
S e©MR ISSN 1813-3304

СИБИРСКИЕ ЭЛЕКТРОННЫЕ
МАТЕМАТИЧЕСКИЕ ИЗВЕСТИЯ

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Том 23, стр. 1–9 (2023) УДК 3054

DOI 10.33048/semi.2019.16.xxx MSC 60H10, 60J60
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DIFFERENTIAL EQUATION WITH SWITCHING

KIRILL MOSIEVICH

Abstract. Conditions sufficient for the transience of the process have been established for the

Markov diffusion model with switching and two modes, transient and ergodic, with intensities

bounded away from zero. This paper shows limitations on the conditions for exponential ergodicity

with a given switching system.
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1. Introduction

The problem of finding sufficient ergodicity conditions is an actual problem [5] [6], [7].Cloez and Hairer
considered in their paper [5] the exponential case. Veretennikov A. Yu. reported on the polynomial case [6].
The transient case shows us the optimality of the results obtained in the ergodic case. At the present step
in my work I assume the opposite, but stronger requirements, to the conditions introduced in the work of
Cloez and Hairer. Let’s move on to the problem statement.
On a probability space (Ω,F ,Ft,P) with an one-dimensional (Ft)-adapted Wiener process W = (Wt)t≥0 on
it, an one-dimensional SDE with switching is considered,

(1) dXt = b(Xt, Zt)dt+ dWt, t ≥ 0 , X0 = x, , Z0 = z,

where Zt - is a continuous-time Markov process on the state space S = {0, 1} with (positive) intensities
of respective transitions λ01 =: λ+, λ10 =: λ−. The process Zt is assumed to be independent of W and
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adapted to the filtration (Ft), and the switching moment are exponentially. We assume that these intensities
Z are constants. The process Xt is "transience"under the regime Zt = 1 , while under the regime Zt = 0 is
assumed positive recurrent. Denote

b(x, 0) = b−(x), b(x, 1) = b+(x),

b+ := ||b+(x)|| = sup
x
|b+(x)|, b− := ||b−(x)|| = sup

x
|b−(x)|.

2. Main results

Consider the moments of switching of the process Z:

0 ≤ inf (t ≥ 0 : Zt = 0) := T0 < T1 < ... < Tn := inf
(
t > Tn−1, Zt 6= ZTn−1

)
< . . .

The existence and pathwise uniqueness of the solution (1) follows easily from [1], or [2], or [3]. Note, that
this process is a Markov process with continuous trajectories. Thus [8], it is the Feller process, therefor this
process is the strong Markov.

Theorem 1. Let the drift bt be bounded and Borel meassurable, and let ∃r−, r+ > 0 such, that

b−(x) ≥ −r−, b+(x) ≥ r+,∀x ∈ R

and
r+

λ+
>
r−
λ−

.

Then Xt
a.s.→ ∞, t→∞. More over, ∃c′0 > 0,

lim inf
t→∞

Xt

t
> c′0, a.s.

Lemma 1. Under the assumptions of the theorem

T2n

n

a.s.→ 1

λ+
+

1

λ−
:= c2

In particular, for 0 < c0 <
1
λ+

+ 1
λ−
, ∃c1 > 0 : Eeλ(c0n−T2n) < (1− c1λ)n < 1, ∀λ� 1.

The proof of Lemma 1. Note, that

T2n = −0 + T0︸ ︷︷ ︸
∆T0

+−T0 + T1︸ ︷︷ ︸
∆T1

+−T1 + T2︸ ︷︷ ︸
∆T2

+ · · ·+−T2n−1 + T2n︸ ︷︷ ︸
∆T2n

= T0 +

2n∑
i=0

∆Ti,

Then {∆Ti + ∆Ti+1} - i.i.d., and ∀n ∈ N, E|∆Ti|n <∞, E∆Ti + ∆Ti+1 = 1
λ+ + 1

λ− > 0.
By Law of large numbers

1

n
T2n

a.s.→ 1

λ+
+

1

λ−
=: c2, n→∞,
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Consider c+ = 1
λ+

and c− = 1
λ−

.

