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Abstract: In this paper, we study the problem of equilibrium
of a two-dimensional elastic body containing two contacting thin
inclusions. One of the inclusions is elastic and is modeled within
the Timoshenko beam theory. The other inclusion is rigid and
is characterized by a given structure of displacement functions.
The inclusions intersect, forming a T-shaped system in an elastic
matrix. Two cases of junction are considered: in the absence of
a connection between the inclusions and for the case of perfect
adhesion between them. It is assumed that the elastic inclusion
delaminates from the elastic matrix forming a crack. Due to the
presence of a crack, the elastic body occupies a domain with a cut,
while on the cut edges, as on a part of the boundary, boundary
conditions of the form of inequalities are set. The problem is posed
as a variational one, and a complete differential formulation in the
form of a boundary value problem is also obtained, including the
junction conditions at a common point of inclusions. The equivalence
of the variational and differential formulations of the problem is
proved under the condition of sufficient smoothness of the solutions.
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1 Bseaenue

ITpobitema conpshKeHnst TOHKUX BKJIOUEHUN B YIPYT'OM TeJIe sIBJISAETCS aK-
TYaJIbHONW KaK ¢ TOYKU 3DEHUS] MATEMATUIECKON TOCTAHOBKHU, TAK U C TOY-
KU 3pEHUs TPUJIOKEHNUH MPU MOJEAUPOBAHUU JTepOPMUPOBAHISA KOMITO3HU-
TOB ¢ TOHKUMH Xa0TUIHO PACIIOJIOKEHHBIMA KOPOTKUMH BOJJOKHAMU. B 3TOM
cayJae KOHIEHTPAINN HATPSKEHNI, BOSHUKAIOIHE BOJIN3M TOHKUX BRJIIOYE-
HUHN, OCTOYKHEHBI MPOOIeMON KOHTAKTa MEXKJIY BRIAIOUCHUIME, a TAKKE WX
BO3MOXKHBIM OTCJIOBHHEM OT yrpyroit marpuiibl. Bemegacrsue 3Toro, 3a1a4un
COTIPSTZKEHMST TOHKUX BRJIIOYEHHH TpeOyIoT KOPPEKTHON TOCTAHOBKYA W JTe-
TaapHOTO obocHOBaHus. CyIECTBEHHOE 3HAYEHHUE [TPU BBIOOPE MOJIETN TAKKE
AMeeT yIeT (PU3NIECKUX W MEOMETPUIECKIX XaPAKTEPUCTUK BRJITOUCHUH.

B nacrosieii crarbe paccMaTpuBaeTcs 3aja4da 06 oprororaibaoM T - 06-
pPa3HOM COTIPAXKEHWH /IBYX TOHKUX BKIoUeHuit. OHO m3 BRAIOYEHUN mpe/T-
[OJTATAETCA YIIPYTUM U MOJIETHPYETCS B paMKax Teopun bamok Tumorrerko,
a JIPyroe ABJISeTCS TOHKUM KecTKuM. JI7s onncanns *KeCTKOTO BKIITOYEHUST
MCTIOJIB30BAH TIOX0/, TP KOTOPOM Ha (DYHKITUU TTEPEeMENTEeHU BKITIOTeHU ST
HAKJIAIBIBAIOTCS OTPAHUIEHNsT CTPYKTYPHOTO XapakTepa. Jlammbie orpanu-
YeHUs 33JaI0T BUI (MYHKIUH U MPEAMACHIBAIOT HAJUUNE TTepeMeIeHrii Tr-
ma TOBOPOTa W TPAHCIANNY, YKA3aHHBIM TOAXO0M] WCITOJIB30BAH, HATIPUMED,
B paborax [1]-[5]. ITpumeps! 3ana4 aJist Mojesiell ypyrux BKJOUEHU THIIA
Tumorenko MoxxHO Hafitu B paborax [6]-[11], B Tom wmcste, B HUX paccMoT-
PEeHBI 3aJaUn 0 KOHIEBOM COMpshKeHnn. B Hacrosieit paboTe m3ydeHbl JBa
caydast T-06pas3HOro COMpsKeHUsT BKIFOUEHUH: TTPU OTCYTCTBUH COETUHEHUST
B 0DImeit ToUKe U I CJydas WaeabHOTO Creriennst Mexkay aumu. OmHoit
U3 1eJeit NCCIETOBAHNS ABJISIETCA TIOJIYIE€HNE YCIOBUI COMPSIKEHUST B TOUKE
KOHTAKTa JIJIA KaXXK0r0 W3 PAcCMaTPUBAEMBIX Caydaes. [lojyueHHbie ycio-
BUS CPABHUBAJIUCH C W3BECTHBIMHU COOTHOIIEHUSIMU JIJIsT KOHTAKTUPYFOIIUX
DaJIOK ¥ CTEpXKHE, a TaK¥Ke C YCJOBUSIMU, XaPAKTEPHBIMU JIJIsT PA3TUIHBIX
nedexToB 6as0K, TAaKNX, KaK TPeluHbl 1 paspess! [12]-[17].

Orcioenne BrJOYeHnst TUMOIIIEHKO B PACCMATPUBAEMBIX 3aJla9ax MO/Ie-
JINPYETCST KaK TPEIIUHA, Ha, OJHOM 13 DEpPeroB KOTOPOil IPUKPEIJIEHO TOHKOE
BKJTIOUeHMe. Kraccnueckast MOCTAHOBKA 33789 O TPEIINHE ¢ INHEeHHBIMA Tpa-
HOYHBIMU YCIOBUSIMU HA €€ Heperax MOKET TPUBOIUTEH K (DU3NIECKY TTPOTH-
BOPEUNBBIM SIBJIEHUSIM, HATIPUMED, B3ANMHOMY TPOHUKAHUIO TOUEK TTPOTUEO-
MOJTOKHBIX GEpEeroB TPEIUHBI, OJWH M3 TaKUX MPUMEPOB MOXKHO HaiTH BO
BBeleHNn paboTel [18]. B Hacrosimeil craThe UCIOTB3yeTesT MOJEb, B KOTO-
poii Ha Geperax TPEIMHUHBI 3a7]A0TCS KPAEBBIE YCJIOBUS THIIA HEPABEHCTB, NC-
KJTIOYAOIIIE TOI00H0e B3ANMHOE TIPOHUKaHwue. HeTnHeiHOCTD TaHHOTO BUIA
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I'PaHUYIHBIX yCJIOBI/Iﬁ IIPpUBOAIUT K HeO6XO’ZLI/IMOCTI/I HCIIOJIb30BaHUA B UCCJICTO0-
BaHNM ITOCTABJICHHBIX 3a/a49 METOJ0B BapPUAIMOHHBIX HEPABECHCTB. C IIOMO-
IIBIO 9TOTO METOJA TOJIYYeH TOMHBI BUJI KPAaeBBIX 3aJad IS JBYX Pac-
CMaTPHMBAEMBIX CIYIACB CONPSKEHNS M MOKA3aHO, 9To auddepeHinaibHas
U BapHaIUOHHAS (DOPMYINPOBKH SIBJISIIOTCS B ONPE/IETIEHHOM CMBICJIE SKBH-
BAJIEHTHBIMH.

