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QUASI-DEFINITE PRIMITIVE AXTAL ALGEBRAS OF JORDAN
TYPE HALF

I.B. GORSHKOV AND V.YU. GUBAREV

ABSTRACT. Axial algebras are commutative nonassociative algebras
generated by a finite set of primitive idempotents whose action on an
algebra is semisimple, and the fusion laws on the products between
eigenvectors for these idempotents are fulfilled. We find the sufficient
conditions in terms of the Frobenius form and of the properties of idem-
potents under which an axial algebra of Jordan type half is unital and
has a finite capacity.
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1. INTRODUCTION

The notion of an axial algebra appeared in the article of J. Hall, F. Rehren, and
S. Shpectorov in 2015 [4] as a natural extension of Majorana theory earlier developed
by A.A. Ivanov [6]. Axial algebras generalized associative algebras, Jordan algebras,
and the Griess algebra whose automorphism group is the Monster group. The main
idea which lies behind the theory of axial algebras is to realize finite simple groups as
automorphism (sub)groups of some finite-dimensional commutative nonassociative
algebras.

Primitive axial algebras of Jordan type are the most well-studied objects among
all axial ones, their fusion laws represent the properties of the Peirce decomposition
fulfilled for all Jordan algebras [1]. It is known that every primitive axial algebra A
of Jordan type has an invariant normalized bilinear Frobenius form (-,-) [5]. The
radical of the form coincides with the maximal ideal of A not containing axes
from A. An axial algebra is called semisimple if the radical of its Frobenius form is
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zero. Despite of the obtained results, the question when an axial algebra of Jordan
type 1/2 is finite-dimensional or contains a unit is still open. We find the sufficient
conditions under which an axial algebra of Jordan type 1/2 containing a unit is
semisimple and finite-dimensional.

A primitive axial algebra A of Jordan type 1/2 is called quasi-definite if the
equality (a,b) = 1 for axes a,b € A implies a = b. Simple Jordan algebra J(f) over R
with positive-definite form f and the Jordan algebra H,(R) of symmetric algebras
of order n give examples of quasi-definite primitive axial algebras of Jordan type
1/2 (see §3). A generalization of quasi-definite primitive axial algebras of Jordan
type 1/2 is formed by primitive axial algebras which have a quasi-definite linear
basis X of axes, i.e. (z,y) # 1 for all pairwise distinct z,y € X. We show that the
matrix algebra M, (F') over an infinite field F' has a quasi-definite basis consisting
of axes. Also, every Matsuo algebra M; /5(G, D) has a quasi-definite basis of axes
(see §3).

A primitive axial algebra A of Jordan type 1/2 is called strongly axial if every
semisimple primitive idempotent e € A such that Spec(ad.) C {0,1/2,1}, where
ad. denotes the operator of the multiplication on e, is a primitive axis in A. Thus,
in a strongly axial algebra, the fusion laws for all semisimple primitive idempotents
(not necessarily axes) have to be fulfilled. Actually, every axial algebra A of Jordan
type 1/2 that is also a Jordan algebra is strongly axial [1, Theorem 6].

We concentrate on the study of the properties of finitely generated quasi-definite
strongly axial algebras of Jordan type 1/2. Let A be such an algebra. We state that
given an axis a € A, a subalgebra Ag(a) is an axial algebra of Jordan type 1/2
which has a quasi-definite basis of axes.

The main results of the work are the following. Suppose that A is a finitely
generated quasi-definite strongly axial algebra of Jordan type 1/2. If A is additionally
finite-dimensional and semisimple, then A is unital (Theorem 1). We say that
a unital axial algebra A has a finite capacity k, if its unit e is respresented as
a sum of k pairwise orthogonal axes and such k is minimal. We prove that finitely
generated quasi-definite strongly axial algebras of Jordan type 1/2 has a finite
capacity (Theorem 2).

Let us give a brief outline of the work. In §2, the required preliminaries are
stated. In §3, definite and quasi-definite primitive axial algebras of Jordan type 1/2
are defined and different examples of them are given.

In §4, we state that the element

~ 2ab— (a,b)a—b
o

constructed by two distinct axes a,b of a quasi-definite axial algebra A of Jordan
type 1/2 is a primitive semisimple idempotent in A (Lemma 9). In §5, we show that
if A is also strongly axial, then x,(b) is an axis in A and Ag(a).

In §6, we prove the first of the two main results of the work: any semisimple
finite-dimensional quasi-definite strongly axial algebra of Jordan type 1/2 is unital
(Theorem 1).

In §7, we prove that a finitely generated quasi-definite strongly axial algebras of
Jordan type 1/2 has a finite capacity (Theorem 2).
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2. PRELIMINARIES

We consider only commutative (but not necessarily associative or unital) algebras
over a ground field F' of characteristic not two. Given an element a € A and
A € F, we introduce the subspace Ay(a) = {z € A | ax = Az}. Define the map
ad,: A — A as follows, ad,(x) = axz. When A € Spec(ad,), then Ay(a) # (0),
otherwise Ay (a) = (0). An idempotent e € A is called an axis if ad,, is diagonalizable
(semisimple). An axis e € A is called a primitive axis if A;(e) = Span{e}.

