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Abstract

The aim of this paper is to approximate the exponentially bounded C—regularized semigroups function
by the Laguerre series, recalling the notions and the results used.
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1 Introduction and preliminaries

The series expansion of Laguerre orthogonal polynomials have been an important tool in
mathematical physics , in problems involving the integration of Helmholtz’s equation in
prabolic coordinates, in the theory of the Hydrogen atom, in the theory of propagation
of electomagnetic waves a long transmission lines terminated by a lumped inductance
[8]. The study of sufficient conditions for the convergence of Laguerre series has been the
subject of numerous works, for more details see [14], [3], [13], [8] and [2].

In 2014, Luciano and Pedro studied in their article [1], the Laguerre expansion of Cy-
semigroups and Resolvent Operators. in this work we will be interested in Laguerre
expansion of C-regularized semigroups function, starting with reminding the notations,
concepts and results used.

Throughout this paper E denotes a non-trivial complex Banach space, §(E, F) denotes
the set of all applications from E to another Banach space F, B(E) denotes the space of
all bounded linear operators from E into itself, and L}OC(E) the set of all f € F(R,E)
locally integrable. For a closed linear operator A on E, D(A), R(A) and p(A) denote
its domain, range and resolvent set, respectively. D(A) equipped with the graph norm
Il x llpy=Il x |l + || Ax ||z become Banach space. Throughout this paper, C € B(E)
will be an injective operator. The C-resolvent set of A, denoted by pc(A), is defined by
pc(A) :={A € C| R(C) € R(AI = A) and Al — A is injective in B(E)} and if A € pc(A) then
we denoted by Rc(A, A) = (AI — A)~!C the C—resolvent.

Laguerre functions and Laguerre expansions on Banach spaces

For all n € IN, and arbitrary real o > —1 the classical Laguerre polynomial, is defined by

Rodrigues formula:
- n
X d (e—xxn+0z).

(Vx € R) Ppalx) = exW T

1/14



1 INTRODUCTION AND PRELIMINARIES

Qn,o 1s @ polynomial with the degree 1, the same parity as n, whose highest monomial de-
gree is EV X" and have real coefficients. Furthemore, they verify the following condition
of orthogonahty wiht respect to gamma density x — x*e¢™ on [0, +oo] :

I'n+a+1)
n!

7

qb”,a(x)qu,a(x)xae_xdx = 5n,m
R+

where 6, ,, is the Kronecker delta. We also have recurrence relations, differential equations
and the estimates:

(Vx € RY) (Jey > 0) (Ang € N) (Y = 1), | Pra(X) | con. (1)

For more details of the classical theory of orthogonal polynomials see [8], [14], [3], [13],
[1] and [2].
The Laguerre functions on R* are defined by:

1 o o d"

n! a _x e n+o
PnaX) = \/r(n T o+ 1)(Pn,oc(x)xze 2= \/n!r(n R 1)X dx”(e x"). (2)

(@n,a)neN 1s an orthonormal basis in the Hilbert space L*(R") and satisfied some recurrence
relations, equality and inequality. For more details see [14], [3], [1], [13] and [2].
For n € N and arbitrary real a > -1, we denote by ¢, 4, the function on R* defined by :

1 da"
F(n+a+1)dx"

(Vx € RY) Ppalx) = x'e™ Pualx) = (x"*e™). )

Fn+a+1)

Yy, o satisfies recurrence relations and differential equations, for example:
(¥ (2, m) € N?) 92 = Ysmacn: 4)

And the following useful inequality :
Ca

a
n:2

(VTl 2 1) ” wna ”1< (5)

For more details see [1] and [8].
The most important properties of the family (¢, 4)nen is that if f : R} — E be a differ-

entiable function such that f0+oo e~ || f(t) | dt < +o0, then the series Z Cn(f)Pn,a(t)

neN
converges pointwise to f on IRY, where

Cn(f) = j;oo an,a(t)f(t)dt
For more details see [8], [3] and [13].
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C-regularized semigroup

A family of operators (T(t))o in B(E) is called exponentially bounded C-regularized
semigroup or exponentially bounded C-semigroup on E, if

1. T(t+s)C=T(t)I(s) forallt,s e R".

2. T(0) =C.

3. The function t — T(t)x is continuous on R* for any x € E.

4. (AM >0) Aw = 0): || T(t) |I< Me®*, forall t > 0 (exponentially bounded condition).

