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Abstract

In the present paper we have studied the Finslerian hypersurfaces
of a Finsler space which is equipped with Randers type exponential

form metric given by L(a,f) = (o + B)ew%ﬁ). We also examined
the hypersurfaces of this special Randers type exponential metric as a
hyperplane of first, second and third kinds. Further we obtained the
condition under which this hypersurfaces will be semi-C-reducible, C-
reducible, C2-like Finsler Space and the value of main scalar I in two
dimensional case to be obtained.
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1 Introduction

The n-dimensional Finsler space F™ = (M", L), is a combination of an
n-dimensional differential manifold M™ and a fundamental function L(x,y)

which is defined by:



Definition 1.1. A Finsler space F" of dimension n is a differentiable man-
ifold such that the length s of the curve x'(t) of F™ is defined by S =
[ L(z,y)dt, where L(xz,y) = L(z',..2" y', ..y") is a fundamental function
supposed to be differentiable for y # (0) and satisfies the following condition.-
(¢) Positively homogeneous: L(z,py) = pL(z,y), p > 0.
(i7) Positive: L(x,y) >0, y # 0.
(i11) Positive definite metric g;; = %% > 0.

If the fundamental function L(z,y) is the function of the Riemannian
metric @ and one form metric 5 then this metric is known as («, §)- metric
and it is defined by

Definition 1.2. A Finsler metric L(«, 8) in a differentiable manifold M™
is called an («, B)-metric, if L is a positively homogeneous function of degree
one of a Riemannian metric a = (a;;(x)y'y?)2 and a one-form f = b;(x)y’
on M™.

The interesting and important examples of an (¢, §)- metric are Randers
metric o + 3, Kropina metric QT; and Matsumoto metric [9] (a"‘fﬁ). The no-
tion of an (a, §)-metric was introduced by M. Matsumoto [7] and has been
studied by many authors.

A Hypersurface is a generalization of the concept of hyperplane. The defini-

tion of hypersurface is given by

Definition 1.3. Suppose an enveloping manifold M of n dimension, then any
submanifold of M of (n — 1) dimension is a hypersurface. The co-dimension
of hypersurface is one. If m > n, then V,, is called a subspace of V.. Vi, is
also enveloping space of V,, if m > n. In particular if m =n+ 1, then V, is
called hypersurface of the enveloping space V1.

A hypersurface M™ ! of the M™ may be represented parametrically by the
equation z° = z'(u®) {a =1,2,...,(n—1)}, where u are Gaussian coordinates
on M"~'. If the supporting element y* at a point (u®) of M"~! is assumed
to be tangential to M™ !, we may be write

y' = B (u)v”

so that v® thought of as the supporting element of M"~! at a point (u®).
Since the function L(u,v) := L(z(u), y(u,v)) gives rise to a Finsler metric of
M"! we get an (n — 1)-dimensional Finsler space F"~V = (M™~1 L(u,v)).

The concept of Finslerian hypersurface is first introduced by Matsumoto
in the year 1985 and further he defined three types of hypersurfaces that
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were called a hyperplane of the first, second and third kinds. Further many
authors studied these hyperplanes in different changes of the Finsler metric
(2,3, 4, 5,6, 10, 11, 12] and obtained different results.

In the present paper we consider Randers type exponetial form of a spe-
cial Finsler (a, f)-metric and determine Induced Riemannian metric, second
fundamental v tensor also obtain to the conditions for hypersurfaces of this
special metric as a hyperplane of first, second and third kinds. Further
we obtained the condition under which this hypersurfaces will be semi-C-
reducible, C-reducible, C2-like Finsler Space and the value of main scalar I
in two dimensional case to be obtained.

2 Preliminaries

In the present paper we consider an n-dimensional Finsler space F" =
{M", L(«, 5)}, that is, a pair consisting of an n- dimensional differentiable
manifold M™ equipped with a Fundamental function L as a Randers type of
exponential form of a special Finsler Space with the metric

(2.1) L(a, B) = (a + f)e@m

Differentiating equation (2.1) partially with respect to o and ( are given
by

L, = (aﬁ:memfa), Lo — %e@’%@
Laa = (afﬁﬁeﬁ Lgs = ﬁe(“%
Log = —3gme™?