A commutative algebra generated by axes is called an axial algebra.

We will focus on primitive axial algebras of Jordan type n # 0, 1, it means that
an axial algebra A is generated by primitive axes a;, ¢ € I, such that Spec(ad,,) C
{0,n, 1}, and the following fusion rules are fulfilled,

Ag(a;)® € Ag(ai),  Ay(ai)® € Ag(ai) + Ar(as),
(Ao(a;) + A1(a:))Ay(a;) C Ay(a;),  Aolai)Ai(a;) = (0).

In particular, it implies that (Ag(a;) ® A1(a;)) @ Ay (a) is a Zo-graded algebra.

Below, by an axial algebra of Jordan type we always mean a primitive one.
Analogously, an axis a in A is always a primitive one.

Given an axial algebra A of Jordan type 1/2 and an axis a € A, the map
7.0 A — A which acts as follows, 7,(z) = (—=1)**z for z € A(a), is an involution
of A called as Miyamoto involution.

Axial algebras of Jordan are known to have some significant properties. Every
axial algebra of Jordan type is spanned as a vector space by axes [4]. Moreover, any
axial algebra A of Jordan type admits a unique Frobenius form, a nonzero bilinear
symmetric form (-,-): A x A — F which is invariant, i.e., (ab,c) = (a,bc) for all
a,b,c € A, and which satisfies the property that (a,a) =1 for every axis a € A [5].

Given an axial algebra of Jordan type A, A, and A, are orthogonal with respect
to the Frobenius form when A # p. The radical of the Frobenius form At :=
{r € A| (z,v) =0 for all v € A} coincides with the unique largest ideal R(A)
of A containing no axes from A [4]. An axial algebra A of Jordan type is called
semisimple if R(A) = (0).

Given an algebra A, by (X)as we denote the subalgebra of A generated by the
set X. The set of all words in an alphabet X we denote as X™*.

(1)

Lemma 1. (Seress Lemma, [4]) Given an azial algebra A of Jordan type 1/2 and
an axis a € A, we have a(xz) = (ax)z for all x € A and z € Ap(a) ® A1 (a).

Proposition 1 ([4]). Let A = (a,b)alz be an axial algebra of Jordan type 1/2
generated by two distinct azes a,b. Denote o = ab— (a +b)/2 and a = (a,b).

a) A is 2-dimensional precisely in the following cases:

(1) ab=0, then A= Fa® Fb and o = 0;

(2) o0 =0 and a = 1.

b) A is 8-dimensional precisely when o,ab # 0 and ov = wv for v € {a,b,0},
where m = (o — 1) /2. Moreover, A is unital if and only if a # 1, in which case the
unit equals o /7.

Corollary 1. Let A = (a,b)ay be an azial algebra of Jordan type 1/2 generated by
two distinct axes a,b. Denote o = (a,b). Then we have

(2) (ab)b= %(ab +ab), (ab)a= %(aa +ab), (ab)(adb) = %(a + b+ 2ab).
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Given axes a,b € A, we write
b= ag(b) + ay2(b) + a(b)a,
where ag(b) € Ao(a), ai/2(b) € Ay/2(a), and a(b) = (a,b) € F.

Lemma 2. Let A be an azial algebra of Jordan type 1/2, let a,b € A be azes,
a = (a,b). Then we have the following equalities,

(3) Clo(b)2 = (1 —a)ao(b),
(4) al/Q(b)2 = aao(b) + (o — a?)a,
o) ao(b)ar o(6) = 51~ a)as ().

Proof. Denote ag = ao(b) and ay,3 = ay/2(b). We have b = ag + a2 + aa. Thus,
(6) ap+aip+aa=0b= b = (a0+a1/2+aa)2 = a%+a%/2+a2a+2aoa1/2+aa1/2.
The equality of components on A, /5(a) gives (5).
Also, we have ag = b — 2ab + aa. So,
ai = b+ 4(ab)(ab) + o*a — 4(ab)b + 2aab — 4a(ab)a.
Applying the equalities (2), we derive
ag = (1—a)b—2(1 —a)ab+ a(l —a)a= (1 — a)ag,
it is (3). Substituting (3) in (6), we obtain (4). O

Proposition 2 ([3, Theorem 1|). Let A = (a,b,c)as be an azial algebra of Jordan
type 1/2 generated by azes a,b,c. Then A is a Jordan algebra and dim A < 9.

Lemma 3. Let A be an azxial algebra of Jordan type 1/2 with unit e. Then (e,a) =1
for every azis a.

Proof. Tt follows from the properties of the Frobenius form,
(e,a) = (e,a?) = (ea,a) = (a,a) =1. O

Lemma 4. Let A be an axial algebra of Jordan type 1/2, and let a be an azis in
A. Suppose that Ag(a) is an axial algebra of Jordan type 1/2, then R(Ao(a)) =
R(A) N Ap(a). In particular, R(Ag(a)) = (0) when A is semisimple.