Banauun o T-o6pasHbIX conpsiKeHUAX BKJOYeHnit bBepHyaau-Diliepa u
TOHKHX JKECTKUX BKJIIOYEHHI B BYMEDHOM YIPYIOM Teje PACCMOTPEHBI B
[19], [20]. DopMyMMPOBKE PA3IUIHBIX 3a/a4 O TPEIIUHAX U OCHOBHBIE MOJI-
XOZIBL JUIs MX m3ydeHns moapobHO m3moxkeHsl B [21] -[22]. OrmermMm, [ro
YKa3aHHBIH [T0/XO0/ MPUMEHUM ¥ JIJIs 33/1a9 O PABHOBECHH HEYIIPYTHX TeJI C
TpernmuaaMu [23]-[27], a Takke [03BOJISIET CTPOUTDH AJITOPUTMBI JIJIST UX “IHC-
JIEHHOT'O PeIlleHnsl, COOTBETCTBYIOIINE Pe3YILTATH [T MOJEH OJHOTO BKJIIO-
genns Tumomenko mokuao Haiitu B [28]. ToHkme ykecTKue BKIIOUEHHs, KaK
KOHIIEHTPATOPH! HALPSKEHHUH B yIPYIUX Tesax, M3ydaanchb Takxke B [29]-
|30]. Bompoce! B3amMOBIHAHAS KECTKUX JIMHEHHBIX BK/IIOUEHHN U TPEInH
B yIpyromMm Tejie B KJIACCUYIECKOI TTOCTAHOBKE C JIMHENHBIMU TPaHUYIYHBIMN
ycaoBusiMu paccmorpenbl B Monorpadun [31]. Hekoropwie npumvepst 3a1a4
COTIPAZKEHU A, MATEMATUIECCKUEC METOABI X MCCJICJOBAHNA, & TAK?KE N3yI€HNE
CBOWCTB MX perennii MoxkHO HaiiTu B [32], [33].

2 Conpga>keHne TOHKNX BKJIIOUEHUiII B JBYMEPHOM yHOPYyTOM
TeJse

PaccmoTtpuM orpanmuennyio obaacts ) C R? ¢ punmmmesoit rpanueit
I', mpum sTOoM Oymem cumTaTh, 9TO TPAHUIA COCTOUT W3 JABYX dacreit: [ =
FpUTlN, tone I'p NT'y = 0. Exumwansiit BekTop mopMaim K I 0603HagmM
aepe3 n. B objactu () paccMOTpUM MEPECEKAOIINECs JIUHUU Y U Yy, TAe 7y =
NUrU {(0’0>}7 7= (_170) X {O}a Y2 = (0, 1) x {0}7 Yr - TIAAKad KpubBad
0e3 camorepecedennii, OTHOCTRIO Jiexkaras B objactu 2. Byaem cuntars,
gro rouka (0,0) siBisiercs KOHIEBOH jyist Y., kKpome Toro, (U %) C Q.
Beesem obosnauenne s obnactu ¢ paspesom: Q. = Q\ (yU,) (puc.1).

O6macts . 3amaer GopMy ABYMEPHOTO TEJIa U3 YIPYIOro MaTepuaia, Ju-
HUU Y U 7Y, COOTBETCTBYIOT JABYM COIIPATAIONIMMCH BKJIOUeHusAM. [ockombKy
TOYKaQ COIPAXKEHUA ABJIACTCA BHyTpeHHeﬁ JJId BKJIFOYEHU A 7y, TO IIOCTaHOBKA
331491 BKJIIOYAECT OTJC/IbHBIC YaCTU Y1 W 7Y AJIdA 9TOr0 BKJIIOYEHN A, KOTOPBIE
MbI 6y}.‘[eM pacCMaTpuBaATh KaK OTAC/IbHBIC BKJ/IIOYEHU A, COCAUHCHHBIC ME2KY
cobofi. Tes10 2KeCTKO 3aKPEIIEHO 10 KPao BAOJIb KpuBoil I'p u ucibrreiBaer
BHEITHUE HATrpy3ku Ha ['.

CumuraeM Taxxke, 9T0 001aCTh (). C TTOMOIIBIO KPUBLIX % 1 S MOXKET OBIThH
pasbuTa Ha momobmactu (27, I = 0,1,2 ¢ IUMIINAIEBLIMA TPAHUIIAME Ta-
KUM 00pa3oM, 4TOOBl BBIMOJIHSIACEH yeaoBus: v C X, v, C S, (0,0) € 95,
meas(0Q;NC'p) > 0,1 =0,1,2 (puc.2). Exuanasabie BEKTOPbI HOPMAaJIH U Ka-
carepHON K X n S o603HaUnM depes v = (vq,v2) u T = (v2, —v1). 3aMern,
gro v = (0,1), 7 = (1,0) =Ha 7.
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SR ——

Q
z I v
Q4 Q,
S
Puc. 1. T- P > Pass
obpazHoe  coups- uc. 6 as Helgle
JKEHUe TOHKOT'O Ha I0A00JIaCTUA 0,

01, Q9 ¢ IOMOLIBIO

JKECTKOrO BKJIIOUE-
KPUBBIX X 1 S

HUSA 7y, W BKJIIOYE-
Husd TuMOIIeHKo 7y

Bynem cuurarh, 9TO BKJIUEHUE 7y OTCJAUBAECTCHA OT YIIPYTOi MaTPHUIIBI C
obpazoBanmeM TperuHbl. TakuM ob6pazoM, (hboOpMa TPEIMIUHBI TAKXKe 3aaHa,
smanelt v. Ilpu aToM paspes, cOOTBETCTBYIONINIT TPEIIUHE, UMeeT JiBa Hepera
vyt uy~, rmeyt C 9, v~ C (921 UON:). OTcmanBasics oT BepxHero Gepe-
ra TPeIIUHBI, BKJIOUEHUE Y OCTAETCS IMPUKPENJIEHHbIM K HuXKHEeMY. ToHKOe
JKECTKOE BKJIIOUEHUE Y, HE UMEET OTCJIOEHMUI.

IIycts BekTOp-dyHKIWSA u = (U1, u2) 337a€T TEPEMEIICHUST TOUEK TeJIa
Qc, IPH 3TOM U; COOTBETCTBYET MEepEMEIIEeHrsIM BI0Jb OCH L4, ¢ = 1,2. [nsa
KOMIIOHEHT TeH30pa JiedopMariuil 1 TeH30pa HAIIPSKEHUI Tesia BBEJIEM CJle-
aytorme hopMYyITh:

1 . .
51](“‘) = 5 (ul,] + uj,z) y U] = 17 27 045 = QijkI€KlL, 1, ], kzl = 17 27
rae & = % Kosddunuentsr a;jp = aijrn(x), 4,5, k,1 = 1,2 - KOMIOHEHTHI
TEH30pa MOJyJel yupyroctn A, yIOBJIETBOPSIONINE YCIOBUAM

Akl = Qjikl = Qklij,

aijménéiy > colé)?, Ve = &i,
rJIe Co - TOJIOKUTENbHAS TOCTOSHHAS. BCIOZY B TEKCTE MO MOBTOPSIOIINMCS
MHIEKCAM TPEJIOIAraeTCS CyMMUPOBAHKE.