Its generator W is defined by

@(V\/):{xeﬁzhmM

exists in R(C) }
s—07* S

and T c
(Vx € DW)) Wx =C ! lim Tex = Cx.

s—0* S
In all that follows, (T'(t));>0 C B(E) is exponentially bounded C—-regularized semigroup on
E with generator (W, D(W)) such that

AM>0) Qw>0): (Vt>0)]| T(t) ||< Me™. (6)

We present some known facts about C—semigroup and its generator, which will be used
in the sequel (see [7], [5], [6], [7], [9], [10], [11], [12], [15] and [16] for more details):

e By the equality (1), we conclude that T(t)T(s) = T(s)T(t) for all t,s > 0, this means that
T(t)x € D(W) and WT(t)x = T(t)Wx, for all t > 0 and x € D(W).

o fot T(s)xds € D(W) and W fot T(s)xds = T(t)x — Cx for every x € E and t > 0, which
implies that for each x € D(W), u := T(.)xis of class C}(R", E) and solves the Abstract
Cauchy prooblem

u'(t) = Wu(t), teR*
((ACP(W X, 0)1){ M(O) = Cx.
1 t+h
e lim — T(s)xds = T(t)x for all x € E and t > 0, this means that W is closed linear

h—0* h ¢
operator with R(C) c D(W).
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e The C—resolvent operator Rc(A, W) is analytic in the C—resolvent set pc(W) and
d?l
arr

(Re(A, W) = (=1)"n!(Rc(A, W)™ for all n € N. (7)

e W=C1WC, (w,+0) C pc(W) and Rc(A, W)x = fom e MT(t)xdt for A > wand x € E.
For every A > wand n € N, R(C) € D((AI - W)™) and

-n _ 1 e n-1_-At
(Al -W)™"Cx = TN L t" e M T(t)xd. (8)
which implies
| (A —w)" (Al = W)™"'C || M. 9)
e Leta>0and A > 0. Like f0+00 to-le=AMgt = % and the family of operators (e™“'T(t))»0

is uniformly bounded C—semigroup with the generator W — wl. Then we can define
the fractional power of C-resolvent operator(see [5] for more details) as below :

- — _ -« — L e a—1 At —wt
(A= (W =wl))™“Cx = (A+w)[-W)™*Cx := (@) fo t9 e~ M T (t)xdt, forall x € E.
(10)

With a simple verification, (Al — (W — wI))™*C is bounded linear operator.

2 Main results

Theorem 2.1 Let (T(t))ier+ be an exponentially bounded C—semigroup in Banach space E with
generator (W, D(W)), g € N such that g > 2 and a > 0, then

1. For any n € N and x € E we have
+00
f ll)n,a(t)e_th(t)xdt = (wl — W)"((w + 1)I — W)_n_a_l(:x.
0

2. For x € D(W) we have :

o (1) T(Hx = et Y 3 (wl = W)Y ((w + 1) = W)™ Ly, ((t)x, forallt> 0.
o (b) For each t > O there is ny € IN such that for all integer n with n > ng and all

x € D(W1), we have
- ” Cpae Ctayg || (W= wl)ix ||
I T()x = Y (@l = W) (@ + DI = W)™ Cxhy (1) lI< —1——— .
m=0 n:

Where c; 44 s a constant which depends only ont > 0, a and q.
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Proof.

Throughout the proof, a is an arbitrary real such that o > 1.

1. Letn € N, x € E. The function t — ¢, ,(t)T(t)x is continuous on R" and integrable in
the sens of Bochner, if we posed I := f0+o° U a(t) (e T(t))xdt then

I = f h lpn,a(t)(e‘w'*T(t))xdt

- Im+a+1) f dt" AR O

d"” ' n+oa ,— —w +00 e d"” ! fr+a,= —w
= F(n+a+ 0 [dt" -(£" e (e VT (E))x ] —fo = —(t t) (e tT(t))xdt)
1 g n+a = —w
b vrrrrsi U fo (e (W — wl)(e fT(t))xdt)
-1

n—l
- (W — wl) fo %(t””e_t)(e_wtl"(t))xdt)

Fn+a+1)

n n 1 e n+a ,— -
= (=)W = wl) (F(n+a+ ) fo (e (e fT(t))xdt)

1 +00
— . n (n+a+1)-1 _—t\/,—wt
(] — W) (r o fo (t (e T(t))xdt)
= (wl-W)"I- (W —wl)™"*1Cx
= (wl = W)"((w+ DI - W) 1Cx
2. e (a)Letx € D(W). Let’'s remember that e *OT(.)x : Rt — Eisin C!(R*, E) and like

+00 +00
f et || eI T(Hx P dt < f et || e T () 1P| x |1 dt
0 0

+00
< M? ||x||2f e 't dt
0

< +0oo,

then, we apply the most important properties of (,.)nen to get the series
Z Cn(e™“OT()%) Do) with
neN

cal(e™VT())x)

[ vt
= (w0l = W)"((w + DI = W) *"1Cx
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converges pointwise to e *UT(.)x for t € RY, it is

T(Hx = e (e”“'T(t)x)