Proof. Since the Frobenius form is defined on an axial algebra uniquely, the restriction
of the Frobenius form from A on Ag(a) coincides with the one defined on Ag(a).
The inclusion R(A) N Ag(a) C R(Ap(a)) is trivial. Suppose that x € R(Ap(a)) =
(Ao(a))*, then = € R(A), since both A;/5(a) and A;(a) are orthogonal to Ag(a)
in A. O

3. DEFINITE AND QUASI-DEFINITE AXIAL ALGEBRAS

Given an axial algebra A of Jordan type and a Frobenius form (-,-) on it, we
call this algebra anisotropic if (z,z) = 0 implies £ = 0. Thus, an anisotropic axial
algebra is semisimple.

Definition 1. We call an anisotropic azial algebra of Jordan type 1/2 definite.

Definition 2. We call an azxial algebra A of Jordan type 1/2 quasi-definite, if we
have (a,b) # 1 for every pair of distinct axes a,b € A.
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Definition 3. Let X be a basis of an axial algebra A of Jordan type 1/2 consisting
of azes. We say that X is a quasi-definite basis of A if (x;,x;) # 1 for distinct
Tiy Ty € X.

The following lemma provides a sufficient condition, under which an axial algebra
is quasi-definite.

Lemma 5. Every definite axial algebra of Jordan type 1/2 is quasi-definite.

Proof. Denote by A a definite axial algebra of Jordan type 1/2 and consider its
distinct axes a and b. Suppose that (a,b) = 1. Then by Lemma 2, a:{/z = ag. Thus,
(a1/2,a1/2) = 2(a1/2,a1/2a) = 2(a§/2,a) = 2(ap,a) = 0. Since A is anisotropic,
ay/2 = 0 and so, ag = 0. Hence, a = b, a contradiction. ([l

Below we have an example of quasi-definite but not definite axial algebra (see [4]).

Let us show that a unital 3-dimensional 2-generated axial algebra A of Jordan
type 1/2 over a quadratically closed field F' (it means that the equation 22 —a = 0
has solutions for all a € F') of characteristic not two is quasi-definite. It is known
that A is isomorphic to the simple Jordan algebra of a symmetric bilinear non-
degenerate form f defined on a two-dimensional vector space V,i.e., A=F1®V
with the product

(7) (ol +z)(B1 +y) = (af + f(z,y))1 + ay + bz,

where o, 8 € F and =,y € V.

Let us show that over F' the axial algebra A is unique (up to isomorphism). One
may diagonalize a quadratic form over any field. Thus, there exist e;,es € V' such
that f(e;,e;) =d; and f(e1,e2) = 0. Since f is non-degenerate, we have dy, dgy # 0.
Define u = e; /v/d; and v = e3/+/ds. Then, in the basis 1, u, v, we have the following
multiplication table:

12=1 l-u=u, 1-v=wv, u2:v2:1, uv = 0.

)

Therefore, we get a unique algebraic structure. Moreover, we have a Frobenius form
(L) = (wu)=(v,0) =2, (Lu)=(Lv)=(u,v)=0.

Firstly, we find all idempotents in A. Let e = al 4+ Bu + v, then €2 = e is
equivalent to the relations

?+ 5+ =a, 226=6, 2ay=7.

If « =0, then 8 = v = 0 and e = 0. Otherwise, either e = 1 or « = 1/2 and
B2+ =1/4.

Let us check that a non-unital idempotent e is a primitive one. Indeed, Ag(e) =
Span{1/2 — (Bu +yv)}, Ay 2(e) = Span{—yu + v}, and A;(e) = Span{e}.

Note that the definition of the Frobenius form is correct, since for every primitive
idempotent e, we have

(e,e) = (1/2+ Bu+yv,1/24 Bu+v) =1/2+2(>++%) =1/2+1/2 =1.

Suppose that (e,e’) = 1, where e = 1/2 4+ fu+ v and €' = 1/2 4 du + ev are
distinct axes. Then we check that

(e,€) = (1/24 Bu+v,1/2+ du+ev) =1/2+2(B6 + v¢) = 1,
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so, f0+~e = 1/4. Thus, we have (? Z) w = (8) , where w = (8—6,7—¢)T in the

basis u, v. If e # €', then the matrix is degenerate. Suppose that du+ecv = k(Su++yv)
for some k € F. Therefore,

1/4 = 86 4+ ve = k(B> ++°) = k/4.
It means that k =1 and e = ¢€’.

However, A is not definite, e.g., (1 +du, 1 +iu) = 0.

