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À.Ô. ÂÎÐÎÍÈÍ

Abstract. The article will continue the study of the relationships
between the equation in convolutions of the 2nd kind on a �nite interval
(which is also called the truncatedWiener-Hopf equation) and the factorization
problem (which is also called the Riemann-Hilbert boundary value problem
or the Riemann boundary value problem). Studies of interrelations �rst
appeared in the works of the author [1-5]. In this paper, new results are
obtained in the theory of the Riemann-Hilbert vector boundary value
problem and the theory of truncated Wiener-Hopf equations based on
the identi�ed relationships between the problems under consideration.
Keywords:Wiener algebra, factorization problem, partial indices, truncated
Wiener-Hopf equation

Ââåäåíèå Â ðàáîòå áóäóò ïðîäîëæåíû èññëåäîâàíèÿ âçàèìîñâÿçè ìåæäó
óðàâíåíèåì â ñâåðòêàõ 2-ãî ðîäà íà êîíå÷íîì èíòåðâàëå (êîòîðîå òàêæå íàçû-
âàþò óñå÷åííûì óðàâíåíèåì Âèíåðà �Õîïôà) è çàäà÷åé ôàêòîðèçàöèè (êîòî-
ðóþ òàêæå íàçûâàþò êðàåâîé çàäà÷åé Ðèìàíà �Ãèëüáåðòà èëè êðàåâîé çàäà÷åé
Ðèìàíà). Â ðàáîòàõ àâòîðà [1]�[3] áûë ïðåäëîæåí íîâûé ïîäõîä ê ðåøåíèþ êðà-
åâîé çàäà÷è Ðèìàíà â àëãåáðå Âèíåðà ïîðÿäêà 2. Ýòîò ïîäõîä (ìåòîä) çàêëþ-
÷àåòñÿ â ñâåäåíèè çàäà÷è Ðèìàíà ê óñå÷åííîìó óðàâíåíèþ Âèíåðà �Õîïôà. Â
ðàáîòàõ [2]�[5] ïîëó÷åíû íîâûå ðåçóëüòàòû â òåîðèè âåêòîðíîé êðàåâîé çàäà÷è
Ðèìàíà �Ãèëüáåðòà è òåîðèè óñå÷åííûõ óðàâíåíèé Âèíåðà �Õîïôà íà îñíîâå
âûÿâëåííîé âçàèìîñâÿçè ìåæäó ðàññìàòðèâàåìûìè çàäà÷àìè. Â [3]�[5] áûëî
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2 À.Ô. ÂÎÐÎÍÈÍ

ïîêàçàíî, ÷òî äëÿ ïîñòðîåíèÿ ôàêòîðèçàöèè ìàòðèöû ôóíêöèè â àëãåáðå Âè-
íåðà ïîðÿäêà 2 äîñòàòî÷íî íàéòè ðåøåíèå ñîîòâåòñòâóþùåãî óñå÷åííîãî óðàâ-
íåíèÿ Âèíåðà �Õîïôà (ê êîòîðîìó äàííàÿ çàäà÷à ôàêòîðèçàöèè ñâîäèòñÿ).
Âåðíî è îáðàòíîå óòâåðæäåíèå. Ñ äðóãîé ñòîðîíû, åñëè çàäà÷å ôàêòîðèçàöèè
ñîîòâåòñòâóåò ëèøü îäíî óñå÷åííîå óðàâíåíèå Âèíåðà �Õîïôà, òî ïðîèçâîëü-
íîìó óñå÷åííîìó óðàâíåíèþ Âèíåðà �Õîïôà ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå
íåêîòîðûé êëàññ çàäà÷ ôàêòîðèçàöèè (ñ ðàçëè÷íûìè ìàòðè÷íûìè êîýôôèöè-
åíòàìè), ÷òî âûòåêàåò èç [3, òåîðåìà 2] è [4, òåîðåìà 3]. Âîçíèêàåò ñëåäóþùàÿ
çàäà÷à. Äëÿ óñå÷åííîãî óðàâíåíèÿ Âèíåðà �Õîïôà òðåáóåòñÿ íàéòè ñîîòâåò-
ñòâóþùóþ ìàòðèöó-ôóíêöèþ, çàâåäîìî äîïóñêàþùóþ ýôôåêòèâíóþ ôàêòîðè-
çàöèþ, èç âñåãî ìíîæåñòâà ìàòðèö-ôóíêöèé, ñîîòâåòñòâóþùèõ ýòîìó óðàâíå-
íèþ. Â äàííîé ðàáîòå ñäåëàí ïåðâûé øàã â ðåøåíèè ïîñòàâëåííîé çàäà÷è.

