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ON SUFFICIENT CONDITIONS OF TRANSIENCE FOR A STOCHASTIC
DIFFERENTIAL EQUATION WITH SWITCHING

KIRILL MOSIEVICH

ABSTRACT. Conditions sufficient for the transience of the process have been established for the
Markov diffusion model with switching and two modes, transient and ergodic, with intensities
bounded away from zero. This paper shows limitations on the conditions for exponential ergodicity

with a given switching system.
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1. INTRODUCTION

The problem of finding sufficient ergodicity conditions is an actual problem [5] [6], [7].Cloez and Hairer
considered in their paper [5] the exponential case. Veretennikov A. Yu. reported on the polynomial case [6].
The transient case shows us the optimality of the results obtained in the ergodic case. At the present step
in my work I assume the opposite, but stronger requirements, to the conditions introduced in the work of
Cloez and Hairer. Let’s move on to the problem statement.

On a probability space (€2, F, F;,P) with an one-dimensional (F;)-adapted Wiener process W = (W}):>0 on

it, an one-dimensional SDE with switching is considered,
(1) dXt :b(Xt,Zt)dt+th7 tZO,X():JJ, 7Z() =z,

where Z; - is a continuous-time Markov process on the state space S = {0,1} with (positive) intensities

of respective transitions Ag; =: Ay, A9 =: A_. The process Z; is assumed to be independent of W and
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adapted to the filtration (F;), and the switching moment are exponentially. We assume that these intensities
Z are constants. The process X; is "transience"under the regime Z; = 1 , while under the regime Z; = 0 is

assumed positive recurrent. Denote

b(x,0) =b_(z), b(x,1) = by(x),

b 1= |lb4 @] = sup b4 @), b- = [}p— ()| = sup |b_(z)]|.

2. MAIN RESULTS

Consider the moments of switching of the process Z:
0<inf(t>0:2,=0):=Ty<Ty <..<Tp:=inf (t >Th—1,Zt # Z1,_,) < ...

The existence and pathwise uniqueness of the solution follows easily from [I], or [2], or [3]. Note, that
this process is a Markov process with continuous trajectories. Thus [§], it is the Feller process, therefor this

process is the strong Markov.
Theorem 1. Let the drift by be bounded and Borel meassurable, and let Ir_, r > 0 such, that
b_(l‘) > -r—, b-‘r('r) > T+,v.13 eER

and
T’+ T_

PV

Then X; “3 0o, t — o0. More over, ch > 0,

. ¢
liminf =% > ¢}, a.s.
t—oo

Lemma 1. Under the assumptions of the theorem

TQn a;s>, 1 + 1
— 4+ — =c
n PV W

In particular, for 0 < ¢y < ﬁ + %, Jer > 0 EeMeon=Ton) < (1 — A" < 1, YA < 1.

The proof of Lemmal[ll Note, that

2n
Top=—-0+To+-To+T1+-T1+To+ -+ —Top_1+ T, =T0+ZAT1'7
—_— —— —— —_— —
AT, AT, AT, ATy, =0

Then {AT; + AT; 41} - i.id., and Vn € N, E|AT;|™ < oo, EAT; + ATy = ﬁ + )\% > 0.

By Law of large numbers

1 s 1 1
ETQna_% ﬁ‘i—)\i::CQ,n—)OO,
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3 - 1 - L
Consider ¢4 = " and c_ = 1.

Tan
P (Z —cy < —61> P (=Tsy, + con > nep)

Markov’s inequalit
q y e—AelnEe—/\Tzn-‘rco)\n

YA>0 P (e—/\T2n+c0)\n > e)\eln)

co=cqte- e*/\flnEe*AToe*A(Z?zl(C+*AT21‘—1)+Z?’:1(C—*ATzz‘))

_ e—AelnEe—)\To HEe)\(C+—AT1) HEB)\(C_—ATQ)

i=1 i=1

n

e~ Ae1nge—ATo (Ee,\(c+—AT1)Ee,\(c, —ATQ))

We have,
_ _ > Aey—1) —Ayx _ >‘+e)\C+ > —(Ap+N)z
Eexp(A(cy — ATy)) = e Are dx = A+ Ap)e dx
0 A+ At Jo
/\+€>\C+ Taylor 1 _ C+:ﬁ _
= T _ =1 (——c)A+0(\) =1 A),
esw (5o oA +o0) +0()
1 e-=x=
Eek(C,—ATz) — :1_(7_0—))\4-6()\) :>\ 1—|—6(>\)7
Ee 0 = ...=1- )\i/\+6(>\).
A(con—Tap) 1 — 1 1 — " n
Ee n < 1——A+0N) ) ([1=(—4+—=—co)r+0o(N) ] <(I=cN)",
A Ar AL
As a result for Ve; >0, A =0
A(con—Tay) 1 — 1 1 — " n
Ee " < 1——XA+oN) ) ([1—(—+——co)A+0o(N) ]| <(l—-c\)",
A Ap AL