+00
= oot Z(w[ — WY (@ + 1)I = WY "2 LCxby, o(t)
=0
oo
= o Z(a)l — WY (@ + 1)I = WY 1Cxby a(t).
n=0
e (b) Lett > 0 and g € IN such thatg > 2.
Like lim (——)3 = 1 then
n—+oo 1 — q
(AN, € N) (Y > max(q + 1,Ny)), (n’f )< 2.
1
The Riemann serie Z - is convergent then
m>g+1 (m - q)i
f‘ 1 1 1
~n—+oo
m=n+1 (m — CI)% % -1 (n— q)g_l
but
1 1 1 1
G-Din-git T G-Dni
thus

+00

By the inequation estimates (1),
(AN3eN) (dc >0): (Vn > max(N1,N2, N3, g+ 1)) | Py

If we posed ny = max(N1, N2, N3, g + 1), then for n > np and x €
+00
J = [ o T
0

= fo %(gbn_qlaw(t))(e“”tT(t))xdt (according to (4))

dr!
dti-1

+00 dq_l

= |

0

() I ctn%.

D(W¥)

d
Un-garg()E " T(1)x]5™ — f %(%—q,aw(t)xa((e_th(t))X)dt)
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oo 191
= 0= [ gl - W T
= - W) [ e TN
- (W=l f dtq_lgbn Daea (O T(E)xdt

= (W-wl) fo Un—garqg(D)(e " T(t))xdt

— f h gbn_q,aw(t)(e‘“’tT(t))(W — wl)Txdt.
0
So

| (@I = W)'((@ + DI - W)™ Cx || = | fo Unal)E T(H)xdt |

_ fo (UnogesnOETONW = l)ixdt |

IA

fo | Unmgasa (O TE)x | dt | (W = wl)x |
< 0= DU i

< || (W = wl)7x || ——— (according to (5)).

(n- q)w

On the other hand, we are looking to increase the quantity

et || Z(wl—W)’”((a)+1)1—W)_m_“‘lxqu,a(t)—Z(wl—W)m((a)+1)I—W)_m_“‘1x¢m,a(t) [
m=0 m=0

(11)
We have
1) < Y e (@l = W)"((@ + DI = W) " Cxiha(t) |
m=n+1

IA

e Y@= W)"((@+ DI= W) ICx | | palt) |

m= n+1

IA

e Z W =l ")chm%’

m=n+1 q
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+00 a
2

m
< W = wl)ix |l €cicasy Y| ——=

m=n+1 (Tl’l - q)T

+00 @ a

, (m—q): m2
< W = @bl Cleasy Y, e T
m=n+1 (m — q)T (m — q)2

+00
LW = @)% || cleasy Y

(m-q? m

< ()
m=n+1 (m - q) 2 q
+00 1
< W =@ || cleasy )| —— X2
m=n+1 (m - q)z
< |(W=wl)ix|| cc ; 1
>~ t CH'q(% _ 1) ng_l

where

Ctayg || (W= wl)ix ||

q
ni-l

I T(Hx = Y (@] = W) (@ + DI = W) """ Cxya(t) Il
m=0

Theorem 2.2 Let (T(t))ier+ be an exponentially bounded C—semigroup in Banach space E with
generator (W, D(W)), a € R such that a > 1.

1. For x € E and n € IN, we have

+00 +0oo n
f Uy a(H)Re(t, W — wl)xdt = f S—e“"ST(s)xds.
0 0

(S + 1)n+0¢+1

2. For x € D(W) we have

+0oo +00 n,—ws
Re(t, W - wlx = Y ( f L:r(s)xds) bualt), forallt > 0.
0

n+a+1
o (s+1)

Proof.

1. Forallt > 0, t + w € pc(W), then the function t — Rc(t, W — wl) = Rc(t + w, W) is
analytic in IR.
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In the other hand by equation (9), we know that || Rc(t + w, W) ||< % forallt >0, so

f | Yna(®ORC(E, W — l)x | dt f | Gnal®) Il Relt, W — D) || dt
0 0

e nIM ;
< e " dt
= fo F(n+a+1)te E 1 bnal® |
n'M e
Tl by, () | dt
T I'n+a+1) ¢ | Pra()]
< +o00,
If we posed
+00
H=Tn+a+1) Uy a(H)Re(t, W — wl)xdt,
0
then

+00
H=Tn+a+1) f Una(HR(t, W — wl)xdt
0

+00 dn
= f — (e """ Re(t, W — wl)xdt
0

dt"
dn—l +00 L 1
= [ (eFOR(t, W — D)3 — f (e tt”*”‘) A(Re(t, W — wl)dt
0
:0
dn- -2
= [T Rt W - 0l

