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Abstract: In this work, we prove that partially commutative,
partially commutative metabelian, or partially commutative nil-
potent Lie algebra splits into the direct sum of two subalgebras if
and only if the defining graph G of this algebra is such that G is
not connected.
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1 Preliminaries

Research into partially commutative structures started in late sixties of
the last century. In [1], the notion of a partially commutative monoid was
introduced. Further, partially commutative groups (also known as right-
angled Artin groups) were studied the most heavily among all partially
commutative structures (see, for example [2, 3, 4]). There are so many papers
on partially commutative groups that it is impossible to list all of them here.
But quite many papers are mentioned in the surveys [5, 6].
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Partially commutative algebras (both associative and Lie algebras) were
studied not so actively. But there are also some results obtained for them,
see for example [6].

Splitting an algebra to a direct sum is a very important tool for an
investigation into this algebra. If an algebra can be decomposed to a direct
sum then one can study each summand separately which is obviously easier
than studying the entire algebra. In this paper, we find a criterion for partially
commutative Lie algebras in some varieties to be decomposable into a direct
sum. This is more or less an analogue of the result for partially commutative
groups obtained in 7] for a certain class of varieties of groups.

In this paper by a graph we mean an undirected graph without loops.
Denote such graph by G = (A; E), where A = {aj,aq,...,a,} is the finite
set of its vertices and F C A x A is the set of its edges. We assume below
that n > 2.

If vertices a and b are connected in G we write a <> b. Analogously, if
A1 C A and a € A is adjacent to all vertices in A; then we use the notation
a < Ai. Finally, if A1, A3 C A then A; < As means a; < ay for any
a; € Ay and ag € Ay. Let H be an arbitrary undirected graph. By V(H)
and E(H) denote the set of the vertices and the set of the edges of this
graph respectively. Next, let V3 C V(H). By H(V1) denote the subgraph of
H, generated by the set V.

In this paper, we work with Lie R-algebras, i.e. Lie algebras over R, where
R is a domain and we write just “Lie algebra” instead of “Lie R-algebra” for
short.

Consider a variety M of Lie algebras. A partially commutative Lie algebra
in M with a defining graph G is a Lie algebra Lr(A; G) defined by

Lr(A;G) = (Al[zi,z5] = 0 = {2y, 2;} € £5 M)

in 9. Thus, in this algebra, the variety identities and the defining relations
hold together.

By L(A;G), M(A;G), and N;,,(A; G) denote the partially commutative,
partially commutative metabelian, and partially commutative nilpotent of
degree m Lie R-algebras defined by the graph G respectively. Let us use
the common notation L(A;G) for one of the algebras L(A;G), M(A;G),
or Npp(A4; G). We denote by F(A) the absolutely free algebra over R with
the set of generators A, i.e. the algebra of non-commutative non-associative
polynomials in the set A such that these polynomials do not have monomials
of cumulative degree 0.

Denote by [u] a non-associative monomial in A, i.e. a finite product of
elements in A with a parenthesizing defining the order of multiplications on
it.

Definition 1. Multi-degree of a non-associative monomial a/[u] is the vector
d = (01,02, ...,0,) where §; is the number of occurrences of a; in [u].
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Definition 2. A non-zero element g of F/(A) is called multi-homogeneous if
g can be represented as a linear combination of Lie monomials of the same
multi-degree § = (d1,02,...,0p).

For a multi-homogeneous element g € F(A), if g = Zle a;lu;], where
a; € R\{0} and [u;] are non-zero monomials in F(A), then set mdeg(g) =
mdeg([u;]), where 1 < i < k.

Let [u] € F(A) be a monomial such that mdeg[u] = (01,02,...,d,).
The set {a;|0; # 0} is called a support and is denoted by supp([u]). For
a polynomial g = > aj[us] in F(A) set supp(g) = U; supp([u;]).

The notions of the multi-degree and the support can be defined for elements
in L(A4;G) in an obvious way.

