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Abstract

In this work, an impulsive g-Sturm—Liouville problem is studied.
The existence of a countably infinite set of eigenvalues and eigenfunc-
tions is proved and a uniformly convergent expansion formula in the
eigenfunctions is established.

1 Introduction
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The Fourier method is one of the important methods used in the solu-
tion of partial differential equations. While solving with this method, the
partial differential equation considered is reduced to Sturm-Liouville prob-
lems. The eigenvalues and eigenfunctions of these problems are investigated.
Meanwhile, the problem of uniform convergence of eigenfunction expansions
arises. For this reason, eigenvalues, eigenfunctions, and eigenfunction ex-
pansions of Sturm—Liouville problems have been extensively studied in the
theory of differential equations (see [1, 2, 3, 4, 6, 9, 10, 11, 12, 14, 15]).

Quantum calculus, which has a long history, has recently started to
attract the attention of many researchers ( see [5]). In 2005 Annaby and
Mansour studied the g-analogue of the classical Sturm—Liouville equations
(see [1]). Classical results are obtained by considering the problem in the
regular case. Thereupon, the researchers began to study whether the results
obtained in the classical Sturm-Liouville theory were valid for the ¢g-Sturm—
Liouville problems. In this context, the existence of countably infinite sets
of eigenvalues and eigenvectors of impulsive ¢g-Sturm—Liouville problems and
uniform convergence of eigenfunction expansions will be investigated. The
Uniform convergence problem will be investigated using Steklov’s method
(see [2, 6, 13]).

2 Preliminaries

In this section, the basic concepts of g-calculus that will be used in the
article will be given. For more detailed information, the following sources
can be examined, [8, 1, 5].
Let ¢ € (0,1) and let A C R be a g-geometric set, i.e., if g¢ € A for all
¢ € A. We begin by defining the operator D, by
faQ)—£(¢)
Dyf (€)= { o s CC f (())
n—oo an Y - Y

where ¢ € A. We define the Jackson g-integration by
C o0
/0f<fy>dw:<<1—q>zq"f<q“o,
n=0

where ¢ € A. From [7], we have

o0

| rodn= 3 .

n=—oo



Through the remainder of the paper, we deal only with functions ¢-regular

at zero, i.e., functions satisfying
lim f(¢q") = f(0),
n—oo

for every ¢ € A.

3 Main Results

Consider the following problem

(r9) (C) = —;Dqquy O +v(©) () =M (©), ¢ (0,d)U(da)

with the boundary and impulsive conditions

Yy (0) — hiDy-1y (0) = 0
y(a) + haeDy1y(a) =0,

y(d—) =ny(d+),
Dy (d=) = TPy (),

where hi,ha,7 > 0, Ais a complex eigenvalue parameter, v is a real-valued
continuous functions on [0,d) U (d, ¢ 'a] and has finite limits v(d=+), v (¢) >

0, ¢€[0,d)U(d,q ta], a > 0.

H = Lg((),d) + Lg (d,a) is a Hilbert space endowed with the following

inner product

d o
v ::/0 y=0d,C + /d y®z@dy(,

where
Q). ¢e(0,d)
y(o_{ y@((), ¢€(d,a)
and
_ 2W(), ¢€(0,d)
Z(O_{ (), ¢€(d.a)
Let

T:DCH—H, Ty=1y, y €D,



where
y and D,y are g-regular at zero, )
y (d+) and D1y (d£) exist,

y(0) — hiDy1y (0) =0,
D=<SyeH: y(a)+heDy-1y(a) =0,

y (d—) = ny (d+),

D,y (d—) = +Dy1y (d+), and
. Ty eH
Let y,z € D. Then we have

[ [e0@2@ - s@ @) dos
= .21 (@) — 9. 2] (d4) + .2 (d-) — [3.2] (0 )

where
[y, 2] == y(Dy-12) — (Dy-19)Z.

Theorem 1 7T is a positive self-adjoint operator in H.

Proof. Let y,z € D. It follows from conditions (2)-(4) and (5) that

(Ty,z) = (y, Tz). (6)

Since D is a dense subset in H, we see that 7 is a self-adjoint operator.

o W), ¢e(0,d)
_ Yy, Ce(0,d
v(e) = { V@), (e (da), VP
Then we get

To) = [ [-20aDa® @ + 0@ ] T G
+ [ 30 0+ 00 )|y Gt
-/ d_; (DD @)y g + [ o 0O @ dut
# [ (DD @) P g + [ 0O O dug
:_(11 Dy [P (a7 [y (¢ + /Odv«;)\y‘” @ ¢
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_/da Dq {qu@) (q_IC)] y(T(C)qu—f— /d“v (C) ‘?/(2) (C)‘quf

1
q

Dy (q7'd=) g0 ()] + - [Dyy® (09D (0)]

1

— 2 [D® (') ¥ @] + ¢ [Dar® (@) y® ()

o1 D [ g + / "0 s (0] dut

2

w2 [ pa@f it [0 )] ag
_ ;hl Dy (0)]2 + ;hz Dy (¢7"a) !2
+2/0d(pqy<l> <<>]2dqc+/0dv<c>\y“> ©) de

A

due to hy,hg >0 and v (¢) >0 for ¢ € [0,¢ 'a]. m
Let

D Q) dic+ [0 (@) |y (0] dut > 0

a
d

_ uM(Q), ¢€(0,d)
“(o_{ u@(¢), ¢e€(da)

and

be solutions of the problem

_;Dq_lpqy (O)+v(Q)y(©) =0,

y (d—) = ny (d+),



satisfying
u (0) = hy, D
x? (@) = —ha, Dy-1x? (a) = 1.
Lemma 2 Zero is not an eigenvalue of the operator 7.

