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Abstract. We consider some properties of limit distributions of sums
of random variables of stationary sequences. We obtained conditions for
the normality of the limit distribution without using the concepts of weak
dependence and mixing.
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1. Ââåäåíèå

Ïðîáëåìà ïðåäåëüíîãî ðàñïðåäåëåíèÿ ñóìì çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí
â òîì ÷èñëå è ñòàöèîíàðíûõ â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòåé îáñóæäàåòñÿ
â ëèòåðàòóðå íà÷èíàÿ ñ íà÷àëà ïðîøëîãî âåêà. Îäíîé èç ïåðâûõ ðàáîò ïî-
ñâÿùåííîé ýòîé òåìàòèêå ÿâëÿåòñÿ ðàáîòå Áåðíøòåéíà [1]. Áîëüøîå âíèìàíèå
ðåøåíèþ ýòîé ïðîáëåìû óäåëÿåòñÿ â ðàáîòå Èáðàãèìîâà, Ëèííèêà [2]. Áîëåå
ïîçäíèå ðàáîòû â ýòîé îáëàñòè, òàêèå êàê [3] - [5] ïîêàçûâàþò àêòóàëüíîñòü
ýòîé ïðîáëåìû è â íàøè äíè. Â ýòîé ñòàòüå ïðåäïðèíÿòà ïîïûòêà ïîïîëíèòü
ñóùåñòâóþùèå ðåçóëüòàòû, îòêàçàâøèñü îò èñïîëüçîâàíèÿ ïîíÿòèÿ ñëàáîé ñõî-
äèìîñòè è ïîíÿòèÿ ïåðåìåøèâàíèÿ. Ðåçóëüòàò áàçèðóåòñÿ íà èñïîëüçîâàíèè
ïîëó÷åííûõ àâòîðîì ðåçóëüòàòàõ èç [6],[7] ïðèìåíèòåëüíî ê ñëó÷àþ ñòàöèî-
íàðíûõ â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòåé.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòè öåíòðèðîâàííûõ àáñîëþòíî íåïðåðûâíûõ
ñëó÷àéíûõ âåëè÷èí ξ(n) = (ξt)t∈In , ãäå In = {1, 2, . . . , n}. Ïî àíàëîãèè ñ [6],[7]
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îáîçíà÷èì ÷åðåç vI = vI(ξ(n)) íà÷àëüíûé ñìåøàííûé ìîìåíò m ñëó÷àéíûõ
âåëè÷èí ξt1 , . . . , ξtm ïîðÿäêà |I| = m:

vI(ξ(n)) = m1,...,1(ξtl , . . . , ξtm) = M(ξtl)
1 · · · (ξtm)1.

Ââåäåì â ðàññìîòðåíèå ñóììàðíûé ñìåøàííûé ìîìåíò ïîðÿäêà m:

vm(ξ(n)) =
∑
|I|=m

vI(ξ(n)), ∀m = 1, . . . , n, ïðè÷åì ïðè m = 0, ïîëîæèì v0 = 1,

à òàêæå óñðåäíåííûé ñìåøàííûé ìîìåíò ïîðÿäêà m:

v̈m(ξ(n)) =
vm(ξ(n))√

Cmn
, ∀m = 1, . . . , n.

Îáîçíà÷èì òàêæå svm(ξ(n)) =
∑
|I|=m

|vI(ξ(n))| è s̈vm(ξ(n)) =
svm(ξ(n))√

Cm
n

∀m =

1, . . . , n.
Äëÿ ðàññìàòðèâàåìûõ ïîñëåäîâàòåëüíîñòåé â [7] ïîëó÷åíî âûðàæåíèå äëÿ ïëîò-
íîñòè ïðåäåëüíîãî ðàñïðåäåëåíèÿ ñóìì ýòèõ ñëó÷àéíûõ âåëè÷èí. Âîñïîëüçó-
åìñÿ ýòèìè ðåçóëüòàòàìè ïðè èçó÷åíèè ïðåäåëüíûõ ñâîéñòâ ðàñïðåäåëåíèÿ êî-
íå÷íûõ ñóìì ñëó÷àéíûõ âåëè÷èí ñòàöèîíàðíîé â óçêîì ñìûñëå ïîñëåäîâàòåëü-
íîñòè ξ(n) = (ξt)t∈In , ãäå In = {1, 2, . . . , n}. Îáîçíà÷èì

Rn(ξtl , k1, k2, . . . , km−1) = Mξtlξt2 · · · ξtm ,

ãäå

(1) I = {t1, t2, . . . , tm} ∈ In, a t2 − t1 = k1, t3 − t2 = k2, . . . , tm − tm−1 = km−1.