Â ðàáîòå áóäóò èçó÷àòüñÿ êðàåâûå çàäà÷è Ðèìàíà ñ ìàòðè÷íûì êîýôôèöè-
åíòîì G(x), ðàçìåðà 2× 2, èìåþùèì ñëåäóþùèé îáùèé âèä:

G(x) =

(
1 eixτ0m−(x)

e−ixτ0m+(x) 1 + g22(x)

)
, (0.1)

ãäå

m±(x) =

∞∫
−∞

µ±(t)eixt dt, 1 + g22(x) = dG(x) +m+(x)m−(x),

(0.2)

µ±(t) = θ(±t)µ(t), µ ∈ L1(R), dG(x) 6= 0, x ∈ R,
τ0 > 0, θ� ôóíêöèÿ Õåâèñàéäà.

Ëåãêî âèäåòü, ÷òî îïðåäåëèòåëü ìàòðèöû G ðàâåí dG, ãäå dG ïðîèçâîëüíàÿ
ôóíêöèè èç àëãåáðû Âèíåðà.

Íàïîìíèì ïîíÿòèå àëãåáðû Âèíåðà ïîðÿäêà 2. Äëÿ öåëûõ 2 ≥ n, l ≥ 1 ïî-
ëîæèì Ln×l � ïðîñòðàíñòâî n× l ìàòðèö-ôóíêöèé ñ ýëåìåíòàìè èç L1(R), Ff
� îáðàç Ôóðüå ìàòðèöû ôóíêöèè f ∈ Ln×l:

Ff(x) =

∞∫
−∞

f(t)eixt dt, x ∈ R,

ãäå R � ðàñøèðåííàÿ âåùåñòâåííàÿ ïðÿìàÿ (R� âåùåñòâåííàÿ ïðÿìàÿ); Wn×n

� àëãåáðà Âèíåðà íåïðåðûâíûõ ìàòðèö-ôóíêöèé âèäà C+Ff , ãäå C � ïîñòî-
ÿííàÿ ìàòðèöà ïîðÿäêà n è f ∈ Ln×n; Wn×n

+ (Wn×n
− ) � ïîäàëãåáðà â Wn×n,

ñîñòîÿùàÿ èç ìàòðèö-ôóíêöèé âèäà C +Ff òàêèõ, ÷òî f(t) = 0 ïðè t < 0 (ïðè
t > 0). ×åðåç Wn×1, Wn×1

± îáîçíà÷èì ãðóïïû, ñîñòîÿùèå èç âåêòîðîâ-ñòîëáöîâ

ìàòðèö-ôóíêöèé èç àëãåáð Wn×n, Wn×n
± ñîîòâåòñòâåííî.

Åñëè A � íåêîòîðàÿ àëãåáðà, òî ÷åðåç GA îáîçíà÷èì ãðóïïó èç îáðàòèìûõ
ýëåìåíòîâ â A. Ïðè n = 1 âåðõíèé èíäåêñ n× n ïðè W áóäåì îïóñêàòü.