Since identities and relations of L(A; G) are multi-homogeneous, the follo-
wing statement holds. If g;’s are multi-homogeneous polynomials of mutually
distinct multi-degrees and 0 = ), g; in L(A;G) then g; = 0 in L(A; Q) for
any .

Length of a non-associative monomial [u] is ) ;" ; §;, where (01, d2,...,0,) =
mdeg([u]). For h € L(A;G) consider a representation of h as a linear com-
bination of Lie monomials. Of course, these monomials may have different
lengthes. Let ¢ be any integer positive number. By w;(h) denote the part
of this linear combination consisting of all monomials of length ¢. Then
h = i wi(h) where r is the maximum among lengthes of monomials
in this linear combination. Furthermore, set O (h) = Zle wi(h). Finally,
denote by oy (h) the element h — Oy (h).

Let f,g € L(A;G). We write f « g if af = g in L(A4;G) for some
a, € R\{0}.

We will use the following theorem on centralizers in £(A4;G) [8].

Theorem 3. Let g € L(A;G), H = G(supp(g)) and Hy, ..., Hy be connected
components of H. Then
(1) there is a decomposition g = > %_; gi, where supp(g;) = A(H,) for
i=1,2,...,p;
(2) C(9) consz’st]; of all elements of the form h =3"%_| hi+ h' such that
for any i = 1,2,...,p if h; # 0 then g; «~ h; and if k' # 0 then
supp(g) <> supp(h').

In metabelian Lie algebras we assume the left-normed parenthesizing and
omit all parentheses except the outer pair. B
Let us order A in an arbitrary way. For any multi-degree = (d1, 02, ..., 0p)

consider the set A(0) = {a;|d; # 0}. Let Hy, Hy,...Hs be the connected

components of G(A(d)). Without loss of generality we can assume that the
smallest vertex of A(8) lies in A(Hp). Denote this vertex by b. Consider the
set of all monomials of the form [a;,, ai,, ..., a;,], where

(1) mdeg([ai,,ai,,--.,a;]) =0, in particular r =7 | d;;

(2) iy > iy, Gy < Qjy < -0 K A, SO Ajy = b;

(3) a, is the largest element of one of the sets A(H1), A(Ha), ..., A(Hy).
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Denote this set by By(A;G) and consider the set B(A;G) = > B5(A;G).
The following theorem holds [9].

Theorem 4. The set B(A; G) is a basis of the partially commutative metabelian
Lie algebra M(A; G).

2 Main Part

Consider a graph G with the set of vertices A = {aj,as,...a,}. Assume
that L(A;G) = L1 & L2 be a decomposition of L(A;G) into a direct sum of
two subalgebras.

For any h € L(A;G) the pair (hy,ha) € L1 x Lg is corresponding to h if
h = h1 + hg. For any h there is a unique pair corresponding to this element.
Denote the elements of this pair by (h); and (h)2 respectively.

Lemma 5. Let G be a graph with the set of vertices A = {a1,as,...ay},
where n > 2 and let L(A; G) = L1 @ Lo. If a; +» aj, where a;,a; € A, i # j,
then the following statements hold.

(1) If L(A; G) = L(A; G) then a; & supp((ai)1).

(2) If L(A; G) = N (A; G) for m = 26 then a; & supp(Om—1((ai)1))-

(3) If L(A; G) = M(A; G) then a;j & supp(O2((ai)1))-

Proof. Let a; be an arbitrary element in A. Note that if we change (a;)1 by

(a;)2 in statements (1)—(3) then we obtain the equivalent statements.
Suppose that (a;)1 = aa; + g; and a; € supp(wi(g;)). Then (a;)2 =

(1 = @;)a; — gi- So, supp((a;)1) = supp(g;) U {a;} = supp((a;)2) U {a;}.
Since (a;); € L; for [ = 1,2, we have [(a;)1, (a;)2] = 0. Therefore,

0 =lasa; + gi, (1 — a;)a; — gi] =
= — [aai, i) + [gi, (1 — a4)a;] = (1)
=[gi, ai.