+00 dn 2

+ (=1)? f o 2(‘tt”+“) (Rc(t W — wl)x)dt
0

+00
= (-1)" f e"tt”J’“%(Rc(t, W — wl)dt (integtration by parts)
0

+00
= (=1)" f et (= 1)l (Re(t, W — wl)) ™ Lxdt
0

+00 1 +0oo
= f e " (n)— - f s"e Be™ T (s)xdsdt
0 0

+00 +0oo
f s"e" T (s)x ( f t”*“e"te_tsdt) ds (Fubini’s Theorem)
0 0
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+00 +00
= f s"e”T(s)x ( f t”*“e_(”l)tdt) ds
0 0
e n_—ws e un+a —u du
L s'e T(s)x(‘f0 (S+1)n+ae fs+1)ds (u=(s+ 1)t

+00 Sn +00
= f —1€_wST(S)X (f u”“"e‘”tdu) dS
0 (S + 1)n+a+ 0

+00 n
= f (S_i_lswe_“’sT(s)xF(n +a + 1)ds
0

n

+00
S

rm+a+1 ——————e “*T(s)xds,

n+a )[) o 1)n+a+1e (s)xds

hence the result.

2. Let x € D(W).
The function t — R¢(t, W — wl)x = Re(t + w, W)x is differentiable in IR, (because it’s
analyticin RY), and

+00 +00
f te™ || Re(t, W — wD)x || dt = f Fe ™ || ((t+ w)l = W) ICx |* dt
0 0

IA

+00
f t%e ‘tM | x ||* dt (equation (9))
0

+00
M? || x || f 127t 4t
0

< M?| x| I'(a — 1) (because « > 1)

+00.

IA

A

Thus, the series ch(Re(., W — wl)x),, o converges pointwise to Re(., W — wl)x on
, ges p

nelN
R}, where

cn(Re(, W — wl)x) = fo - Una(OR(t, W — wl)xdt

+00 n
= f (_i_lsﬁe_“’sT(s)xds (according to (a) of theorem 2.2).
0 S n+o

Therefore

—ws

(Vt > 0) Rc(t W — a)I)x = ((t + a))I W) 1CX = Z f WT(S)de}(Pn,a(t)-
n=0
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Example 2.3 Let m : R — R~ be an even measurable function. In the Banach space L'(R), we
consider the family T := (T(t))=0 C F(LI(R)) defined by ¥t > 0, T(t) : LY(R) - LY(R), f -
Tt)(f) : R » R,s = T()(f)(s) = ™9 f(=s). Clearly, (T(t))=0 € B(LY(R)). If we put,
T(0) = C, then, A family of operators (T(t))eo is uniformly bounded C-regularized semigroup
with generator (W, D(W)) defined by

W : D(W) = {f e L"R)/ m.f € L'(R)} — LY(R), f — W(f) = m.f.
The theorem 2.1 give for f € D(W)and s, t € R™ :

TOWE) = e Y (@l = W) (@ + DI = W) " () Pnalt)
n=0

+00

= ™Y (0 x 1= WY'((0 + DI = WY (f)(S)Pnalt)

n=0

= Z(—m(s))”(l —m(s)) " £(8)Pralt).
n=0

So T(H)(f) = Z Pra(B)(=m)"(1 = m) =71,
And Theorem 2. 2 gives

Re(t, WY(F)() = Z{ fo ﬁeﬂmds}cq)(.)g@w(t).
n=0

Example 2.4 The space X = cy = {(xk)keN eCN tg lim x; = }, equipped wiht the norm

k—+00

| (X)keN |loo= IIEI?\IX | xx | becomes a Banach space. For each n € N let e,, = (0n 1 )keN be element of
(S

+00

X. Like for all x = (xx)ken € X, x = Z xrex then X = spanie,/n € IN}. Considering the family of

k=0
operators (T(t))i=o defined by :
+00 +00
forallt € R" forallx (: Z xeer | € X, T(H)x = Z e‘kztxkek
k=0 k=0

(T(t))s=0 is a unifomly bounded Co—semigroup (|| T(¢) ||< 1) with generator (W, D(W)) such that
+00

DW) = {x = (¥ )ren € X/ (K2xp)ken € X} and (Vx € D(W)) Wx = Z —k*xiex. The theorem 2.1
k=0
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give for x = (xi)ken € D(W) and forall t € R* :

TOE) = e (@ = WY'((@+ DI = W) " 1)y alt)
n=0

= ™Y (0 x 1= WY'((0 + DI = W) (X alt)
n=0

+00

= Z(kzn(l + kz)_n_a_lxk)ke]N(Pn,a(t)

n=0

+00 +0o0
= Z Z an(l + kz)_n_a_lxkekan,a(t)-

n=0 k=0

And Theorem 2.2 gives
+00 +00
kzs
Re(t, W)x = nZ;: kX;’ ( f Gt 1)n+a+1 ds) X1k Pr,a(t).
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