Ðàññìîòðèì íåîäíîðîäíóþ çàäà÷ó Ðèìàíà íà ðàñøèðåííîé ïðÿìîé R, â êî-
òîðîé òðåáóåòñÿ íàéòè âåêòîð-ôóíêöèè Φ± ≡ (Φ±1 ,Φ

±
2 )T ∈ W2×1

± ïî êðàåâîìó
óñëîâèþ:

Φ+(x) = G(x) Φ−(x) + h−(x), x ∈ R, (0.3)

ïðè îãðàíè÷åíèè Φ±2 (∞) = 0,
ãäå

h− = (h−1 , h
−
2 ) ∈W2×1

− , h−1 = 0,
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h−2 (x) =

0∫
−τ

q−(t)eixt dt, q− ∈ L1(−τ, 0), τ0 ≤ τ � ïàðàìåòð.

Áóäåì ðàññìàòðèâàòü òàêæå óðàâíåíèå â ñâåðòêàõ âòîðîãî ðîäà íà êîíå÷-
íîì èíòåðâàëå (0, τ), êîòîðîå ñîîòâåòñòâóåò (ïðè îïðåäåëåííûõ k è f) êðàåâîé
çàäà÷å Ðèìàíà (0.3):

u(t)−
τ∫

0

k(t− s)u(s) ds = f(t), t ∈ (0, τ), (0.4)

ãäå
k ∈ L1(R), f ∈ L1(0, τ).

Ëåãêî âèäåòü, ÷òî çíà÷åíèÿ ôóíêöèè k(t) âíå èíòåðâàëà (−τ, τ) íå âëèÿþò
íà ðåøåíèå óðàâíåíèÿ (0.4) (ïîñëåäíåå áóäåì èñêàòü â L1(0, τ)).

Êðàåâóþ çàäà÷ó Ðèìàíà (0.3), (0.1),(0.2) áóäåì èçó÷àòü ïðè ñëåäóþùèõ çíà-
÷åíèÿõ ôóíêöèè dG:

dG(x) = (1 + eix(τ−τ0)m+(x))(1− e−ix(τ−τ0)m−(x)), x ∈ R. (0.5)

§1. Ïðåäâàðèòåëüíûå óòâåðæäåíèÿ, äîïîëíèòåëüíûå ïîñòðîåíèÿ è
äîïóùåíèÿ. Èç íåðàâåíñòâà â (0.2) ñëåäóåò, ÷òî îïðåäåëèòåëü ìàòðèöû G(x)
äîïóñêàåò ýôôåêòèâíóþ ôàêòîðèçàöèþ (ñì., íàïðèìåð, [6, § 38]):

det G(x) = d+G(x) pκd−G(x), x ∈ R, (1.1)

ãäå

d±G ∈ GW±, d
±
G(∞) = 1, p =

x− i
x+ i

,

κ = Inddet G(t) ≡ 1
2π∆R arg det G(t).

Îòìåòèì, ÷òî ìàòðèöà-ôóíêöèè G(x) â (0.1)�(0.2) îáëàäàåò ñëåäóþùèìè
âàæíûìè ñâîéñòâàìè. Äëÿ ïîñòðîåíèÿ ôàêòîðèçàöèè (äîñòàòî÷íî) ïðîèçâîëü-
íîé ìàòðèöû ôóíêöèè èç àëãåáðû Âèíåðà ïîðÿäêà 2 äîñòàòî÷íî ïîñòðîèòü
ôàêòîðèçàöèþ ìàòðèöû-ôóíêöèè G(x). Ýòî óòâåðæäåíèå âûòåêàåò èç [3, òåî-
ðåìà 2] è [5, ñëåäñòâèå], íàïðèìåð, ïðè dG = 1. Ñ äðóãîé ñòîðîíû, "ïðîñòî-
òà"ñòðóêòóðû ìàòðèöû G(x) îòêðûâàåò ïåðñïåêòèâó ïîñòðîåíèÿ åå ôàêòîðè-
çàöèè ýôôåêòèâíî. Â ñàìîì äåëå, ïðè

dG = 1−m+m−, supp µ+ ⊆ [0, τ0]