Now, consider the case of (n 4 1)-dimensional Jordan algebra J = F1 &V of
Clifford type (also known as a spin factor) with the product defined by (7). Let us
restrict the conditions as follows, we assume that F' = R and the form f is positive-
definite. Then we may find a linear basis vy,...,v, of V such that the Frobenius
form satisfies (1,1) = (vi,v1) = ... = (vy,vn) = 2 and (1,v;) = (v4,v;) = 0
for all 4,5 € {1,...,n} and @ # j. Thus, a; = (1 +v;)/2, i = 1,...,n, are axes
generating J and satlsfymg (ai,a;) = 1. For every x € J, we have a representatlon

x—ozlJrZﬂzvz Then (x,2)/2 = o? +Zﬂ2 If (z,2) =0, thena =5, =... =
=1 =1

Bn =10 and z = 0. Hence, J is a deﬁmte axial algebra of Jordan type 1/2. Note
that there is no a contradiction to the previous example, since the field R is not
quadratically closed.

Denote by Mr(lJr)(F) the matrix algebra M, (F) under the product Ao B =
(AB + BA)/2. Tt is well-known that Mr(f)(F) is a simple Jordan algebra. Thus, it
is an axial algebra of Jordan type 1/2. Moreover, its Frobenius form coincides with
the trace one, i.e. (X,Y)=tr(X oY) =tr(XY) for all X,Y € M7(l+)(F).

The matrix unity is denoted by e;;, 1 < 1,7 < n.

Lemma 6. A matriz X € Mr(f)(F) is a primitive axis if and only if X2 = X and
rank X = 1.

Proof. Let X be an idempotent matrix from A = Mr(f) (F). Then X is conjugate to

the matrix eyq + ... + €., where r = rank X. Note that 4;(X) ={S € M,(LH(F) \
X 0S8 =8} =Span{eis,..., e }. So, X is primitive if and only if r = 1. |

Forn > 2, M{™ (F) is not quasi-definite. Indeed, consider primitive axes X = ej;

and Y = ej1+eqa, then (X,Y) = 1. On the other hand, M,({H(F) has a quasi-definite
basis of axes.
Given a = (a1,...,a,) € F, and b = (b1,...,b,) € F,, introduce (a,b) =

n
> a;b;
j=1

Proposition 3. Let F be an infinite field. Then M7(Z+)(F) is an azial algebra of
Jordan type 1/2 which has a quasi-definite basis of azes.

Proof. We prove the statement by induction on n. For n = 1, we take the matrix
e11 as the required basis.

Suppose that we have found quasi-definite basis for M (F) consisting of matrices
Hy,...,H,>. By Lemma 6, since rank H; = 1, we may present H; = [Ir;, where
I = (lin, ..., lin) and r; = (r41,...,7) are vectors from F,,. Then Hy,..., Hy,>
form a quasi-definite basis of axes if and only if

<li,ri> :17 1= 1,...,TL2, <li,rj><ljari> #1’ ’L#L Za] € {1,...,TL2}.
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Now consider the algebra A = Mfli)l(F ). We identify matrices H; with their
images in A under the embedding : MT([H(F) — Mfli)l(F) defined as follows,
Y(ei;) =eij, 4,5 =1,...,n.

Introduce matrices
di(1—d;)

Fi(bi,d;) = (1 —d;)es + bi€iny1 + 0

6n+1i+di€n+1n+17 Z:].,,TL

By Lemma 6, they are all primitive axes.
We want to find d;, b;,¢c; € F for e = 1,...,n such that

S = {H17 .. -aanvFl(bhdl)aFl(clad1)7 .. -aFn(bn;dn)yFn(Cnydn);enJranrl}

is a required quasi-definite basis of A.

For each i = 1,...,n, we take nonzero b;, ¢; such that b; # +¢; and d; # 0, 1. The
inductive hypothesis implies that the set S of primitive idempotents forms a basis
of A.

It remains to check that (X,Y) # 1 for all X,Y € S, X # Y. By the inductive
hypothesis (H;, H;) # 1 when ¢ # j. Note that (H;,ent1n41) = 0. We have
(F5(bi, di), ent1nt1) = (Fi(ci, di), entins1) = di # 1.

Further, we have

(Hi, Fj(x,d;)) = (1 — d;)lijrij,

where x =b; orz =¢;, foralli=1,...,n%>and j = 1,...,n. Thus, we take dj such
that 1/(1 — dj) ¢ Kj = {lijrij ‘ 1= 17. .. 7n2}.
Now, we compute
(Fi(z, di), Fj(y,d;)) = didj, i # ],

where z € {b;,¢;} and y € {b;,¢;}. Thus, we take dj, in such way that d;d; # 1 for
alli,7=1,...,n.
Finally, we get for i =1,...,n,

1-— di bi 1-— di C;
(Fl(bladl)aFl(Cladl)) =tr <(di(1_di) d) <d7‘,(1—di) d>)
b; % 7

Ci

= (1= d;)? +d?+di(1— dy) (bl}ci) —1+di(1—dy) (b”+0i—2) £1
Cj b; & b;
when b; # ¢;.
Summarizing, we choose nonzero b;,c;, i = 1,...,n, such that b; # £¢;. Also, we
choose d; ¢ {0,1} and 1/(1—d;) ¢ K, and, moreover, d;d; # 1foralli,j =1,...,n.
We may do it, since F is infinite. a

Let n > 2, denote by H,,(F) the set of all symmetric matrices of order n over F.
The space H,(F) under the product Ao B = (AB + BA)/2 is also a simple
Jordan algebra. By [8, Theorem 3.4], its Jordan subalgebra H) (F') consisting of
all symmetric matrices with zero row sum has a quasi-definite basis, since H,(F) is
isomorphic to the Matsuo algebra M; /5(G, D) for corresponding group G and set
of involution D.

