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ABSTRACT. In article the elements of the lattice of ultraclones are
considered. We proved the criterion of completeness in the maximal
ultraclone of self-dual hyperfunctions. Thus, all submaximal ultraclones
of self-dual hyperfunctions are described.
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1. BBEJIEHUE

B Teopun muckpeTHbIX (DYHKIWI KJIACCHYIECKON MTPOOJIEMOI SIBJISIETCS OIUCAHUE
CTPYKTYPBI WM PEIIETKH 3aMKHYTHIX KjaccoB (KiouoB) dbyuxnuit. Kak uzsecrno,
TOJIBKO U151 OyJIeBBIX (DYHKITUI PEIeTKa 3aMKHY THIX KJIACCOB ITOJTHOCTHIO OIMUCAHA U
seaistercst caetnoit [1]. Jost octanbabix byHKImMI k-3HAUHOM JIOTHKY JAHHAS 3371414
JlajieKa OT CBOETO 3aBepIIeHMUS.

B manHOIT pabore mcCIielyeTcsl pelreTKa 3aMKHYTBIX KJIAaCCOB IUiepdyHKIUR
paHra 2, Tak HAa3bIBAEMbIX YJIBTPAKJIOHOB paHra 2. Tak Kak Bce MaKCHMAaJbHbBIE
yAbTpakyoHbl panra 2 uaiigenst B.U. Ilanresneesbim B [2], akryanbHoii 3amaqeii
SIBJISIETCSI OIMCAHME CJIEYIOIIEro sipyca B PEIIeTKe YJIbTPAKJIOHOB, T. €. CyOMaKch-
MaJIbHBIX YJIBTPAKJIOHOB. B crarbe HaiijleH KpUTEPHil MOJTHOTH B MaKCHUMAaJbHOM
VJIBTPAKJIOHE CAMOIBOMCTBEHHBIX IUNEP(YHKIUN, KaK CJIEJICTBUE, MOJIYYEHO OIH-
caHMe BCceX CyOMaKCHMAJIbHBIX YIbTPAKJIOHOB CAMO/IBONCTBEHHBIX TUIIEPQMYHKIIHIA.

3aMeTnM, ITO OIUCAHUE BCEX CyOMaKCHMAJIbHBIX KJIOHOB IIOMUMO OYJIEBBIX (DYHK-
Ui [IOJIYYEHO JIUIND [JIs (DYHKIWHA TPeX3HAIHOMN Joruku [3].
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2. OCHOBHBIE IIOHATHUSA U OIIPEAEJIEHN A

ITycrs E = {0,1} u F' = {{0},{1},{0,1}}. Oupezenum cieryioniime MHOKECTBA
byHKIMI:
P2,n:{f|f:En_>E}a P2:UP2,’I’L;

Pin:{f|f:E"—>F}, P{:UP{’n;

QOyuxrun u3 P, HaseiBalor OyreBeIME GyHKIUAMA, U3 P, — runepdyHknusMn
na E (runepdyskiusamu panra 2).
st Toro, 9T00ObI CYTIEePIO3UITHST

f(fl(xla'--7xm)v~~~7fn(l'1w~';xm))a

vie f, fi,..., fn € Py , onpegensiia runep®yHKIE0 §(L1, . . ., Ty ) OUPEIEIAM 3HA-
geHus rTunepdyHKImy [ Ha HAOOpax M3 MHOXKeCTBa F' CiiemyromuM obpa3oM: eciiu
(a1,...,ap,) € E™, 10

N f(B1y...,Bn), ecaum mepecedenue He MyCTO;
g(a (0% ) = ﬁiefi(al,..,7am)
IR m U f(/817 PR 7571), B HpOTI/IBHO]\/I C.quae'

Bi€fi(ar,...sam)

Hamee runmepdyHKInio 6yaeM Ha3bIBATH MPOCTO (PYHKITUEH, €C/n 3TO HEe BBI3bI-
BaeT HeJopa3yMeHuit.

Iist mroboro HaTypasibHOro n u Jjiroboro i, riae 1 < i < n, 0603HAYNM Uepes
ez, ..., iy ..., Tpn) OYHKIMIO, 3HAYEHNS KOTOPOI COBIIAIAIOT CO 3HAYECHUSIMU I1e-
pementoif x;. PyHKIMK €] HA3BIBAIOTCS IIPOEKITUAME WU CEIEKTOPHBIMI (DYHKITH-
SIMU.