âûïîëíÿåòñÿ âêëþ÷åíèå

e−ixτ0m+(x), dG(x) +m+(x)m−(x) ∈W−,
êîòîðîå ïîçâîëÿåò ýëåìåíòàðíî ñâåñòè âåêòîðíóþ çàäà÷ó ôàêòîðèçàöèè (è çà-
äà÷ó Ðèìàíà (0.3)) ê ñêàëÿðíîé. Âìåñòå ñ òåì ëåãêî âèäåòü, ÷òî çàäà÷à Ðèìàíà
(0.1),(0.1)�(0.2) ýêâèâàëåíòíà àíàëîãè÷íîé çàäà÷å Ðèìàíà ñ ìàòðè÷íûì êîýô-
ôèöèåíòîì G0, îïðåäåëèòåëü êîòîðîãî ðàöèîíàëüíàÿ ôóíêöèÿ (ðàâåí 1 ïðè
κ = 0):

G0(x) = J+(x)G(x)J−(x) =

(
1 eixτ0m−0 (x)

e−ixτ0m+
0 (x) pκ + g022(x)

)
,

ãäå

m±0 =
m±

d±G
, g022 =

g22

d−G d
+
G

, J±(x) =

(
1 0
0 1

d±G

)
.
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Äîïîëíèì îïðåäåëåíèÿ, ââåäåííûå ðàíåå. Ïðè C=0 ñîîòâåòñòâóþùèå àëãåá-
ðû, ïîäàëãåáðû è ãðóïïû áóäåì ñíàáæàòü íèæíèì èíäåêñîì 0 (Wn×l

0 , Wn×l
0± , l ∈

{1, n}). Íà àëãåáðåW0 îïðåäåëèì äîïîëíèòåëüíûå äðóã ê äðóãó ïðîåêòîðû P+
0

è P−0 ïî ôîðìóëàì

P±0 : W0 → W0±, P
±
0 Fg(x) =

∞∫
−∞

eixtg(t)θ(±t) dt, x ∈ R,

ãäå g ∈ L1(R).
Îòìåòèì ñëåäóþùèå ñâîéñòâà ëèíåéíûõ îïåðàòîðîâ P±0 :

P+
0 + P−0 = I, F−1{P±0 Fg(x)}(t) = g(t)θ(±t), t ∈ R,

ãäå I � åäèíè÷íûé îïåðàòîð, F−1 - îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå.
Èìååò ìåñòî

Ëåììà 1. Ðåøåíèå êðàåâîé çàäà÷è Ðèìàíà (0.3),(0.1),(0.2) îáëàäàåò ñëåäóþ-
ùèì ñâîéñòâîì:

P+
0 {e−ixτ0

(
Φ+

1 (x)− C1

)
} = 0, P−0 {eixτpκ+d−G(x)Φ−2 (x)} = 0,

ãäå

x ∈ R, C1 = Φ±1 (∞), κ+ = κ ïðè κ ≥ 0, κ+ = 0 ïðè κ < 0.

Äðóãèìè ñëîâàìè, ðåøåíèå êðàåâîé çàäà÷è Ðèìàíà (0.3),(0.1),(0.2) èìååò ñëå-
äóþùèé îáùèé âèä:

Φ+
1 (x) = C1 +

τ0∫
0

eixtα1(t) dt, Φ−2 (x) =
p−κ+

d−G(x)

0∫
−τ

eixtα2(t) dt,

(
Φ−1 (x) = C1 +

0∫
−∞

eixtα1(t) dt, Φ+
2 (x) =

∞∫
0

eixtα2(t) dt,
)

ãäå α1 ∈ L1(−∞, τ0), α2 ∈ L1(−τ,∞).

