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NCCIIEJOBAHNE XAPAKTEPNCTUK ITPOLIEYPHI
KYMVJIATNBHBIX CYMM B 3AJIAYE
CKOPEUNIITEI'O OBHAPYZ2KEHU A PA3JIAIKN

B.M. JlotoB"™ , A.C. Tapacenko

IIpedcmasaerno B.M1. BAXTEJIEM

Abstract: We study properties of the CUSUM procedure in a
change point problem. This procedure proposes an algorithm for
the fastest detecting change in the distribution of observations. We
obtain estimates in the form of inequalities for the average delay
time in reacting to a change in distribution and for the average
time to a false alarm.

Keywords: random walk with delay at origin, CUSUM procedure,
change point problem, probabilistic inequalities.

1 Bseaeune. IlocranoBKa 3aa4uy u OpeaBapuTeIbHbBIE
cBeIeHus

Ilycrs X, X1, Xo, ... — moC/Ie1OBATEILHOCTH HE3ABUCUMBIX OJMHAKOBO PaC-
OPEIEIEHHBIX CIYYaliHbIX BEJIUYUH, OIPEIC/TEHHBIX HA OJHOM BEPOSATHOCT-
HOM IIPOCTPAHCTBE,

Sn=_ Xp, n=1 S=0. (1)
k=1
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IIycrs Takxke
W1 = max{0, W, + X1}, n >0, Wo = 0. (2)

UssecrHo (cm., naupumep, (6, §72, semma 1]), 9410 911UM COOTHOLIECHUSIM
VIOBJIETBOPSET MMOCIEI0BATENbHOCTL W,y = Sy, — Yy, TIE

Yn = min{0,S1, Sa, ..., Sp}.

st npowsposibHOTO uncsaa b > 0 BBeaéM caydaiinyio enuauny 1, paBHYIO
MOMEHTY TEpPBOrO TOCTHXKEHUs mocjaeaoBarebuoctbio {Wy,, n > 1} ypos-
He b:

T=T(b)=inf{n >1: W, > b}. (3)

TTosaraem T' = oo, eciu W, < b npu Bcex n.

ITess paboThl COCTOUT B TOYYEHUN ABYCTOPOHHUX HEpaBeHCTB g KT

IMocreoBaTENBHOCTE CAYUANHBIX BenanH (2) BOSHUKAET B Psijie TPUIO-
xeruit. Cpein HUX BBIJETUM KJIACCUIECKUI TTOCTeI0BATEILHBIN METO, CKO-
peiitiero obHapyKeHUsT Pa3JIaIKN, U3BECTHBIN KaK MPOIEaypa KYMYJIATHB-
ubix cymm (CUSUM procedure). Ocranosumcst Ha HeM 6osiee nogpoBHO.

ITpeamonoykmmM, 9T0 TOCTETOBATEILHO OHO 38 IPYTUM TPOU3BOISITCS HE3a-
BUCHMBIE HADIIO7eHus Y, Ya, ..., IpUYeM 70 HEKOTOPOT'O MOMEHTA BPEMEHU
m OHU UMEIOT ObIYI0 (DYHKITHUIO pacipenenerus F1, a ¢ MOMEHTa M Pacipe-
nenenune HabsomeHnit mensercs ua Fy. Ilpenmonaraercs, aro obe dbynkimm
F1 u F5 n3BecTHbl. MOMEHT M TIPUHSTO HA3BIBATH MOMEHTOM PAa3/Ia KU, 1 OH
HEW3BECTEH. 332498 COCTOUT B TOM, UTODBI 110 TOCIEI0BATEIbHBIM HAO/IH0-
JEHUAM MAKCHUMAJIbHO ObICTPO OOHAPYKUTH HAJAMYUE PA3IIKHU, €CJAU OHA
npounzoria. s aTrux 1eseil crponTcsi BCIOMOraTe/bHOE CIydaiinoe OJryx-
maane {Sp, n > 1}, B KOTOPOM TOJIAraeTcst

fi(Ys)
3necy fi u fo — miorHOoCTH pacupeienennit Iy u Fy cOOTBETCTBEHHO OT-
HOCUTEJBbHO HeKoTopoit Mephl u. Ilpeanonaraercs, uro F1 u Fy abcotoTHO
HEIIPEPBIBHBI OTHOCUTEJILHO JIPYT Jpyra. DTo obecrieyuBaeT, B 9aCTHOCTH,
KOHEYIHOCTDb CAyYIaiiHbIX BeanauH X1, Xo,. . ..
Jlo pasnanku ciaydaiinoe OJyXKIaHWE WUMEET OTPUIATENHHDBIN CHOC, 9TO
cJIeIyeT U3 OUEBMIHOTO HEPABEHCTRA

EXn:/logﬁfld,u,:/logG—i-ﬁ— >f1du</<ﬁ—1)f1du:0.

AHAIOTHYHO TIOKA3BIBAETCS, UTO CHOC OJIYKIAHUST CTAHOBUTCS TOJIOKATE b
HBIM HaIMHAs ¢ MOMEHTA PA3/IaIKH.