Èçâåñòíî, ÷òî äëÿ ñòàöèîíàðíûõ ïîñëåäîâàòåëüíîñòåé ýòà âåëè÷èíà íå çàâèñèò
îò ξtl , òî åñòü

Rn(ξtl , k1, k2, . . . , km−1) = Rn(k1, k2, . . . , km−1) = vI , ãäå I = {t1 = 1, t2, . . . , tm}.

Â íàøåì ñëó÷àå

vI(ξ(n)) =

∫
x1

∫
xt2

. . .

∫
xtm

x1xt2 · · ·xtmp(x1, xt2 , . . . xtm)dx1dxt2 · · · dxtm .

Ïîëîæèì kr = k1 + . . .+kr. Äîêàæåì äëÿ ñòàöèîíàðíîé â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòè ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 1. Ïóñòü äàíà êîíå÷íàÿ öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì
ñìûñëå ïîñëåäîâàòåëüíîñòü ξ(n) = (ξt)t∈In , çàäàííàÿ íà âåðîÿòíîñòíîì ïðî-
ñòðàíñòâå (ΩIn , AIn ,PξIn ). Òîãäà äëÿ 2 6 m 6 n ñïðàâåäëèâû ñîîòíîøåíèÿ

(2) vm(ξ(n)) =

n−m+1∑
k1=1

. . .

n−ki−1−m+i∑
ki=1

. . .

n−km−2−1∑
km−1=1

(n−km−1)Rn(k1, k2, . . . , km−1).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ k1, k2, . . . , km−1
ìû èìååì ðîâíî n − km−1 íàáîðîâ ïåðåìåííûõ, êîòîðûå îïðåäåëÿþò êîýô-
ôèöèåíò ïðè R(k1, k2, . . . , km−1) â âûðàæåíèè (2). À èìåííî, íàáîð èíäåêñîâ
{t1, t1 + k1, t1 + k1 + k2, . . . , t1 + k1 + k2 + . . . + km−1} ìîæíî ñäâèãàòü íà åäè-
íèöó îò t1 = 1 äî t1 + k1 + k2 + . . . + km−1 = n, òî åñòü n − km−1 ðàç. Ïðè
ýòîì äèàïàçîí äëÿ êàæäîé ïåðåìåííîé k1, k2, . . . , rm−1 ìåíÿåòñÿ îò åäèíèöû
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äî n − ki−1 − 1 − (m − 1 − i) = n − ki−1 − m + i ñ ó÷åòîì óæå ôèêñèðîâàí-
íûõ çíà÷åíèé ïðåäûäóùèõ ïåðåìåííûõ è ìèíèìàëüíî âîçìîæíûõ çíà÷åíèé
ïîñëåäóþùèõ. �

Ó÷èòûâàÿ, ÷òî

Cmn =
n(n− 1)....(n−m+ 1)

m!
è v̈m(ξ(n)) =

vm(ξ(n))√
Cmn

,

èìååì
(3)

v̈m(ξ(n)) =
√
m!

n−m+1∑
k1=1

. . .
n−ki−1−m+i∑

ki=1

. . .
n−km−2−1∑
km−1=1

(n− km−1)Rn(k1, k2, . . . , km−1)√
n(n− 1)....(n−m+ 1)

Ðàññìîòðèì áåñêîíå÷íûå ñòàöèîíàðíûå ïîñëåäîâàòåëüíîñòè. Äëÿ íèõ, åñëè
ñóùåñòâóþò ïðåäåëüíûå âåëè÷èíû, èìååì

(4) R(k1, k2, . . . , km−1) = lim
n→∞

Rn(k1, k2, . . . , km−1).

è

(5) v̈m(ξ) = lim
n→∞

v̈m(ξ(n)).

Â ýòîì ñëó÷àå ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Òåîðåìà 2. Ïóñòü äàíà öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïî-
ñëåäîâàòåëüíîñòü ξ = (ξt)t∈I , ãäå I = {1, 2, . . .}, çàäàííàÿ íà âåðîÿòíîñò-
íîì ïðîñòðàíñòâå (ΩI , AI ,PξI ) è äëÿ ýòîé ïîñëåäîâàòåëüíîñòè ñóùåñòâóåò

íåòðèâèàëüíûé ñëàáûé ïðåäåë ñóìì 1√
n

n∑
i=1

ξi. Òîãäà ∀m > 2 èìååò ìåñòî

ñëåäóþùåå ñîîòíîøåíèå:

(6) v̈m(ξ) = lim
n→∞

√
m!

nm

n−m+1∑
k1=1

. . .

n−ki−1−m+i∑
ki=1

. . .

n−km−2−1∑
km−1=1

R(k1, . . . , ki, . . . , km−1),

ãäå kr = k1 + . . .+ kr.