Äîêàçàòåëüñòâî ëåììû 1 îïóñêàåì, ò.ê. îíî äîñòàòî÷íî òðèâèàëüíîå è àíà-
ëîãè÷íî äîêàçàòåëüñòâó [3, ëåììà 1] è [2, ëåììà 1].

Â ðàáîòå, äëÿ ïðîñòîòû, áóäåì ñ÷èòàòü, ÷òü èíäåêñ Êîøè ìàòðèöû G(x)
ðàâåí íóëþ, ò.å. κ = 0.

Ïóñòü ôóíêöèÿ dG â (0.1) îïðåäåëåíà ðàâåíñòâîì (0.5). Òîãäà èç (0.2) è (1.1)
ñëåäóåò, ÷òî

d+G(x) = 1 + eix(τ−τ0)m+, d−G(x) = 1− e−ix(τ−τ0)m−.

Îïðåäåëèì òåïåðü ôóíêöèè w±τ (x) è k̂(x) òàêæå êàê â [3]. Èç ôîðìóë (1.8) â
[3] ïðè κ0 = κ+ èìååì

w−τ (x) := d−G(x) + e−ixτ p−κ+g12(x),

w+
τ (x) := d+G(x)− eixτp−κ−g21(x), (1.2)

ãäå
g12(x) = eixτ0m−(x), g21(x) = e−ixτ0m+(x).

Èç (1.2) ïîëó÷èì w±τ = 1, ò.ê. κ± = κ = 0. Òîãäà èç ôîðìóëû (2.1) â [3] èìååì

k̂(x) = e−ix(τ−τ0)m−(x)− eix(τ−τ0)m+(x) := Fk(x). (1.3)
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Fk+ = −eix(τ−τ0)m+, Fk− = e−ix(τ−τ0)m−

)
.

Îáðàç Ôóðüå ïðàâîé ÷àñòè óðàâíåíèÿ â ñâåðòêàõ (0.4) îïðåäåëèì ïî ôîðìóëå:

Ff(x) = C1Fk+(x)− eixτh−2 (x). (1.4)

Ñïðàâåäëèâà

Ëåììà 2. Ïóñòü κ = 0 è âûïîëíåíû ðàâåíñòâà (0.5) è (1.3)�(1.4). Òîãäà ðåøå-
íèå u(t) (åãî îáðàç Ôóðüå) ñîîòâåòñòâóþùåãî óñå÷åííîãî óðàâíåíèÿ Âèíåðà �
Õîïôà (0.4) âûðàæàåòñÿ ÷åðåç ðåøåíèå êðàåâîé çàäà÷è Ðèìàíà (0.3),(0.1),(0.2)
ïî ôîðìóëå:

Fu(x) = Φ+
1 (x)− C1 + eixτ

(
1− e−ix(τ−τ0)m−(x)

)
Φ−2 (x). (1.5)

Äîêàçàòåëüñòâî ëåììû 2. Äîêàçàòåëüñòâî ïðîâåäåì ïî àíàëîãèè ñ äîêàçà-
òåëüñòâîì [3, òåîðåìà 2]. Îòìåòèì, ÷òî ïðè h−2 = 0 ëåììà 2 ÿâëÿåòñÿ ÷àñòíûì
ñëó÷àåì [3, òåîðåìà 2].

Ëåãêî âèäåòü, ÷òî êðàåâîå óñëîâèå (0.3) ìîæíî çàïèñàòü â ñëåäóþùåé ýêâè-
âàëåíòíîé ôîðìå:

Ψ+(x)− h−(x) = Mτ (x) Φ−(x), x ∈ R, (1.6)

ãäå

Mτ (x) =

(
1 eixτ0m−(x) + eixτ d−G(x)

e−ixτ0m+(x) 1 + g22(x)

)
,

Ψ+
1 (x) = Φ+

1 (x) + eixτ d−G(x) Φ−2 (x), Ψ+
2 (x) = Φ+

2 (x). (1.7)