Hamnwbrit acdbdekT nucmoapsyercs nast obapyxkenus pasinaaxu. E. Page [1]
[PEIOZKILIT AJITOPUTM, KOTOPHBIH TTOJTY 91T HA3BAHKE [TPOTIETY DBl KYMY/ISTHB-
HBIX cyMM. OH cocTouT B caeayomeM. Perrerne o ToM, 9T0 passiagka uMera
MeCTO, IPUHIMAETCS B TOT MOMEHT BpeMeHH 1, KOT/[a TPAeKTOPHsl BBETEHHO-
ro B (4) caywaiinoro 6mayxKarus { Sy } moce JOCTHKEHUS CBOETO MHHIMYMa
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OpOoABUHETCs BBEPX Ha 3HAYUTEC/IbHYIO BCJIUYUHY. Boiee TOYHO,

= = mi >1: — i >
T=T(0b)=min{n>1: 5, Og}glgnSk_b}

npu monxomgiieM Boibope uucaa b > 0. Ilockonbky aBuKeHme TPAGKTOPUU
BHM3 HAC HE JOJOKHO OECIOKOWTH, TO KAXKJbIH pa3 Ha n-M mare S, cpas-
HUBAETCSA C YK€ JOCTUTHYTHIM MUHAMYMOM TPAEKTOPHUH. JTO IKBUBAJIEHTHO
TOMY, 9TO KaK/IbIl Pa3 MpH JOCTHKEHNA MUHUMYMAa TPAEKTOPUN HAYAJIO KO-
OP/IMHAT TEPEMEIIAETCH B 9Ty y2KE JIOCTUTHYTYI0 TOYKY MUHHMYMa, U OTHO-
CUTENBFHO HEE OTCJIEIKMBAETCS JIBMKEHNE BBEPX. Kak yKe 0TMe4aJI0Ch BhIIIE,
MoMeHT T’ MOXKHO 33/]aBaTh B 9KBUBAeHTHOH nocranoske (2)—(3). Yucso b
CIeTyeT BBIOMPATh TAKWM, YTOOBI B CAyYae OTCYTCTBUS PA3MAJKNA BEJUUN-
Ha ET (cpennee Bpemst 10 0ObsIBICHNUST JIOYKHON TPEBOTH) OBLIA TOCTATOTHO
OOIBITION, & TIPU HATUYWY Pa3JIa Ky CPETHEe BpeMs 3aepyKKHU ¢ 00bIBICHN-
eM TpeBOrH (10 TOBOJTY BO3HUKIIEH PA3/IaIKu) T0JKHO OBITH MasbiM. [Toses-
HO TaKKe PacCMATPUBATH U JPYTHE XapaKTepPUCTHKN 3TOTO ajroputMa. Tem
CAMBIM MBI TIPAXOIAM K HEOOXOAMMOCTH N3YIaTh XapaKTEPUCTHKN PacIpeie-
JIEHUS MOMEHTa, TIEPBOTO JIOCTUKEHUST YPOBHST b TPAeKTOPUAME CIIyIafiHOro
OIYKIAHUS ¢ 33TePKKOI B HyJIE.

CretyeT 0OTMETHTD, 9TO B TIEJOM METO/IBI CKOpeiTiero o6Hapy KeHus pas-
JTAJIKT aHATH3UPOBAINCEH B OOIBIIIOM KOJIUIECTBE PAbOT, OTMETHM CPETH HUX
crarbu [2|-[4], monorpadun [5], [6], cM. TakKe IUTUPOBAHHYIO JTHTEPATYDY
B 9THUX MOHOrpadugx.

Hamee Be3ne paccMaTpuBaeM CIydaiiHoe OJIyKIamHue OOIero BUIa, BBE-
nennoe B (1).

N3BecTHO, 9TO HAXOXKIEHWE ABHBIX BHIPAYKEHWI I PACTIPEIETIeHnil pas-
HOTO COPTa IPAHUYHBIX (DYHKIIMOHAJIOB [T CJIy9aifHbIX Oy K JaHwni TOCTyTI-
HO TOJIHKO B HEKOTOPHIX YACTHBIX CUTyannmsax. 1O JKe CaMOe OTHOCHTCA M K
nzyuennio pacnpenesenns T n ET. Tlo 3Toii npuynie akneHT B NCCIEI0BA-
HUAX OOBIYHO TIEPEMENIAETCA Ha, TOCTPOEHNE ATTPOKCUMAITMOHHABIX (DOPMYT,
W, B 9aCTHOCTHU, HA M3YyYEHUE ACHMIITOTHKN W3y9IaeMbIX BEJUYNH B TEX CJIy-
9agx, Korja acuMOTOTHYeCKUil aHain3 Bo3MoxkeH. B |7] npusegensr acumi-
ToTHYecKue pasaoxkenns: mas ET npm b — oo, crpaBeinBbie TIPH BHITOJ-
venuu yciaoBug Kpamépa ma pacupenesnenne X. Psg acuMITOTHYECKUX Pe-
syabTaros aasa ET npu paccMoTpeHrn mporeypbl KYMYJSTHBHBIX CYMM B
3aJ1ade 0 passajike noJydeH B [8]. Becbma jgerasnbHbIil aHaIM3 acuMITOTHYE-
CKUX CBOWCTB 9TOil npoueaypsl cojgepkur monorpadus [6]. fcro, uro mto-
ObIe ACMMITOTUYIECKUE PE3YJIbTATHI HEM30EKHO COAEPIKAT OCTATOUYHBIE dJIe-
Hbl. OOBIYHO YKA3BLIBAETCHA IIOPSIOK YOBIBAHMA 3THX OCTATOYHBIX YJIEHOB,
OJTHAKO OTEHKA WX PEAJHHON BENUYIUHEI TpeOyeT JOMOMHATETEHBIX PACCMOT-
peHuii.

