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Abstract

In this work, an impulsive q-Sturm�Liouville problem is studied.
The existence of a countably in�nite set of eigenvalues and eigenfunc-
tions is proved and a uniformly convergent expansion formula in the
eigenfunctions is established.
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The Fourier method is one of the important methods used in the solu-
tion of partial di¤erential equations. While solving with this method, the
partial di¤erential equation considered is reduced to Sturm�Liouville prob-
lems. The eigenvalues and eigenfunctions of these problems are investigated.
Meanwhile, the problem of uniform convergence of eigenfunction expansions
arises. For this reason, eigenvalues, eigenfunctions, and eigenfunction ex-
pansions of Sturm�Liouville problems have been extensively studied in the
theory of di¤erential equations (see [1, 2, 3, 4, 6, 9, 10, 11, 12, 14, 15]).

Quantum calculus, which has a long history, has recently started to
attract the attention of many researchers ( see [5]). In 2005 Annaby and
Mansour studied the q-analogue of the classical Sturm�Liouville equations
(see [1]). Classical results are obtained by considering the problem in the
regular case. Thereupon, the researchers began to study whether the results
obtained in the classical Sturm�Liouville theory were valid for the q-Sturm�
Liouville problems. In this context, the existence of countably in�nite sets
of eigenvalues and eigenvectors of impulsive q-Sturm�Liouville problems and
uniform convergence of eigenfunction expansions will be investigated. The
Uniform convergence problem will be investigated using Steklov�s method
(see [2, 6, 13]).

2 Preliminaries

In this section, the basic concepts of q-calculus that will be used in the
article will be given. For more detailed information, the following sources
can be examined, [8, 1, 5].

Let q 2 (0; 1) and let A � R be a q-geometric set, i.e., if q� 2 A for all
� 2 A: We begin by de�ning the operator Dq by

Dqf (�) =
(

f(q�)�f(�)
(q�1)� ; � 6= 0

limn!1
f(qn�)�f(0)

qn� ; � = 0;

where � 2 A: We de�ne the Jackson q-integration byZ �

0
f (
) dq
 = � (1� q)

1X
n=0

qnf (qn�) ;

where � 2 A: From [7], we haveZ 1

0
f (
) dq
 =

1X
n=�1

qnf (qn) :
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Through the remainder of the paper, we deal only with functions q-regular
at zero, i.e., functions satisfying

lim
n!1

f (�qn) = f (0) ;

for every � 2 A:

3 Main Results

Consider the following problem

(�y) (�) := �1
q
Dq�1Dqy (�) + v (�) y (�) = �y (�) ; � 2 (0; d) [ (d; a) (1)

with the boundary and impulsive conditions

y (0)� h1Dq�1y (0) = 0;
y (a) + h2Dq�1y (a) = 0;

(2)

y (d�) = �y (d+) ; (3)

Dq�1y (d�) =
1

�
Dq�1y (d+) ; (4)

where h1; h2; � > 0; � is a complex eigenvalue parameter, v is a real-valued
continuous functions on [0; d)[ (d; q�1a] and has �nite limits v(d�); v (�) �
0; � 2 [0; d) [ (d; q�1a]; a > 0:

H = L2q(0; d)
�
+ L2q (d; a) is a Hilbert space endowed with the following

inner product

hy; zi :=
Z d

0
y(1)z(1)dq� +

Z a

d
y(2)z(2)dq�;

where

y(�) =

�
y(1)(�); � 2 (0; d)
y(2)(�); � 2 (d; a)

and

z(�) =

�
z(1)(�); � 2 (0; d)
z(2)(�); � 2 (d; a):

Let
T : D � H ! H; T y = �y; y 2 D;
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where

D =

8>>>>>>>><>>>>>>>>:
y 2 H :

y and Dqy are q-regular at zero,
y (d�) and Dq�1y (d�) exist,

y (0)� h1Dq�1y (0) = 0;
y (a) + h2Dq�1y (a) = 0;

y (d�) = �y (d+) ;
Dq�1y (d�) = 1

�Dq�1y (d+) ; and
�y 2 H

9>>>>>>>>=>>>>>>>>;
:

Let y; z 2 D: Then we haveZ a

0

h
(�y)(x)z(x)� y(x)(�z)(x)

i
dqx

= [y; z] (a)� [y; z] (d+) + [y; z] (d�)� [y; z] (0) ; (5)

where
[y; z] := y(Dq�1z)� (Dq�1y)z:

Theorem 1 T is a positive self-adjoint operator in H.