Let L(A;E) = L(A;E). Then (1) implies by Theorem 3 that a; <>
supp(g;). Since a; <+» a; we obtain a; ¢ supp(g;), and so a; & supp((a;)1).
Thus, the first statement holds.

Denote by L;(A;G) the subset of L(A;G) consisting of all elements g
such that ogx(g) = 0. Similarly, M (A;G) is the subset of M(A;G) such
that ox(g) = 0 for any g € My(4;G).

The restriction of the natural homomorphism L£(A; G) — N;,,(A; G) to the
map L, (4; G) = Ny (4; G) is obviously a bijection as well as the restriction
of the natural homomorphism £(A4;G) - M(A; G) to the map L3(A;G) —
M3 (4; G). Since Ny, (A; G) and M(A; G) are homogeneous (1) implies

[Ok(gi), ai] =0

for any positive integer k. Consequently, we can use Theorem 3 to complete
the proofs of the second and the third statements similarly we did for the
first one. (|
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Lemma 6. Let G be a graph with the set of vertices A = {ai,aq,...ay},
where n > 2. If G is connected and L(A;G) = Ly & Ly then there exists
I € {1,2} such that for any i € {1,2,...,n} the equation (a;); = a; + gi,
where a; ¢ supp(wi(gi)), holds.

Proof. For any i = 1,2,...,n we can write (a;)1 = o;a; + g;, where a; ¢
supp(wi(gi)) (see the proof of Lemma 5). Then (a;)2 = (1 — a)a; — g;.
Since [(ai)1, (aj)2] = [(aj)1, (a;)2] = 0 for any i,j € {1,2,...,n}, we have

[aiai + gi, (1 — aj)aj — gj] =0 o
[ojaj + g5, (1 — ai)a; — gi] = 0;

(2)

{ ai(1 — aj)lai, aj] + @ilgj, ai] + (1 — a;)[g:, as] — [9i,9;] = 0
—aj(1 — ai)lai, az] + ajlgi, aj] + (1 — ai)lgj, ail + [gi, g;] = 0.

For any ¢ there exists j such that a; +» a;. Otherwise, there would be no
edge incident to a; in G and {a;} would be a connected component of G that
would contradict to the condition of the lemma.

Since L(A;G) is homogeneous we obtain

{ ai(1 = aj)ai, a;] + ailwi(gy), ai] + (1 = a;)[wi(g:), a;] — [wi(g:),w1(g;)] =0
—a;(1 = ai)lai, aj] + a[wi(g:), a;] + (1 — i) wi(gy), @il + [wi(gi),w1(g;)] = 0.

(3)
for any i,5 € {1,2,...,n}.

Next, [a;,a;] # 0 because a; < aj. By Lemma 5 and by choosing g;
and g; the products [wi(g;),a:], [wi(g:),a;], and [wi(g:),wi(gj)] are linear
combinations of monomials of the form [a,, a4, where {p, ¢} # {i,j}. Con-
sequently, o; and a; must satisfy the following system

Oél'(l - Oéj) =0
{aj(l — Oéi) =0. (4)

because conversely, a;(1 — «;)[ai, a;] in the first equation of (3) or a;(1 —
a;)[ai, a;] in the second equation of the same system cannot cancel.

From the first equation of the system (4) either o; = 0 or 1 —a; = 0.
In the former case, 1 — a; = 1 and by the second equation of the system
a; = 0. So, we obtain (g;)2 = a; — ¢g; and (gj)2 = aj — g;. In the latter case,
1 —aj = 0. Then oj = 1, therefore by the second equation of (4) 1 —a; =0
and we get (g;)1 = a; + ¢; and (gj)1 = a;j + g;.

