO . HeTpyiHO 3aMeTnTh, 9TO y-HOMEP JH000Tr0 (-TepMa,
PaBeH 110 MO/JLYJIIO 1)) y-HOMepy IIycToro MHoxkecrsa. Ilosaromy st sroboro a-repma
t umeeM

-1 -1 -1
7 ({eh) =r"(v({e})y ({t}) (modng) & tea

Ecau nonmycTutrs, 4TO 371€MeHT ¢ u mojmanrebpa Af pa3iamdaioTcs HEKOTOPOW KOH-

TPYJHIMEH KOHETHOrO WHIEKCA, TO mo jgemme 3.9.1 B (hakTop-anredpe mo 3Toi KOH-

rpysunun snement ¢ = v~ ({c}) Bbruncaum, Ho Torma U  BerUECIUMO. IIpoTUBO-
pedne. [l

B wactrOCTH, CymecTByeT Takas BEIYUCIUMO OTAETMUMAs SKBUBAIEHTHOCTD C UM-
MYHHOH XapaKTePUCTHUIECKOH TPAHCBEPCATbIO, HA KOTOPO# mpeacraBuMa He (u-
HATHO OTIenMas aarebpa.

Takum 006pa3oM, B yCJIOBHAX TEOPEMBL 3.5 HEJIb3sd OTKA3aTbCd KAK OT ajredpaun-
9YECKOr0 CBOWCTBA JIOKATBHOCTH it (bUHUTHON oTmenumoctu (npezyoxenue 3.6),
TaK ¥ OT aJrOPUTMHUYECKOTO CBOMCTBA PABHOMEDHOCTH JJIsSi BBIYHCIUMON OTIEJIN-
moctH (Teopema 3.9).

Bamerum, 9ro s HeaDHEKTUBHO GECKOHEYHOM BBIYUCIUMO OTICTHMON SKBUBA-
JIGHTHOCTH 1) BCsgKas 1-ajrebpa (DUHUTHO alllPOKCUMHUDYeMa, T.K. tr(7) UMMyHHA.
BosmoxkHbl jin Takue 3 PekThl 11 3PGEeK THBHO OECKOHEYHbIX SKBUBAJIEHTHOCTEN?
Teopema 3.9 maer oTBer.

Caencrue 3.10. Cywecmsyem makas 6ul4UCAUMO OMOIEAUMAA IPPHPEKMUSHO
0ECKOHEUHAA IKGUBAAECHITVHOCTIIG, IO BCAKAA NPEICMaAsUMas Had Hel anzebpa du-
HUMHO ANNPOKCUMUPYEMA.

HeiicTBuTesIbHO, TAKOBOW Oy/leT SKBUBAJIEHTHOCTH 7). U3 TeopeMbl 3.9, T.K. ee
XapPaKTEPUCTUIECKAsT TPAHCBEPCAJIb UMMYHHA, HO, TEM HE MEHEee, 3Ta SKBUBAJEHT-
HOCTH 3P PEKTUBHO OGECKOHEUHA.

B cieayromem paszesie Mbl IPUBEIEM TIOJTHOE PEITeHNe JTaHHOTO BOIIPOCA.

Cyxas KJIacC IMMYHHBIX XapaKTEPUCTAIECKUX TPAHCBEPCaJIei 10 THIIePUMMY H-
HBIX ¥ PACIINPAA KJIACC PABHOMEPHO BBIYUCIUMO OT/IETUMBIX SKBUBAJIEHTHOCTEH 110
KJIacCa BBIYUCIMMO OTJE/JIMMbIX SKBUBAJIEHTHOCTEH IOJTy4daeM
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Ilpenmnoxxenne 3.11. Ilycms 1 — 6LIMUCAUMO OTOEAUMAS FKGUBANAEHTTIHOCTTIL
C 2UNEPUMMYHHOT Taparmepucmuveckols mpanceepcaavro. Tozda ecaxas n-anzebpa
KOHEUHOU CUZHAMYPHL AOKAALHO PUHUMHO OMmIesuma.