Proof. Let y € H and 7y = 0. Then we have

_ipq_lpqy (O +v(Q)y(©) =0,

and

Y c3u® () + eax® (€), ¢ € (d,a),

where ¢, 2, c3 and ¢4 are constants. From conditions (2)-(4), we infer that
y=0. =

() = { eru® () + eV (¢), ¢ € (0.d)

Definition 3 The g-Wronskian of y and z is defined as
Wy (y,2) == yDgyz — zDyy.
Theorem 4 Let

GC ) = —— {u(C)x(t), 0<(<t<a (£d t#d

Wy (w,x) L u(®)x(Q), 0<t<(<a, (#d, t#d.
Then G ((,t) is a q-Hilbert-Schmidt kernel, i.e.,

d d a a
2 2
/0 /0 G (1) 2 dyCdyt < oo, /d /d GG 1) PdyCdgt < oo

Proof. By (7), we see that

d d

/ dqg/ |G (¢, 1)* dyt < oo,
0 0

/ dqg/ G (¢, )] dyt < oo
d d

due to u(.) x (.) € H x H. Then, we obtain

d d a a
2 2
/0 /0 G (1) 2 dyCdyt < oo, /d /d G0 PdyCdyt < 0. (8)



Theorem 5 ([11]) Let A be an operator defined as

A{G} = A{wi},
where i € N:={1,2,3,...} and

00
Yi = Z aika‘
k=1

If

[e.e]

> ainl* < oo,

i k=1

then A is compact in 2.

Theorem 6 Let K : H — H be an operator defined as

Iy G(¢7) fY gy, ¢e€l0,d
©= {fd et ¢

where

[ YQ, celd)
f“)‘{ 1AQ, Ceda, FET

Then K is a compact operator.

Proof. Let

¢i = ¢:i (¢) = { LD (i € N)

62(0), ¢e(da]

be a complete, orthonormal basis of H. Let i, k € N. If we set

d
G= ) = / FD () ¢ (Q)dge

/f 6P (O,

— (g,¢0) = /0 0V () 6D (O)dge

4 / 62 (©) 6P (Q)dy,
d

7

(10)



a@k—//GCt Qo) (HdyCdgt
//Gu 6@ ()9 (1)dyCdyt.

Then, H is mapped isometrically /2. Then, K transforms into A defined as
(9) in [? and (8) is translated into (10). From Theorem 5, A is compact.
Thus, K is compact. =

Since K = 7!, the completeness of the system of all eigenvectors of T
is equivalent to the completeness of the system of all eigenvectors of K. By
the Hilbert—Schmidt theorem, we obtain the following theorem.

Theorem 7 For the boundary-value problem (1)-(4), there exists an ortho-
normal basis {¢y} ey 0 H. For f € H, we have

Q) => aw(C), (12)
k=1
where
ck = (fy), k€N
Thus, we get

d]p1) (=N O
hm{ S0 - ek 2)<<>l2q< }0’ »
Vo | [ 5@ ) - S e Q] dog
Moreover, it follows from (13) that

/Od’f(l) ©) 2dqg+/6la‘f(2) (ledquim; (14)
k=1

Now let’s prove the main result of the article

Theorem 8 Let f,D,f : [0,q a] — R be continuous functions on [0,d) U
(d,q a], has finite limits f(d+), D,-1 f(d+) and satisfying conditions (2)-
(4). Then the series

=> o (¢ (15)
k=1
where

Cp = <f>¢k>7 ke N7
converges uniformly to f on the set [0,d) U (d, al.



Proof. Let

5) = 21 [Py O + 2a [y (a7t
2 [ pa @ ac+ [[o@p ©f ag

=2 [ o o ac+ [Tv@ i 0f

and S(y) > 0. If we take

N
= et ()
k=1

N
S (f () - chk <<>>

2
= ;hl [ qf 1) ZCqu¢k ]
N 2
Dof® (a7'a) = 3 e (Do ( )]

1

in (16), we conclude that

1
+=hy
q

k=
N

1 [ ?
+ /0 (Df” ) - kZ Dyuy” (o) dyC
1 [e N ?
+§ /d (qu<2 Z qu% ) dyC

k=1

N

2
+ /0 v (¢) (f“) ©) = et (o) dyC

k=1

2
+ /d (f(2) Z Ck¢k > q<

9

(16)



s ]

