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Abstract

The aim of this paper is to approximate the exponentially bounded C—regularized semigroups function
by the Laguerre series, recalling the notions and the results used.
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1 Introduction and preliminaries

The series expansion of Laguerre orthogonal polynomials have been an important tool in
mathematical physics, in problems involving the integration of Helmholtz’s equation in
prabolic coordinates, in the theory of the Hydrogen atom, in the theory of propagation of
electomagnetic waves along transmission lines terminated by a lumped inductance [8].
The study of sufficient conditions for the convergence of Laguerre series has been the
subject of numerous works, for more details see [14], [3], [13], [8] and [2].

In 2014, Abadias and Miana studied in their article [1] the Laguerre expansion of Cy-
semigroups and Resolvent Operators. In this work we will be interested in Laguerre
expansion of C-regularized semigroups function, starting with reminding the notations,
concepts and results used.

Throughout this paper E denotes a non-trivial complex Banach space, §(E, F) denotes
the set of all applications from E to another Banach space F, B(E) denotes the space of
all bounded linear operators from E into itself, and L}OC(E) the set of all f € F(R,E)
locally integrable. For a closed linear operator A on E, D(A), R(A) and p(A) denote
its domain, range and resolvent set, respectively. D(A) equipped with the graph norm
Il x |lpy=Il x lle + || Ax |[r becomes a Banach space. Throughout this paper, C € B(E)
will be an injective operator. The C-resolvent set of A, denoted by pc(A), is defined by
pc(A) :={A € C| R(C) € R(Al — A) and Al — A is injective} and if A € pc(A) then we denote
by Rc(A, A) = (AI — A)~IC the C—resolvent.

Laguerre functions and Laguerre expansions on Banach spaces

For all n € N, and arbitrary real @ > —1 the classical Laguerre polynomial is defined by

Rodrigues formula:
- n
X d (e—xxn+0z).

(Vx € R) Pualx) = exW T
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Qn,o 1 a polynomial with the degree n, the same parity as n, whose highest monomial
degree 1s( V" and have real coefficients. Furthemore, they verity the following condition

of orthogonahty wiht respect to gamma density x — x%¢™ on [0, +oo[ :

I'n+a+1)
n!

7

gb”,a(x)qu,a(x)xae_xdx = 5n,m
R+

where 6, ,, is the Kronecker delta. We also have recurrence relations, differential equations
and the estimates:

(Vx € RY) (Jey > 0) (Ang € N) (Y = 1), | Pra(x) | con. (1)

For more details of the classical theory of orthogonal polynomials see [8], [14], [3], [13],
[1] and [2].
The Laguerre functions on R* are defined by:

1 —a d”

n! a _x Fo n+a
Pralr) = \/F(n +a+ 1)¢n'a(x)x2€ - JnlT(n + a + 1)x dx" e ?

(@n,a)nen is an orthonormal basis in the Hilbert space L?(R*) and satisfies some recurrence
relations, equalities and inequalities. For more details see [14], [3], [1], [13] and [2].
For n € N and arbitrary real « > -1, we denote by ¢, 4, the function on R* defined by:

n! 1 ar

(V2 € RY) Pnal0) = g ¥ Ona®) = gy e

(xl’l-l-()(e—X)' (3)

Yy, o satisfies recurrence relations and differential equations, for example:

(¥ (n,m) € N?) Y2 = Y- (4)

And the following useful inequality:

(Vn>1) 5)

For more details see [1] and [8].
The most important property of the family (¢, o)nen is thatif f : IR}, — E be a differentiable

function such that fom e~ || f(t) |* dt < +oo, then the series Z Cu(f)Pna(t) converges

nelN
pointwise to f on R}, where

()= [ Ynaldf )t
For more details see [8], [3] and [13].
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C-regularized semigroup

A family of operators (T(t))o in B(E) is called exponentially bounded C-regularized
semigroup or exponentially bounded C-semigroup on E, if

1. T(t +s5)C =T(t)I(s) forallt,s € R".

2. T(0) = C

3. The function t — T(t)x is continuous on R* for any x € E.

4. (AM > 0) (Fw = 0) : || T(t) [I< Me®!, forall t > 0 (exponentially bounded condition).
Its generator W is defined by

s—0* S

DW) = {x € E:lim T - Cx exists in R(C) }
and T c
(Vx € DW)) Wx =C ! lim Tex = Cx.

s—0* S
In all that follows, (T'()):=0 C B(E) is exponentially bounded C—-regularized semigroup on
E with generator (W, D(W)) such that

AM>0) Qw>=0): (Vt>0)]| T(t) ||< Me™. (6)