Let us recall the definition of Matsuo algebra. Given a group G generated by
a set D of involutions, the Matsuo algebra M, (G, D), where n # 0,1, is a vector
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space Span{D} with the product
¢, led] =1,
c-d=40, led] = 2,
Ze+d—c?), |ed =3.
The Frobenius form on M, (G, D) is defined as follows,

1, c¢=d,
(8) (e,d) =10, |ed| =2,
2, |ed] = 3.

If n = 1/2, then M,;,5(G,D) is an axial algebra of Jordan type 1/2. By (8),
M, 5(G, D) has a quasi-definite basis. If the automorphism group of M, 5(G, D)
coincides with the Miyamoto group, then M; /5(G, D) is quasi-definite.

For the algebra H,,(F') over the field of real numbers, we may say much more.

Proposition 4. Algebra H,(R) is a definite axial algebra of Jordan type 1/2.

Proof. For the Frobenius form (X,Y) = tr(XY7), we have the Cauchy—Bunyakovsky—
Schwarz inequality tr(XY7)? < tr(X XT)tr(YYT). Applying it for pairwise distinct
axes A and B, we get (A,B)? < (A, A)(B,B) = 1, and we have the equality
if and only if A and B are linearly dependent. We conclude that A = B, a
contradiction. O

Remark 1. Forn = 2, the statement holds over every field, since Ho(F) coincides
with 3-dimensional simple Jordan algebra of Clifford type considered above.

4. IDEMPOTENT z,(b) IN QUASI-DEFINITE AXIAL ALGEBRA

Given an axial algebra A of Jordan type 1/2 and distinct axes a,b € A, we
introduce the element

_ 2ab—(a,b)a—b  ag(b)

©) S (S S S Dk

It is clear that element z,(b) is defined only if (a,b) # 1. By Lemma 2, z,(b) is
nonzero.

Lemma 7. Let A be an axial algebra of Jordan type 1/2, and let a,b € A be azxes
such that (a,b) # 1. Then x,(b) is an idempotent, a + x,(b) is a unit in (a,b)a,
and (x4(b), zq(b)) = 1.

Proof. It dim({a, b)aig) = 3, then by Proposition 1b, ¢/ is a unit of {(a, b)as. Thus,
24(b) = o/m —a is an idempotent. If dim({(a, b)ais) = 2, then (a, b)ag = Fa® Fb by
Proposition la. Thus, z,(b) = b.

Denote o = (a,b) and calculate by Lemma 2:

(@0 20) = =730 (8): o)
= ﬁ((ao(b) +ay/2(b)+aa, ap(b) +ay 2(b) +aa) — (a1 /2(b), ar/2(b) — o?(a,a))
1 1

B m(l —a® = 2(ay,a1/20)) = m(l —a® = 2(aj/y,a)) =1. O
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Lemma 8. Let A be an azial algebra of Jordan type 1/2. Let a,b,c be axes such
that (a,b) # 1 and C = (a,b, ¢)aig. Then x4(b) is a primitive axis in C.

Proof. By Lemma 7, z,(b) is an idempotent in C. By Proposition 2, z,(b) is
a semisimple idempotent in C' with the fusion rules (1) fulfilled. So, it remains
to check that x,(b) is a primitive idempotent.

When C is the universal 3-generated 9-dimensional axial algebra Us of Jordan
type 1/2, it follows by [2, Code#1]. The fact that x,(b) is a primitive axis in every
quotient of Us by the ideal I not containing z,(b) follows from the property that
I contains all homogeneous components of its elements. Indeed, let y € Us be such
that z,(b)y —y € I, i.e., 2,(b)y = y in Us/I. Since y = yo + y1/2 + axq(b) with
respect to the idempotent x,(b), we get

zo(b)y —y = —(yo +y1/2/2) € I.

Thus, yo,y1/2 € I and y € Span{z,(b)} + I, it means that x,(b) is primitive in
Us/I. 0

Lemma 9. Let A be an azial algebra A of Jordan type 1/2. Let a,b be two distinct
azes such that (a,b) # 1. Then ¢ = x4(b) is a primitive semisimple idempotent
in A, and eigenvalues of ad. lie in the set {0,1/2,1}.

Proof. By Lemma 7, ¢ = x,(b) is an idempotent.
Let B be a linear basis of A consisting of axes. We may assume that a,b € B.
Let us state that

(10) A =Yy(c) + i a(c) + Span{e},

where Y.(c) = {# € A | cz = ez}. By Lemma 8, for every r € B we have r =
ro(c) +11/2(c) + Braa(b). Here ro(c) € Yo(c), r1/2(c) € Yi/2(c), and 3, € F. Since
each element of the basis has a decomposition on the eigensubspaces of ad,, 1), the
statement follows.