Torkoe ynpyroe BKJIIOYEHHE 7y, a TaKyKe KaxKjaasd W3 ero Jacrei i, Y2,
MOJEIUPYIOTCA B PaMKax Teopuw TOHKON Oasnkw Twumorrenko. g ommca-
HUSL JIAHHON MOJIeNIH BKJIIOUEHHs] BBeJeM Ha 7 BexTop-pymxmuu ) =
(w0 o) T =1,2 tme w) u v - nepememmenns Touex BKIOTEHIST
47 BIOJD oceil x1 U xo coorsercTBenHo, @) - yroa mosopora HOpMaIbHOrO
cedenus 7. B nanpneiinem Bce GpyHKINY, 3aIaHHbIe HA Y1, Y2, OyJIEM OTOXK-
JIECTBJIATH ¢ (DYHKIUAMHU OJHO# mepeMeHHoil x1. IToCKOIbKY BKIIIOYEHHE 7y
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OTCAANBAETCS OT YIPYTIOil MaTPUIIBI ¢ 00PA30BAHUEM TPEIIUHBI, TO IIepeMe-
[IEHUsT TOYEK HA [POTUBOIOJIOKHBIX Oeperax paspesa 7y MOIYT HEe COBIa-
JaTh. I 3Hauenuii HekoTopoil dbyHkmmu € Ha Geperax YT u v~ BBegeM
0603HaueHNs ¢ BepXHUM HHeKcoM: £ m £, TakyKe BBeJeM 0OO3HadeHue
g cKadka (byHKIUE Ha Geperax paspesa: [£] = &7 — €. Anamornunoe
obozHaUeHne HYIET WCIOJB30BAHO W /s CKadKa Ha Y,.. Braodgenne Tumo-
IIEHKO OTCIAMBAaeTCd OT Gepera ' M IPUKpPEIIEHO K Gepery 7, HO3TOMY
Ha Y~ BaJIaIOTCST YCJIOBUSI CKICHKH MMePEMENTeH TOIeK Tela W BKIIOICHNS:
u; = wd, Uy = o@D Ha vr, I = 1,2. 2Kectkoe BKIIOYEHUE MOIEIUPYETCS
caenyrommM obpazom. Ilpesmmonaraercs, 9To HA Y, BEKTOP-PYHKIHI epe-
MEIIEHNUI U COBHAJAET C HEKOTOPHLIM 3/1eMeHTOM p [MPOCTPAHCTBA MKECTKUX
MHQUHATEZUMAJIBHBIX [TEPEMEITCHUN, NMEIOIIEero BT

R(v) = {p = (p1.p2) | p(x) = b(—m2,21) + (c', %), (a1,22) € Y,
bct, % e R}.

TakuM 00pazoM, HPEAIIONAraeTCsd, YTO Jjsl TOYEK Y, BO3MOXKHBI TOJIbLKO IIe-
? )
PEMELLEeHUS TUIIA [IEPEHOCA U IOBOPOTA.

3 3azaua ¢ U3JIOMOM MeXKJAY BKJIIOUEHUAMU

B aTom pazmene 6yaem npeamnoiaraTh, 9TO yIPyTroe U XKEeCTKOE BKJIIOUEHUST
koHTakTUpytor B Touke (0,0) B OTCYyTCTBUN COeAMHEHNsI. DTO 03HAYAET, U4TO
YTOJI MEXKY BKJIIOUEHUSIMHU 7Y U Y, HE ABIgeTCd (QUKCUPOBAHHBIM. [Ipu 3TOM
dukcupyercd yrosa MeXIy YacTIMW Y] U Y2, HOCKOJIBKY OHU COCTAB/IAIOT
e/INHOEe BKJIFOYCHUE 7.

Crauasra TpUBeIeM BapUAIMOHHYI0 (DOPMYIUPOBKY paccMaTpuBaeMoil 3a-
naun. Beegem obo3HageHuns

X = (Uﬂ/’(l)ﬂl)(g)% HII‘D(QC)Q - {U € HI(QC)Q |’LL =0 na FD},

U PacCMOTPUM IPOCTPAHCTBO:

H={x|ueH ()% v e H (),

ul_ = w(I)a Uy = U(I) Ha 9T, I=1,2 u|’Yr € R("YT’)}
MHOKECTBO JOIYyCTUMBIX (DYHKIMI OIpeIe/uM CIeAYIONIM 06pa3soM
K={xeH|[ur>0mnay ¢0)=¢?0)}

Hepagsencrso [u]ly > 0 3agano na wacrtu rpanunsl objgactu (2., & MMEHHO
Ha Geperax paspesa . [lanHoe orpaHmdeHne MCKIIOUAET B3AUMHOE MPOHU-
KaHne TOYEK MPOTUBOIONOKHBIX OEPEroB TPEIIUHBLI IPYT B APYTa W HOCUT
Ha3BaHWe yCJIOBUs HEMPOHUKAHUs. BTOpoe yCI0BUE B ONPEIETEHUN MHOKE-
crBa K 3a/1a€T PaBEHCTBO YIJIOB MOBOPOTA [IJIsl Y1 U Y2 B TOUKE COIPSKEHUS,
MOCKOJIBKY ] U Y2 COEIMHEHBI B €IMHOE 1eJI0e BKIIOUEeHNe . 3a1ady paB-
HOBECHS JIBYMEPHOTO YIIPYTOTO TeTa ¢ IBYMS BKJIIOUEHUSAMHI, OJTHO U3 KOTO-
PBIX MMEET OTCJIOEHHE, MOKHO COPMYIUPOBATE KaK 3aJady MUHUMU3AIUN
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bYHKIMOHAIA, YHEPTUN

II(y) = ;/J(u)s(u) dx — /fuds+
I'n

Qe

2
#33° [ (@7 + 07+ @+ o)) s
=1}

Ha MHOXKecTBe K. 3nech mpuHATO obozHadenue o(u)e(u) = oy;(u)es(u),
i,7 = 1,2; f = (f1, f2) - byHKUMS BHENTHUX HATPY30K, JEHCTBYIOIIAX HA
I'y. ITocKO/IbKY HaIn4Me YCJIOBAE HEIIPOHUKAHWS IIPUBOIUT K HEJMHEHHOCTH
paccMaTpuBaeMoii 3aa4n, TO KJIACCHIECKHe TIOIX0bI K €€ UCCIe0BAHII0 He
OpUMEHUMBI. V3ydeHue 3ajad O TpPEIUHAX ¢ AHAJOTHYHBIMUA TPAHUIHBIMI
YCJOBUSIME TIPEJIIo/IaraeT IpuMeHeHre MeTo/la BaphallOHHBIX HEPaBeHCTB,
KOTOPBIiT 0npo6HO n3moxkeH B Monorpadusix [21], [23]. [Ipuvenenne nanHbIx
METOJI0B K 3aJadaM 00 OTC/IOMBIIMXCS BKJIOYEHUSX H3YUYAJIUCH BO MHOTHX
paborax, HEKOTOpbIe TIPUMEPBI MOYKHO HaiiTu B craThsax [1|-[7].