Let ¢p = ﬁ + )\%, Ver > 03)g := )\0(61,00) VAL Ag

To, 1
P (2 —Cco < —61) < <1 — /\>\> (]. — 61)\)” < I{? <1,
n _

Similarly, Vea > 03X > 0: VA < A

T:
IP’(;"—CO>62></£§<1,
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Lemma 2. Under the assumptions of the theorem dcy > 0,

.. X7, as
liminf —22 > ¢,.
n— oo n

The proof of Lemma[3 consider the case, when Zy = 0. The case Zy = 1 is treated similarly.

Using Ito’s theorem, we take a > 0, whose value we will choose later.

)\2
dexp(—AX;+at) = “aexp(—AX;+ at)dt — Aexp(—AX; + at)dX; + 5 exp(—AX; + at)(dX;)?

2
= taexp(—AX; + at)dt — Nexp(—AX; + at)(bdt + dW;) + /\? exp(—AX; + at)dt.

The integral form: E :=E,,

T 2

2 A

Eexp( — AXp, —x2)+alz)—1= IE/ exp(—A( Xy — z) + at)(a — \by + ?)dt
0

T T>
< (a— T+)\)]E/ exp(—A(Xy — z) + at)dt + (a + r,/\)IE/ exp(—A(Xy — X1,) + at)dt.
0 T

::Il 2212

Let t € [0,T7]. Due to the uniqueness of the solution X; is equal to
- t - t
Xt—x:/ b+(Xs)dS+/ dWs.
0 0
Using the comparison theorem [4], with ¢ € [0,77] we get:
— t — t a.s. t t ~
Xt:x+/b+(XS)ds+/dWs Zm+/r+ds+/dWS::Xt.
0 0 0 0

We want to get grades on EfOTl exp(—A(X; — 2) + at)dt, EfTTf exp(—A(Xt, — X1,) + at)dt.

Using the comparison theorem, Fubini’s theorem, the stochastic exponent and Z independent FW, we can
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get,
Ty T
E/ exp(—MX; —z) +at)dt < E/ exp(—A(X; — ) + at)dt
0 0
T t
= ]E/ exp( a—)\r+)t—/ AW dt
0 0
T t
= ]E/ exp((a — A\rp)t) exp(—/ AW, dt
0 0

e} )\2 t 1 t
= ]E/ 1{t < Th}exp((a + 5~ Ar4)t) exp(—/ AW, — 5/ \ds) dt
0 0 0

stoch.exp.
fe’e] )\2 t 1 t
= / E1{t < T1} exp((a + 5 = Ar4)t) exp(—/ AdWs — 5/ Nds) dt
0 0 0
stoch.exp.

o0 2
= / exp((a + % —Ar OE{t < T} x1dt
0
[ee] )\2
= / exp((a + -5 = Arg)t) exp(—A4t) dt
0

1
)\+—G/+)\T+—)\2/2.

Similarly, considering ¢t € [T1,T3]. Due to the uniqueness of the solution X; is equal to

t t
X, =Xp + | b_(X)ds+ [ dW,, t>Ti.
T1 Tl

Using the comparison theorem [4], with ¢ € [T, T5] we get:

¢ ¢ s, ¢ t ~
X=X 4+ [ b_(X)ds+ | dW, > Xp, +/ —r_ds+ [ dW,=: X,.
T T A T
We're estimating the Ex,, (fT exp(—A(Xy—x)+at)dt :=E ( > exp(—\N(X; — z) + at)dt| Xr, =z, T) = 7')2

T2 T2 -
Ezy, / exp(—A(Xy — x) + at)dt < Ery, / exp(—A(X; — ) + at)dt
T1 Tl

Ts B
exp(aTi)Ex,, / exp(—AX: + a(t — T1))dt
T,

time change

T
xp(—AX7, +aT1)Ex,, / exp(at + \r_t — \W,)dt
0

similarly 1

exp(—AXT, +CLT1))\ S v vy Y

Then,

T> 1 a—r )\
E|E —AX — t)dt | < +
< .FTI /T1 eXp( ( t .'E) + a ) > — )\7 —a— /\7‘, _ )\2/2 < )\+ —a + >\T+ _ )\2/2>