Óìíîæèâ ñëåâà ëåâóþ è ïðàâóþ ÷àñòè ñèñòåìû (1.6) íà ìàòðèöóM−1τ ïîëó÷èì

Φ−(x) =
1

d−G(x)w+
τ (x)(

1 + g22(x) −eixτ0m−(x)− eixτ d−G(x)
−e−ixτ0m+(x) 1

) (
Ψ+(x)− h−(x)

)
. (1.8)

Óìíîæèì ëåâóþ è ïðàâóþ ÷àñòè ïåðâîãî óðàâíåíèÿ ñèñòåìå (1.8) íà d−G/w
+
τ , ñ

ó÷åòîì î÷åâèäíîãî ðàâåíñòâà

1 + g22(x) = 1− e−ix(τ−τ0)m− + eix(τ−τ0)m+

è ðàâåíñòâà (1.3) èìååì(
1−Fk(x)

)
Ψ+

1 (x)− Φ+
2 (x)− h−2 (x)

w+
τ (x)

eixτ = d−G(x)
Φ−1 (x)

w−τ (x)
. (1.9)

Èç (1.9) è (1.4),(1.7), ðàññóæäàÿ òàêæå êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2 â [3]
(íà÷èíàÿ ñ ôîðìóëû (2.7)), ïîëó÷èì àíàëîã ôîðìóëû (2.9) â [3]:(

1−Fk(x)
)
Fu(x)− Φ+

2 (x)

w+
τ (x)

eixτ =
d−G(x)

w−τ (x)

(
Φ−1 (x)− C1

)
+ f̂(x), (1.10)

ãäå

f̂(x) = −C1

(
1−Fk(x)−

d−G(x)

w−τ (x)

)
− eixτ h

−
2 (x)

w+
τ (x)

≡ Ff(x). (1.11)

Çäåñü Q± = 0, â îòëè÷àå îò ôîðìóëû (2.9) â [3], ò.ê. w±τ = 1.
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Ïîëó÷åííàÿ â (1.11) ôîðìóëà äëÿ Ff(x) ñîâïàäàåò ñ ôîðìóëîé (1.4) ïðè
w+
τ = 1. Ïðèìåíèâ ê ëåâîé è ïðàâîé ÷àñòÿì óðàâíåíèÿ (1.10) îáðàòíîå ïðåîá-

ðàçîâàíèÿ Ôóðüå ïîëó÷èì óñå÷åííîå óðàâíåíìå Âèíåðà �Õîïôà (0.4), ñèìâîë
êîòîðîãî âûðàæàåòñÿ ôîðìóëîé:

1−Fk+(x)−Fk−(x) = 1 + eix(τ−τ0)m+(x)− e−ix(τ−τ0)m−(x). (1.12)

�

§2. Ðåøåíèå êðàåâîé çàäà÷è Ðèìàíà�Ãèëüáåðòà (0.3),(0.1),(0.2).Èìå-
åò ìåñòî

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 2 è ñïðàâåäëèâî ðàâåíñòâî

h−2 (x) = C1P
−
0 {e−ixτFk+(x)}. (2.1)

Òîãäà çàäà÷à Ðèìàíà�Ãèëüáåðòà (0.3),(0.1),(0.2) èìååò ñëåäóþùåå ðåøåíèå

Φ±1 = C1, Φ−2 = 0, Φ+
2 (x) = −C1P

+
0 {e−ixτFk+(x)}. (2.2)