J11s1 IPOM3BOMLHEIX BeKTOP-PYHKIMIL 1 = (w, v, ), 1 = (W0, U, ¢) BBEIEM
B paccMOTpeHue OmInHeiHyo (hopMmy

D(Y, ) =waw1+@1p1+ (v1+ ) (V1 + P).
B nmpunrareix obo3uaueHnax (PyHKIIMOHAT IHEPTUN MOXKHO BBITUCATH B CJIe-
OYIOIIEeM BUJE:

Taxkum 0b6pazom, BapuanuonHas GOPMYJIMPOBKA, COCTOUT B CJIE/YIOIIEM: Hal-
tu ement Y € K, nocrapagiomuii munumym byakinonasy 11 na maOxke-
ctBe K:
II(x) = inf II(¥). 1
(x) = inf TI(X) (1)
Caenys [1], [6], moxuo nokasars, uro st saganubix f € L2(Q)?, ajju €
L>(Q), i,7,k,l = 1,2, 3agaua (1) umeer eMHCTBEHHOE DEIIECHUE, YIOBJIE-
TBOPAIOIIEE BAPUAITMOHHOMY HEPABEHCTBY

2
ek, [oea-udot I [ o@D 50 - pi0)ds >
Qe I=1,

> / fla—w)ds, vx=(a,00,6@) e K. (2)
I'n

Hesbto mambHEUIINX pACCYKAEHUN sSBJseTCS nojaydenne muddepeniy-
aJIbHON (POPMYJIUPOBKH PACCMATPUBAEMOI 3a/1a9ll PABHOBECUS U JIOKa3a-
TeJILCTBO €€ SKBUBAJEHTHOCTH BapPUAIIMOHHOMY HepaBeHCTBY. st aToro 6y-
JeM TIpeJnojararhb JI0CTATOYHYIO [VIaIKOCTh PellleHnit 3a/1a4u.
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ITycrs umeer mecto Bapuanmonnoe nepaseHcTBo (2). Ilepenummmem ero B
BUJIE

)

2
yeK, /U(u)e(u—u) dx+Z/(wf{>(wf{> —w'{h+
Qe I=1

+07 @0 =) + 0 + D)@ + 6 — v — 1)) ds >

> / fla—wyds, vx= (3,00, 5@) e K. (3)
'n

Bribupag mpomssosbhyio bynxmmo 0 = (61,02) € C5°(Q)? u noxacrasnsas
B (3) mpobuyio dyukmmo suga X = (u + 0,91 ), moxno momygnTs
cJleJyiolee ypaBHEHNEe PABHOBECHS U MPAHUYHOE YCIOBUE:

dive=0 B Q. oun=f na Iy,

rae on = (o1n4,02in4), j = 1,2. Tloncrasum Temeps B (3) mpobuyto dyHK-
ouio Buga X = X + X, /e suaement X = (u, zZ(l), 12(2)) € K ynommeTBopsier
yeaosuio [u] = 0 Ha 7.

Bynem umers

WMuarerpupyst nammoe PaABEHCTBO MO YACTIM C YYE€TOM IIOJyYE€HHOTO BBIIIE
ypaBHeHus paBHOBecus u KpaeBbix ycaosuit Ha I'p, 'y, 3anumem

_ Izi:l(/[%(u)]ﬁl ds + /[ay(u)]ﬁg ds) + /[a(u)y}ﬁd3>_

o V1 Ir

2
I) ~ I I\~ I I -
_E :</w,(11)w(1) d8+/(’U,(11)+<P,(1))U(I) dS—i-/(SO,(l%_U,(l)_SO(I))SO(I) d5>+
I=1 "%, I I

+ (PO + P30 + @ + W)Y+
+ (wPa® + oD@ 4 0 +eMF@) i =0, (4)

rae ov = (01,V4,02;V5), 0y = 045VV, 0r = (oV)T, 0,5 = 1,2.
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Mycrs @ = 0 Ha 75" U, a taxxe @) = 0 Ha 2. Torga (4) nepenmmercs
B BUJIE

- /[UT(U)]% ds — /[ay(u)]ﬂz ds — /w’(llfﬁ(l) ds—

71 At 71
- /(U,(lll) +¢)o W ds — /(s@,(llf — o) — oM)W ds—
71 Y1
1) ~ 1) ~ 1 ~
— @V a)(1) = (V) (1) — (0] + ¢E) (1) = 0. (5)
Orcioma, npemmonaras Uy = 0 wa 7 ; W = &M = 0 na v, noaydnm
ypaBHEHHE

_w,(lll) = [UT] Ha 71

u yCJIOBHUE B O,Z[HOfI 13 KOHIIEBBIX TOYEK BKJIIOYECHHUA 71 BHIA

(1) _

wy' =0 mpuz =-1

Bepuemcs k (5). Boibepem npo6uyio dyuxmuo 1ak, yro @) = 0 na ;. C
YUeTOM y¥Ke TOJYUYEHHBIX YPABHEHWS W IPAHUYHOTO YCJIOBHS, MOXKHO CJIe-
JIATH BBIBOJI, UTO HA | BBLITIOJHEHO YPABHEHNE

_U,(lll) - 90,(11 ) =[0y] mam

1 TPAHUYHOE yCJIOBUE
vfll) + go(l) =0 mpmz; =-1.

Toryia u3 (5) MOXKHO TOJIYYUTh TaKyKe ypaBHEHWE

—o 5+ + oM =0 mam

1 KPaeBoe yCJIOBHE

gpfll) =0 mpmaz; =-—1.

Ilonyyennbie Ha ) COOTHOIIEHUS] COOTBETCTBYIOT YpPaBHEHUSM PaBHOBECHUS
mozenu 6anku Tumormenko. Pacemorpum crosa (4). AnasormaHo paccyx-
Jad, MOKHO TTOKa3aTh, 9TO Ha 72 TaKKe€ BBITTOJIHEHBI aHAJIOTUYHBIC YDaBHE-
HUS PABHOBECHS, a TaKyKe YCJOBUS B TPAHUYHON ToUke 1 = 1.
CnenoBarennuo, ypasuenne (4) MOYXKHO TEPENUCATh B BUJIE

= / o (w)gds + (w @) (0) + (3M)(0) + (W + oM)W (0)-
Yr
— (wRa)(0) - (¥73@)(0) — (07 + o)) (0) = 0. (6)

IMpu p = 0 Ha BCeM 7, OTCIOA TOJIYYUM yCJIOBUE

21 (0) = 3(0).
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C yuerom 31010 ycsioBust u3 (6) H0J1y4nM CJIe/lyOIIee NHTerPaIbHOE YCJI0BHE:

Jlotwmlas = (wPa)0) - (wPa)0)+

+ (0 + M) ) — (W +)5®)(0), VEE Riz). (1)

Kpowme Toro, Ha vy BRIIOSHEH CTAaHIAPTHBIT HAOOD KPAEBLIX YCJIOBWit
[uly >0, of <0, of =0, of[ulv =0 mnan~.