Hoxazameavcmeo. B janHoM ciydae Beskas 7-ajaredpa jokajabHO KoHedHa ([6]).
Ecnu Ay — KOHEUHO TOPOKIEHHAS TOAAITEOPa 7-anredbpst A, To Ag Koreuna. ormy-
crum, uro a € A\ Agn Ag = {a1,...,a,}. 3abukcupyem HEKOTOpBIE V-HOMEDA ITHX
s7eMeHTOB (ToIpas3yMeBaeTcs ecTecTBeHHas Hymeparms v(x) = z/n): k = v (a)
uk =va),. ...k, = v~ (a,). Torna B anrebpe A BBITIOTHEHbI HEPABEHCTBA
vk # vk; (1 < i < n). meem n HeraruBHbIX KOHIDYIHIMI, LepecedyeHUue KOTO-
PbIX HEIATHBHO U PEAJIM3YEeT BbILIEYKA3aHHOE MHOKECTBO HEPABEHCTE, T.€. (PaKTOp
N0 ITON KOHTPYIHIUM PA3JIUIAET HJEMEHT ¢ U Tomairebpy Ag, HO MHIEKC ITOMH
KOHTDYJHIMU KOHeYeH, T.K. t7 (1) UMMyHHA. O

[IpuBengem omay aJreOpPaMYIecKyo XapaKTepU3aIui0 BEIYUCIMMO OTAETAMBIX K-
BUBAJIEHTHOCTEM.

IIpenmaoxenne 3.12. /las beckoneunoli bUUCAIUMO OMOEAUMOT FKEUBAAEHT-
HOCTU 1) CALIYIOULUE YCAOBUS PABHOCUNDHDL:

1) 1 umeem GeckoHeuHOE GLIMUCAUMOE DACUUPEHUE;

2) cywecmeyem He GUHUMHO ANNPOKCUMUPYEMAR 1)-aA2e0pa.

Joxasamenvcmeo. 1)=2). Onpenesum HaJ NOAXOASNMM BbIYUCIUMbBIM DACITHDPE-
HUEM YKBUBAJIEHTHOCTH 1) aJIre€Opy IIPEAIeCTBOBAHNS KAaK B MPEJIOKEHNH 3.3.
2)=1). Jonycrum, uro {w/n;¥) — He DUHUTHO annpoOKCUMHUpyeMas 7)-ajarebpa
s dexTuBHOM curHarypsl . Ilo ycmoBuio, cymecTByeT mapa pa3iIndHbIX JIEeMEH-
TOB, OTOXKJIECTBJISIEMBIX JIIO00H KOHTPYIHIINEH KOHeUHOro nHaekca. OmIHaKO, CyIie-
CTBYeT HETaTUBHAS KOTDYIHIIWSA 7%, MO MOIYJIIO KOTOPOI TU IJIEMEHTHI PA3TUIHBHI.
WNupekc 310i KOHrpy HIME HeoOx0oanMo beckoneden. [lo mpennoxkenuio 2.16 S5kBu-
BAJIEHTHOCTD 7)* MMeeT OECKOHEYHOE BBIYUCINMOE PACIIHPEHHE. ([l

4. ®UHUTHAYA AIIIPOKCUMUPYEMOCTb

W3 npemnoxkenus 3.6 ciaemyer, 9T0 IMMYHHOCTD XapPaKTEPUCTHIECKONW TPAHCBED-
CaJld BBIYMCJIMMO OTJEJUMON 3KkBuBajieHTHOCTH (6OJI€€ TOrO — JaxKe PABHOMEPHO
BBIUUC/IAMO OTJEJUMON SKBUBAJEHTHOCTH) HE SBJISIETCS JOCTATOYHBIM YCJIOBHEM
GUHUTHOM OTAETMMOCTH JII000H AJITeOphI, MPEACTABUMON HAJ STON SKBUBAJIEHTHO-
CThI0. AHAJIOrUYHO, TeopeMa 3.9 JeMOHCTPHUPYET, YTO ITO YK€ YCJIOBUE HE SBJISIET-
Csl JOCTATOYHBIM JIJIsl JIOKATHHO (DUHUTHON OTJAEIUMOCTH BCAKOU aireOpbl, Mpe/I-
CTaBUMO¥ HaJ TAHHON SKBHUBaJEHTHOCTHIO. MHade obcroutr memo ¢ puHUTHON am-
MPOKCUMUPYEMOCTHIO. 13 Teopembl 1.2 0 HETATUBHOM AMMPOKCUMUPYEMOCTH CJIETY-
€T, 9TO BCAKAs yHUBEpCajbHas ajaredpa, mpeacTaBuMas HAJl IKBUBAJIEHTHOCTHIO C
AMMYHHOH XapaKTEePUCTUIECKON TPAHCBEPCANIBIO ABIIETCA (PUHUTHO AMTPOKCUMU-
pyemoii. Bosaukaer mpuHIMNHAIBHBIN Bopoc. BepHo nu obparHOoe, T.e. SBISIETCS
JIA XapaKTEePUCTHIECKAS TPAHCBEPCAh OECKOHEYHON BBIYUCIMMO OTICTUMON K-
BHUBAJICHTHOCTH, HAJI KOTOPOI HPEICTABUMbI TOJIBKO (PUHUTHO AIIPOKCUMUPYEMbIE
YHUBEpCAJbHBIE aIreOphl, uMMyHHOM? 1o Teopeme 3.5 1151 pABHOMEDHO BBIYHCINMO
OT/IEIMMBIX IKBUBAJIEHTHOCTEH 3TO Tak. [lokarkem, 4To B 0bI1iem ciaydae puHUTHAS
AMIPOKCUMHUPYEMOCTD JTI000# amreOphl, IPeACTABUMOI HaJT, 33, JaHHONH OECKOHETHOM
BBIYUCJIMMO OTJEJUMON IKBUBAJIECHTHOCTHIO HE SIBJISIETCS JOCTATOYHBIM YCJIOBHEM
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I IMMYHHOCTH XapaKTEePUCTUIECKON TpaHCBepCaau ITOH dKBUBAJIEHTHOCTH. [lo-
KaXkKeM ropaszo 0oJiee CUIbHOE YyTBEPKIEHHE, KOTOPOMY IPE/IOINLIEM HEKOTOPbIE
HEOOXOIMMbIE OLPEIEeIeHHA.