Ðåøåíèå â (2.2) åäèíñòâåííî è ìàòðèöà G(x) äîïóñêàåò êàíîíè÷åñêóþ ôàêòî-
ðèçàöèþ òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùåå îäíîðîäíîå óñå÷åííîå
óðàâíåíèå Âèíåðà �Õîïôà (0.4) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû. Èç ðàâåíñòâ (1.4) è (2.1) ñëåäóåò, ÷òî f(t) = 0, t ∈
(0, τ). Òîãäà î÷åâèäíî, ÷òî u = 0 áóäåò ðåøåíèåì ñîîòâåòñòâóþùåãî îäíîðîä-
íîãî (f = 0) óñå÷åííîãî óðàâíåíèÿ Âèíåðà �Õîïôà (0.4) (ñ ñèìâîëîì (1.12)).
Èç ðàâåíñòâà (1.5) â ëåììå 2 ïîëó÷èì

0 = Φ+
1 (x)− C1 + eixτ

(
1−m−(x)

)
Φ−2 (x). (2.3)

Ñ ó÷åòîì (2.3) çàïèøåì ïåðâîå óðàâíåíèå ñèñòåìû (0.3) â ñëåäóþùåì âèäå

Φ+
1 (x)− C1 = Φ−1 (x)− C1 −

(
Φ+

1 (x)− C1

) m−(x)

1−m−(x)
.

Ïîñëå ïðèâåäåíèÿ ïîäîáíûõ â âûøåñòîÿùåì óðàâíåíèè ïîëó÷èì

Φ+
1 (x)− C1 =

(
Φ−1 (x)− C1

)(
1−m−(x)

)
. (2.4)

Ëåâàÿ ÷àñòü óðàâíåíèÿ (2.4) èç àëãåáðû W0+, ïðàâàÿ èç W0− ïî óñëîâèþ. Ïðè-
ìåíèâ ê ëåâîé è ïðàâîé ÷àñòÿì óðàâíåíèÿ (2.4) ïðîåêòîðû P±0 ïîëó÷èì ïåð-
âûå äâà ðàâåíñòâà â (2.2). Èç ïîëó÷åííîãî ðàâåíñòâà Φ+

1 = C1 è ðàâåíñòâà
(2.3) èìååì Φ−2 (x) = C1. Ñïðàâåäëèâîñòü ïîñëåäíåãî ðàâåíñòâà â (2.2) âûòå-
êàåò èç âòîðîãî óðàâíåíèÿ ñèñòåìû (0.3) è ïåðâûõ òðåõ ðàâåíñòâ â (2.2), ò.ê.
eix(τ−τ0)m+ = −Fk+.

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Ðèìàíà â (2.2), è òåì ñàìûì áó-
äåò äîêàçàíà ñóùåñòâîâàíèå êàíîíè÷åñêîé ôàêòîðèçàöèè ìàòðèöû G(x), ò.ê.
κ = 0. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî çàìåòèòü, ÷òî ðàâåíñòâî (2.3) âûïîë-
íÿåòñÿ ñ íåîáõîäèìîñòüþ, åñëè u = 0 åäèíñòâåííîå ðåøåíèå ñîîòâåòñòâóþùåãî
îäíîðîäíîãî óñå÷åííîãî óðàâíåíèÿ Âèíåðà �Õîïôà (0.4).

Ïóñòü òåïåðü ìàòðèöà G(x) äîïóñêàåò êàíîíè÷åñêóþ ôàêòîðèçàöèþ. Òîãäà
õîðîøî èçâåñòíî, ÷òî ðåøåíèå çàäà÷è Ðèìàíà (0.3) åäèíñòâåííî ïðè çàäàííîì
C1, ÷òî áóäåò ïðîòèâîðå÷èòü ðàâåíñòâó (1.5) â ëåììå 2, åñëè u 6= 0. Ñëåäîâà-
òåëüíî, u = 0. �

§3. Óðàâíåíèå â ñâåðòêàõ âòîðîãî ðîäà íà êîíå÷íîì èíòåðâàëå
(0.4).
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Òåîðåìà 2. Ïóñòü
||k±||L1

< 1, (3.1)

ãäå

k±(t) = k(t)θ(±t), k ∈ L1(−τ0, τ0), τ0 > 0.