B ¢Bst3u ¢ 3THM €CTECTBEHHBIM JOTOJHEHAEM K UMEIOITHMCS ACHMITTOTHIE-
CKUM pe3YyIbTATAM SIBJISIETCST HaXoXKIeHne HepaseHcTs mia ET B camom 06-
[eM CJIydae TPy pas3andHbix orpanndennax na EX. [lomydenmbie pesyabTa-
THI TO3BOJIAT XapaKTepru30BaTh CBOUCTBA MPONEAYPHl KYMYISITHBHBIX CyMM
B 33/1a4€e O pas3aajIKke.
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OcHoBHble pesysibrarsl 0 Hepasencrax st BT conepkarcs B reopemax 1,
4,51 7. Yreepxienus reopem 2, 3 u 6 B3sirbl u3 [9] u [10], ux dopmynuposku
IPUBOJISTCS 371€Ch U1 OOIEeTeHIsT ITCHUS.

st BBeterHoi#t B (1) moce10BaTeIBHOCTH CAYIAiHBIX BenanH {.S), } mo-
JIOZKUM

N=N(b)=inf{n>1: S5, ¢[0,b)}.
NsgecrHo (cm. [1, dopmyna (9)]), uro

EN
ET:7P(SNZZ)). (5)

Takum obpazom, muga onenwBanus ET oTAe bHO HYXKHO MOJYyYIATH HEPa-
sercrsa st EN u P(Sy > b).

Jlajiee BOCIIOJIb3yeMCs CAEAYIONMM coobpakennem. FKcan Tpaekropus
01y KIaHUS BIEPBBIE BHIXOIUT U3 TIOJIOCH CKAYKOM, ITPEBBIMITAIONIAM 110 Pa3-
Mepy LIMPHUHY [10JIOChl, TO YK€ HE BarKHO, HACKOJIbKO BEJIMKO 3TO IIPEBbI-
merue. [IpuBegentuast HIKe JeMMa sBIgeTCs (hOpMaTH3anueil 3Toro coob-
paXKeHusi: OHA TMOKa3biBaeT, uTo Beguunua KT He m3MeHUTCS, €Cau BMe-
cro {S,} paccMarpuBaThk ciaydaiiHoe GJIyKIaHWE, TOCTPOEHHOE MO CPe3KaM
S, =X{+---+ X, e

X! = Xil;_¢cXi<ery — Cll{x,<—cr} + 2l X500}

Opu TPOU3BOMBHBIX ¢; > b, ¢ = 1,2. B manbreiiem 3HAYEHUST 9TUX KOH-

cranT 6yayT BRIOUpATHCs TakuMu, 9T00b! npu nepexoze or {S,} x {S,} He

MEHSIICS 3HAK MATEMATHIECKOTO OKUAAHWSA CKATKOB OJTy K TAHWI.
TTonoxum

S,=0, N=inf{n>1: S5, ¢[0,0)},

T'=T'(b) =min{n >1: S, — min S; > b}.
() =minfn > 1: S}~ min 5|2 )
Jlemma 1. (cMm. takzke nemmy 1 8 [10]). C sepoamrocmvio edurnuya N = N,
a maxoce P(Sy > b) = P(Sy, > b).

Pazymeerca, coBnamaioTr TakKe BepOATHOCTH
P(Sy <0)=1-P(Sy >b)=1—-P(Sy, >b) =P(Sy <0).

JokazaTeabcTBO jieMMbI. /lo momernTa N pazMepbl CKAUKOB CIy9ailHO-
ro 6uiyxaanus {Sy,} He BeIxXOAAT 3a npegens: uarepsasa [0, b), 3HAUMT Tpa-
exropun {Sp} u {5/} couanaror no momenta N. Ilycrb N =m u S, > b.
Torma, ouesuno, X, > 0. Ecam npu stom X, < ¢, T0 X, = X;, 3HAUHUT
Spm =S/, > bu N = N. Ecim okazanock, 910 Sy, > b u X, > c2, TO
u S/ > b, 10 ectb u B 3TOM cayuae N = N. [IpeamosioxkumM Tenepb, 9To
N =mmnu$,, <0.Ecin okazanocs mpu 3ToM, 910 X, > —C1, TO B 9TOM CJIy-
gae onstb X, = X, u tpaekropun {S),} u {S,} copnamatror 1o Mmomenra N
BRJIIOUnTEIbHO. Ecn ke X, < —¢p, 10, oueBugno, S, <0u N' =m = N.
JlemMMa JOKazaHa.
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Takum 06pazom, ans serauciaenus ET wapsay ¢ dopmysoit (5) MoxKHO
[0JIb30BATHCH (POPMYJIOi

ET EN EN’
P(Sy=b) P(Sy =)
u Jasiee paboTaTh CO CIyIaiHbIM OUTy 2K TaHIEeM, TOCTPOEHHBIM 10 BBEJIEHHBIM
B JleMMe 1 cpe3KaM IIpH MOAXOANINX 3HAMEHUIX €] U C2.
Yro6pl n36€KaTh AOMOJHATEILHBIX 00O3HAUEHHUH, Be3de B JajbHeHInemM
OyzeM cpasy HpeIosaraThb, IT0 yyKe IPOU30IIes ePexo/] K CPe3KaM U I
BBesleHHOTO B (1) coywaitnoro 6myzkaanus {Sy,} BeIIONHSETCH TpeboBaHME

S():O, SnIXl—F"-—}—Xn, P(XZ' S [—Cl,CQ]) =1. (6)

3mecs ¢j > b, j = 1,2, u 3aMeTuM TakKKe, 9TO OECKOHEUHBIC 3HAYCHHS [T
¢;j He NCKJIH0YAI0TCA.

2 Bycroponnmue oreHKn ajia ET mpu mosoKuTerbHOM
CHOCe

Bennunna 3aepkky ¢ pearnpoBaHreM HA HAJIWYIHE PABIALKHU TOTHOCTHIO
OTIPEIEJISIETCST TOH 9aCThI0 TPAGKTOPUH, /T KOTOPOH MOMEHT PA3IAIKU SB-
JgeTcd CTapTOBO# Toukoi. Kak yxke 0TMeYaoch, HAMWHAS C MOMEHTa, Pa3-
JAJIKA CKAYKW CAYYIANHOTO OYKIAHUS WMEIOT MOJ0KATEILHOe MATEeMaTH-
geckoe oxkujlanue. B cBazm ¢ srum OyJiem muckarh oreHky csepxy jus ET
npezmosaras ¢ camoro Hagasa, uro EX > 0. Yem menbime 3agep:kka, TeM
JIydIrre.