Onpenenenne 4.1. IK6UBAAEHMHOCTID HA3BIBAETNCA HEINUMUHUPYEMOT, €CAU
YUCNO €€ CMENACHDIL KAACCOE KOHEUHO U POBHO 00UH CMENHCHBIT KAGCC DECKOHEUEH.

OKBUBAJIEHTHOCTD, HE SBJSIONYIOCA HEIJIUMUHUPYEMONH HA30BEM SJIMMHUHUDYE-
moit. Takum 0Opa3oMm, JTI00ast SMUMAHAPYEMasi SIKBUBAJTEHTHOCTD MO0 OECKOHETHA,
JbO COMEP’KUT MO KpaiiHeil Mepe mBAa OECKOHEYHBIX CMEKHBIX Kjacca. [lycts W —
ceMeficTBO BCEX HEraTHBHBIX INMUHUPYEMBIX SKBuBasleHTHOCTeH 1 W = {Wy, W7, . ..
— HEKOTOPBI (PUKCHPOBAHHBIN MMEPECUIET ITOTO CEMENCTBA.

Teopema 4.2. I[Tycmb o — OeckoHewHOE U KOOECKOHENHOE MHONMCECMB0, codep-
arcaujee wucao 0. Tozda cywecmeyem makas IKGUBAAEHMHOCTD 1), KaHCIWT 1)-
KAGCC KOMOPOU Konewen, wmo tr(n) = a u 6caxas 1)-aa2e6pa HuUHUMHO ANNPOK-
CUMUPYEMQ.

Hoxaszamesvemeo. Ilycts o = {0 = ag < a1 < ...} — GECKOHEYHOE HOJMHOXKECTBO
w ¢ GeckonednbiM fgononaenneM 3 = {bg < by < ...}.

Hamum BHagasie Hedopmanbpuoe onucanue. [lar s + 1 nameit neapdexkTrBHOM
JIMArOHAIHHOM KOHCTPYKIMK OYyIEeT TOCBAIIEH TOMY, 9TO KAaK CTPOSIIASCS SKBUBA-
JIBHTHOCTD, TaK ¥ BCE ee (paKTOphI OYAyT OTJUIHBI OT TEKYIIEH HETATUBHOW SJIMMU-
HUpyeMOit akBuBaaeHTHOCTH W. s aToro Ha mare s + 1 Mbl "cKiaenm” mMOIXOIsI-
ryto napy asiementoB u3 Wy, cobmiomas nekoropsie ycious. Ha mare s+ 1 Oyaem
TAaKXKe CTPOUTH KOHEYHbBIH (DPATMEHT 7)s41 IKBUBAJIECHTHOCTH 1], KOTOPAsi ONPEIeisi-
eTcs KaK MpeJebHoe 00bhequHenre 3TuX (pparMenToB. Yepes w,; 6yaem 0603HAYATH
HEKOTOPBII HAYAJIbHBIN CETMEHT MHOYKECTBA BCEX HATYPAJIbHBIX YHUCE]I, YIACTBYIO-
IUX B OIpeJeenu s, t.e. ws = {z | Jy((z,y) € ns)}-

ITar 0. ng = 0, wg = 0.