Proof. Let y; z 2 D: It follows from conditions (2)-(4) and (5) that

hT y; zi = hy; T zi: (6)

Since D is a dense subset in H; we see that T is a self-adjoint operator.
Let

y(�) =

�
y(1)(�); � 2 (0; d)
y(2)(�); � 2 (d; a); y 2 D:

Then we get

hT y; yi =
Z d

0

�
�1
q
Dq�1Dqy

(1) (�) + v (�) y(1) (�)

�
y(1) (�)dq�

+

Z a

d

�
�1
q
Dq�1Dqy

(2) (�) + v (�) y(2) (�)

�
y(2) (�)dq�

=

Z d

0
�1
q

�
Dq�1Dqy

(1) (�)
�
y(1) (�)dq� +

Z d

0
v (�)

���y(1) (�)���2 dq�
+

Z a

d
�1
q

�
Dq�1Dqy

(2) (�)
�
y(2) (�)dq� +

Z a

d
v (�)

���y(2) (�)���2 dq�
= �1

q

Z d

0
Dq

h
Dqy

(1)
�
q�1�

�i
y (�)dq� +

Z d

0
v (�)

���y(1) (�)���2 dq�
4



�
Z a

d
Dq

h
Dqy

(2)
�
q�1�

�i
y(2) (�)dq� +

Z a

d
v (�)

���y(2) (�)���2 dq�
= �1

q

h
Dqy

(1)
�
q�1d�

�
y(1) (d�)

i
+
1

q

h
Dqy

(1) (0) y(1) (0)
i

� 1
q

h
Dqy

(2)
�
q�1a

�
y(2) (a)

i
+
1

q

h
Dqy

(2) (d+) y(2) (d+)
i

+
1

q

Z d

0

���Dqy(1) (�)���2 dq� + Z d

0
v (�)

���y(1) (�)���2 dq�
+
1

q

Z a

d

���Dqy(2) (�)���2 dq� + Z a

d
v (�)

���y(2) (�)���2 dq�
=
1

q
h1

���Dqy(1) (0)���2 + 1
q
h2

���Dqy(2) �q�1a����2

+
1

q

Z d

0

���Dqy(1) (�)���2 dq� + Z d

0
v (�)

���y(1) (�)���2 dq�
+
1

q

Z a

d

���Dqy(2) (�)���2 dq� + Z a

d
v (�)

���y(2) (�)���2 dq� > 0;
due to h1; h2 > 0 and v (�) � 0 for � 2 [0; q�1a]:

Let

u (�) =

�
u(1)(�); � 2 (0; d)
u(2)(�); � 2 (d; a)

and

� (�) =

�
�(1)(�); � 2 (0; d)
�(2)(�); � 2 (d; a)

be solutions of the problem

�1
q
Dq�1Dqy (�) + v (�) y (�) = 0;

y (d�) = �y (d+) ;
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Dq�1y (d�) =
1

�
Dq�1y (d+) ;

satisfying

u(1) (0) = h1; Dq�1u
(1) (0) = 1;

�(2) (a) = �h2; Dq�1�(2) (a) = 1:

Lemma 2 Zero is not an eigenvalue of the operator T :

Proof. Let y 2 H and T y = 0: Then we have

�1
q
Dq�1Dqy (�) + v (�) y (�) = 0;

and

y (�) =

�
c1u

(1) (�) + c2�
(1) (�) ; � 2 (0; d)

c3u
(2) (�) + c4�

(2) (�) ; � 2 (d; a);
where c1; c2; c3 and c4 are constants: From conditions (2)-(4), we infer that
y = 0:

De�nition 3 The q-Wronskian of y and z is de�ned as

Wq (y; z) := yDqz � zDqy:

Theorem 4 Let

G (�; t) = � 1

Wq (u; �)

�
u (�)� (t) ; 0 � � � t � a; � 6= d; t 6= d;
u (t)� (�) ; 0 � t � � � a; � 6= d; t 6= d:

(7)

Then G (�; t) is a q-Hilbert�Schmidt kernel, i.e.,Z d

0

Z d

0
jG (�; t)j2 dq�dqt <1;

Z a

d

Z a

d
jG(�; t)j2dq�dqt <1:

Proof. By (7), we see thatZ d

0
dq�

Z d

0
jG (�; t)j2 dqt <1;Z a

d
dq�

Z a

d
jG (�; t)j2 dqt <1

due to u (:)� (:) 2 H �H: Then, we obtainZ d

0

Z d

0
jG (�; t)j2 dq�dqt <1;