Suppose that B is a basis of an axial algebra A of Jordan type 1/2 consisting
of axes such that (a,y) # 1 for a fixed a € B and every y € B\ {a}. Define

By =A{za(y) | y € B\ {a}}.

Lemma 10. Let A be an azial algebra A of Jordan type 1/2, and let A have a quasi-
definite basis B. For a € B, we have Span{By} = Ag(a).

Proof. Let z € Ap(a), we may present it as a linear combination of elements from B,

z = Z%jb]’ = Z %jbj + Z %jbj;

JjE€J JEJ1 Jj€J2

where J = JiUJ; and j € Js if and only if ag(b;) = 0. Also, we present b; =
ao(b;) + a1/2(b;) + (a,b;)a for every b; € B.

For j € Ji, we have ag(b;) = (1 — (a, bj))zq(b;). Since A is a direct vector-space
sum of its subspaces Ag(a), A1/2(a), and Span{a}, z lies in Span{By}. O

Let a,b, ¢ be axes in an axial algebras of Jordan type 1/2 such that (a,b), (a,¢),
(b, ¢) # 1. The following example shows that it may happen (z,(b), z,(c)) = 1 when

2a(b) # xa(c).
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Example 1. Let A = A(q, B,7,$) be the universal 3-generated axial algebra of
Jordan type 1/2. Assume that o = (a,b), 8 = (b,c) and v = (a,c) are not equal to
1. For the axes 24(b) and x4(c), we have by [2, Code#2]

oy — B+2
(ralb) 7a(0) = —L=BE 2

which is equal to 1 if and only if a + 8+ v—2¢ — 1 = 0. However, x4(b) # x4(c).

Lemma 11. Let A be an azial algebra of Jordan type 1/2. Let a,b be azes of A
such that (a,b) # 0,1. Then Ag(a) N Ay/2(b) = (0).

Proof. Put a = (a,b). For z € Ag(a) N Ay/2(b), we compute
2/2 = zb = z(ag(b) 4 a1/2(b) + aa) = zao(b) + zai 2(b).

Since zag(b) € Ao(a), za1/2(b) € A1 /2(a), we get zay/5(b) =0 and zx,(b) = 2/(2 —
2a). By Lemma 9, ad,, () has eigenvalues only from the set {0,1/2,1}. Since 1/(2—
2a) # 0 and 1/(2 — 2a) # 1/2 when « # 0, we have the only case « = 1/2 and
z € Aj(xq(b)). Since xa(b) is primitive, we derive that z = kx,(b) for some k € F.
If k # 0, then (z4(b))? = x4(b) lies in Ay 5(b) and in Ay /5(b)* C Ag(b) + Span(b)
at the same time. Thus, z = 0. d

5. SUBALGEBRA Ag(a) IN QUASI-DEFINITE STRONGLY AXIAL CASE

Definition 4. We call an axial algebra A of Jordan type 1/2 strongly axial, if
every primitive semisimple idempotent with eigenvalues {0,1/2,1} in A is a primitive
aris.

Every axial algebra of Jordan type 1/2 which is also a Jordan one is strongly
axial [1].

Lemma 12. Let A be an azial algebra of Jordan type, let B be a subalgebra of A,
and let a € B be an azis in A. Then a is an axis in B.

Proof. The equality B = By(a) © By/z(a) @ Span{a} holds due to the fact that
ad, is a semisimple operator on A with the eigenvalues {0,1/2,1}. Since By(a) =
BN Ao(a), Byj2(a) = BN Ayjz(a), the fusion rules (1) are automatically fulfilled
in B. ]

Proposition 5. Let A be a quasi-definite strongly axial algebra of Jordan type 1/2
and let B be a subalgebra of A. Let a,b € B be distinct azes in A, then x,(b) is
a primitive azis in A, B, and in Ap(a) N B.

Proof. By Lemma 9, z,(b) is a primitive semisimple idempotent with eigenvalues
{0,1/2,1} in A. Since A is strongly axial, then z,(b) is a primitive axis in A.
By Lemma 12, z,(b) is an axis in B and Ag(a) N B too. O

Corollary 2. Let A be a quasi-definite strongly azial algebra of Jordan type 1/2,
and let a be an axis in A, and dim A > 1. Then Ag(a) is an azial algebra of Jordan
type 1/2 which contains a quasi-definite basis.

Proof. Let X be a basis of A consisting of axes. From Lemma 10 it follows that
Xo = {zq(z;) | ; € X} includes a basis of Ag(a) which by Proposition 5 consists
of axes in Ag(a). Since all z,(x;) are axes in A, this basis is quasi-definite. O
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Lemma 13. Let A be a quasi-definite strongly azxial algebra, and let a and b be
azes. We have (a,b) = 0 if and only if b € Ag(a).

Proof. If b € Ag(a), then (a,b) = 0 by definition.