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå (6) ñðàçó ñëåäóåò èç (3) è (5) ñ ó÷åòîì òîãî,
÷òî

(7) lim
n→∞

n(n− 1)....(n−m+ 1)

nm
= 1

â ïðåäïîëîæåíèå, ÷òî ïðåäåë (5) ñóùåñòâóåò, ÷òî, â ñâîþ î÷åðåäü, ñëåäóåò èç
óñëîâèé òåîðåìû. �

Îáîçíà÷èì óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû ξtm ïðè
óñëîâèòè, ÷òî ξ1 = x1, ξt2 = xt2 , . . . ξtm−1 = xtm−1 , ãäå (x1, xt2 , . . . xtm−1) - ïðîèç-
âîëüíûé âåêòîð â Rm−1 = R1 × Rt2 × . . . × Rtm−1 ( â äàëüíåéøåì, åñëè íàáîð
êîîðäèíàò âåêòîðà íå óêàçàí, òî ìû ïðåäïîëàãàåì, ÷òî äàííîå ñîîòíîøåíèå
ñïðàâåäëèâî äëÿ ëþáîãî äîïóñòèìîãî íàáîðà m− 1 êîîðäèíàò èç Rn ):

M(ξtm |ξ1 = x1, ξt2 = xt2 , . . . ξtm−1 = xtm−1) =

∫
xtm

xtm
p(x1, xt2 , . . . xtm)

p(x1, xt2 , . . . xtm−1
)
dxtm .
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È ðàññìîòðèì ôóíêöèþ

Kn(x1, xt2 , . . . xtm−1
) =

1√
n

n∑
tm=tm−1+1

M(ξtm |ξ1 = x1, ξt2 = xt2 , . . . ξtm−1
= xtm−1

).

Â äàëüíåéøåì, â ïðåäïîëîæåíèè ÷òî îáëàñòü çíà÷åíèé ôóíêöèè

Kn((x1, xt2 , . . . xtm−1
)) ∈ (M−,M+),∀(x1, xt2 , . . . xtm−1

) ∈ Rm−1 ⊂ Rn.

ãäå

M− = inf
(x1,xt2

,...xtm−1
)∈Rm−1

{Kn(x1, xt2 , . . . xtm−1
)},

M+ = sup
(x1,xt2

,...xtm−1
)∈Rm−1

{Kn(x1, xt2 , . . . xtm−1
)}

ìû áóäåì ïîëüçîâàòüñÿ òåì ñâîéñòâîì, ÷òî ñóùåñòâóåò òàêîå ÷èñëîK∗n(1, t2, . . . , tm−1)
â îáëàñòè çíà÷åíèé ýòîé ôóíêöèè, ÷òî ñïðàâåäëèâî

∫
x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1
p(x1, . . . xtm−1

)Kn(x1, . . . xtm−1
)dx1 · · · dxtm−1

=

= K∗n(1, t2, . . . , tm−1)

∫
x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1p(x1, . . . xtm−1)dx1 · · · dxtm−1 ,

Ýòî ñïðàâåäëèâî èç òîãî, ÷òî ñóùåñòâóþò è êîíå÷íû îáà èíòåãðàëà. Ïåðâûé èí-
òåãðàë � ñóòü ñëàãàåìîå èç vm(ξ(n)), à âòîðîé � ñóòü vI(ξ(n)), ãäå I = {1, . . . , tm−1}.
â ïðåäïîëîæåíèè, ÷òî∫

x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1p(x1, . . . xtm−1)dx1 · · · dxtm−1 6= 0.

Â ïðîòèâíîì ñëó÷àå ìîæíî ïîëîæèòü K∗n(1, t2, . . . , tm−1) = 0.

3. Îñíîâíîé ðåçóëüòàò.

Áóäåì ðàññìîòðèâàòü öåíòðèðîâàííûå ñòàöèîíàðíûå â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòè ξ = (ξt)t∈I , çàäàííûå íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (ΩI , AI ,PξI ),

äëÿ êîòîðûõ ñóùåñòâóåò íåòðèâèàëüíûé ñëàáûé ïðåäåë ñóìì 1√
n

n∑
i=1

ξi.

Äîïîëíèòåëüíî ïîòðåáóåì àáñîëþòíóþ ñõîäèìîñòü s̈vm(ξ(n)), òî åñòü

lim
n→∞

s̈vm(ξ(n)) = s̈vm(ξ) <∞.

Îáîçíà÷èì êëàññ òàêèõ ïîñëåäîâàòåëüíîñòåé ÷åðåç Ξ0. Òîãäà èìååò ìåñòî ñëå-
äóþùèé ðåçóëüòàò:

Òåîðåìà 3. Ïóñòü äàíà öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòü ξ = (ξt)t∈I , çàäàííàÿ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (ΩI , AI ,PξI )
è äëÿ ýòîé ïîñëåäîâàòåëüíîñòè ñóùåñòâóåò íåòðèâèàëüíûé ñëàáûé ïðåäåë

ñóìì 1√
n

n∑
i=1

ξi è ξ ∈ Ξ0. Äëÿ òîãî, ÷òîáû ïðåäåëüíîå ðàñïðåäåëåíèå áûëî íîð-

ìàëüíûì íåîáõîäèìî ÷òîáû
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1.