IITar s 4+ 1. Beibepem B W, Takyio mapy pasjudHbIX MO MOLYII0 W 37eMeHTOB
a,b, aro

(1) a < b;

(2) a € a,be B

(3) maxws < a.

Homycrnm, ato Takas napa (a, b) cymecrsyer. Torna momaraem

Ws+1 = {0, ces ,b},

a B KQYECTBE 7)541 BHIOMPAEM TAKYI0 HAMMEHBIITYIO SKBUBAEHTHOCTh Ha, MHOKECTBE
Wst1, KOTOpAs PACIIUPSET 1), COAEPKUT Tapy (a,b), a TakKe s BCAKOTO UHUCIIA
z € (wsy1 \ ws) N B, Takoro, 9to a; < z < @41 JJjisi HEKOTOPOro [, OTHECEM mapy
(ai, z) K Mst1-

Komner mrara s + 1.

Onpenennm

n= U Ns-
SEw
TTokaxkem, UTO SKBUBAJIEHTHOCTh 1) U OYIET YIOBIETBOPSTEH YCIOBUIM TEOPEMBI.
Jlemma 4.2.1. Jiaa kaostcdozo waza s + 1 natidymea maxue a,b, pasauunsie no

modyato Wy, umo maxws < a < b, a € a ub € B, m.e. Kasxncouil uwaz KoHCMPyKyuL
KOPPEKMHO 306EPUAEMCA.
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Jlokaszameavcmeo. Bo3bMem s11000it 371eMeHT a € <, KOTOPBIi 00JIbIIe max wg. Jlo-
nycrum, 910 B W 1uist 3T0r0 0 BCe umcyia u3 [ OOMbIHe ¢ PABHBI @ 1O MOIYIIIO
Ws. D10 3Ha4uT, 94T0 NOYTH BCe ducia u3 [ (32 UCKIIOYEHUEM MEHbIIUX @) Jie-
xat B omaoM W-kmacce ¢ a. Ho Wy snumunnpyema, T.e. 6o wucao Ws-kmaccon
GeckoHevHO (U TOrJA, OYEBUIHO, B KAYECTBE ¢ MOKHO BBIOpPATH JII00O0i 3/IeMeHT 13
Kakoro-to apyroro W-kiacca), mubo ecrsb emme oaun 6eckonednbiii Wy-kJjacc, B KO-
TOPOM JIE2KUT OECKOHEYHOE YHUCJIO JIEMEHTOB M3 (v M TOIZA ¢ MOXKHO BBIOpATh U3
aroro We-knacca. O

JIemma 4.2.2. tr(n) = a.

Zloxazameavcmeo. B konue 1mara s + 1 SKBUBAJIEHTHOCTD 1)s+1 HE ’CKJIEUBAET HU-
KaKOH 2JIEMEHT M3 N W1 HA C KAKWM CTPOTO MEHBITNM YHCJIOM, T.€. BCE TUCTa
U3 @ Nwsq1 HE 7)-9KBUBAJIEHTHBI HUKAKUM MeHbIM. 3HaunT « C tr(n). C xpyroit
CTOPOHBI, BCAKOE YHUCJIO U3 [ K KOHILY IOIXO/ISIIEro Mara 'CKIenBaeTcs’ ¢ HEKOTO-
pBIM MeHBIEM uucIOM u3 «. Cremosarensuo, 8 Nitr(n) = (), orkyma cremyer, ato

tr(n) = a. O

Jlemma 4.2.3. 1 # W, das ar0b6o020 s € w. Boaee mozo, ecau * — pacwuperue
n, mo n* maxoce omauwna om Wi.

Zloxazameavcmeo. Tlo onpenenenuto mara s+ 1 B 3KBUBAJIEHTHOCTH 7) JOOABJISIETCS
napa (a,b), paznuanbx 1o Moayaio W snementoB. O4YeBUIHO, YTO 3TH JE€MEHTHI
PAaBHBI 110 MOYJIIO JII000TO PACIITUPEHUS 7). ([