JaHmble yCJIOBHS ONUCHIBAIOT BO3MOYKHBIN KOHTAKT OEPEroB TPEIUHBI, BKJIIO-
Jas yCJIOBUE UX B3AMMHOTO HEMPOHWKAHWS (IIEPBOE W3 MPECTABICHHBIX CO-
OTHOIIEHWH ). DTH yCJIOBUSA MOTYT OBIThH MOy YeHbI CTAHJAAPTHLIM MTyTEeM, W3-
JIOKEHHBIM TIPA JOKA3aTETHCTRE AaHAJOTHYHBIX TEOPEM IIJIs 3a1ad 06 oTCio-
uBIIeMCcst BKJouennn Tumorienko [6].

Takum obpazom, auddepenruanbuasd GOPMyTUPOBKA 33,291 PABHOBECHST
cocTouT B craenyomem. g 3aganuoi va 'y QyHKINE BHEITHUX HATPY30K
f = (f1, f2) naiiru B Q. moJie nepemernennii u = (u1,uz) TOUEK TeJA U TEH-
30p Hampsizkernit o = {o;j(u)}, i, j = 1,2, kpome Toro Ha y; HaiiTn dyHKIIA
P = (w0 o) T =1,2, a rakxe na 7, maiiru snement p° € R(y,),
TAKME, 9TO BBINOJHEHA, CJE/YIONAs CUCTEMA YPABHEHUN M TPAHUYHBIX YCJI0-
BUIA:

dive=0 B Q. (8)

u=0 wnalp, o(un=f nwaly, (9)

—wl) = (o), =)= = (o), o) + 00 + oD =0maq, (10)

wfll) = v(l) go(l) = 90’(1]) =0 mpux = (—1)1, (11)

u; = wD, Uy = oD mang,  (12)

u=p"may, p’€R(y), (13)

w®(0) = w®(0) = p)(0); v (0) = v (0) = p3(0); (14)

pD(0) = o@(0), »P0) =P (0), (15)

/ ot ()] ds = P (0) — w(0); / (o2(u)]ds = 10 (0) — o2 (0); (16
Yr Yr

[ (o @2~ lo*w)er) ds =0, a7

Yr
[uly >0, of <0, 0 =0, of[ulv =0 na-~, (18)

rie I = 1,2, uepes 0!, 0% obo3Hauensl nepBad U BTOpad KOMIIOHEHTHI BEK-

topa {oj;vj} coorBercTBenHO. OTMETHM, YTO BBUILY KPHUBOJIHHEHHOCTH 7,
KOMIIOHEHTBI 0! 1 02 MOTyT He COBIAJATH C KaCATEILHOH ¥ HOPMAJLHOIL

COCTABJIAIONIUMHI JTAHHOTO BEKTOpAa HA Y.
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ITpuBenenHas cucrema COAEPKUT ypPaBHEHUs PAaBHOBECUs Tena (8) u kpa-
eBble yCJIOBUsl HA BHemHell rpanune (9), onuceiBatomme 3akpenjienue va I'p
1 BO3JEHCTBIE BHEITHUX HArpy30K Ha I'y. Ha 1 U 2 BBIMOIHSAIOTCS ypaBHe-
uust pasHoBecust (10), cooTBercTBytOIIE MOIE N yIpyroit 6aaku TumorneH-
KO, TIPH 9TOM CKaduKH [0, ] 1 [07] HOPMAJIBHBIX M KACATEJbHBIX HATPSI?KEHUIT B
IPaBbIX YaCTAX YPABHEHUI BHIPAZKAIOT BO3/IEHCTBIE Ha BKIIOYEHNE OKPYKa-
folrelt yopyro#t cpebl. B KOHITEBBIX TOUKaX BKJIIOYEHUHN 7] U Yo KPOME TOUKH
(0,0), BeImONHSTIOTCST TpaHW4HBIe yesoBus (11), cooTBeTCTBYIOIMINE YCIOBU-
sIM CBOBOTHBIX KOHIIOB Gasiku. Kpome Toro, Ha 41 U 72 3aJal0TCsl YCJIOBUSI
CKJICHKY TIepeMeIeHnit ToYeK yrpyroro Teja u Bkiarodennit (12). Corrac-
Ho yemouio (13), Ha ¥, GYHKIMA u COBHAIAET ¢ HEKOTOPBIM d1eMeHTOM p°
npoctpancTBa R(7, ), TO €CTh 9TOT 3JIEMEHT SIBJISETCS OJTHUM 13 HEH3BECTHBIX
sajaqn. B rouke (0,0) BBIIOTHEHB KHHEMATHIECKHE YCIOBUS COMPSKEHUS 1
YCJIOBHUS HA N3THOAOIINEe MOMEHTHI yIPyrux BKodernit (14) - (15). YemoBus
(14) o3HAYAIOT COBIAJEHUE B TOUKE CONPSZKEHUS MEPEMEITCHII BCeX BKJIIO-
genuii. Ycaosue (15) xapakTepusyer paBeHCTBO yIJIOB [IOBOPOTA, a TaKKe
COBTIA/IEHNE U3TUOAIONIMX MOMEHTOB BKJIIOYEHUIT 1 U Yo. YTOJ TTOBOPOTA Yy
He YYaCTBYET B YCJIOBUsIX cOnpsizkennst (15), MOCKOIBKY B TOUKE COMPSIZKEHUS
Y U 7, HET COEJMHEHUS MEXy 3TuMu BKaouernsMu. Ciydail ugeaanHoro
CIIETIIEHUST MEXK/Ty BKJIIOUEHUSIMU 7Y U 7Y, PACCMOTPEH B CJIEIYIOMIEM Dasie-
qe. C ygerom crpykrypbl dynkuuii u3 R(¥,.), ycmosue (7) mepenmcano B
Bugie (16)-(17). Coorrormenns (16) u (17) siBAsIFOTCS YCIOBUSIMUA DABHOBECHS
TOHKOT'O >KECTKOTO BKJIFOYEHUHA, OHU BBIPAYKAIOT PABEHCTBO HYJIIO TJIABHOTO
BEKTOPA CHJI U TJIABHOT'O BEKTOPA MOMEHTOB JIJIsl ;..