L ~mDyf® (0) Do (0)
_26 Z Ck 2
=1 | Dy f® (') D (a) |
L —h1Dq¢;(€1) (0) Dql/’?(%) (0)
= Z CkCm
q k,m=1 —thqwl(CQ) (a) qug) (a’> _

1 ! 1) 2 ! (1)2
+ /O (D (0))2dyC + /0 0 (Q) FV2 (¢)dy

1 ‘ (2) 2 ¢ (2)2
+ /d (Dyf® (0))2dyC + /d 0 (Q) FP2 () dye

qf <<>D wk HOR ]
+fd qwk Q) dy¢

(C)f(” (o <<) dyC ]
+fd <<wk () dgC

fo qwk qT/’%) (€) dgC ]
+ [§ Dgvy” <<> Dy (€) dyC

(Wk” © ) (C)dy ]
+fd QU Qi) (¢)deC

k,m=1
Applications of (2)-(4) and g-integration by parts give

el

el
e
S

d d
= [ 0 © Dt @i+ [ 005D Q0 () det
q.Jo 0
1 / D (¢) D f @ (€) dy¢ + / v (Q) FP () (€) do¢
q.Jd d
= oD (471d=) £ =) = ~Dy0f (0) £ 0
*équlﬁ?) (¢7'a) S (a) - ;quff’ (d+) £ (d+)
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00D (Dl @) a
/ f2) qg ! q@bk (C)) qC
d
+ / 0 () FD (v (¢) dyt + / 0 (Q) £ ()9 () dye
0 d

1
= =Dy @ (a) Dy (a)

—z[thq_l FO(0) DY (0)

+ [ 100 [Fp (P ) + 0@ 0 )] ot

+ [ 100 [-20, (0 ©) +0 0 O] a
= —h2 Dy /2 (@) Dy (@)

1
—m&qulf‘” (0) Dgtpt” (0) + Awex,

and

1 d
p /0 Dy (€) Dy () dog
1 a
w2 [ D © Dl € dig
d a
s [0 @ ©ag+ [0 v ©dg
0 d
= ;Dq W (a"d=) v (d-) + ;quﬁ) (a7'a) ;" (a)

1 1
—quw,sP 0) M (0) — quwg? (d+) ¥ (d+)

v [ O [-Eos (bt ©) + v 0]
+ [ 020|200 (D @) 400882 (0] dut
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= i @Dyt (@) = i (0) Dy vl 0
d a
+Ak UO o (v (0) dqc+/d @ ()R () dyC
= — Dy 0 () Dy @)

1
= 12D (0) Dyt (0) + M,

where
PR 1, ifk=m
b '_{ 0, if k#m.
Hence
N
S (f (©) = entn (C)) ="h [D s <0>}
k=1
d
+ —hg [qu@) (q_la)}2 + ;/0 (qu(l) (C))2qu
d
" / VOFIHQdC+ 1 [ (DD (0) g
a N
T /d (O FD2 () dgC — =5 M
k=1
Then we get



due to S is nonnegative for all N. Thus, the convergence of the series

o0

2
> e
k=1

follows.
Now, we shall prove that the series

[e.e]

> lerr () (18)

k=1
is uniformly convergent on [0, d) U (d, a]. Since T, = Ak, k € N, we have
Ui (€) = Me(T"n) (O) = MG (¢, 1), 9hx), k€N

If we rewrite the series (18), we conclude that

D lertor (O =D Ml Yk (O] (19)
k=1 k=1

where
Tk (Q) = (G (1), ¢r), k€N,

This can be regarded as the Fourier coefficients of G ({,t) as a function of
t. From (17), we find

ST Q) < I [DqG(l) © 0)} * hy [DqG@) (¢, q—la)] :
k=1

d d
+ /0 (D,G (¢.6)2dgt + g /0 o () GV (¢, 1) dyt

T /d (DyG®) (¢, 1) 2dyt + g /0 T (8) G2 (¢, 1) dyt.

Since all the functions appearing under the integral sign are bounded, we
deduce that

k=1

13



where C' is a constant. Applying the Cauchy—Schwartz inequality to the
series (19), we see that

n-+m n+m n+m

Z A len Yk (Q)] < Z NeCh Z A2 (€)
k=n k=n k=n

n+m

<VC, | Ak (20)
k=n

From (17) and (20), the series (18) is uniformly convergent on [0, d) U (d, a].
Since

D ek (O <D lewthr (I
k=1 k=1

the series (15) is also uniformly convergent on [0,d) U (d, al.
Let

A=) et (Q)- (21)
k=1

Since the series (21) is uniformly convergent on [0,d) U (d, a], we get

d a
/0 £ (0 8 () dy + /d £8P () dy¢ = ek (k € N).

Consequently, the Fourier coefficients of f and f; are the same. Applying
the Parseval equality (14) to the function f — fi, we find f — f; = 0, due
to the Fourier coefficients of the function f — f; are zero. This finishes the
proof. m
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