(8) lim
n→∞

1

n

n∑
k=1

R(k) = 0,

2. ∀m > 2 ñóùåñòâîâàëî áû òàêîå ÷èñëî Mm < ∞, ÷òî ïî÷òè äëÿ âñåõ
(x1, xt2 , . . . xtm−1

) âûïîëíÿåòñÿ óñëîâèå

(9) |Kn(x1, xt2 , . . . xtm−1)| 6Mm|v̈m−1(ξ(n−1))| ïðè v̈m−1(ξ(n−1)) 6= 0.

Äîêàçàòåëüñòâî. Ïóñòü âûïîëíåíû ýòè óñëîâèÿ. Íàäî ïîêàçàòü, ÷òî v̈m(ξ) =
0 ∀m > 2. Äëÿ m = 2 ýòî ñëåäóåò èç (6) è (8). Ðàññìîòðèì ñëó÷àé, êîãäà m =
m0 > 2 ïðè óñëîâèè, ÷òî äëÿm < m0 ýòî âûïîëíÿåòñÿ. Èñïîëüçóÿ ñîîòíîøåíèÿ
(3) è (7) áóäåì èìåòü

|v̈m(ξ(n))| ∼

∣∣∣∣∣
√
m!

nm

n−m+1∑
k1=1

. . .

n−km−3−2∑
km−2=1

n−km−2−1∑
km−1=1

R(k1, . . . , ki, . . . , km−1)

∣∣∣∣∣
Âîçüìåì äëÿ óäîáñòâà èçëîæåíèÿ ñëó÷àé m0 = 3, òîãäà v̈3(ξ) ∼

∼ lim
n→∞

√
3!
n3

n−2∑
k1=1

n−k1−1∑
k2=1

∫
x1

∫
xt2

∫
xt3

x1xt2xt3p(x1, xt2 , xt3)dxt3dxt2dx1 =

= lim
n→∞

√
3!
n3

n−2∑
k1=1

n−k1−1∑
k2=1

∫
x1

∫
xt2

x1xt2p(x1, xt2)
∫
xt3

xt3
p(x1,xt2

,xt3
)

p(x1,xt2
) dxt3dxt2dx1 =

=
√

3! lim
n→∞

1
n

n−2∑
k1=1

∫
x1

∫
xt2

x1xt2p(x1, xt2)

(
1√
n

n−k1−1∑
k2=1

∫
xt3

xt3
p(x1,xt2

,xt3
)

p(x1,xt2
) dxt3

)
dxt2dx1.

Ðàññìîòðèì ïðîèçâîëüíîå ñëàãàåìîå∫
x1

∫
xt2

x1xt2p(x1, xt2)

(
1√
n

n−k1−1∑
k2=1

∫
xt3

xt3
p(x1, xt2 , xt3)

p(x1, xt2)
dxt3

)
dxt2dx1 =

=

∫
x1

∫
xt2

x1xt2p(x1, xt2)Kn(x1, xt2)dxt2dx1.

Èìååì, ÷òî∫
x1

∫
xt2

x1xt2p(x1, xt2)Kn(x1, xt2)dxt2dx1 = K∗n(1, t2)

∫
x1

∫
xt2

x1xt2p(x1, xt2)dxt2dx1 =

= K∗n(1, t2)Mξ1ξt2 .

Íî

−M3|v̈2(ξ(n−1))||Mξ1ξt2 | 6 K∗n(1, t2)Mξ1ξt2 6M3|v̈2(ξ(n−1))||Mξ1ξt2 |.
Îòêóäà, ïðîñóììèðîâàâ âñå ñëàãàåìûå ïî t2 è óìíîæèâ âñå ÷àñòè íåðàâåíñòâà

íà
√
3!
n , ïîëó÷àåì

−M3|v̈2(ξ(n−1))|
√

3!

n

n−1∑
t2=2

|Mξ1ξt2 | 6 v̈3(ξ(n)) 6M3|v̈2(ξ(n−1))|
√

3!

n

n−1∑
t2=2

|Mξ1ξt2 |.
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èëè

|v̈3(ξ(n))| 6
√

3!M3s̈v3(ξ)|v̈2(ξ(n−1))|.
Îòêóäà

|v̈3(ξ)| 6
√

3M3s̈v3(ξ) lim
n→∞

|v̈2(ξ(n−1))| = 0.

�
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