Let a; <> a;. Since G is connected there is a sequence of vertices

Qi = Qjgy Qjyy - - - Ay, = Ay (5)

such that a;, is adjacent to a;,,, in the graph G (ie. a;, is not conntected
to a;,,, in the graph G) forp=0,1,...,k — 1.

We need to show that if (a;)1 = a; + ¢; then (a;)1 = a; + g; and if
(ai)2 = a; — g; then (a;)2 = aj — g;. Let us prove this statement by induction
on k.
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The basis (k = 1) has already been proved above.

Suppose that the statement holds for any sequence ay, s¢,, ..., as,_, such
that as, « ay,,, for p=0,1,...,k—2. Consider the sequence (5). If (a;)1 =
a; + g; then (a;,_,)1 = ai,_, + gi,_, by the inductive hypothesis. Therefore,
(@i, )1 = (aj)1 = aj + g; as above. The case (a;)2 = a; — g; is considered
analogously. O

Lemma 6 implies that without loss of generality we can assume that
a; corresponds to the pair (a; + gi, —g;), where a; & supp(wi(g;)), and a;
corresponds to the pair (a; + g;, —g;), where a; & supp(wi(g;)). So, for any
a;,a; € A system of equations (3) can be rewritten as

[gj7ai] - [gi7gj] =0 (6)
[9:, aj] + [gi5 9] = 0.
Lemma 7. Let G be a graph with the set of vertices A = {a1,az,...an},
where n > 2. If G is connected, L(A; G) = L1 ® Ly and g; is defined as above
then wi(g;) = 0.

Proof. Let a; = (a;+gi, —g:). It follows from (1) that [g;, a;] = 0, consequently
[w1(gi),ai] = 0. So, by Theorem 3 we get a; <> supp(wi(g;))-
Next, we can rewrite (3) as follows

{[m(gj),ai] — [wi(gs),wi1(g;)] = 0

[w1(9), a5] + [wi(gs), w1 (g5)] = 0. (7)

Suppose that wi(g;) # 0. Let us show that in this case there is j # ¢
such that a; is adjacent to a vertex in supp(wi(g;)). Take a, € supp(wi(g;)).
Since G is connected, there is a sequence of vertices a, = Qigy iy s - v Ay, = Gy
such that for any p € {0,1,...k — 1} the vertices a;, and a;,,, are adjacent
in G or, equivalently, a;, < a;,, . Let s be the smallest number such that
a;, & supp(wi(g;)). Such number exists since a; = a;, <> supp(wi(g;)) and
therefore a; & supp(wi(gi)). On the other hand, is # i because a;, «+» a;, ,
while a; <+ a;, ,. We may assume that j = i,.

Consider the second equation of (7). Note that [wi(g;),w1(g;)] is a linear
combination of elements of the form [ag4, a;] and since a; ¢ supp(wi(g;)) U
supp(wi(g;)), neither a4 nor a; can be equal to a;. Consequently, the element
Blai,_,,a;] for f # 0 is among the summands in w1 (g;), a;] but no monomial
of the form v[a;, ,,a;] or y[a;,a;, ]| for v # 0 exists among the summands
in wi(gi),wi(gj)]. Since [a;,_,,a;] # 0, [wi(gi),a;] cannot be equal to O.
Therefore [w1(g;), a;j] + [wi(gi),wi1(g;)] # 0. We get a contradiction to (7).

So, if L(A;G) = L(A;G) then we are done. If L(A;G) = M(A;G) or
L(A; G) = Nin(A; G) for m > 2, then the statement follows from the fact that
the restrictions of the natural homomorphisms L£(A;G) — Np(4;G) and
L(A;G) = M(A;G) to the maps L,,(A;G) = Nn(A; G) and L3(A;G) —
M(A; G) are bijections. O
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Lemma 8. Let G be a graph with the set of vertices A = {ai,aq,...ay},
where n > 2. If G is connected, L(A;G) = L1 ® L, and g; be defined as
above then g; =0 for alli € {1,2,...,n}.