We present some known facts about C—semigroup and its generator, which will be used
in the sequel (see [7], [5], [6], [7], [9], [10], [11], [12], [15] and [16] for more details):

e By the property 1, we conclude that T(t)T(s) = T(s)T(t) for all t,s > 0, this means that
T(t)x € D(W) and WT(t)x = T(t)Wx, for all t > 0 and x € D(W).

o fot T(s)xds € D(W) and W fot T(s)xds = T(t)x — Cx for every x € E and t > 0, which
implies that for each x € D(W), u := T(.)xis of class C}(R*, E) and solves the Abstract
Cauchy problem

u'(t) = Wu(t), teR*
((ACP(W X, 0)1){ M(O) = Chx.
1 t+h
e lim — T(s)xds = T(t)x for all x € E and t > 0, this means that W is a closed linear

h—0+h J,
operator with R(C) c D(W).

e The C—resolvent operator Rc(A, W) is analytic in the C—resolvent set pc(W) and

di’l

aAr

(Rc(A, W) = (=1)"n!{(AI = W)™ 1C for all n € IN. (7)
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e W=C1WC, (w,+0) C pc(W) and Rc(A, W)x = f0+00 e MT(t)xdt for A >wand x € E.
For every A > wand n € N, R(C) € D((AI — W)™) and

(AI - W)™Cx = T _1 o fo h Lo MT(t)xdt, (8)

which implies
I (A = @)" (AT =W)™"Cll< M. ©)

/\Ot
(e"'T(t))i=0 is uniformly bounded C—semigroup with the generator W — wI. Then we

can define the fractional power of C-resolvent operator(see [5] for more details) as
below :

o leta > 0and A > 0, we have f0+00 r-leMdr = T8 and the family of operators

- _ _ - . L v a—=1_-At —wt
AI-(W—-wl)) ™ “Cx = (A+w)[-W) ™ “Cx := @) fo Lo M= T (1) xdt, forall x € E.
(10)

With a simple verification, (Al — (W — wI))™*C is bounded linear operator.

2 Main results

Theorem 2.1 Let (T(t))ier+ be an exponentially bounded C—semigroup in a Banach space E with
generator (W, D(W)), g € N such that g > 2 and a > —1. Then

1. Forany n € N and x € E, we have
+00
f Una()e ' TH)xdt = (wl — W) ((w + 1) — W) e 1Cx.
0
2. For x € D(W), we have :

+00
o (1) T(t)x = e Z(a)l — WY (@ + 1)I = WY1, ((Cx, forall t > 0.
n=0
o (b) For each t > 0 there is ng € IN such that for all integer n with n > ng and x € D(WH),
we have

Ctayg || (W= wl)ix ||

na1 '

I T(t)x = e Y (@I = W)"((@ + DI = W) """ Cxpyaft) 1<
m=0

where ct o4 is a constant which depends only ont > 0, a and q.
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Proof.

Throughout the proof, a is an arbitrary real such that o > 1.

1. Letn €

N, x € E. The function t - ¢, ,(t)T(¢)x is continuous on R* and integrable in

the sens of Bochner. Put I := f0+00 U o(H) (e T (t))xdt, then

I =

f - %,a(t)(e-w*T(t»xdt

T(n+a+1) f dtn“”*“ e (e T (1)t

d e (eI T (H))x ]+ o at prea -t OET(F))xdt
ror s e e T - [ e ) e s

1 " -l n+a — —ot
T(n+a+1) 0- f Tt W - wl)(e T(t))xdt)

1 o d"” ' n+a = —w
In+a+1) (W- C‘)I)f - 1(f “e tT(t))xdt)

=1"(W - wl)”(

f ("% f)(e-wa(t))xdt)

In+a+1)
1 oo

(@I = W)" ( (t<”+a+1>-1e-f)(e-wa(t))xdt)

In+a+1)
(wI = W) (I — (W — wl))™" " 1Cx
(wl = W)"((w + 1)I = W)™ % ICx.

2. Let x € D(W).
e (a) Let’s remember that e~ ““T()x : R* — Eis in C'(R*, E) and

+00 +00
f e~ || eI T(Hx > dt < f et || e T () 12| x |1 dt
0 0

+00
< M?| x| f et dt
0

< +o00.

Now, we apply the most important properties of (¥, 4)nen to get the series
Z ca(e™OT()x)Pya(.), where

nelN

cal((e™VT())x)

[t
= (wl = W)"((w + DI = W) *1Cx
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converges pointwise to e “OT(.)x for t € R*. Therefore,
T(Hx = e (e”“'T(t)x)

+00

= oot Z(w[ — WY'((@ + 1) = W) ™2 1Cxeb a (D).
n=0
e (b) Lett > 0and g € N such that g > 2.