Assume that b & Ag(a). Since (a, b) = 0, we have x,(b) = ag(b). By Proposition 5,
ag(b) is an axis of A. Therefore, applying orthogonality of distinct eigenspaces due
to the Frobenius form, we compute

(a0(b),b) = (ao(b), ao(b) + a1/2(b) + aa) = (ao(b), ao(b)) = 1.
Hence, we get a contradiction with the definition of quasi-definite axial algebra. [J
Lemma 14. Let A be a quasi-definite strongly axial algebra of Jordan type 1/2
with a generating set X of axes. Let w € X* \ {1}. Then there exists a linear

combination s of words of the length less than |w| such that ¢ = w+ s is (up to
a nonzero scalar) an axis of A.

Proof. Let us prove by induction on |w|. If |w| = 1, then the statement is trivial.
When w = ab for a,b € X, it follows by the formula (9), where we take ¢ = z,(b).

Suppose that w = wia for some w; € X* and @ € X. The induction hypothesis
states that there exist a linear combination s; of words of the length less than |w|
and a nonzero scalar « such that g1 = a(wq+s1) is an axis of A. Thus, the following
equality w + s1a = (w1 + s1)a = (1/a)gia reduces the general case to the already
studied case when |w| = 2. O

6. SUFFICIENT CONDITIONS TO CONTAIN UNIT

Lemma 15. Let A be an azial algebra of Jordan type 1/2, and let a be an azis in A
such that Ag(a) contains a unit eg(a). Then we have (eg(a) + a,b) = 1 for every
azis b € A satisfying the condition that (a,b) # 1.

Proof. Denote o = (a,b), ag = ag(b), a1/2 = a1/2(b). Consider e = eg(a) 4 a and
compute

eb = (eg+a)(ap+a1 /2 +aa) = ag+eoay o+ (1/2)ar ;2 +aa = b—(1/2)ay /2 +epay /.
Further, using pairwise orthogonality of Ag(a), A;/2(a), and A;(a), we deduce
(11) (e,b) = (eb,b) = (b,b— (1/2)a1/2 + eoaq/2)
=1—(1/2)(ai/2,a1/2) + (a1/2, €001 /2).
We apply Lemmas 2 and 7 and the condition that (a,b) # 1 to compute
(a1/2,€0a1/2) = (af/Q, eo) = (aag + (1 — a)a, eg) = alag, eg)
= a(l—a)(x.(b),e0) = a(l —a)(zq(b)?, e0) = a(l—a)(24(b), (b)) = a(l —a),
(a1/2,a1/2) = 2(aay 2, a1/2) = 2(a7a%/2) = 2(a,aap + a(l — a)a) = 2a(l — ).
Hence, (e,b) = 1. O
Lemma 16. Let A be a semisimple azial algebra of Jordan type 1/2 with a quasi-

definite basis X . Suppose that Ag(x;) contains a unit eg(x;) for each x; € X. Then
e =-eo(z1) + 21 s a unit of A.
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Proof. Let a,b € X be distinct. Denote e = ep(a) + a and € = eg(b) + b. From
Lemma 15 it follows that (e, x;) = (é,2;) = 1 for each z; € X.

Let r = e — é. For each z; € X, we have (r,z;) = 0.

Since X is a linear basis (maybe, infinite) consisting of axes, e — € lies in the
radical A+ of the Frobenius form. By A+ = (0), we get e = &. Hence,

eb=éb = (eo(b) +b)b=10b*=b.
It holds for every axis b € X, thus, e is a unit of A. O

Theorem 1. Let A be a semisimple finite-dimensional quasi-definite strongly azial
algebra of Jordan type 1/2. Then A is unital.

Proof. Denote N = dim A. Let Cy be a basis of A consisting of axes. Fix ag € Cy,
by Corollary 2, one may find a quasi-definite basis C; C {z4,(y) | y € Co \
{ao}} of an axial algebra Ag(ap), which consist of axes of A by Proposition 5.
Let us indicate that Ag(ag) may be not necessarily quasi-definite and strongly
axial algebra. However, we do not need such conditions! Throughout the proof,
we consider only elements of the form x,(z), where y,z are axes in A, thus,
Proposition 5 implies that all such elements are axes in A as well as in all required
axial subalgebras of A. Note that Ag(ag) is semisimple by Lemma 4.

Now, we choose a; € Ci, by Corollary 2 one may find a quasi-definite basis
Cy C{xa,(y) | y € C1\{a1}} of an axial algebra Ag(ag), which consist of axes of A
again by Proposition 5. We denote (Ag(ag))o(a1) as Ag(ag,a1).

Continue on, since the choice of ay, . .., ay, ... is not unique, we get a finite set of
algebras of the form Ag(ag, ..., an,), where n < N and Ag(ag, . ..,ay,) is defined by
induction as (Ag(ag, . - ., an—1))o(an). Now, we prove by induction on the dimension
that all of them are unital. If dim Ag(ao, ..., a,) = 1, then Ag(ao,...,a,) = F and
hence is unital.