Proof. As we have shown in Lemma 7, g; = 01(g;) for i = 1,2,...,n. So, (6)
can be rewritten as

[01(g), as] — [01(gi), 01(g;)] = 0
[01(9:), aj] + [01(gi), 01(g;)] = 0
Suppose that o01(g;) # 0. Then there exists j # i such that a; & supp(o1(g;))
but it is adjacent to one of the vertices in supp(o1(g;)). The proof is similar
to that in Lemma 7.
Summing the equations in (8) we get

[01(g;), ai] + [01(g:), aj] = 0. 9)

By Theorem 3 implies

(8)

[01(9i), aj] # 0. (10)

On the other hand, by (1) a; & supp([o1(g;)]) and a; & supp([o1(gi)]). Thus
the multi-degrees of the summands of [01(g;), a;] are not equal to the multi-
degrees of the summands of [01(g;), a;] we obtain a contradiction to (9). O

Lemma 9. Let G be a graph with the set of vertices A = {ai,aq,...ay},
where n > 2. If G is connected, Ny (A; G) = L1 @ Lo, where m > 2, and g;
be defined as above then Op,—1(g;) =0 for alli € {1,2,...,n}.

Proof. To prove this statement by induction it suffices to show that if O (g;) =
0 for all i« € {1,2,...,n} for some k such that 1 < k& < m — 2, then
wr+1(gs) =0 forall i € {1,2,...,n}.

Suppose that Og(g;) = 0 and wgy1(g;) # 0 for some ¢ € {1,2,...,n}
and for some k € {1,2,...m — 1}. Since N,,,(4; F) homogeneous the second
equation in (6) implies

[wr+1(9i), aj] = 0. (11)
]

Indeed, since O(g;) = Ox(gi) = 0, the product [g;, 9;] = [Ok+1(9i), Ok+1(9;)
is represented as a linear combination of monomials of degrees at least (k +
D4+ (k+1)=2k+2>k+2.

On the other hand, there exists j # i such that a; € supp(wg4+1(9:)). The
proof is similar to that in Lemma 7. So, by Theorem 3 we get

[wi+1(g:), a5] # 0 (12)
that contradicts to (11). Therefore, wiy1(g;) = 0. So, Onm—1(g;) = 0. O

Lemma 10. Let G be a graph with the set of vertices A = {a1,as,...ay},
where n = 2. If M(A;G) = L1 ® Lo, and g; be defined as above. Then g; =0
forallie{1,2,...,n}.
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Proof. As we have shown in Lemma 7, g; = 01(g;) for i = 1,2,...,n. So, as

in Lemma 8, the system of equations (8) holds. Since the considered algebra

is metabelian the second equation of (8) gives
il =

[01(9i), a (13)
On the other hand, suppose that o01(g;) 7& 0. Then [supp(o1(g:)| = 2. So

there exists a; € supp(o1(g;))\{ai}. Let us order the set A in such a way
that a; is the smallest element. There is the representation

D= 65 (14)
5

where g,z € M(4;G) is a multi-homogeneous element of multi-degree 4.
Let g,5, be a summand in the right-hand side of (14) such that a; €

supp(g; 5,)- Then we can write g;5 = Zﬁzl Aplup], where [u,] are basis
monomials with respect to the order described above and X, € R\{0}. Let
Ho, Hy, ..., Hs (s 2 1) be connected components of the graph G(supp(g; 5,))-
It can be assumed that a; € Hy. According to Theorem 4 each [u,] has
the form [up] = [ai,,,a5,ai,5,...,ap], Where a;,, > aj, a;j < a;,; <

- Qp,, and @iy 4, @iy 4y - .., a4, are the largest elements of some of the sets
A(H1),A(Hs),...,A(Hs). We have

[01 (gi)v aj] = Z[gi,ga aj]a

§
where
k k
19,5, a4 § Molluplyag] =3~ Mpllaiy a5, @iy 50, ] ) =
=1 p=1
. (15)
= E )\p[aipyl,aj,aj,aim,...,aip’t].