Since lim (

@
)2 =1, we have
n—+oo 11 — q

(AN,

1
The Riemann series Z
m>g+1 (m q)z

is convergent, hence,

+00

Z 1 1 1
: TE-Dm-grt

m=n+1 (m - q)z

We have
1 1 1 1

-De-g T E-Dei

thus

@AN, € N) (¥n > max(q + 1, Ny, Ny)), Z P
m=n+1 7712 (E o 1) n__l

By (1),
@AN;eN) @ > 0): (¥n > max(Ny,Np, N3, q + 1)) | pualt) IS oim?.

Put ny = max(N1, N2, N3, g + 1), then for n > ny and x € D(W1)

] = LJFOO wn,a(t)(e_th(t))th

T d
- [) d—;(1,bn_q,a+q(t))(e“"tT(t))xdt (according to (4))

d B t T d o
ST WO TOR = [ S @) e O
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oo 191
= 0= [ SO ~ oD T
= W) [ g O TN
= @I W) [ ) T
= (wl-W)1 fo Wn—garq(B) (e T(E))xdt

— f h ¢n_q,a+q(t)(e“"tT(t))(a)I — W)xdt.
0
So

| (@I = W)'((@ + DI - W)™ Cx || = | fo Unal)E T(H)xdt |

_ fo (GnogesnOETONW = l)ixdt |

IA

+00

f | Gnmgsa(®) |11 T 1 dt | (W = D) |
0

< 1OV =apre|m Yo

< || (W = wl)7x || ——— (according to (5)).

(n- q)w

On the other hand, we are looking to estimate the quantity

et || ZO'O‘(a)I—W)m((a)+1)I—W)‘m‘“‘1Cxq5m,a(t)—Z(a)I—W)m((a)+1)1—W)‘m‘“‘lequ,a(t) I

(11)
We have
1) < Y e (@l = W)"((@ + DI = W) " Cxiha(t) |
m=n+1

IA

e Y @ = W)"((@+ DI= W) ICx | | palt) |

m= n+1

IA

e Z W =l ")chm%’

m=n+1 q
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+00 a
2

m
< T(W = wl)ix || € cicaqg Z —
m=n+1 (Tl’l - q) 2

+00 @ a

, (m—q): m2
< W = @bl Cleasy Y, e T
m=n+1 (m — q)T (m — q)2

+00
LW = @)% || cleasy Y

(m-q? m

< =(—)"
m=n+1 (m_q) > Mg
+00 1
< W = wlfix |l cleary ), —— X2
m=n+1 (m - q)z
1 1

< W — wl)ix || cicprg—————,
IO = | e =

where

Ctayg || (W= wl)ix ||

q
nal

I T()x = e Y (@I = W)"((@ + DI = W) """ Cxpyaft) <
m=0

Theorem 2.2 Let (T(t)):cr+ be an exponentially bounded C—semigroup in a Banach space E with
generator (W, D(W)) and a € R.

1. Forx € E,a > 0and n € N, we have

+00 +00 n
f Una(t)Re(t, W — wl)xdt = f S—e“‘)ST(s)xds.
0 0

(S + 1)n+0z+1

2. For x € Eand o > 1, we have

+oo +00 1 ,—ws
Re(t, W-whx =Y ( f LT(s)xds) Ona(t), forall t> 0.
0

n+a+1
e (s+1)

Proof.

l.Letx € E,a >0and n € N. Forallt > 0, t + w € pc(W), so the function t +—
Re(t, W — wl) = Re(t + w, W) is analytic in R,
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In the other hand, by equation (9), we know that || Rc(t + w, W) [|< % forallt >0, so

fo | Gnal®) Il Relt, W — D) || dt

e nIM ;
< —lyX
B fo T'n+a+ 1)te 1 Pualt) | dt

n'M e
el o () | dE
- I'n+a+1) ¢ | Pnalt) |

< +09.

fo | Yna(®ORC(E, W — l)x | dt

+00

H=Tn+a+1) Y o(H)Rc(t, W — wl)xdt,
0

T
I

In+a+1) f+°° Y o(H)Rc(t, W — wl)xdt
0

n

+00
= f %(e_tt””)l{c(t, W — wl)xdt
0 t

+00 dn_l
dtn—l

dn—l
dtn—l

(e‘tt””)%(RC(t, W — wl)x)dt

[ (e " M Rc(t, W — wl)x]3™ — fo

=0

i (6 ttn ) (1 lc(t [ v CUI)X)]
dtn 2 dt ! 0
+ —1)? —n i e Eg —2 R t W— (I)I X dt
( 1) f()‘ lt”‘z( t ) ltz( C( 7 ) )

= [

+00 n
= (-1)" f e_tt”“"%(RC(t, W — wl)x)dt (integtration by parts)
0

= (=1)" fo - e (= 1Y nl((t + )] — W)™ Caxdt

+00 1 +00
= f et (n!)— f s"e e~ T(s)xdsdt
0 0

n!