Z a

d

Z a

d
jG(�; t)j2dq�dqt <1: (8)
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Theorem 5 ([11]) Let A be an operator de�ned as

Af�ig = fyig;

where i 2 N := f1; 2; 3; :::g and

yi =
1X
k=1

aik�k: (9)

If
1X

i;k=1

jaikj2 <1; (10)

then A is compact in l2:

Theorem 6 Let K : H ! H be an operator de�ned as

(Kf) (�) =

( R d
0 G (�; 
) f

(1)(
)dq
; � 2 [0; d)R a
d G (�; 
) f

(2)(
)dq
; � 2 (d; a];
(11)

where

f(�) =

�
f (1)(�); � 2 [0; d)
f (2)(�); � 2 (d; a]; f 2 H:

Then K is a compact operator.

Proof. Let

�i = �i (�) =

(
�
(1)
i (�); � 2 [0; d)
�
(2)
i (�); � 2 (d; a]

(i 2 N)

be a complete, orthonormal basis of H: Let i; k 2 N: If we set

�i = hf; �ii =
Z d

0
f (1) (�)�

(1)
i (�)dq�

+

Z a

d
f (2) (�)�

(2)
i (�)dq�;

yi = hg; �ii =
Z d

0
g(1) (�)�

(1)
i (�)dq�

+

Z a

d
g(2) (�)�

(2)
i (�)dq�;
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aik =

Z d

0

Z d

0
G (�; t)�

(1)
i (�)�

(1)
k (t)dq�dqt

+

Z a

d

Z a

d
G (�; t)�

(2)
i (�)�

(2)
k (t)dq�dqt:

Then, H is mapped isometrically l2: Then, K transforms into A de�ned as
(9) in l2 and (8) is translated into (10). From Theorem 5, A is compact.
Thus, K is compact.

Since K = T �1; the completeness of the system of all eigenvectors of T
is equivalent to the completeness of the system of all eigenvectors of K. By
the Hilbert�Schmidt theorem, we obtain the following theorem.

Theorem 7 For the boundary-value problem (1)-(4), there exists an ortho-
normal basis f kgk2N in H: For f 2 H; we have

f (�) =
1X
k=1

ck k (�) ; (12)

where
ck = hf;  ki; k 2 N:

Thus, we get

lim
N!1

8<:
R d
0

���f (1) (�)�PN
k=1 ck 

(1)
k (�)

���2 dq�
+
R a
d

���f (2) (�)�PN
k=1 ck 

(2)
k (�)

���2 dq�
9=; = 0; (13)

Moreover, it follows from (13) thatZ d

0

���f (1) (�)���2 dq� + Z a

d

���f (2) (�)���2 dq� = 1X
k=1

jckj2 : (14)

Now let�s prove the main result of the article

Theorem 8 Let f;Dqf : [0; q�1a] ! R be continuous functions on [0; d) [
(d; q�1a]; has �nite limits f(d�); Dq�1f(d�) and satisfying conditions (2)-
(4). Then the series

f (�) =
1X
k=1

ck k (�) ; (15)

where
ck = hf;  ki; k 2 N;

converges uniformly to f on the set [0; d) [ (d; a]:
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Proof. Let

S (y) :=
1

q
h1

���Dqy(1) (0)���2 + 1
q
h2

���Dqy(2) �q�1a����2

+
1

q

Z d

0

���Dqy(1) (�)���2 dq� + Z d

0
v (�)

���y(1) (�)���2 dq�
+
1

q

Z a

d

���Dqy(2) (�)���2 dq� + Z a

d
v (�)

���y(2) (�)���2 dq�; (16)

and S(y) � 0. If we take

y = f (�)�
NX
k=1

ck k (�)

in (16), we conclude that

S

 
f (�)�

NX
k=1

ck k (�)

!