Thus,

I < a+r_A a—riA
D Ny v vy S W VR Uy
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and
I < a—TriA .
)\+ —a+)\r+ —)\2/2

As a result for, for sufficiently smaller a,\ << 1 , for example, a = a\, lim, oo A = 0,0 < a <
ATy —Apr_

)\++k7 :

E;e Mot <14+ 1
<1 a—TriA a+r_A a—TryA

1
+/\+—a+>\r+—)\2/2+)\,—a—)\r,—>\2/2 +>\+—a+)\r+—)\2/2
(1) (2) (1)

Taylor’s formula

L+ [(@—r )M + (@+r2)AZH] A +o()).

=—co

—r )X — 1
1) = (a=rory = (a—r)ATIA (1 + [“ Ty )\] )\+o(>\))
1 [a;” + ﬁA} A e 2My
+ +

= (a—r ) AT A +0(N).
(a+r)A"tA

2) = =(a+r_)AA+3(N).
@ = - [“i“mikb( ) ()

Note that co > 0 in the assumptions of the theorem, and a = a\ > 0,0 < a4 < %
As a result we have,

Eye AXm—2)talz < _ )X 4 o(N).
We similarly estimate X,

E e A Xm—2)tals — e AXnp—2)+alz o p (ef)‘(XT‘fX“)Jra(TrT"’)|.7"T2> < (1 — e\

Sl—CQ)\

By induction,
Ewe—)\(XTzn—r)—‘raTgn S (1 _ 62)\)77.

We obtain exponential estimates on X, , n > 1

X _
P, (W —Cco < —6) =P, (_(XTQn — I.C) + con > ne)

n

Markov’s inequality
VA>0 _ _ ) _ B 3 .
=" P, (6 AN Xy, —T)+coAn) > e)\en) < e )\enE (6 MXTy, x)+cokn) )
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Using the results of the lemma [If and the Cauchy—Schwarz inequality, we have for sufficiently large n:

0 < co < min(5- + 55, 2E5E=), Ve > 003N := A6, ),

)\++)\_
P, (XTz_x —co < _6> V’\<>0 ) (e—A(XTQn —x)+coxn)
" <
Cauchy—Schv?rz inequality 6—Aen (Ee—Q)\(XTzn —$)+260>\T2nEeZ)\(Con—Tzn)) 1/2
1
< (IT—eA+0(A)" (1 = caA+0(N)"(1 — 1A+ 3(N)")2
c:=min(cy,c2)
< (I—-eX)" <1
For sufficiently smaller 0 < A < 1, A := A(e),
> P (—(X7,, — ) + neo > ne) < 0.
n=1

Then from the resulting inequality using the Borel-Cantelli lemma follows, that
P, (—(Xr,, — )+ ncy < enendlessly) = 0.
Thus, Ve > 0 for a.s. w, ANy = Ny(w):

Xr,, — T >nco—en Yn > Ny,

or
X a.s.
lim inf =222 > Co-
n— 00 n
Similarly, the case when Zy = 1 is onsidered..
a.s.
Result: iminf,, o 2220 > ¢, 0

n

The proof of the theorem[Il Consider the moments of switching:

n(t) = inf{s>t:3In:s="Ts,},
n(t) = inf{s>t:3In:s="To41},
n(t) = sup{s<t:3In:s="Ts,}.

Consider
X = X + (Xe = Xy0))-

By the lemma[I] and 2 we get,
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We want to obtain the Xy — Xy )-

t
(X5, Zs)ds+ [ dW,

—

Xt — Xn) n(t) n(t)
t N t
n(t)At t t
| b Xs,Zs)ds+ [ b(Xs, Zs)ds+ [ dWi
a.:s. n(t) n(t)At n(t)
t
s ()Nt —n(t)ry — (t—nt) At)r— + Wy — Wy
- t
_ (ry +ron(t) ANt —n(t)ry —tr_ + W, — Wy
; .

Using the Law of the iterated logarithm, note that

Lo n(t) At as .. .n(t)
ASTEREES =\
htrgggf(m_ +7r_) ; > (re+4ro) hggl;}f ;
T lim inf 2 %
r r_) liminf =—= T T_
fetl (++ )t—>oo ﬁ(t)—(Jr—’_ )
t try as.
lim inf n(t)rs 2 lim inf T+ 2 T4,
t—00 t t—oco t
tr_
liminf 2= = r_,
t—o00
W, — W,
liminf —— 20 2 g
t—o0 t
In result,
X a.s.
lim inf —* () 0
t—o00
O
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