TaxkuM 006pa3oM, JIsi SKBUBAJEHTHOCTH 7) BCE 7)-KIACCHI KOHEYHBI (T.e. 1) TpH-
BUAJIBHO BBIYUCIMMO OTAENUMA), {r(n) = @ ¥ BCIKOE HEraTMBHOE PACLIMPEHUe 7)
umeer KoHeunblit uuaekc. ITo reopeme 1.2 0 HeraTuBHON ANIPOKCHMUPYEMOCTH BC-
Kasi 7)-ajarebpa anmpOKCHMHUPYETCsl HeraTHBHBIMU, HO BCSKWI HEraTWBHBIH (akTop
koneueH. Ciie10BaTeIbHO, BCSIKAsT 7-aJredpa (DUHUTHO AIIPOKCHMHUPYEMA. [

3ameuanne 4.3. [Io Teopeme 0 HETATUBHON AMMIPOKCUMUDPYEMOCTH BBIYUCIAMO
oraenuMbIx aare6p (reopema 1.2) sobast 7-anrebpa annpoKCUMUPYETCsl HEraTUBHbI-
MW, T.€. AIMEET TOJHYIO PA3/IeJIAIONIyI0 CUCTeMY HeraTuBHbIX pakTopoB. Ho Beskuit
HeraTuBHblil dakrop 1o 7 (aus ) u3 reopembl 4.2) eCrb HEIUMUHUDYEMas Hera-
TUBHAS YKBUBAJIEHTHOCTH — C KOHEYHBIM UHCJIOM CMEYKHBIX KJIACCOB, U3 KOTOPHIX B
TOYHOCTH OJWH KJjiacc OeckonedeH. O4ueBuIHO, 9TO JII00ast TaKas YKBUBAJEHTHOCTH
— HeraTuBHas (Jake BbIUUC/IUMAs) IKBUBAJEHTHOCTH KOHEYHOro WHIekca. Jlaxke
ecau ObI MBI PACCMATPUBAJIA B KadecTBe W CEMEHCTBO BCEX HETATUBHBIX IKBUBA-
JIEHTHOCTE (BKJIIOYasi HEJIMMUHUPYEMbIE) U, B CJy4ae OTCYTCTBUS IOAXOALIEN
Maphl 3JIEMEHTOB @, b Pa3IUYHBIX TO MOIYI0 W, mponyckanu ObI COOTBETCTBYIO-
Uil mar, To pe3yabrar Obl1 Obl TakuM ke. HeKoTopble HEeTMMUHUPYEMbIE SKBU-
BAJIEHTHOCTH, BO3MOXKHO, YIAJ0Ch Obl "JINKBUINPOBATE B KA9€CTBE KAHIUIATOB HA
HeraTuBHbIe (haKTOPBI 9KBUBaIeHTHOCTH 7). OnHAKO, GOMbIIOe (HOJIHOE PA3IEeIsio-
1Iee) ceMeliCTBO SKBUBAJIEHTHOCTEN 3JIMMUHUPOBATD HE YAAJI0CH Obl. ITO ceMeiicTBO
COCTOUT B TOYHOCTU M3 T€X COOCTBEHHBIX (PAKTOPOB HOCTPOEHHOU SKBUBAJIEHTHO-
CTH 7], KOTOPbIE UMEIOT KOHEYHBIE WHIEKCHI U 00J1aJaI0T POBHO OTHUM OECKOHETHBIM
CMEXKHBIM KJIACCOM. IDTOT (hakT 00yC/IaBINBAET BAXKHOCTH IKBUBAJEHTHOCTEH TH-
mna 1), A8 KOUMMYHHBIX (v, T.K. HETaTUBHbIE (PAKTOPHI TAKUX IKBUBATEHTHOCTENH
SABJIAIOTCS KOHEYHBIMU M HEJIUMUHUADYEMBIMH.



BBIUNCJIMMO OTAEJINMBIE HYMEPAIINN JIOKAJIBHO ®UHUTHO OTAEJINMBIX AJITEEB

Cuencrue 4.4. Cywecmeyem makas 0ECKOHEUWHAA BLIYUCAUMO OMOIENUMAR
IKBUBAAEHMHOCTND 1) C BHNUCAUMOT TAPAKMEPUCTNUYECKOT MPAHCEEPCAABIO, 4MO
BCAKAA 1-0A2€0P0 GUHUMHO ANNPOKCUMUDPYEMA.

Caencrsue 4.5. Cyuecmeyem 6ecKOHEUHAA BBHUCAUMO OMOIEAUMAS IKEUBA-
AEHMHOCMD C BHUUCAUMOT TAPAKMEPUCTNUECKOT MPAHCEEPCAADIO, BCAKOE He2a-
MUBHOE PACWUPEHUE KOMOPOT KOHEYHO U UMEeM POBHO 00uH DecKonewHbill KAQCC.
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