P
(
T2n

n
− c0 < −ε1

)
= P (−T2n + c0n > nε1)

∀λ>0
= P

(
e−λT2n+c0λn > eλε1n

) Markov’s inequality
≤ e−λε1nEe−λT2n+c0λn

c0=c++c−
= e−λε1nEe−λT0e−λ(

∑n
i=1(c+−∆T2i−1)+

∑n
i=1(c−−∆T2i))

= e−λε1nEe−λT0

n∏
i=1

Eeλ(c+−∆T1)
n∏
i=1

Eeλ(c−−∆T2)

= e−λε1nEe−λT0

(
Eeλ(c+−∆T1)Eeλ(c−−∆T2)

)n
.

We have,

E exp(λ(c+ −∆T1)) =

∫ ∞
0

eλ(c+−x)λ+e
−λ+xdx =

λ+e
λc+

λ+ λ+

∫ ∞
0

(λ+ λ+)e−(λ++λ)xdx

=
λ+e

λc+

(λ+ λ+)

Taylor
= 1− (

1

λ+
− c+)λ+ o(λ)

c+= 1
λ+

= 1 + o(λ),

Eeλ(c−−∆T2) = · · · = 1− (
1

λ−
− c−)λ+ o(λ)

c−= 1
λ−

= 1 + o(λ),

Ee−λT0 = · · · = 1− 1

λ−
λ+ o(λ).

Eeλ(c0n−T2n) ≤
(

1− 1

λ−
λ+ o(λ)

)(
1− (

1

λ+
+

1

λ−
− c0)λ+ o(λ)

)n
< (1− c1λ)n,

As a result for ∀ε1 > 0, λ→ 0

Eeλ(c0n−T2n) ≤
(

1− 1

λ−
λ+ o(λ)

)(
1− (

1

λ+
+

1

λ−
− c0)λ+ o(λ)

)n
< (1− c1λ)n,

P
(
T2n

n
− c0 < −ε1

) c0= 1
λ+

+ 1
λ−

≤
(

1− 1

λ−
λ+ o(λ)

)
(1− ε1λ+ o(λ))

n
.

Let c0 = 1
λ+

+ 1
λ−
, ∀ε1 > 0 ∃λ0 := λ0(ε1, c0) : ∀λ� λ0

P
(
T2n

n
− c0 < −ε1

)
≤
(

1− 1

λ−
λ

)
(1− ε1λ)n < κn1 < 1,

Similarly, ∀ε2 > 0 ∃λ0 > 0 : ∀λ� λ0

P
(
T2n

n
− c0 > ε2

)
< κn2 < 1,

�
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Lemma 2. Under the assumptions of the theorem ∃c0 > 0,

lim inf
n→∞

XT2n

n

a.s.
≥ c0.

The proof of Lemma 2. consider the case, when Z0 = 0. The case Z0 = 1 is treated similarly.
Using Ito’s theorem, we take a > 0, whose value we will choose later.

d exp(−λXt + at) = +a exp(−λXt + at)dt− λ exp(−λXt + at)dXt +
λ2

2
exp(−λXt + at)(dXt)

2

= +a exp(−λXt + at)dt− λ exp(−λXt + at)(bdt+ dWt) +
λ2

2
exp(−λXt + at)dt.

The integral form: E := Ex,

E exp( − λ(XT2
− x) + aT2)− 1 = E

∫ T2

0

exp(−λ(Xt − x) + at)(a− λbt +
λ2

2
)dt

≤ (a− r+λ)E
∫ T1

0

exp(−λ(Xt − x) + at)dt︸ ︷︷ ︸
=:I1

+ (a+ r−λ)E
∫ T2

T1

exp(−λ(Xt −XT1) + at)dt︸ ︷︷ ︸
=:I2

.

Let t ∈ [0, T1]. Due to the uniqueness of the solution Xt is equal to

X̄t − x =

∫ t

0

b+(X̄s) ds+

∫ t

0

dWs.

Using the comparison theorem [4], with t ∈ [0, T1] we get:

X̄t = x+

∫ t

0

b+(X̄s) ds+

∫ t

0

dWs

a.s.
≥ x+

∫ t

0

r+ ds+

∫ t

0

dWs =: X̃t.

We want to get grades on E
∫ T1

0
exp(−λ(Xt − x) + at)dt, E

∫ T2

T1
exp(−λ(XT2

−XT1
) + at)dt.