SambikanneM MHOXKecTBa (DyHKIHH K Ha3bIBAETCS MHOXKECTBO BCeX (DYHKITHIA,
ITOJIyYeHHBIX U3 PYHKIUNA MHOXKeCTBa K C IMOMOIIBIO CYIIEPIIO3UIINN, JT00aBJIEHUs] U
yajeHus pUKTUBHBIX TIEPEMEHHBIX. 3aMbIKaHIE MHOXKeCTBa K 0003HAaUaeTCs depe3
[K]. MuoxkectBo dyukiumii K Ha3bIBAETCA 3aMKHYTBIM (3aMKHYTHIM KJIACCOM ), €CJIH
K = [K].

YbTpakiIoHOM paHra 2 (KJIOHOM) HA3bIBAETCH 3aMKHYTOE MHOYKECTBO THIIED-
dbynximit parra 2 (Gynesbix dyHKUHMiA), comepKaiiee Bee npoekimn. Jamee gist
KPaTKOCTH JII00OI YJIBTPAKJIOH paHra 2 OyleM Ha3bIBaTh IIPOCTO YJIBTPAKJIOHOM.
Samernm, 9TO OO0 KJIOH SIBJISETCST YIBTPAKJIOHOM.

Yibrpakiion K Ha3blBaeTCss MAKCUMAJIBHBIM, €CJIU HE CYIIECTBYET YJIbTPaKJIOHA
K’ rakoro, uro K C K' C Py .

Yiubrpakion K Ha3bBaeTCs CyOMAKCUMAJIBHBIM, €CJIU HE CYIIEeCTBYET YJIbTPAKIIO-
na K’ takoro, uro K C K' C M, rime M — HEKOTOpPBIT MaKCUMAJILHBIN YIBTPAKJIOH.

Yepes S 0603HaYMM KJIOH BCeX OYJIEBBIX CAMOIBOUCTBEHHBIX (DYHKITHIA.

[Iycts R® — s-MecTHBIH NpeuKaT, 3aJaHHbli Ha MHOXKecTBe F. Bynem roBoputn,
uro dyukuus f(z1,...,T,), OUpeleeHHas Ha MHOKeCTBe F'; coxpaHser npeiuKar
R? ecsin nyis s100BIX HAOOPOB

(alla sy asl)a ey (alnv oo 7asn)7
nprHaJJIeKamux npegukary R°, Habop
(f(all, ey O[ln), ey f(asl, ey Oésn))

npunajiexnTt RP.
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s yupormenus 3anucu uctosbsyerca kopuposka: {0} <> 0, {1} + 1, {0,1} «
—, rorma F' = {0,1,—}.
T'untepdyuknmio, KoTopas Ha Bcex HabOpax MPUHUMAET 3HAUYeHue —, OyaeM 000-

3HA4YATh IIPOCTO —.

B [2] nokazano, 9T0 MaKCUMAIBHBIMA YIIBTPAKIOHAMI PAHTA 2 SIBJISTFOTCST TOJIBKO
caenytomue 11 MHOXKeCTB:

1) P, — MHO)KeCTBO Bcex OyieBbix (yHKIm;

2) T, — MHOXKeCTBO (DYHKUUI, KOTOPbIE COXPAHAIOT HyJb, T. €. Ha Habope U3
Bcex HyJsell dyHKIun npuHuMaioT 3Haderue (;

3) Ty — MHOXKeCTBO (DYHKIHIT, KOTOPBIE COXPAHSIOT €INHAUILY, T. €. Ha Habope u3
BCex enuHUI] DYHKINNA IPUHUMAIOT 3HAYEHIE 1]

4) S~ — MHO)KeCcTBO (DYHKIHIA, COXPAHSIONINX TIPEUKAT

01 —
RS - (1 0 _) )
5) L™ — MHOXKeCTBO (DYHKIU, COXPAHSAIONMUX IPEIUKAT
001 1 —
R = <o 10 1 —> ’
6) M~ — muOXKeCTBO (DYHKIM, COXPAHSIONIUX IIPEJIUKAT
o010 — -
Bar = (0 11 - 1 —> ’
7) A1 — MHOXKecTBO (DYHKIMIA, COXPAHSIONMUX IPEIUKAT
o1 1 - 1 -
B = (1 01 1 — —> ’
8) Ay — MHOXKeCTBO (DYHKIMIA, COXPAHSIONMX IPEAUKAT

0010 — -
Rz‘(0100>’

9) A3 — MHO)KeCTBO (DYHKIHII, COXPAHSIFOIUX TIpeuKaT R, Onpe/esseMblii MaT-
puneit

o o0o001t110o000--01 - -11 — —
oo0110110 -1 -01--1 -1 -1 —
01r011ro01- 0 -110 - - -1 —-—11 -

10) A4 — muOXKeCTBO DYHKIHMIH, COXPAHSIONIUX IIPEIAKAT
o - 0 - - -

0101 -0190 - —-— 0 -

11) As — MHOXKeCTBO, cocrosiiee u3 Bcex (yHKIUH, CYIIECTBEHHO 3aBUCSIIMX
He OoJiee UeM OT OJIHON TIEPEMEHHOM, a TaKkKe W3 (DYHKIHI, TPUHUMAIOIIIX TBa
3HAYEHUsI, OJHO U3 KOTOPBIX €CTh —.