=
1

q
h1

"
Dqf

(1) (0)�
NX
k=1

ckDq 
(1)
k (0)

#2

+
1

q
h2

"
Dqf

(2)
�
q�1a

�
�

NX
k=1

ck

�
Dq 

(2)
k (a)

�#2

+
1

q

Z d

0

 
Dqf

(1) (�)�
NX
k=1

ckDq 
(1)
k (�)

!2
dq�

+
1

q

Z a

d

 
Dqf

(2) (�)�
NX
k=1

ckDq 
(2)
k (�)

!2
dq�

+

Z a

0
v (�)

 
f (1) (�)�

NX
k=1

ck 
(1)
k (�)

!2
dq�

+

Z a

d
v (�)

 
f (2) (�)�

NX
k=1

ck 
(2)
k (�)

!2
dq�

9



=
1

q
h1

h
Dqf

(1) (0)
i2
+
1

q
h2

h
Dqf

(2)
�
q�1a

�i2

�21
q

NX
k=1

ck

264 �h1Dqf (1) (0)Dq (1)k (0)

�h2Dqf (2)
�
q�1a

�
Dq 

(2)
k (a)

375

�1
q

NX
k;m=1

ckcm

264 �h1Dq (1)k (0)Dq 
(1)
m (0)

�h2Dq (2)k (a)Dq 
(2)
m (a)

375

+
1

q

Z d

0
(Dqf

(1) (�))2dq� +

Z d

0
v (�) f (1)2 (�) dq�

+
1

q

Z a

d
(Dqf

(2) (�))2dq� +

Z a

d
v (�) f (2)2 (�) dq�

�21
q

NX
k=1

ck

" R d
0 Dqf

(1) (�)Dq 
(1)
k (�) dq�

+
R a
d Dqf

(2) (�)Dq 
(2)
k (�) dq�

#

�2
NX
k=1

ck

" R d
0 v (�) f

(1) (�) 
(1)
k (�) dq�

+
R a
d v (�) f

(2) (�) 
(2)
k (�) dq�

#

+
1

q

NX
k;m=1

ckcm

" R d
0 Dq 

(1)
k (�)Dq 

(1)
m (�) dq�

+
R a
d Dq 

(2)
k (�)Dq 

(2)
m (�) dq�

#

+
NX

k;m=1

ckcm

" R d
0 v (�) 

(1)
k (�) 

(1)
m (�) dq�

+
R a
d v (�) 

(2)
k (�) 

(2)
m (�) dq�

#
:

Applications of (2)-(4) and q-integration by parts give

1

q

Z d

0
Dq 

(1)
k (�)Dqf

(1) (�) dq� +

Z d

0
v (�) f (1) (�) 

(1)
k (�) dq�

+
1

q

Z a

d
Dq 

(2)
k (�)Dqf

(2) (�) dq� +

Z a

d
v (�) f (2) (�) 

(2)
k (�) dq�

=
1

q
Dq 

(1)
k

�
q�1d�

�
f (1) (d�)� 1

q
Dq 

(1)
k (0) f (1) (0)

+
1

q
Dq 

(2)
k

�
q�1a

�
f (2) (a)� 1

q
Dq 

(2)
k (d+) f (2) (d+)

10



�1
q

Z d

0
f (1) (�)Dq�1

�
Dq 

(1)
k (�)

�
dq�

�1
q

Z a

d
f (2) (�)Dq�1

�
Dq 

(2)
k (�)

�
dq�

+

Z d

0
v (�) f (1) (�) 

(1)
k (�) dq� +

Z a

d
v (�) f (2) (�) 

(2)
k (�) dq�

= �1
q
h2Dq�1f

(2) (a)Dq�1 
(2)
k (a)

�1
q
h1Dq�1f

(1) (0)Dq 
(1)
k (0)

+

Z d

0
f (1) (�)

�
�1
q
Dq�1

�
Dq 

(1)
k (�)

�
+ v (�) 

(1)
k (�)

�
dq�

+

Z a

d
f (2) (�)

�
�1
q
Dq�1

�
Dq 

(2)
k (�)

�
+ v (�) 

(2)
k (�)

�
dq�

= �h2
1

q
Dq�1f

(2) (a)Dq�1 
(2)
k (a)

�h1
1

q
Dq�1f

(1) (0)Dq 
(1)
k (0) + �kck;

and
1

q

Z d

0
Dq 

(1)
k (�)Dq 

(1)
m (�) dq�

+
1

q

Z a

d
Dq 

(2)
k (�)Dq 

(2)
m (�) dq�

+

Z d

0
v (�) 

(1)
k (�) (1)m (�) dq� +

Z a

d
v (�) 

(2)
k (�) (2)m (�) dq�

=
1

q
Dq 

(1)
m

�
q�1d�

�
 
(1)
k (d�) + 1

q
Dq 

(2)
m

�
q�1a

�
 
(2)
k (a)

�1
q
Dq 

(1)
m (0) 