Using the comparison theorem, Fubini’s theorem, the stochastic exponent and Z independent FW , we can
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get,

E
∫ T1

0

exp(−λ(Xt − x) + at)dt ≤ E
∫ T1

0

exp(−λ(X̃t − x) + at)dt

= E
∫ T1

0

exp((a− λr+)t−
∫ t

0

λdWs)dt

= E
∫ T1

0

exp((a− λr+)t) exp(−
∫ t

0

λdWs)dt

= E
∫ ∞

0

1{t < T1} exp((a+
λ2

2
− λr+)t) exp(−

∫ t

0

λdWs −
1

2

∫ t

0

λ2ds)︸ ︷︷ ︸
stoch.exp.

dt

=

∫ ∞
0

E1{t < T1} exp((a+
λ2

2
− λr+)t) exp(−

∫ t

0

λdWs −
1

2

∫ t

0

λ2ds)︸ ︷︷ ︸
stoch.exp.

dt

=

∫ ∞
0

exp((a+
λ2

2
− λr+)t)EI{t < T1} ∗ 1 dt

=

∫ ∞
0

exp((a+
λ2

2
− λr+)t) exp(−λ+t) dt

=
1

λ+ − a+ λr+ − λ2/2
.

Similarly, considering t ∈ [T1, T2]. Due to the uniqueness of the solution Xt is equal to

X̂t = XT1
+

∫ t

T1

b−(X̂s) ds+

∫ t

T1

dWs, t ≥ T1.

Using the comparison theorem [4], with t ∈ [T1, T2] we get:

X̂t = XT1
+

∫ t

T1

b−(X̂s) ds+

∫ t

T1

dWs

a.s.
≥ XT1

+

∫ t

T1

−r− ds+

∫ t

T1

dWs =: X̃t.

We’re estimating the EFT1 (
∫ T2

T1
exp(−λ(Xt−x)+at)dt := E

(∫ T2

T1
exp(−λ(Xt − x) + at)dt|XT1

= x, T1 = τ
)
:

EFT1

∫ T2

T1

exp(−λ(Xt − x) + at)dt ≤ EFT1

∫ T2

T1

exp(−λ(X̃t − x) + at)dt

= exp(aT1)EFT1

∫ T2

T1

exp(−λX̃t + a(t− T1))dt

time change
= exp(−λXT1 + aT1)EFT1

∫ T

0

exp(at+ λr−t− λW̃t)dt

similarly
= exp(−λXT1 + aT1)

1

λ− − a− λr− − λ2/2
.

Then,

E

(
EFT1

∫ T2

T1

exp(−λ(Xt − x) + at)dt

)
≤ 1

λ− − a− λr− − λ2/2

(
1 +

a− r+λ

λ+ − a+ λr+ − λ2/2

)
.

Thus,

I2 ≤
a+ r−λ

λ− − a− λr− − λ2/2

(
1 +

a− r+λ

λ+ − a+ λr+ − λ2/2

)
,
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and

I1 ≤
a− r+λ

λ+ − a+ λr+ − λ2/2
.

As a result for, for sufficiently smaller a, λ << 1 , for example, a = âλ, limn→∞ λ = 0, 0 < â <
λ−r+−λ+r−
λ++λ−

.

Exe−λXT2+aT2 ≤ 1 + I1 + I2

≤ 1 +
a− r+λ

λ+ − a+ λr+ − λ2/2︸ ︷︷ ︸
(1)

+
a+ r−λ

λ− − a− λr− − λ2/2︸ ︷︷ ︸
(2)

1 +
a− r+λ

λ+ − a+ λr+ − λ2/2︸ ︷︷ ︸
(1)


Taylor’s formula

= 1 +
[
(â− r+)λ−1

+ + (â+ r−)λ−1
− )
]︸ ︷︷ ︸

=−c2

λ+ o(λ) .

(1) =
(a− r+)λ−1

+ λ

1−
[
a−r+
λ+

+ 1
2λ+

λ
]
λ

= (a− r+)λ−1
+ λ

(
1 +

[
a− r+

λ+
+

1

2λ+
λ

]
λ+ o(λ)

)
= (a− r+)λ−1

+ λ+ o(λ).

(2) =
(a+ r−)λ−1

− λ

1−
[
a+r−
λ−

+ 1
2λ−

λ
]
λ

= (a+ r−)λ−1
− λ+ o(λ).

Note that c2 > 0 in the assumptions of the theorem, and a = âλ > 0, 0 < â < λ−r+−λ+r−
λ++λ−

.
As a result we have,

Exe−λ(XT2−x)+aT2 ≤ 1− c2λ+ o(λ).