O6paTHO, TOIyYrM BapPUAIMOHHOE HEPABEHCTBO (3) M3 Kpaesoil 3amaun
(8)-(18). Bosbmem X € K u ymHOXKuM ypapHenue (8) Ha U — u, a ypaBHeHUs
(10) - ma snementor W —w | 5 —o(D) FI) _ () T = 1,2 coorsercraen-
HO. [TpounTerpupyem neppoe u3 HOJyYeHHBIX PABEHCTB 10 ()., & OCTAIBHbBIE
- 0 71, Y2, MPOCYMMHUPYEM UX W TOJTYUAM

- /dw o () (T — u) dz — 22: (/(—wf{})(w” —wD)ds+

Qe I=1 VI

+ [ =D = o) dst [ Do+ oDy - D) ds) =
VI I

2
_ ; ( / o (W) @D — wD)ds + / o ()] @D — o) ds>.

VI VI

ITpumensist wHTErpUpOBaHUe 1O dacTsiM u yaurbiBas ycaosns (9),(11),(14),
a TaKyKe CBOICTBA 91EMEHTOB MHOXKeCTBa K, MOKEM 3aIncaTh

2
/a(u) £(T — u)dz — /f(u ~w)ds + Z/cb(w(f),w“) _ D) dst
I'n I=1y

Qe
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+ () — 0@ = w®))(0) + (0] = D) @D — D)) (0)+
+ (@ = e D)(@W - pM))(0) =

2
= / (jor@](@D — wD) + o, ()] @D — v(D)) ds.
I=1

C yuerom crpykTyphl dyukimit uz R(7,), orcioga 6yaeM nMeTh

2
/g(u) (@ — u) da — / f@—u)ds+Y / b, 5" D) s+
T'n I=1

Qe

+/([01(u)](b—E)xg—&—[al(u)](El—cl)) ds—l—/([JQ(u)](l_)—b)x1+[a2(u)](62—cz)) ds+

Yr T
(@ — )@ =) + (@ — o) o ™)) )+

+ (@7 = oD@ - pM))(0) =

2
=Y [ (@l - w0+ o, @01~ o)) ds-

Torma, 6arogaps ycaosuswm (15), (16),(17), mocaennee cooTHOMIERNE TIPUMET
BUJ

2
/a(u)e(u—u) dz — /f(u—u) ds+2/<1>(1/1(1),1/1(1) —yWyds =L,
Q0 Ty =1y

rie
L= Z(/[(’T(u)](@(” —w)ds + /[ay(u)](v(” — oDy ds—

2
I=1
_ / (0w () (T — u)] ds>.

VI VI
Y1

s mokazaresbcTBa CpaBeIMBOCTH BAPUAIIMOHHOTO HepaBeHCTBa (3) 110-
CTATOTHO MOKa3aTh, uTo L > 0. HeficTBUTENBLHO, NCTOAB3Ys B BLIPAKEHUH
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anst Loycnosug (18), a Takske cBoiicTBa saemenToB X € K, MOXKHO nepenu-
cath L B BHjIE

L= _/a:(u)[ul ] ds — /Jj(u)[uﬂ ds + /aj(u)[uQ] ds > 0.

Orcroma cremyer BapnanmonHoe HepaBercTBO (3). Takum obpasom, cucrema
coornomennit (8)-(18) cocrasaser nonyto quddepeHnuantbHY0 TOCTAHOB-
Ky paccMaTpuBaeMol 3aJa9n O PABHOBECHH JIBYMEDHOIO YIPYTOTO Tesa ¢
YHOPYTUM M 2KECTKUM TOHKUMHW BKJIIOUCHUAMU AJd CAydad WU3JI0Mad MEKIAY
HUMMWU.

Hamu fokasaHno cieyronmnee yTBepxKIeHue.

Teopema 1. 3adaua (8)-(18) sxsusasenmmnag 6aPUAUUONHOMY HEPABEHCTNEY
(2) npu ycaosuu docrmamoywnoti zaadkocmu pewenud.

4 3amada 06 maeaabHOM CIHENJIEHUUM MEXKAY BKJIIOYEHUSIMU

B srom pazzesne Hymem mpeanosiarath, YTO BKIOUYEHUS Y U Yy COETUHEHBI
Mex 1y coboit B 0bImell ToUKe B yCJIOBUSIX HEATBLHOTO ClielieHusi. B arom
caydae 3aJaeTcs yCJIOBUE PABEHCTBA YIVIOB ITOBOPOTA JJIS Y1, Y2 U Yp. la-
KM 06paz3oM, MBI paccMaTpHBaeM 3aJady 00 oaHoM TOHKOM T-obpasmom
BKJIFOUEHWUH, YaCTh KOTOPOI'O ABJISETCHA YIIPYTOii, a JIpyrasi 4YacTh - XKeCTKO.

B nacrosmeMm nyHkTe 6y1eM UCIIOIb30BATD IPeKHee 0003HAUEHUE 15t UC-
KOMOT beHKHI/H/I X = (U, w(l)a ¢(2))7 raeu = (ub u2)7 @Z’(I) = (’UJ([), U(I)> SO(I))7
I =1,2. MuoxectBo ponyctuMbix QyHKIUH OIpeAe/ MM CIeAyIomuM o0pa-
BOM:

Ky ={x € H|[ulyv >0 mna-~;
w(z) = p(x) = (—bza+c', bri+c?) nay,, b,c', 2 € R; oM (0) = @ (0) = b}.

Bapuanmonnas ¢hopMyInpoBKa COCTOUT B CJIEAYIOMIEM: HANTH JIEMEHT Y €
K1, mocrapngromuit muanMyM dyukironany 1l ma muoxkecrse K, TO ecThb

M(x) = inf TI(X). (19)

Bamaua (19) Takrke 0JHO3HAYHO PA3pEININMa U SKBUBAIEHTHA BAPUAIIMOHHO-
MY HEPaBEHCTBY

2
X € Ki, /U(U)E(u—u) d:z;+2/q>(¢<f>,¢<l) — Dy ds >
1:17

Qe

> / fla—wds, vx=(a,dD,§®) K. (20)
I'n

[Mosryunm mudbpepeHnuantbHy 0 MOCTAHOBKY, COOTBETCTBYIONLYIO BAPHAIA-
oHHOMY HepaBeHcTBY (20).
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Bribupas npoussosibiyio dyukiuio § = (01,62) € C§(2)? u nogcrasiss
B (20) mpobuyio dynxmumo suga x = (u % 6,90, ), Moxmo momyunts,
910 B (). BBINIOJIHEHO ypaBHEHWE paBHOBecHs (8) m BTOpOe u3 ycaoBuit (9).
ITogcrasum Temeps B (20) npobuy GYHKIMO BUga X = X X, TJ€ SJIeMEeHT
X = (u, 1;(1),7;(2)) € K, rakoii, uro [u] = 0 na 7. Uarerpupys no gacrsm
LOJIy YeHHOE PABEHCTBO, AHAJIOIMYHO HPE/BIILYIIEMY MOXKHO MOKA3aTh CIIPa-
BeinBOCTh ypasuenuit (10) u yemosuit (11). C yderom 9THX ypaBHeHuil u
IPAHUYHBLIX YCIOBHIL, TTOJIYyYUM COOTHOIICHNE BUIA