MmuozxxectBo S~ Oy/ieM Ha3bIBATh MHOXKECTBOM BCEX CAMOJBOMCTBEHHBIX T'HIIEP-

dyHKIMI panra 2.
Yepes d3 oboznauum byHKIMIO, 3agaBaeMyio sekropoM (00010111).
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MuoxkectBo B HazbiBaeTcs MOHLIM B S~ ecm [B] = S .

Yepes K obosznaumm mHOXKecTBO S~ N1, 4epe3 Ko — MHOXKecTBO S~ N L7,
qepe3 K3 — mHOXKecTBO S™ N M ™.

Bce oupejiesienusi, KOTOPbIE OTCYTCTBYIOT 3JI€Ch, HEOOXOAMMbIE JIJIs OHUMAHMSI
cTaThi, MOXKHO HaiiTu B [4].

3. KPUTEPUI MTOJTHOTHI U ONMMCAHUE CYBMAKCHUMAJIbHBIX Y/IBTPAKJIOHOB
B MHOYKECTBE BCEX CAMOJIBOVMCTBEHHBIX I'MIIEPO®YHKIUN

B sTom paszmerne mokasbiBaeTcs KPUTEPHUIl MOJMHOTHL B S~ , KaK CJIEICTBUE, OIH-
CaHBI BCE CYOMAKCHUMAJIbHBIE YJIBTPAKJIOHBI, COJIEpKAIIIecs B S~ .

JIemma 1. [4] Muoowcecmso S asasemes 3aMEHYMBIM.
JIlemMma 2. Mnootcecmea K1, Ky, K3 asaaomcsa 3aMEHYMOIMU.

Hoxazamesvcmeo. OueBugno, B cuily 3aMKHyTOoCcTH MHOXKectB S—, Ty, L™, M,
97O JI0Ka3aHo B [2].

O

B [B] nokasana caemyromas
JIemma 3. Bepno, wmo S~ = [{ds,Z, —}].

JIemma 4. [2] Nunepdynruyus f € L™ mozda u moavko moeda, kozda f — aunetinan
bynesa PYHKUUA UAU KOHCTAHG —.

Jlemma 5. Byaesa dynkuyusa f(x1,...,2T,) asasemes sunetinol moeda u moavko
mozda, xozda O0an 100601 cyuecmeeHtoti nNepemernoti T; Npu A00BT 3HAUEHUAT
AlyeeeyQi—1,Q5415---,0p onsa NEPEMEHHDIL XT1y. ..y Lj—1,Lj41y--+5Ln

flar, o yaim1,0,ai41,. . an) # flag, . aim1, 1 ai41, -0 an).
Hoxazamesvcmeo. Heobxomumocts. OdeBUHO, B CHITY
f=car1 @ - Dcim1Ti—1 DT D Ciy1Tip1 -+ D Ty D Co,

roe ¢; € {0,1}.
Hocrarognocts. Ot uporusaoro. Ilycts f we sapisterca auueitroit. Torma, me
yMaJisist ODIIHOCTH, MOYKHO CIUTATH, 9TO

f = x1x2p0(x3v cee 7xn) @ xlpl(xl% s 7xn) 2 l‘gpg(l‘g, s 75En) @P3(=’U3a cee 7xn)7

rae Haiinerca wabop (bs, . .. ,by,) Takoii, aro po(bs,...,b,) = 1. Torma

b
f(0’07b37~~-,bn) :p3(b37"'7bn)7
f(071,b37...,bn) :pg(bg,...,bn)@pg(bg,...,bn)7
f(LO,bg,...,bn) :pl(bg,...,bn>@p3<b37...,bn),
f(l, 1,b3,. . 7bn) :po(bg, . .,bn)@pl(bg,,. . .,bn)@pg(bg, . .,bn)@pg(bg,, .. ,bn)
Orciona py(bs, ..., b,) = pa(bs,...,b,) = 1, a 3aauur po(bs,...,b,) = 0. [Iporu-

BOpeYne.