Huxxe npusenensr HeCKOBKO Bepcuil Takux onenok. [Ipocreiimas u3 aux
BBITVIAIUT CAeAyomumM obpazom. Obo3zHadnm

N+ =min{n >1: S, > b}, X+ =Sy, — b
Teopema 1. ITycms a = EX > 0, mozda
b  Exy

ET < -+ . (7)
a a

HoxkazareabcTBo. B cuny toro, uro Wy, > S, mpu xaxjgom n > 1, umeer
mecro HepasencTBo 1" < 1y, u B cuny Toxkjecrsa Banpja

aET < aEny =ES,, =b+Ex;.

st orienku Ey 4 manee MoxkHO mpuMeHHUTh HepaBeHCTBO Jlopena [11]

E(Xt 2

By, < BA)°
Omuenka (7) mpocra, 0JHAKO €e TOYHOCTH HE BCETJa YIOBJIETBOPUTEIbHA.

Ilosicaum, 9T0 UMeeTCst B BUJY.

WzBecTHO, 9TO B 33/1a4aX C IBYMS FPAHUIIAME JJIs CIYYalHBIX OJ1Y K TaHuit
0CcoOYI0 TPYAHOCTH HPEICTABJAET yUYET BIUSHUS HA PE3YJILTAT ITEPECKOKOB
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gepes rpanunpl. Jns cayvaiinoro 6iyxkaanus {S,} ux aBa: Nepeckok depes
BEPXHIOK 'PAHUILY U 9€PE3 HUXKHIOK. 331491 CYIIECTBEHHO YIIPOIIATC, €C-
JI TIEPECKOKHU OTCYTCTBYIOT WU MMEIOT SKCITOHEHITHAIBHOE pacipeie/ieHue.
IIpenebpexenne 3¢hderkTOM MEpEeCcKOKa 0OBLIYHO BEIET K IMOTEPE TOUYHOCTH B
TeX WJIU WHBIX 337a9aX.

IIpu GosibImux 3HAUEHUSIX CHOCA OyKmanus Tpaektopus {S,} GbicTpo
YXOJIUT BBEPX, PACXOXKIeHNE MeK Ty T ¥ 14 HEBEJUKO U OneHKa (7) sBJseT-
s TIO3TOMY JIOCTATOYHO TOYHOU B 9TOM cjay4ae. B To ke BpeMsi cooTHOIIIEHNE
(5) mokaswiBaet, uro 3HadeHre ET' 3aBucuT o 060MX MEPECKOKOB CJIyIaiiHOTO
6ayxkmanus {S,} npu Beixoae u3 waTepBasa [0,b). Ilpn nocrpoernn onenku
(7) HE IPUHUMAIOTCS BO BHUMAaHWE MHOTOKpATHBIE YXOIBI TpaekTopun {.Sy, }
BHU3 TIOCJIE JIOCTHZKEHUST CBOEN0 MUHUMYMa, a TepecKok Tpaekropuu {W,}
gepe3 ypOBEHb b MarKOPUPYETCsi ePecKOKoM {.S,} B OlHOTpaHWYHON 3a/1a-
Y€, KOTOPBI UHTEIPUPYETCs 110 BCEM BOOOIIE TPAEKTOPHUAM, & HE TOJBKO 110
TeM, KOTOPbIE COOTBETCTBYIOT BBIXOJY U3 IIOJIOCHI Y€pPE3 BEPXHIOI I'DAHUILY.
Ecsn xe 3nauenune cHoca OJIy»KJJaHUsi HEBEJIMKO, TO CJIEIYET OXKUJATH, YTO
addexrT BO3MOKHOrO BhIXOHA TpaekTopun {S,} Yepes HUKHIOI TPaHWILY
TaKXKe UMeeT CYIIECTBEHHOEC BJINAHUE HA PE3YJIHTAT. B CB4A3U C 9TUM IIOABJIE-
HUE B JAHHON PaboTe MOCAeAYIoNux TeopeM 4—5 MPOAMKTOBAHO YKEIAHUEM
yUIeCcTh BIUIHUE 0D0OUX MEePECKOKOB.

B cuny dhopmyner (5) ansg onermBanus ET cBepxy J0CTATOYHO OIEHUTH
cumzy P(Sy > b) u onenurs ceepxy EN.

Haunem ¢ P(Sy > b). Ham 6Gyzuer ya06HO nepeiitn K JONOIHUTENLHOMN
BEPOATHOCTH

P(SN < 0) =1- P(SN > b),
KOTOpYI0 OyIeM oleHuBaTh cBepxy. Kpome Toro, B majbHeiiiiem OYIyT uc-
[OJIb30BAaThCs M3BECTHBIE 13 9] OINEHKN CBEpXy W CHU3Y [IJIsl aHAJOTHYIHOM
BEPOATHOCTH, TOJIYIEHHBIE I OJIVKIAHWI ¢ OTPHUIATETbHBIM CHOCOM. B
CBSI3U C 9TUM BBEJIEM CJIyUaiiHble BEJMINHBI

X=-X, Xi=-X;,i>1, S,=-5,.
Temneps BoITIOTHSIETCST EX; = —EX; <0, u nycTh, Kak u pamee,
N=inf{n>1: 5, ¢ (—b,0]}.
sleno, uro N = N u P(Sy < 0) = P(§1\7 > (). ObozraIM

S =supS, = — inf S, P(S > z)=P(inf S, < —z) = Q(z), z>0.
n>0 n>0 n>0
Bmecs p:=Q(0) =1—P(inf,>0 5, =0) < 1.