p=1

Then the graph G(supp([[up], a;])) coincides with the graphs G (supp(g;5,))
because supp(gwo) = supp([up]) = supp([[up), a;]). In particular, these graphs
have the same connected components. Therefore all monomials in (15) are
pairwise distinct basis elements with respect to the order described above.
So, [9;3,, ;] # 0. Since M(G; H) is homogeneous we obtain [01(g;), a;] # 0
that contradicts to (13). Therefore, 01(g;) = ¢g; = 0. O

Now we are ready to proof the following theorem.

Theorem 11. Let G be a graph with the set of vertices A = {a1,as,...ay},
where n > 2 and let L(A; G) be a partially commutative Lie algebra L(A;G),
or a partially commutative metabelian Lie algebra M(A;G), or a partially
commutative nilpotent of degree m > 2 Lie algebra Ny (A; G). Then L(A; G)
splits into a direct sum of two non-zero subalgebras if and only if G is not
connected.
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Proof. Suppose that G is connected and L(A;G) = L1 @ Ly. Without loss
of generality we can assume that a; corresponds to (a; + gi, —¢g;), where
a; & supp(wi(gi))-

Let L(A; Q) is either L(A;G) or M(A;G). Then g; = 0 by Lemma 8 or
Lemma 10. Hence a; € Ly for i = 1,2,...,n. Thus, L1 = L(A;G) and so
Ly = 0.

Let L(A; G) = N (A4; G). Since a; corresponds to (a; + gi, —g;), we obtain
9i € Lo.

On the other hand, Lemma 9 implies that O,,—1(g;) = 0. Consequently,

[(ap)1, (ag)] = [ap + gp, aq + gq] = [ap + wm(9p), ag + win(gq)] = [ap, ag] for

any p,q € {1,2,...,n}. Now, let [u(a,as,...ay,)] be a non-commutative

non-associative monomial of cumulative degree at least 3. Then
[u(ay,az,...,an)] = [[ui(al,as,...,an)l, [uz(ai, as, ..., a,)]].

If the cumulative degrees of [uj(ai,aq,...,a,)] and [u2(a1,aq,...,a,)] are

greater than 1, then by the inductive hypothesis [u;((a1)1, (a2)1,- - -, (an)1)] =

[uj(ay,az,...,ay,)] for I = 1,2. Therefore,

[u((a1)1, (a2)1,- - -, (an)1)] =
ui((a1)1, (@2)1,- -, (an)1)]; [uz((ar)1, (a2)1, - - -, (an)1)]] =

=[[u1(a1,az,...,ay)], [uz(ai,as,...,a,)]] =
=[u(ai,as,...,ay)]
in N (4; G). If [ug(ar,as,...,an)] = a4 for some g € {1,2,...,n} then
[u((a1)1, (a2)1, -, (an)1)] =[[ur((a1)1, (a2)1, - - (an)1)]; (ap)1] =
=[[ur((a1)1, (a2)1, - - (an)1)], ap + gp] =
:[[ul(al? az, ..., an)]’ ap + gp] =
=[ui(a1, a2, ..., an),ap] =
=[u(a1,ag,...,a,)]
in MV (4; G).
The case [u1] = ap for some p € {1,2,...,n} is analogous. Therefore,
for any non-commutative non-associative polynomial f(aq,...,a,) such that

wi(f(a1,az,...,ay)) =0 the equation

f((al)l, (az)l, ey (an)l) = f(al, ag, ... ,an)

holds. In particular it holds for any ¢;. Consequently, g; € L; and so g; = 0.

The converse is obvious. If G is not connected then A = A; L Ay, where
there are no edges {a, b} such that a € Ay and b € Ay. Then A; <» Ay and
L(A;G) = L(A1; G(A1)) & L(Ay; G(A2)). O
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