In Finsler space F" = {M", L(«, 3)} the normalized element of support
l; = 0;L and angular metric tensor h;; are given by [8]:

li = CY_ILQY;' + Lgbz

hij = pay; + qobib; + q-1(b;Y; + b;Y;) + q2YiY



where Y; = a;;57. For the fundamental metric function (2.1) above constants
are

(2.2) p= eai%,
_ O iHn
QO - (Oé +/B>26 9
=T
(a+p)?
N ala+ )2
Fundamental metric tensor g;; = %@@Lz and its reciprocal tensor ¢g¥ for
L = L(«, B) are given by [8]
(2.3) 9ij = Paij + pobib; + p1(b:Y; + b;Y:) + p_oYiY
where
2 2
(2.4) Dy = {a* + 2a + 5) }67<a2f»3>,
(a+p)?
20 s
= ———el
ERCENOE
ala+f)
The reciprocal tensor g” of g;; is given by
(2:5) g7 =pta" = sob'V — s 1 (VY +Vy') — s ay'y’
where b = a¥b; and V* = a;;b'V
1 2\ 2
(2.6) S0 = T—p{Ppo + (pop—2 — p=1)a”},

1
S_1 = T—p{pp-l + (pop—2 — p21) B},
1 2
o= —{pp_ g — b
52 Tp{pp 2 + (pop—2 — p=1)b7},
7 =p(p + pob® + p-18) + (pop—2 — p°1) (0 = 5?)
The hv-torsion tensor Cjj; = %&glj is given by [11]
(27) 2pCijk = p_l(h,-jmk + hjkmi + hmmj) + Y1
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where,

0
(2.8) M= p(%) — 3p_14o, m; = b; — a ?BY;

Here m; is a non-vanishing covariant vector orthogonal to the element of
support "

Let {!.} be the component of christoffel symbols of the associated Rie-
mannian space R" and v/, be the covariant derivative with respect to z*
relative to this christoffel symbol. Now we define,

(2.9) 2E;; = bij + byi, 2Fy; = bij — by
where bij = ijl

Let CT = (F;‘}C, Fg};, I;) be the cartan connection of F". The difference
tensor D, = I';; — {j} of the special Finsler space F™" is given by
(2.10) D!, = B'Ejx + FB; + F} By + Blboy, + Biboj — bomg"™ B
—CL A = Crn AT+ Ciem AT g™ + X(C5,Cl +
CimC3 = CRRC,)

where
(2.11) By = pobi + p-1Yy, B'=g"B;, FF=g"F;
-2 9po
p_1(a;; —a?YY;) + Fmm; :
By = {p-1(a;; : ) 2B J}’ Bl(c :gk]Bji

AT = B"Egy + B™Ey + By Fy" + BoF}"
N = B™Ey + 2B F)", By = By

where 0/ denote contraction with 3® except for the quantities pg, g and s,.

3 Induced Cartan Connection

Let F"~1 be a hypersurface of F™ given by the equation ' = z*(u®)
where {a = 1,2,3...(n — 1)}. The element of support 3 of F™ is to be taken
tangential to F"~!, that is [§],

(3.1) y' = By (u)v”

the metric tensor g,s and hv-tensor C,g, of F"~! are given by

b}



9op = 9i;BLBY,  Cupy = Ciju BL B BE
and at each point (u®) of F"~! a unit normal vector N'(u,v) is defined by
gij{x(u,v), y(u,v)} BN =0,  gij{z(u,v),y(u,v) }N' N =1
Angular metric tensor h,p of the hypersurface are given by
(3.2) hag = hyyBLB%,  hiyBLNT =0,  hiyN'N’ =1
(B2, N;) inverse of (B, N*) is given by
B = g*%g;B,,  BiB/ =0}, B{N'=0, B.N;=0
N; = gi;Ni, BF=g¢"B,, B@B;* + N'N; = (5;

The induced connection ICT = (I';2,G§,Cg,) of F*~' from the Cartan’s
connection CT = (', T, Cit) is given by [8].

I = BY(Bj, + i B,BY) + Mg H,
a _ Roa( Rl *i 3] a _ Roac ' Bk
Gj = By (Bog +T6;Bp),  Cf, = BrCju B By
where
Mg, = NG, BB, Mg = g°"Mp,, Hg = Ni(Bjg + ' B})
and

_ 9B

By =3w:  DBog = Bag?”