B [9, Teopembr 1, 2| mosy94eHBl ONEHKEW CHU3Y W CBEPXY JJIsST BEPOSITHO-
CTH BBIXOJa CJYYaiiHOro OJy:KIaHWS C OTPUIATEJILHBIM CHOCOM M3 HHTEp-
Basma (—a,b) depes ero BepxHiow rpanuiy, rae a > 0, b > 0. Ananusu-
Py I0Ka3aTeNbCTBA, HETPYIHO OGHAPYKUTh, UTO YTBEPKJIEHUST STHX TEOPEM
OCTAIOTCST CIIPABEJIMBBIME, €CJIH BMECTO WHTepBasa (—a,b) paccMarpuBaTh
(=b,0], b > 0, n WCIIONB30BATH 3HAK CTPOTOTO HEPABEHCTBA B OIPEICTCHUN
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dyuriyuu Q(z). Hopnpasiennsie rakum obpaszom Teopems 1 u 2 u3 [9] garor
B HAIIEM C/Iydae CIC/IyIONue Pe3yIibTarhl.
Tak kak EX < 0, 10

s p—Q(b)
P(Ss>0)>—F+=.
Bx = 9= 10
Ecim npu ¢a = o0 JAOMOTHUTETHHO m0oTpe6oBath, arobbr E(X )2 < oo u
dyurima Q(x) aBasinack BbITYKIOH BHU3 1pu = > 0, TO
~ p— Qb+ d) E(XT)?
PSs>0)<——F7F—= d:=——-"—
Sy >0 =50 va) EX

rae X1 = max{X,0}.
Tepedopmymmpyem 3TH pe3yIbTaThl TPUMEHUTEIHHO K TTOCJIE0BATETHHO-

cru {Sy,}.

Teopema 2. [Tycmv svinoaneno yeaosue (6) npu wexomopwuz ¢ > b, co > b,
uEX > 0. Tozda
~ 1—p
PSy>b0)=1-P(Sz>0) <B(b) = ——. 8
Ecau donoarnumenvro BE(XT)? < oo u dynxyus Q(x) asasemea svinyxaol
enu3 npu r > 0, mo

l—p

P(Sy >b) > alb) i = ————. 9
(Sw20) 2 al)i= =ity )
Urak, onenkn masg P(Sy > b), moaydennste B (8) n (9), BRIpaxkKaroTcs
B TepyvuHax byskmun Q(z) = P(sup,>o(—S.) > ). Kak nssectno, ss-
Hble (DOPMYJIBI /I PACOPEIEIEHAS CYIPEMyMa TPAEKTOPUH JOCTYIIHBI 1A~
JIEKO He Bcerga. B To ke BpeMd, eCm JOIOJIHUTENLHO TIPEIIOI0KUTE, ITO
OpHh ¢; = OO JIEBBIM XBOCT pacIpeleseHud CaydaiiHoll BeJuIwHBI X YI0-
Braersopsier ycaosuto Kpamépa, to dbyuxius (Q(r) OKasblBaeTCs 3a:KarToi
MEXKY ABYMs SKCIIOHEHTAMHU U3BECTHOrO Bua. JleiicTBATEBHO, 0603HATIM

P(A) = Eer=X) u npeanonoxum, aro
Y(Ay) < oo mas mekoroporo Ay >0,  (Ay) > 1. (10)
@yuknus ¢ seinykaa saus, ' (0) < 0 u ¢(u) = 1 mag wekoroporo p > 0.

Ouesnzno, ycaopue (10) TakyKe BBIMOJIHEHO, €CJIU B YCJIOBHAX TEOPEMBI 2
nMeer MecTo ¢; < 00. IlosoxKum

s7h= sup E(e MXH)| X < —p),
0<t<c
rae ¢ = inf{t > 0: P(—X <t)=1}. Herpyaso nokazars, aro s < 1. Torma
(cm. [13, Teopema 15.3.5])
se”H < Qx) <e M x>0. (11)

Takum 06pa3oM, MBI MOXKEM 3aMEHUTH 3HaUeHHsT PYHKIUU () B dopMmy-
1ax (8)-(9) Ha COOTBETCTBYIONIHE SKCIIOHEHIHAIbHBIE OleHKH u3 (11), mo-
JIYYUB TpU 9TOM 6oJiee HATVISAHBIE, HO HECKOMBKO MEHee TOUHBIE OTEHKH
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anst P(Sy > b). B arom cayuae ycnosue Boiykaoctu dbyHkiun () B Teope-
me 2 yxke He norpedyercs. JleficrurenbHo, yreepxaenue (9) ocHOBAHO Ha
TeopeMe 2 u3 [9], 70KA3ATEILCTBO KOTOPOH MOYKHO TIEPENNCATH, 3AMEHUB B
dopmynax (2) u (3) sroro mokazarenbcTBa 3HAUEHUST DYHKITUN () HA TPEJIIIO-
JKEHHBIE SKCIIOHEeHnAIbHbIE OrleHKY (11). DKCmoHeHTs yKe 061a1a10T CBOM-
CTBaMU BBILYKJIOCTH ¥ JOTYCKAIOT JajbHeIIee UCI0Ib30BaHNe HEPABEHCTBA
Vencena, 970 U MPOMCXOIMIO IPH J0Ka3aTeIbCTBe TeopeMsl 2 B [9].
Tem caMbIM IIPUXOAUM K CJEIYIOMEMY YTBEPKICHUIO.

Teopema 3. Ilycmb swnoaneno ycaosue (6) u donoAHUMEADHO SHNOAHEHO

yeaosue (10) npu ¢1 = 00, aubo yeaosue ¢; < 00. IIpednoaooicum maxkorce,
wmo E(X1)? < co u EX > 0. Tozda

1—p 1—p E(X1)?