O

Teopema 1. Mnoowcecmeo B C S~ asasemca noanvim 6 S~ mozda u moavko

moeda, xo2da B L S, BL K1, BZ Ko, BZ Ks.
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Hoxazamenvemeo. Heobxonumocts. Ot uporusnoro. Ilycts B C S. B caydwasx
B C Ky, B C K2, B C K3 I0Ka3bIBaeTCs aHAJOTUIHO C TOMOIIBIO JIEMMBI 2.
Torpa [B] C S. Ilporusopeune semme 1.

Hocrarounocts. Tak kak B € K1 Haiigercst f1 € Kq. Bo3MoxHBI 2 cirydasi:

Cayuait 1. Iycrs f1(0,...,0) = 1. Torma f(z) = fi(z,...,2) = (10). Tak xax
B ¢ S wnaiinercs fo € S. U3 fy oToXKmecTBiIeHHEM NEPEMEHHBIX U IMTOJICTAHOBKOM
orpunanuii mosyanm fz = (——).

Cuyuaii 2. Ilycrs f1(0,...,0) = —. I3 f1 oToxKIecTBI€HHEM IIEPEMEHHBIX II0JLY-
e fy = (——).

Taxkum 06pazom, uMeeM KOHCTAHTY —.

[Tokaxkem, aTo Beerya moyyduM GYyHKIHUIO ds.

Tak xkak B ¢ K, naitnercsa g1 € Ko. B cuty memMbl 4 BO3MOXKHBL 3 Cirydast:

Cuyuait 1. OroxecTBiieHueM [EPEMEHHBIX U3 g1 HoiayduM go = (0 — —1) win
(1——0). Ho Tak Kak BO BTODOM BapuaHTe Cpa3y UMeeM OTPUIIAHUE, II03TOMY J0CTa~
TOYHO PACCMOTPETh TOJIBKO IEPBBI BapuaHnt. J{00aBUB (DUKTUBHYIO IEPEMEHHYIO
nostyanm g3 = (0 — —10 — —1). JTasee noctpounm g4 = gz(e, e, g3) = (000 — —111).
C momommpio g4 momyunm bynkmmio dz = g3(€3, g3, g4) = (00010111).

Cuyuait 2. OToxKIeCTBJIEHUEM IIEPEMEHHBIX U3 g1 nostyduM gs = (—10—) win
(=01-). Tak xak uepBasg (DyHKIHUS IIOJyYaeTCs U3 BTOPOIi II€PECTAHOBKOI Iie-
PEMEHHBIX, JOCTATOYHO PACCMOTPETh TOJBKO MEPBBI Bapuaut. /lasee mosrydum
g6 = gs(e?,g5) = (1100), 7. e. orpunanue. C HOMOIIBIO OTPUIAHUS U3 g5 TOJTY-
YaeM @, T. €. 9TA CUTYAIUsI CBOJUTCA K Caydaro 1.

Cayuqait 3. Oyukius g sBJsieTcs OyJIeBoil HeqmHeWHO#M camoaBoiicTBernoit. [1o
JleMMe 5 HalJIyTCsl CyIIeCTBEHHAs IEPEMEHHAS X; U 3HAYCHUST

A1yeee sy i—1,Ajg1y- -5 0n
AJIL IEPEMEHHBIX L1, ..., L;—1,Li41, ..., Ly TaKuE, 9TO
gl(al,...,ai_l,O,ai_,_l,...,an) :gl(al,...,ai_l,l,ai+1,...,an).

HOCKOIH)Ky XT; ABJIAETCA CyHleCTBeHHOﬁ, TO CYIIECCTBYIOT 3HAYCHUA
b17 s -7bi717bi+17‘ . ';bn
JJId IIEPEMEHHbIX L1, ...,2Lj—1,Tj41,..., Ly TAKHEC, ITO

g1(b1y. 3 bi—1,0,b501, ..., b)) # g1(b1, .o bim1, 1, bigr, .0, by).
CrenoBare/bHO,
gr(ar, .y Qim1y—, Qig1,y .-, 0n) = C,
e c€ {0,1} u
g1(b1, .. bi—1, =, big1, .., by) = —.
OTOXKIECTBIICHIEM TIEPEMEHHBIX U3

91(331, vy Ti—1y =y Ty - e - Jﬁn)

nosyunM oxny u3 dbyukmumit (0 — —1), (1 — —0), (=10-), (—01—), 7. e. curyanus
CBOJIUTCH K cirydasim 1 u 2.

Nrax, mosyanin GyHKIHAO ds.

IMokazkeM, uTo Beerja noayauMm orpuriaaue (10).