The quantities Mz, and Hg are called the second fundamental v-tensor and
normal curvature vector respectively [8]. The second fundamental h-tensor
Hjg, is defined as [§]

(3.3) Hg, = Ny(Bly, + I'5.B4BY) + M3 H,
where
(3.4) Mg = N;,Ci, B4N*

The relative h and v-covariant derivatives of projection factor BY, with respect
to ICT are given by

Bi

s = HopN',  Bilsg = Mg’



It is obvious form the equation (3.3) that Hg, is generally not symmetric and
(3.5) Hyy — Hyp = MpHl, — M, Hy
The above equation yield

(36) HO'y — ny, H’yO - H’Y —|— M’yHO
We shall use following lemmas which are due to Matsumoto [8] in the coming
section

Lemma 3.1. The normal curvature Hy = Hgv® vanishes if and only if the
normal curvature vector Hg vanishes.

Lemma 3.2. A hypersurface FY is a hyperplane of the first kind with
respect to connection CT if and only if H, = 0.

n—1

Lemma 3.3. A hypersurface FY is a hyperplane of the second kind with
respect to connection CT" if and only if H, =0 and H,z = 0.

n—1

Lemma 3.4. A hypersurface F™ Y is a hyperplane of the third kind with
respect to connection CT" if and only if H, =0 and Hog = Myg = 0.

4 Hypersurface F"~1(c) of a Finsler space with
Randers type exponential form of (a,[)-
metric

Let us consider a Finsler space for Randers type exponential form of

B —_
(o, B)-metric L(a, f) = (o + f)e@+ | where, o« = \/a;;(x)y'y? is a Rieman-
nian metric and vector field b;(z) = 3‘9; is a gradient of some scalar function
b(x). Now we consider a hypersurface F'"~)(¢) given by equation b(z) = c,

a constant [11].

From the parametric equation z* = z%(u®) of F" *(c), we get

ob(z) __
ou™ 0
ob(z) ozt
oxt Ou> 0
blBZ) =0



Above shows that b;(x) are covarient component of a normal vector field
of hypersurface F"(c). Further, we have

(4.1) b;B, =0 and by =0 ie B=0
and induced metric L(u,v) of F"~!(c) is given by
(4.2) L(u,v) = aapv®v”, a0s = aijBiBé

which is a Riemannian metric.

Writing 8 = 0 in the equations (2.2), (2.3) and (2.5) we get

(4.3) p=1 q@=1, ¢1=0 g,=-a?
po=5 pi=20a"t po=0 T=1+10b
1 2 4b?
50 = §4=— " gg=——
T4 TN a4 TP a2(1+0?)
from (2.4) we get,
o 1 2 N 4
44)  g¥=a" - bibj — ————— (V' + V) + ————— gy
()97 =av = bl = ST O YY) Y

thus along the Finslerian Hypersurface F"!(c) with equations (4.4) and (4.1)
leads to

97bb; = iy
So we get
b? i

where b is the length of the vector b’

Again from equations (4.4) and (4.5), we get

2b2yz
(0%

(4.6) b =a"b; = bV1+2N' +
thus we have,

Theorem 4.1. The Induced Riemannian metric in a Finsler hypersurface
FO=Y(¢) of a Finsler space F™(c) equipped with Randers type exponential
form metric defined in equation (2.1) is given by (4.2) and the scalar function
b(x) is given by (4.5) and (4.6).



Now the angular metric tensor h;; and the fundamental metric tensor g;;
of F™ are given by

1 2

From equations (4.1), (4.7) and (3.2) it follows that if h((laﬁ) denote the angular

metric tensor of the Riemannian a;;(z) then we have along F &)_1, hos = hglﬁ).

n—l  dpo _ 4
thus along F(C) R
from equation (2.8) we get

m=-2 m; = b;

then hv-torsion tensor becomes
1 1
(48) Cijk; = a(hwbk + hjkbz + hkzbj) — Ebejbk
in the Randers type exponential form of («, 5)-metric of a Finsler hypersur-

face F((S_l). Due to fact from equations (3.2), (3.3), (3.5), (4.1) and (4.8) we
have

1 b2
(49) Ma,@ = )hcxﬁ and Ma =0

all @+

Therefore from equation (3.6) it follows that H,g is symmetric. Thus we
have

Theorem 4.2. The second fundamental v-tensor for a Finsler hypersurface
F ("_1)(0) of a Finsler space equipped with Randers type exponential form
metric defined in equation (2.1) is given by (4.9) and the second fundamental
h-tensor H,g is symmetric.