> < = e S
o)z e PO ST w47 Ty

Saiimemcd Temeps orennBanreM cBepxy Beamauabl EN. [lycts 7 — Besn-

YMHA [ePecKOKa TPaeKTopuu ciaydvaiinoro Guyxaanus {Sy,} depes rpanuiy
HIOJIOCEI, TO €CTh

(12)

SN, eciun Sy <0,

Sy — b, ecm Sy > b.
O6ozuaunm a = EX u Bocnosib3yemcst ToxtectsoM Bajibia:
ESy=aEN =E(7; SN <0)+E((b+7; Sy > b)
=—E(|7[; Sy <0) +bP(Sy > ) + E(7; Sxy > b),

TO eCTb

~ aEN _b+E(T; Sy >b) E(|r]; Sy <0) (13)
 P(Sy>b) P(Sy >b) P(Sy >b)

st Toro, arober otiernts cBepxy E (75 Sy > b), Bocmoab3yeMcsi BBEICH-
HBIME BBITTE 0603HATEHHIMHI

Ny =min{n >1: S, > b}, X+ = Sy, — b,

aET

U 3aIuIeM
E(7; Sy 2b) = E(x4; Sv 2 b) = Exy [ysy>0-
Hanee npumenum nepasercrso Lenbaepa: mpu jitobom § > 0
E (r; Sy > b) < (Ex1H0)YUH (P(sy > 1)),

Bribopom Masioro unciia § MOXKHO NPpUOIU3UTE K €INHATIE TTOKA3ATE/b CTere-
6/(1496)

HU Y X4, & TakxKe Tpubjin3uTh K eJUHUIE MHOYKUTEJb (P(S N > b)) .

s onenkn Ex}ﬁ‘s npuMeHnM HepaBeHCTBO Jlopsena [11], koTopoe B Harem

ciyaae yreepxaaer cienyomee. Ecrn E(X1)219 < oo, To parOMepHO 110
b>0 +\246

3+ E(X

2456 EX
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Takum obpazom,

E(r; Sy > b) l 1/(1+9)
P(SNNz = <P(SN > b)) ' (14)

Hyxnubre sam orenkn causy maa P(Sy > b) comepxkarcs B (9) u (12) mpn
COOTBETCTBYIOIINX YCIOBHSIX.

3amMeTnM, 9To eCan ¢3 < 00 B yCa0BHA (6), TO MEPECKOK Uepe3 BEPXHIOH
TPAHUILY OTPAHNYEH THUCJIOM Cg, UTO JIAET IPOCTYIO, HO MEHEE TOTHYTO OIEHKY

E(r; Sy > b)
W S Co. (15)

Jnst onennBanust nocjaeHero caaraemoro B (13) gocraTodHo 1OayYHTH
onenky camsy mist E (|7); Sy < 0) u BOCIOIB30BaTHCS yKe MOy YeHHBIMU B
(8) u (12) ouenkamu cepxy s P(Sy > b).

st onenmsanns causy E (|7]; Sy < 0), kak u B [9], BBegem cobbrrust

Alz{X1<0}, A2:{0§X1<b,X1+X2<0},....

Jlerko BHUETD, 9TO
oo
{SN < 0} = U A;.
i=1

Taxum obpazom, mpu 100X 1 > 1,

E(I7); Sy <0) =Y E(|7); 4;) > m(n) == > E(lr;4;).  (16)

i=1 i=1

B gactmocTn,

mn—/“mmxe@,

(70070)

mwzmm+/ /|ﬂ%+&emmmemx
[0,b) (—0,0)

u tak ganee. Yem Gosbie 9mcao n, rem TodHee Oyger onenka causdy (16).
Bamernm, 94TO 715l BHILIOJIHEHHsI cOOTHOIIeHNsI (16) He Tpefyercs HUKaKux
JIOTIOJTHUTEIbHBIX YCJIOBHIA.
Ncnonbays nonydennsie onerku (14) u (16) B npencrasiennn (13), mas
J060ro m > 1 NpUXOAMM K CJIe/IYIOIEMY [PeJABAPUTETHFHOMY HEPABEHCTBY:
ecn B(XT)*H < o0, 10

! 1/(1+6) m(n)
aET < b+ (P(Ssz)> NIl (17)

[Ipnanmas Bo BarManwue (8) u (9), momydaem u3 (17) OleHKY CBEPXY I
ET. ChopmyaupyeM 3TOT pe3yJibTar.
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Teopema 4. ITycmo svinoaneno ycaosue (6),
a =EX >0 uEXT)2 < co. Toeda dan mobozo n > 1 umeem mecmo
OUEHKA

/(1+6)
) (19

BT =0 (a(b) B(b)

Beauwunoe a(b) u B(b) onpedeaenv coomeememsenno 6 (8) u (9), snauenus
m(n) onpedesenwvs 6 (16). Hepasencmeo (18) coxpanumecs, ecau samenumo
a(b) u B(b) uzr oyenkamu 6 coomsememeuu ¢ (12) npu evnosneruy yciosud
meopemot 3.