We similarly estimate XT4
,

Exe−λ(XT4−x)+aT4 = Ee−λ(XT2−x)+aT2 × E
(
e−λ(XT4−XT2 )+a(T4−T2)|FT2

)
︸ ︷︷ ︸

≤1−c2λ

≤ (1− c2λ)2.

By induction,

Exe
−λ(XT2n−x)+aT2n ≤ (1− c2λ)n.

We obtain exponential estimates on XT2n
, n > 1

Px
(
XT2n

− x
n

− c0 < −ε
)

= Px (−(XT2n − x) + c0n > nε)

∀λ>0
= Px

(
e−λ(XT2n−x)+c0λn) > eλεn

) Markov’s inequality
≤ e−λεnE

(
e−λ(XT2n−x)+c0λn

)
.
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Using the results of the lemma 1 and the Cauchy–Schwarz inequality, we have for sufficiently large n:
0 < c0 < min( 1

λ+
+ 1

λ−
, λ−r+−λ+r−

λ++λ−
), ∀ε > 0 ∃λ := λ(ε, c0),

Px
(
XT2n

− x
n

− c0 < −ε
)

∀λ>0
≤ e−λεnE

(
e−λ(XT2n−x)+c0λn

)
Cauchy–Schwarz inequality

≤ e−λεn
(
Ee−2λ(XT2n−x)+2c0λT2nEe2λ(c0n−T2n)

)1/2

≤ (1− ε1λ+ o(λ))n ((1− c2λ+ o(λ))n(1− c1λ+ o(λ))n)
1
2

c:=min(c1,c2)

≤ (1− cλ)n < 1.

For sufficiently smaller 0 < λ� 1, λ := λ(ε),

∞∑
n=1

Px (−(XT2n
− x) + nc0 > nε) <∞.

Then from the resulting inequality using the Borel-Cantelli lemma follows, that

Px(−(XT2n
− x) + nc0 ≤ εn endlessly) = 0.

Thus, ∀ε > 0 for a.s. ω, ∃N0 = N0(ω):

XT2n − x ≥ nc0 − εn ∀n ≥ N0,

or

lim inf
n→∞

XT2n

n

a.s.
≥ c0.

Similarly, the case when Z0 = 1 is onsidered..
Result: lim infn→∞

XT2n
n

a.s.
≥ c0. �

The proof of the theorem 1. Consider the moments of switching:

n(t) := inf{s ≥ t : ∃n : s = T2n},

n(t) := inf{s ≥ t : ∃n : s = T2n+1},

n(t) := sup{s ≤ t : ∃n : s = T2n}.

Consider

Xt = Xn(t) + (Xt −Xn(t)).

By the lemma 1 and 2 we get,

lim inf
t→∞

Xn(t)

t
= lim inf

t→∞

Xn(t)

n(t)

n(t)

t

a.s.
≥ c1 > 0
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We want to obtain the Xt −Xn(t).

Xt −Xn(t)

t
=

t∫
n(t)

b(Xs, Zs) ds+
t∫

n(t)

dWs

t

a.s.
=

n(t)∧t∫
n(t)

b(Xs, Zs) ds+
t∫

n(t)∧t
b(Xs, Zs) ds+

t∫
n(t)

dWs

t
a.s.
≥

(n(t) ∧ t− n(t))r+ − (t− n(t) ∧ t)r− +Wt −Wn(t)

t

=
(r+ + r−)n(t) ∧ t− n(t)r+ − tr− +Wt −Wn(t)

t
.

Using the Law of the iterated logarithm, note that

lim inf
t→∞

(r+ + r−)
n(t) ∧ t

t

a.s.
≥ (r+ + r−) lim inf

t→∞

n(t)

t
a.s.
≥ (r+ + r−) lim inf

t→∞

n(t)

n(t)

a.s.
≥ (r+ + r−)

lim inf
t→∞

n(t)r+

t

a.s.
≤ lim inf

t→∞

tr+

t

a.s.
≤ r+,

lim inf
t→∞

tr−
t

= r−,

lim inf
t→∞

Wt −Wn(t)

t

a.s.
= 0.

In result,

lim inf
t→∞

Xt −Xn(t)

t

a.s.
≥ 0

�
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