Suppose it is proved that Ag(ag,...,a,) is unital if dim Ag(ag,...,a,) < k.
Consider the case when dimY = k, where Y = Ag(ay, . - ., a,). Applying Lemma 16
and the induction hypothesis, we conclude that Y is unital. Therefore, by induction,
Ap(a) is unital for every a € Cy. Then A is unital by Lemma 16. O

7. FINITE CAPACITY OF UNITAL ALGEBRAS

Definition 5. Let e be a unit of an azial algebra A of Jordan type 1/2. Suppose
that e equals a sum of n pairwise orthogonal axes and n is minimal satisfying such
property. We say that e has the capacity n and write it as c(e) = n.

For the simple Jordan algebra A = F'1+ Fu+ F'v of a nondegenerate form defined
above, we have e = (1/2+ (u+v)/v2) + (1/2 — (u+ v)/V/2), it is a decomposition
of e into a sum of two axes. Thus, ¢(e) = 2, and all decompositions of e into a finite
sum of pairwise orthogonal axes consist of only two summands.

Something similar we have with the algebra MT([H, now c(e) = n, and there is
a natural decomposition e = e11 + ... + e,,. Note that the decomposition is not
unique, e.g., e = (e11 + e12) + (€22 — e12) for n = 2.

Lemma 17. Let A be a quasi-definite strongly azial algebra of Jordan type 1/2.
Let q,a,b be axes in A. Suppose that qa = qzo(b) = 0. Then gb = 0.

Proof. Denote a = (a,b). By Lemma 13, we prove the statement,
0= (ail)((bma(b)) = (q, Qabfcm—b) = 2((]7 a’b)i(qa b) = 2<qaa b)i(qa b) = 7(% b)

O
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Theorem 2. Let A be a quasi-definite strongly axial algebra of Jordan type 1/2
and let G = {a1,...,a,} be a generating set of A consisting of axes. Let e be a unit
of A. Then e has a finite capacity k < n.

Proof. Given a subalgebra B of A and x € B, denote the eigensubspace of the
operator ad,: B — B corresponding to the eigenvalue 0 by Ag(z, B). Note that
es = e — ay is a unit of the algebra Ay = Ag(ay, A). Denote

(12) Gg(al) = {bl = 37,11 (0,2), ceey bn—l = xal (an)}

By Corollary 2, the set G2 contains a subset of the quasi-definite basis of As.
On the next step, we fix b; and project the remaining axes on the subalgebra
Az = Ag(b1, A2):

(13) Gs(ar,b1) = {zp, (b2), ., b, (bn-1)},

and e3 = eg — by = e —a; — by is a unit of A3. By induction, on the last step, we
get the set Gi(a1,b1,...,c1) = {d1 = z¢, (c2)}.

Define e11 = e, —dy =e— (a1 +b1+...+c1+dy). If ep41 =0, then e can be
represented in the required form.

Suppose that exy; # 0. Then by Corollary 2, Api1 = Ao(dy, Ax) is an axial
algebra with a basis of axes from A. Take ¢ such an axis. Then, by the definition,
qd; = 0 and gqc; = 0. By Lemma 17, gco = 0.

Suppose that ¢; = xy, (f2) and co = zy,(f3). By the definition, ¢f; = 0. Since
qco = 0, then again by Lemma 17, gf; = 0. Continuing the procedure, we get
qa; =0 for every 1 < i < n.

If gA =0, then ¢ - ¢ = g = 0, a contradiction.

Suppose that ¢A # 0. Let w be a word in the alphabet G of a minimal length
such that qw # 0. Let w = wjws. By the assumption, qw; = qws = 0. Let s be
a linear combination of words of the length less than |wq| and « € F \ {0} such
that a(wy + s) = r for some axis r (see Lemma 14). By the assumption, we have
qr = q(swy) = 0. By Seress Lemma,

aq(wiws) = aq(wiwsy) £ aq(sws) = q(rws) = r(qws) = 0,

a contradiction. O

Let A be a finitely generated quasi-definite strongly axial algebra of Jordan
type 1/2 and let G = {a1,...,a,} be a generating set of A consisting of axes.
Moreover, let y1,...,ys € A be axes such that y1 € G, y2 € Ga(y1), ..., ys €
Gs(y1,-..,ys—1), where the sets G;(y1,...,y;—1) are defined by (12), (13) etc.
Denote the subalgebra Ag(y1) N Ao(y2) N ... N Ag(ys) by Ao(y1,...,ys) and let
us call it as a special subalgebra of A.

Given a special subalgebra B = Ag(y1, - ..,ys), let uscall ys41 € Gsy1(y1,- -, Ys)
as a special axis in B. Actually, ys41 is an axis in A too.

Corollary 3. Let A be a quasi-definite strongly azial algebra of Jordan type 1/2
and G = {ay,...,a,} be a generating set of A consisting of axes. Let e be a unit
of A. Then there exists a sequence of special subalgebras for k < n,

A D AO(yl) D AO(y17y2) e D Ao(y17 .. ayk) o AO(yl, <o 7yk+1) = (0)
Proof. 1t follows from the proof of Lemma 2. O
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