Sameuanme 1. B omenkax (11) maa pacupemenenust cympemyma Tpa-
E€KTOPUHU OIPEJIEJISAIONIYI0 POJIb UIPAET MapaMerp [i IPU BBIMOJTHEHUN OJI-
HOCTOpOHHEro ycaosus Kpamépa Ha pacrpesiesieHne CKAdIKOB CIy9aifHoOTO
Onyxaanus. Eciau xe yecaosue Kpamépa He BBIIOJIHAETCS, TO B 9TOM CIydae
TeopeMa 3 mpeiIaraer MCIOIb30BaTh CPE3KY pacipesesnenus X Ha yPOBHE
—c1 > —o0. Pazymeercst, ipu sToM yuacteytommue B (11) wncia p u s cramo-
BATCA 3aBUCUMBIMHM OT €1 > b, M 9Ta 3aBUCUMOCTDL BJWSET Ha KOHEUHBIH
pesynbrar. Ormernm, uro B [10] mpoBeeHO WCCIeTOBAHNE ACHMITOTHYE-
CKUX CBOMCTB 3aBUCHMOCTH BEJWUWUH (L U § OT HEOTPAHHUIEHHO Y/AJSIOIIE-
rocd ypoBHs cpe3ku. B KoHile gaHHO# paboThl 60siee mOIpOOHO OTPAKEHBI
9TH ACUMOTOTHIECKUE PE3YIBTATHI B AHAJOTHIHON CHTYAIIMH, KOTJA CPE3Ka,
OCYTIIECTBIISIETCS HA YPOBHE o = b — 00.

3ameuanme 2. Vcnonn3osamne HepaBeHCTB JlopaeHa JIId ONMEHABAHIST
MOMEHTOB BEJTHIMHBI TIEPECKOKA Y 4+ MOXKET TTPUBOIUTD K 3aBLITIEHHBIM OIIEH-
kam 11 ET, ecoin coydafinag pesmanaa X T ¢ 60JIbIN0 BEPOATHOCTHIO IPU-
HAMAET 3HAYEHUST B YAATCHHOM MHOXKECTBE, IT0 HEM3DEKHO BIeUeT OOIBIITIe
3Hauenus u ji1a MoMenTos X 7. B seMMe 1 moKazaHo, 9TO CKaYKU CIydaifHoO-
ro OJIyKIaHUsA, pa3Mep KOTOPBIX MPEBBIIIAeT MUPUHY [T0JTOCHI, He TOJIKHBI
BauaTe Ha ET'. DBenmenne cpe3km Ha ypoBHE Cz < OO IIO3BOJIAET OTCEYb
Gosbine 3Havenus X T (pasymeercs, pu coxpanenuu yciosus EX > 0).
BaMeTnM MOMyTHO, 9TO TIPU ITOM MEPECKOK Yepe3 BEPXHIO TPAHUILy Oyaer
OTPaHUYEH YUCIOM C2, UTO JAeT MPOCTyio onenky (15).

Hna onenusanust ET canszy obparumcs onars k dopwmyre (13), uz koto-
poii cienyer, 4ro Ham norpebyercs onennth causy E (75 Sy > b), onernthb
ceepxy P(Sy >b) u E(|7]; Sy < 0).

Ouenka ceepxy P(Sy > b) < 3(b) yxe nonyuena B (8). i oreHnBaHmst
cauzy E (7; Sy > b), Kak u Bblllle, BBeJeM COOBITHSI

Bi={X1>b}, Bo={0<X1<b, X1+X3>0b}, ...,

oo
tak uto {Sy > b} = |J B;. Takum obpasom, mpu jr06bIx n > 1,
i=1

E(T; Sy > b) = iE(T;BZ’) > M(n) = zn:E(T;Bi). (19)
i=1 i=1
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Baech
M(1) = / (y— BP(X, € dy).

[b,00)
M(2) =M(1) + / / (y —b)P(z + Xy € dy)P(X] € dz),
[0,b) [b,00)

U TaK jgajee.
Ocranock onenuts E (|7]; Sy < 0) ceepxy.
Beegem
n— =min{n >1: S, <0}, x—- =9,_,
nosiarast - = 00, ecau S, > 0 upu Beex n. B 9ToM cirydae BeamumHA X
ocraercs ue onpegenennoit. O603naunM

Uly) =P(x-12yln- <o), p=PHn- <o),

TOTIIa
E(|7]; Sy <0) =E(Jx—|; Sv <0) <E(|x_|; n- < 00)
=p / yP(Ix-| €dy|n- <oo)=p / Ul(y)dy.
(0,00) (0,00)
ITosoxxum
s =P(-X 2y, Gw= [ g0a y>o,
(y,00)
" IIyCThb
G(y) dy < oc. (20)

(0,00)
B [12, r1. 4, reopema 10| yKazaHbI MOJOXKHUTEIbHBIE TOCTOSIHHBIE v U [3
TaKue, UTo

pU(y) <agly)+BG(y), y>0.
ITosTomy

E(7; Sy <0)<vy:=a / g(y)dy + / G(y)dy. (21)
(0,00) (0,00)
Urak, oneHnBas cjaraeMble B IIpaBoii dactu (13) ¢ mOMOMNIBI0 HEPABEHCTB

(8), (9),(19) m (21), mpuxoAUM K CIEIYIONIEMY YTBEPIKJIECHUIO.

Teopema 5. Ilycmv 6 ycaosusxr meopemor 2 ewnoanerno (20). Tozda das
06020 n > 1 umeem mecmo ouenra

L (22)
pb)  alb)

seauuunvt 3(b) u a(b) onpedesenwi 6 (8) u (9), wucao v onpedeaero 6 (21),
snavernua M(n) onpedenenni 6 (19). Hepasencmeo (22) corpanaemcsa 6 cuse,

aET > b+
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ecau samernums seausunv 3(b) u a(b) Ha ux ouenku 6 coomeememeuu ¢ (12)
NPU JONOAHUMEADPHOM BHINOAKEHUY YCAOBUT Mmeopembt 3.

3ameuanue 3. Kciu B ycjioBUSIX TEOPEMBI 2 BBITOJIHSAETCH ¢1 < 0O, TO
BMECTO OIeHKY (21) MOXKHO HCIOIB30BaTh 60JIee TPOCTYI0, HO MEHEE TOTHYTO
OIIEHKY

E(‘SN‘, SN < O) < 01P(SN < 0) = 01(1 — P(SN > b)) < 61(1 — a(b)),

U JTajiee BOCIIOIB30BATHCS OIeHKOi cHU3Y Juist ov(b) m3 (12), ecin BBITOTHEHBI
VCJIOBHS TEOPEMEI 3.