)

- [loplpds + @PTD)0) + (T 0) + (0 +o0)7) 0)-

Ir

— (WP @@)(0) - (L7 (0) - (0F + @)a®)(0) = 0. (21)

IMycrs p = (—Exz + 3 by + ¢?). Bruibepem p TakuMm, 4To pg = 0, T.e. b=
& =0. Torma p = (¢4,0) n pp = vV(0) = @ (0) =0, b = o) = 3 = 0.
B srom ciaydae mosydum, 9o

[l wlds =) - w0 (22)

)

Ir

C yueTom 3TOro CoOTHOMEHUS U mpeanoaaras, aro p; = 0, u3 (21) moxwuO
TaK>XKe TTOJIYIUTH

[l wlas =) - o), (23)

Ir

Torma uz (21) cnemyer

/ (o W)]22 — [o2@)]a1) ds = o3 (0) — oP(0). (24)

Yr

Takum o6pasom, muddepernuanpias MOCTAHOBKA B Cy4ae MIEATbHOIO
crierieHunst cocrouT B cuenyiomem. Jlaa 3amannoit Ha 'y Qyskuun f =
(f1, f2) BHemHux narpysok Haiitu B (). nose nepememenuit v = (uq,usg)
TOYEK TeJia U TeH30p Hanpsukenuit o = {oy;(u)}, 1,7 = 1,2, Kpome TOro Ha
~r maitre dyuximm D = (w0 o) T = 1,2, a rakxe na v, naiirn
dbynxmmio p® € R(7,), Takue, 9TO BLITIOJIHEHBI COOTHOIICHI:

dive =0 B £, (25)
u=0 wmalp, o(un=f nmaly, (26)
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_w,(lll) = [or], _1{(1]1) - 80,(1[) = [ou], —QO,(Q + vfll) + (p(I) = 0 na 7,

27
28
u; = w®D, Uy, = oD waryr, (29

(27)
Wl =o'+ oM =0 =0 mpua = (-1, (28)
(29)

u=p" = (=29 + ¢, b2y +d) may,, b°,c,dcR, (30)
(31)

(32)

(33)

wD(0) = w?(0) = ¢; vM(0) =@ (0)=d; (31
PD(0) = @ (0) =", (32
/ o (w)] ds = w' (0) — w P (0); / [o? () ds = v (0) =P (0); (33
[ (o oz~ o) ds = 00 - 6 P0), (30
5

[uly >0, of <0, 0 =0, of[ulyv =0 mna~. (35)

U3 ycmosmit conpszkernst (31), (32) B Touke (0,0) ciaexyer, 910 B Caytdae
HJIEAJILHOTO CIEIJIEHUsT MEXK/Iy YIPYTHM M KECTKUM BKJIOUEHUSIMH MMeeT
MECTO PABEHCTBO KaK II€PEMEIeHnil, TaK U BCeX yIJIOB OBOPOTA Y1, Y2 U Yy
Kpowme Toro, B cirydae U310Ma MOMEHTBI [IJIsi BKJIIOUEHUT Y, Y, ObLIN DABHBI
HYJII0 Kazk/Iblil B oTaeabHocTn, M. (15), (17), B To Bpewmsi, Kak U3 COOTHO-
menns (34) BUJHO, 9TO BO BTOPOM CJIydae MOMEHT I Y, PaBeH PA3HOCTH
MOMEHTOB JJIsL Y] U V2.

AHaJOrUIHO TIPEABIAYIIEMY pPa3Jesny, MOKHO JOKa3aTh, UTO W3 KPaeBoit
sagaqan (25)-(35) mpm ycsoBUM JTOCTATOYHON T/IAIKOCTH DEIEHuii Caeayer
BapuUaIoHHOe HepaBeHCTBO (20).

References

[1] A.M. Khludnev, Thin rigid inclusions with delaminations in elastic plates, Eur. J.
Mech., A, Solids, 32 (2012), 69-75. Zbl 1278.74096

[2] T. Popova, G.A. Rogerson, On the problem of a thin rigid inclusion embedded in a
Mazwell material, Z. Angew. Math. Phys., 67:4 (2016), article id 105. Zbl 1359.74054

[3] E. M. Rudoy, Numerical solution of an equilibrium problem for an elastic body with a
thin delaminated rigid inclusion, Journal of Applied and Industrial Mathematics, 10:2
(2016), 264-276. Zbl 1349.74312

[4] A.M. Khludnev, G. Leugering, On elastic bodies with thin rigid inclusions and cracks,
Math. Methods Appl. Sci., 33:16 (2010), 1955-1967. Zbl 1202.35323

[5] N.P. Lazarev, T.S. Popova, G.A. Rogerson, Optimal control of the radius of a rigid
circular inclusion in inhomogeneous two-dimensional bodies with cracks, Z. Angew.
Math. Phys., 69:3 (2018), Paper No. 53. Zbl 1395.49004

[6] H. Itou, A.M. Khludnev, On delaminated thin Timoshenko inclusions inside elastic
bodies, Math. Meth. Appl. Sci., 39:17 (2016), 4980-4993. Zbl 1356.35241

[7] A.M. Khludnev, G.R. Leugering, On Timoshenko thin elastic inclusions inside elastic
bodies, Math. Mech. Solids, 20:5 (2015), 495 — 511. Zbl 1327.74100


https://doi.org/10.1007/s00033-016-0700-9
https://doi.org/10.1007/s00033-016-0700-9
https://doi.org/10.1134/S1990478916020113
https://doi.org/10.1134/S1990478916020113
https://doi.org/10.1002/mma.1308
https://doi.org/10.1007/s00033-018-0949-2
https://doi.org/10.1007/s00033-018-0949-2
https://doi.org/10.1002/mma.3279
https://doi.org/10.1002/mma.3279
https://doi.org/10.1177/1081286513505106
https://doi.org/10.1177/1081286513505106

1592 T.C. IIOIIOBA

[8] V.V. Shcherbakov, The Griffith formula and J-integral for elastic bodies with
Timoshenko inclusions, Z. Angew. Math. Mech., 96:11 (2016), 1306-1317.
Zbl 1538.35380

[9] A.M. Khludnev, T.S. Popova, Timoshenko inclusions in elastic bodies crossing an
external boundary at zero angle, Acta Mech. Solida Sin., 30:3 (2017), 327-333.