Òîãäà, åñëè îäíîðîäíîå (f = 0) óðàâíåíèå (0.4) (ïðè τ = τ0) èìååò òîëüêî
òðèâèàëüíîå ðåøåíèå, òî äëÿ ëþáîé ôóíêöèè f1 ∈ L1(0, τ) è ëþáîãî ïàðàìåò-
ðà τ > τ0 ñëåäóþùåå óñå÷åííîå óðàâíåíèå Âèíåðà �Õîïôà

u1(t)−
τ∫

0

(
k−(t− s+ a) + k+(t− s− a)

)
u1(s) ds = f1(t), t ∈ (0, τ), (3.2)

ãäå a = τ − τ0, èìååò åäèíñòâåííîå ðåøåíèå.
Âåðíî è îáðàòíîå óòâåðæäåíèå. Åñëè äëÿ íåêîòîðîãî a > 0 îäíîðîäíîå

(f1 = 0) óðàâíåíèå (3.2) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå, òî äëÿ ëþáîãî
f ∈ L1(0, τ0) óñå÷åííîå óðàâíåíèå Âèíåðà �Õîïôà (0.4) (ïðè τ = τ0) èìååò
åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû. Îäíîðîäíîìó óñå÷åííîìó óðàâíåíèþ Âèíåðà �Õîïôà
(0.4) ïîñòàâèì â ñîîòâåòñòâèå çàäà÷ó Ðèìàíà (0.3),(0,1),(0.2) òàê, ÷òî áû âû-
ïîëíÿëèñü óñëîâèÿ ëåììû 2 è ðàâåíñòâî (2.1). Èç ëåììû 2 ïîëó÷èì ôîðìóëû
ñîîòâåòñòâèÿ (1.12) ìåæäó ñèìâîëîì óðàâíåíèÿ (0.4) è ýëåìåíòàìè ìàòðèöû
G. Â ñâîþ î÷åðåäü èç (1.12) ñëåäóåò, ÷òî îäíîðîäíîå óðàâíåíèå (0.4) ìîæíî
çàïèñàòü â âèäå (3.2) (ïðè f1 = 0) ñ òî÷íîñòüþ äî ïåðåîáîçíà÷åíèé.

Äëÿ ñëó÷àÿ a = 0 ìàòðèöó G(x) îáîçíà÷èì ÷åðåç G1(x). Èç óñëîâèÿ (3.1)
ñëåäóåò, ÷òî ìàòðèöûG(x),G1(x) èG0(x) ýêâèâàëåíòíû (ïîñëåäíÿÿ îïðåäåëåíà
â íà÷àëå § 1) è ñóìàðíûé èíäåêñ êàæäîé èç ýòèõ ìàòðèö ðàâåí íóëþ, κ = 0.
Äðóãèìè ñëîâàìè, âñå òðè ìàòðèöû îáëàäàþò îäèì è òåì æå íàáîðîì ÷àñòíûõ
èíäåêñîâ.

Ìîæíî âèäåòü, ÷òî ïðè a > 0 (a = 0) óñëîâèÿ òåîðåìû 1 âûïîëíåíû. Ïî
òåîðåìå 1 ìàòðèöà G(x) (G1(x)) äîïóñêàåò êàíîíè÷åñêóþ ôàêòîðèçàöèþ òîãäà
è òîëüêî òîãäà, êîãäà óðàâíåíèå (3.2) ïðè f1 = 0 (óðàâíåíèå (0.4) ïðè f = 0
) èìååò åäèíñòâåííîå ðåøåíèå. Ñëåäîâàòåëüíî, çàêëþ÷åíèå òåîðåìû 2 âûòåêà-
åò èç ýêâèâàëåíòíîñòè ìàòðèö G(x), G1(x) è àëüòåðíàòèâû Ôðåäãîëüìà äëÿ
óðàâíåíèÿ (3.2) è óðàâíåíèÿ (0.4) (ïðè τ = τ0).

�
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