3 Omnenka cauzy ajsg ET npum oTpuiiareIbHOM CHOCE

B stom pazgene mpennosaraem, arto a = EX < 0 u BwIOSHEHO yCIO-
Bue (6), B koTOpoMm mojaraem ¢ = b. B cusy coorromenus (5) mocTaToaHO
onennts csepxy P(Sy > b) u onennts cuuzy EN.

Haunem ¢ P(Sy > b). fcro, uro st X BBIIOJIHEHO NPaBOCTOPOHHEe
ycaoue Kpamépa:

©(\) :=EeM < 0o mpmmobom A > 0.

Kpowme Toro, p(A) — oo npu A — oo. [TosTomy CyImecTByer eumHCTBEHHOE
aucao v > 0, yaosaerBopstomee paseHcTBY ¢(v) = 1.

Hasnee Bocnosb3yemcst teopemoii 5 w3 [10], koropasi st BeposTHOCTH
P(Sy > b) naer creytomuii pesyibrar.

Teopema 6. ITycmv EX < 0, E(X7)? < oo u npaswviti xeocm pacnpedese-
HUA cAyuatnol seaununv, X ydosaemeopaem ycaosuro Kpamépa (6 wacm-
HOCTU, 9Mo 6unoaneno npu ca = b 6 ycaosuu (6)). Tozda

P(Sy > b) < e‘”b(l — re‘”h) E(X™)?

hi=—-—
= 1 —revbth) EX| ’

(23)

2de
r = sup E(eXY|X >¢) > 1.
0<t<b
Tlepeiimem x maxoxkgenuto orenku cam3y g EN. B cuny toxkmectsa
Baasga nmeem

—ESy = |CL’EN:E(|SN|;SN<O)—E(SN;SNZb). (24)

Takum obpasom, Ham jgocrarodro otennth candy E(|Sy|; Sy < 0), naiitu
NOJIXOAIIY IO OIeHKY cBepxy i E(Sy; Sy > b) u Bocnmonp3oBaThes coaep-
JKarefics B Teopeme 5 onenkoii gus P(Sy > b).

Hnsg crayuaitaoro 6ayXKgaHust S, CKQUKH BBEPX OTPAHUUYEHBI YHCIOM b,
[03TOMY BeJIMUYMHA I1€PECKOKa, Yepe3 BepXHIO I'PAHUILY He IPeBOCXOIuT b u

E(Sy; Sy > b) =E(b+ 7Sy > b) < 20P(Sy > b). (25)
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Ouenka E(|Sy|; Sy < 0) > m(n) naiigena B (16) 6e30THOCHTENBHO K
3HaKy ducaa a. Takum 00pazoM, npu Kaxjom n > 1

a|EN > m(n) — 20P(Sy > b). (26)

ITpumensig Teneps (5), (24)—(26) u cchopmyTHpOBaHHYIO B TeopeMe 6 OIeHKY
ceepxy quis P(Sy > b), mpuxonnm K CJIeIyIOMeMy yTBEPKICHUIO.

Teopema 7. [Iycmo EX < 0, u nycmo evinoaneno ycaosue (6), 6 xomopom
co =b, u B(X™)? < co. Tozda das mobozo n > 1

m(n) op > m(n)e’®(1 — re~v(+h)
P(Sy >b) - 1 —re-vh

wucaa v, v u h onpedesaenvr 6 meopeme 6.

la|ET > —2b,  (27)

Bepremcs kK meTojly cKopeiitiiero oOHapy:KeHUs pa3JjajKu C [TOMOIIbIO
OPOIEAYPBl KYMYJIITUBHBIX CyMM. lIpuBemennnie BoIe Teopembl 1, 4 u b
[O3BOJISIIOT OIEHWTH CBEPXY M CHU3Y CPEJIHIOI0 BEJMYWHY 3aJI€PKKHN C 00HA-
py’KeHWeM pas3JiajKu, a TeopeMa 7 JaeT BO3MOYKHOCTH OIEHUTH CHU3Y Cpe/-
Hee BpeMd 10 JIOXKHOU TPEBOI'U.

Ormerum, uro yuacrsyomme B (23) u (27) BeJMIMHBI ¥ U T IO OTIpejiesie-
Huto 3aucar ot b, v = v(b), r = r(b). B [10] uzyuanock ux acumMnrornieckoe
nosesieane npu 6oabIMMX 3Hauernsx b B curyanun, korga X = min(Y, b), rae
cayuaiinag BeudnHa Y MMeeT TaKesblil TpaBbiil XBOCT, T. €. K N =0 I

aoboro A > 0. Beigcauaoch, 9T0 B 9TOM caydae mpu b — 00

EY:;Y <0

g + o(v(b)).
P(Y >0)

FEcmm ke nog Y BeImosneno mpaBocTopoHHee yeaoBue Kpamépa, T. €. mpu

HEKOTOpOM A4 > ()

v(b) =0, OPY >b) =0, rb)=1+wvb)

EeM <o, A< A4,
n EeMY > 1, ro ans ciywaitnoit semmamasr X = min(Y,b) B Teopeme 6
YHCI0 V OTJENEHO OT HYJIS, ¥ B 9TOM CIy4ae HUXKH#sS oreHka B (27) pacrer
9KCIIOHEHITNAIBLHO OBICTPO O Mepe yBesnuenua dapbepa b.
Apropsr 61arogapusr B.U. Baxresnto n aHOHUMHOMY PEreH3eHTY 32 M0JIe3-
HBbIE 3aMETAHNS.
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