[10] A.M. Khludnev, L. Faella, T.S. Popova, Junction problem for rigid and Timoshenko
elastic inclusions in elastic bodies, Mathematics and Mechanics of Solids, 22:4 (2017),
737-750. Zbl 1371.74203

[11] A.M. Khludnev, T.S. Popova, On junction problem for elastic Timoshenko inclusion
and semi-rigid inclusion, Mat. Zamet. SVFU, 25:1 (2018), 73-89. Zbl 1438.74114

[12] N.V. Neustroeva, N.P. Lazarev, Junction problem for Euler—-Bernoulli and
Timoshenko elastic beams, Sib. Elektron. Mat. Izv., 13 (2016), 26-37. (in Russian)
Zbl 1342.74097

[13] Yu. A. Bogan, Homogenization of a mnonhomogeneous spring beam with elements
jointed by hinges of finite rigidity, Sib. Zh. Ind. Mat. 1:2 (1998), 67-72 (In Russian)
Zbl 0947.74051

[14] G. Leugering, S.A. Nazarov, A.S. Slutskij, The asymptotic analysis of a junction
of two elastic beams, Z. Angew. Math. Mech., 99 (2019), Article ID €201700192.
7Zbl 7804227

[15] G. Leugering, S.A. Nazarov, A.S. Slutskij, J. Taskinen, Asymptotic analysis of a bit
brace shaped junction of thin rods, Z. Angew. Math. Mech., 100 (2020), Article ID
€201900227. Zbl 7794844

[16] S. Caddemi, I. Calio, F. Cannizzaro, The influence of multiple cracks on tensile and
compressive buckling of shear deformable beams, Int. J. of Solids and Structures, 50:20—
21 (2013), 3166-3183.

[17] A. Palmeri, A. Cicirello, Physically-based Dirac’s delta functions in the static analysis
of multi-cracked Euler - Bernoulli and Timoshenko beams, Int. J. of Solids and
Structures, 48:14-15 (2011), 2184-2195.

[18] D.S. Mueller-Hoeppe, P. Wriggers, S. Loehnert, Crack face contact for a hexahedral-
based XFEM formulation, Comput. Mech., 49:6 (2012), 725-734. Zbl 1312.74043

[19] A.M. Khludnev, T.S. Popova, Equilibrium problem for elastic body with delaminated
T-shape inclusion, J. Comput. Appl. Math., 376 (2020), Article ID 112870.
Zbl 1436.35190

[20] A.M. Khludnev, T-shape inclusion in elastic body with a damage parameter, J.
Comput. Appl. Math., 393 (2021), Article ID 113540. Zbl 1465.35239

[21] A.M. Khludnev, Elasticity Problems in Non-Smooth Domains, Fizmatlit, Moscow,
2010. (in Russian)

[22] J.-L. Lions, Some methods of solving non-linear boundary value problems, Dunod,
Paris, 1969.

[23] A.M. Khludnev, V.A. Kovtunenko, Analysis of Cracks in Solids, WIT Press,
Southampton, Boston, 2000.

[24] H. Ttou, V.A. Kovtunenko, K.R. Rajagopal, Crack problem within the context of
implicitly constituted quasi-linear viscoelasticity, Math. Models Methods Appl. Sci.,
29:2 (2019), 355—372. Zbl 1411.35249

[25] H. Itou, V.A. Kovtunenko, K.R. Rajagopal, On the states of stress and strain adjacent
to a crack in a strain-limiting viscoelastic body, Math. Mech. Solids, 23 (2018), 433—
444. 7bl 1404.74028

[26] T.S. Popova, Equilibrium problem for a viscoelastic body with a thin rigid inclusion,
Mat. Zamet. SVFU, 21:1 (2014), 47-55. Zbl 1340.49012

[27] T.S. Popova, Problems of thin inclusions in a two-dimensional viscoelastic body, J.
Appl. Ind. Math., 12 (2018), 313-324.


https://doi.org/10.1002/zamm.201500145
https://doi.org/10.1002/zamm.201500145
https://doi.org/10.1016/j.camss.2017.05.005
https://doi.org/10.1016/j.camss.2017.05.005
https://doi.org/10.1177/1081286515594655
https://doi.org/10.1177/1081286515594655
https://doi.org/10.25587/SVFU.2018.1.12770
https://doi.org/10.25587/SVFU.2018.1.12770
https://doi.org/10.17377/semi.2016.13.003
https://doi.org/10.17377/semi.2016.13.003
https://doi.org/10.1002/zamm.201900227
https://doi.org/10.1002/zamm.201900227
https://doi.org/10.1016/j.ijsolstr.2013.05.023
https://doi.org/10.1016/j.ijsolstr.2013.05.023
https://doi.org/10.1016/j.ijsolstr.2011.03.024
https://doi.org/10.1016/j.ijsolstr.2011.03.024
https://doi.org/10.1007/s00466-012-0701-2
https://doi.org/10.1007/s00466-012-0701-2
https://doi.org/10.1016/j.cam.2020.112870
https://doi.org/10.1016/j.cam.2020.112870
https://doi.org/10.1016/j.cam.2021.113540
https://doi.org/10.1142/S0218202519500118
https://doi.org/10.1142/S0218202519500118
https://doi.org/10.1177/1081286517709517
https://doi.org/10.1177/1081286517709517
https://doi.org/10.1134/S1990478918020114

3AJAYA O T-OBPABHOM COTPAYKEHUN TOHKNUX BKJJIIOUYEHUM 1593

[28] E.M. Rudoy, N.P. Lazarev, Domain decomposition technique for a model of an elastic
body reinforced by a Timoshenko beam, J. Comput. Appl. Math., 334 (2018), 18-26.
7Zbl 1462.74042

[29] V.M. Alexandrov, B.I. Smetanin, B.V. Sobol, Thin Stress Concentrators in Elastic
Bodies, Fizmatlit, Moscow, 1993. (in Russian)

[30] M. Goudarzi, F. Dal Corso, D. Bigoni, A. Simone, Dispersion of rigid line inclusions
as stiffeners and shear band instability triggers, Int. J. of Solids and Structures, 210—
211 (2021), 255-272.

[31] L.T. Berezhnitsky, V.V. Panasyuk, N.G. Stashchuk, Interaction of Rigid Linear
Inclusions and Cracks in a Deformable Body, Naukova dumka, Kiev, 1983. (in Russian)

[32] E. Sanches-Palencia, Non-Homogeneous Media and Vibrations Theory, Moscow, Mir,
1984. (in Russian)

[33] M.S. Agranovich, Sobolev Spaces, their Generalizations, and Elliptic Problems in
Domains with Smooth and Lipschitz Boundaries, MCNMO, Moscow, 2013. (in Russian)

TATIANA SEMENOVNA PopoOva
NORTH-EASTERN FEDERAL UNIVERSITY,
UL. KULAKOVSKOGO, 48,

677008, YAKUTSK, Russia

Email address: ptsokt@mail.ru


https://doi.org/10.1016/j.cam.2017.11.019
https://doi.org/10.1016/j.cam.2017.11.019
http://dx.doi.org/10.1016/j.ijsolstr.2020.11.006
http://dx.doi.org/10.1016/j.ijsolstr.2020.11.006

	Введение
	Сопряжение тонких включений в двумерном упругом теле
	Задача с изломом между включениями
	Задача об идеальном сцеплении между включениями