+00 —+00
= f s"e” T (s)x ( f t””‘e‘te_tsdt) ds (Fubini’s Theorem)
0 0

9/14



2 MAIN RESULTS

+00 +00
= f s"e”T(s)x ( f t”*“e_(”l)tdt) ds
0 0

e n_—ws e un+a —u du
L s'e T(s)x(‘f0 Gt 1)n+ae S+1)ds (u=(s+ 1))

+00 S +00
— f ————e " T(s)x ( f u”“"e‘”du) ds
0 (S + 1)n+a+ 0

+00 n
= f (S_i_lswe_“’sT(s)xF(n +a + 1)ds
0

n

+00
S

rm+a+1 ——————e “*T(s)xds,

n+a )[) o 1)n+a+1e (s)xds

hence the result.

2. Letxe Eand a > 1.
The function t — R¢(t, W — wl)x = Re(t + w, W)x is differentiable in IR, (because it’s
analytic in R?), and

400 +00
f te™ | Re(t, W — wD)x |* dt = f te ™ || ((t+ w)l = W)™ ICx |* dt
0 0

+00 M?
< f l“)‘e_tt—2 | x |1 dt (equation (9))
0 +00
< M?| x|? f 1207t dt
0
= M? || x| T(a = 1) (because a > 1)
< +o00.

Thus, the series Z cn(Re(., W = wl)x)¢y, o converges pointwise to Re(., W — wl)x on

nelN

R, where

+00

Cn(RC(-/ W - C()I)X) = wn,a(t)RC(t, W - a)I)th
0
+00 n
= fo (SJrlsme‘wsT(s)xds (according to Theorem?2.2(a)).

Therefore,

(Vt > 0) Re(t, W — wDx = ((t + w) — W) 1Cx = Z ([)m %T(S)ms) Pralt)-
n=0

10/14



2 MAIN RESULTS

Example 2.3 Let m : R — R~ be an even measurable function. In the Banach space L'(R), we
consider the family T := (T(t))=0 C F(LI(R)) defined by ¥t > 0, T(t) : LY(R) - LY(R), f -
TH)(f) : R - R,s > T(H)(f)(s) = O f(=s). Clearly, (T(t))i0 € B(LX(R)). If we put T(0) = C,
then the family of operators (T (t))so is uniformly bounded C-regularized semigroup with generator
(W, D(W)) defined by

W : D(W) = {f e L"R)/ m.f € L'(R)} — LY(R), f = W(f) = m.f.
Theorem 2.1 gives for f € D(W) and s, t € R™ :

TMH(f)s) = e Z(wl — WY (@ + DI = W)™ C(f)(5)Prnalt)
n=0

+00

= ™Y (0 x 1= WY'((0 + DI = WY "I C(F)(s)Pnalt)

n=0

= Y m@)' @ = me) P Dnald)
n=0

So T(H(f) = ) PualB)(=m)"(1 = m)"=271C(f).
n=0

Theorem 2.2 gi_ves

Relt, W(HO) = Y ( fo Lem“ds) CNOpral).

n+a+1
o (s+1)

Example 2.4 The space X = cy = {(xk)keN eCN tg lim x; = O}, equipped with the norm

k> +o00

| (X©)keN |loo= Iknax | xx | becomes a Banach space. For eachn € IN, let e, = (8, x)ken be an element
€N

+o00
of X. Since for all x = (Xg)ken € X, X = Z xrex, we have X = span{e,/n € IN}. Considering the

k=0
family of operators (T(t))i=0 defined by :

+00 +00
forallt € RY, forall x (: Z xkekJ eX, T(t)x = Z e‘kztxkek

(T(t))s=0 is a unifomly bounded Co—semigroup (|| T(t) ||< 1) with generator (W, D(W)) such that
+00

DW) = {x = (ken € X/ (X ren € X} and (Yx € D(W)) Wx = Z —K2xyex. Theorem 2.1
k=0
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gives for x = (xx)ken € D(W) and forall t € R* :

TH) = e ) (@ = WY (@ + DI = W) " @)dpa(t)
n=0

= &™) (0 X T = WY'((0 + DI = W)™ (X alt)
n=0

+00

= Z(kzn(l + kZ)_n_a_lxk)ke]N(Pn,a(t)
n=0
+00 +00
_ Z Z an(l n kz)_n_a_1Xk€k¢n,a(t)-
n=0 k=0
Theorem 2.2 gives
+00 +00
— kzs
Re(t, W)x = ZS kZO‘ ( fo " 1)M+1 ds) XeCkPr a (D).
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