Tak kak B € K3 naiinerca h; ¢ Kz. O4eBUIHO, 9TO OTOXKIECTBICHUEM I€PE-
MEHHBIX U3 hp TOJIYy9UM CaMOJBOWCTBEHHYIO MUIEP(MYHKIUIO OT TPEX HEPEMEHHBIX

hd Ks.
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Ecmu h(0,...,0) =1, To cpa3dy uMeeM OTpUIAHUE.

Eciu h(0,...,0) = —, T0 OTOXKIECTBIEHIEM II€PEMEHHbIX u3 h nosaydum (—10—)
mwm (—01—). Kax 65110 OKa3aHO BBIIIE, ¢ HOMOIILIO JIIOOOH U3 HUX IOJIYIHM OT-
puIaHue.

Eciu h(0,...,0) = 0, To BO3MOXKHBI 16 ciryuaes:

Cayuait 1. h = (01001101). Torza

ho(x1, 20, w3) = h(h(w1, 22, 73),d3(x1, ¥2,23), —) = (=1 — 01 — 0—).

C nomonipo hg nomyunm byHkuuo hy = ho(z1, 21, 23) = (—10—). 13 hs noy-
ynmM orpunanue hy = hz(e?, hs) = (1100).

Cayuait 2. h = (00101011). Torma ha(z1, 22, 23) = h(z1, 23, 22) = (01001101), T.
€. 9Ta CUTYaIus CBOAUTCS K CIyqaio 1.

Coy4ait 3. h = (01110001). Torma ha(z1, 22, 23) = h(z2, 21, 23) = (01001101), T.
€. 9Ta CUTyaIusl CBOJUTCA K Crydaio 1.

Cuoyuait 4. h = (01101001). Torma he = h(e3,e3, d3) = (00101011), T. e. sTa
CHUTyaIust CBOJUTCS K CIydaro 2.

Caywuait 5. h = (001 — —011). Torma hy = h(e3, h,e3) = (00101011), T. e. sTa
CHUTyaIWsl CBOJUTCSL K CIydaro 2.

Ciyuait 6. h = (00 — 01 — 11). Torma he = h(h,e3,e3) = (00101011), T. e. sTa
CHUTYyaIysi CBOJIUTCS K CIIydaro 2.

Ciywait 7. h = (0 — 1010 — 1). Torma he = h(e3,e3,h) = (00 — 01 — 11), T. e. 372
CHUTyaIust CBOJUTCS K CIIydaro 6.

Caywait 8. h = (010 — —101). Torma hy = h(e3, e3,h) = (01001101), T. e. sTa
CHUTYyaIMsl CBOJUTCSI K CIydaro 1.

Ciyuait 9. h = (011 — —001). Torma hy = h(e,e3, h) = (01001101), T. e. s1a
CHUTYyaIysi CBOJIUTCS K CIydaro 1.

Cuyaait 10. h = (01 — 01 — 01). Torza hy = h(e3, e3,e3) = (0 — 1010 — 1), . e.
9Ta CUTyanusi CBOJIATCS K CJIYIAro 7.

Caywait 11. h = (01 — 10 — 01). Torga he = h(e3, e3, h) = (01110001), T. e. sta
CUTYyaIsi CBOJIUTCS K CJIydalo 3.

Cuyuait 12. h = (0 — 1100 — 1). Torna hy = h(e$, h,e3) = (01110001), . e. s1a
CHUTyaIst CBOJUTCS K CIydaro 3.

Craywait 13. h = (0 — 1 — —0 — 1). Torma hy = h(e3,e3, h) = (00 — 01 — 11), T. e.
9Ta CUTyaIlusi CBOJUTCS K CIIydaro 6.

Coyuait 14. h = (0 — 0011 — 1). Torza he = h(e3, e3,e3) = (00 — 01 — 11), . e.
3Ta CHTyalusi CBOJUTCA K CIydaro 6.

Cuyuait 15. h = (0 — —01 — —1). Torma hy = h(e,e3,e3) =(0—1——-0—1),
€. 9Ta CATYaIllsl CBOJUTCS K Caydaro 13.

Caywait 16. h = (01 — — — —01). Torga hy = h(e3,e3,e3) = (0—1—-0—1),
€. 3Ta CUTyallusl CBOJIUTCA K ciydaro 13.

Urak, nogxyuuan orpunanue (10). 3amernm, 4To paHee Mbl NOJIYIHIN d3 M KOH-
cranty —. ClenoBaresibHO, IO JeMMe 3 MHOXKeCTBO B mosiHo B S~ .

d

CaencrBue 1. Cywecmeyem posHo 4 CYOMAKCUMANOHBT yavmparasona S, K,
K5, K3, codeporcawguxcsa 6 S~ .
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