(1)
k (0)� 1

q
Dq 

(2)
m (d+) 

(2)
k (d+)

+

Z d

0
 
(1)
k (�)

�
�1
q
Dq�1

�
Dq 

(1)
m (�)

�
+ v (�) (1)m (�)

�
dq�

+

Z a

d
 
(2)
k (�)

�
�1
q
Dq�1

�
Dq 

(2)
m (�)

�
+ v (�) (2)m (�)

�
dq�
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=
1

q
 
(2)
k (a)Dq�1 

(2)
m (a)� 1

q
 
(1)
k (0)Dq�1 

(1)
k (0)

+�k

�Z d

0
 
(1)
k (�) (1)m (�) dq� +

Z a

d
 
(2)
k (�) (2)m (�) dq�

�
= �1

q
h1Dq�1 

(2)
k (a)Dq�1 

(2)
m (a)

�1
q
h2Dq�1 

(1)
k (0)Dq�1 

(1)
m (0) + �k�km;

where

�km :=

�
1; if k = m
0; if k 6= m:

Hence

S

 
f (�)�

NX
k=1

ck k (�)

!
=
1

q
h1

h
Dqf

(1) (0)
i2

+
1

q
h2

h
Dqf

(2)
�
q�1a

�i2
+
1

q

Z d

0
(Dqf

(1) (�))2dq�

+

Z d

0
v (�) f (1)2 (�) dq� +

1

q

Z a

d
(Dqf

(2) (�))2dq�

+

Z a

d
v (�) f (2)2 (�) dq� �

1

q

NX
k=1

�kc
2
k:

Then we get

1X
k=1

�kc
2
k � h1

h
Dqf

(1) (0)
i2
+ h2

h
Dqf

(2)
�
q�1a

�i2

+

Z d

0
(Dqf

(1) (�))2dq� + q

Z d

0
v (�) f (1)2 (�) dq�

+

Z a

d
(Dqf

(2) (�))2dq� + q

Z a

d
v (�) f (2)2 (�) dq�: (17)
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due to S is nonnegative for all N . Thus, the convergence of the series

1X
k=1

�kc
2
k

follows.
Now, we shall prove that the series

1X
k=1

jck k (�)j (18)

is uniformly convergent on [0; d)[ (d; a]: Since T  k = �k k; k 2 N; we have

 k (�) = �k(T �1 k) (�) = �khG (�; t) ;  ki; k 2 N:

If we rewrite the series (18), we conclude that

1X
k=1

jck k (�)j =
1X
k=1

�k jck�k (�)j ; (19)

where
�k (�) = hG (�; t) ;  ki; k 2 N:

This can be regarded as the Fourier coe¢ cients of G (�; t) as a function of
t: From (17), we �nd

1X
k=1

�k�
2
k (�) � h1

h
DqG

(1) (�; 0)
i2
+ h2

h
DqG

(2)
�
�; q�1a

�i2

+

Z d

0
(DqG

(1) (�; t))2dqt+ q

Z d

0
v (t)G(1)2 (�; t) dqt

+

Z a

d
(DqG

(2) (�; t))2dqt+ q

Z a

0
v (t)G(2)2 (�; t) dqt:

Since all the functions appearing under the integral sign are bounded, we
deduce that 1X

k=1

�k�
2
k (�) � C;

13



where C is a constant. Applying the Cauchy�Schwartz inequality to the
series (19), we see that

n+mX
k=n

�k jck�k (�)j �

vuutn+mX
k=n

�kc
2
k

vuutn+mX
k=n

�k�
2
k (�)

�
p
C

vuutn+mX
k=n

�kc
2
k: (20)

From (17) and (20), the series (18) is uniformly convergent on [0; d)[ (d; a]:
Since �����

1X
k=1

ck k (�)

����� �
1X
k=1

jck k (�)j ;

the series (15) is also uniformly convergent on [0; d) [ (d; a]:
Let

f1 (�) =

1X
k=1

ck k (�) : (21)

Since the series (21) is uniformly convergent on [0; d) [ (d; a]; we getZ d

0
f
(1)
1 (�) 

(1)
k (�) dq� +

Z a

d
f
(2)
1 (�) 

(2)
k (�) dq� = ck (k 2 N):

Consequently, the Fourier coe¢ cients of f and f1 are the same. Applying
the Parseval equality (14) to the function f � f1; we �nd f � f1 = 0; due
to the Fourier coe¢ cients of the function f � f1 are zero. This �nishes the
proof.
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