Now from equation (4.1) we have b; B!, = 0. Then we have
big By, + biBl s =0
Therefore, from (3.5) and using bys = b; B + b;| ;N7 Hg, we have
(4.10) by BLBY + by BLN? Hyg + b HagN' = 0

since b;|; = —b,Cl, we get
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by; BE NV = 0

Therefore from equation (4.10) we have,

| -
(4.11) o 62)Haﬁ +by; BLB) =0

because b;; is symmetric. Now contracting (4.11) with v” and using (3.1) we
get

/ b2 o
(412) 1 T b2 Ha + bi‘jB;y] = 0

Again contracting by v* equation (4.12) and using (3.1), we have

From lemma (3.1) and (3.2), it is clear that Randers type exponential («, 3)-
metric with Finsler hypersuface F™=1(¢) is a hyperplane of first kind if and
only if Hy = 0. Thus from (4.13) it is obvious that F"!(c) is a hyper-
plane of first kind if and only if b;;y'y’ = 0. This b;; being the covariant
derivative with respect to CT' of F" defined on y’, but b;; = 7;b; is the
covariant derivative with respect to Riemannian connection {;k} constructed
from a;;(x). Hence b;; does not depend on y'. We shall consider the dif-
ference b; il — b;; where b;; = <7;b; in the following. The difference tensor
Dl =T — {%} is given by (2.10). Since b; is a gradient vector, then from
(2 9) we have

ilj

E

ij
Thus (2.10) reduces to
(414) D;k = Blbjk + B;bok + B]ibOj - bomgim ik T C;mAZL -
Cim A" + Cirm AT " + AN (C5, O +

CpnCl — CHCl L)

:bij E]:O and FZZO

km™~'sj
where
(4.15) B, =5b+2a7'Y;, B'= q j bz)bi + i((lljrl;)) v
BB = 4‘1++—22§2, N = Bby, By = é(aij - %) + ébibj,
B = (5~ Y,) 4 gt — b

A" = B"boo + B bk
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In view of (4.3) and (4.4), the relation in (2.11) becomes to by virture of
(4.15) we have By = 0, B;y = 0 which leads AJ' = B™by.

Now contracting (4.14) by y* we get
D;'O = Bibjo + Bji-bo[) — BmC;mboo
Again contracting the above equation with respect to 3’ we have

i i i 20=b%)
DOO =B bOO = {(I-Eb2)b + a((1+b2))y }b()()

Paying attention to (4.1), along F((S_l), we get

50* 1+ 3b? 5

4.1 b D}y = b biboo — ——5
(4.16) P T aTr) T T

bib™C,boo

Now we contract (4.16) by 3/ we have

50
e

From (3.3), (4.5), (4.6), (4.9) and M, = 0, we have

(4.17) b Dy =

m v i b2 _
blb ijB(Jx = mMa =0

Thus the relation b;; = b;; — b, Df; the equation (4.16) and (4.17) gives

o an2
b y'y’ = boo — brDiyy = 11+—‘2b2b00

Consequently (4.12) and (4.13) may be written as

b 1—4p?
4.1 \/ ——Ho + ———boBl, =
(4.18) Ty ile Ty eBa =0,
b2 1— 4b?
\/ ——= Ho + ———boo =
T ot et =0

Thus the condition Hy = 0 is equivalent to byy = 0. Using the fact 8 = by’ =
0 the condition byy = 0 can be written as b;;y'y’ = biy'b;y? for some c¢;(z).
Thus we can write,

(419) 26” = biCj + bjCi
Now from (4.1) and (4.19) we get
boo = 0, bingBé =0, byBLy =0

«
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Hence from (4.18) we get H, = 0, again from (4.19) and (4.15) we get
biob! = 9=, \™ =0, AiB} =0 and By B.B} = Lhs.

2

Now we use equation (3.3), (4.4), (4.5), (4.6), (4.9) and (4.14) then we
have

Co b4

4.2 bDI.B B, =——""__ph,
( 0) ij T a B 20_/(1+b2) B

Thus the equation (4.11) reduces to
(4.21) Hop +

Hence the hypersurface F) (’é)_l is umbilic.

Theorem 4.3. The necessary and sufficient condition for Finsler hypersur-
face F"V(c) of a Finsler space F™(c) equipped with a Randers type ex-
ponential form metric defined in equation (2.1) will be a hyperplane of first
kind is given by (4.19).

It is also clear from (4.19) that

Corollary 4.1. The second fundamental h-tensor for a Finsler hypersurface
FO=Y(¢) of a Finsler space F™(c) equipped with a Randers type exponential
form metric defined in equation (2.1) is directly proportional to its angular
metric tensor.

Now from lemma (3.3), F"~Y(c) is a hyperplane of second kind if and
only if H, = 0 and H,p = 0. Thus from (4.20), we get

co=c(z)y' =0
Therefore there exist a function ¢ (x) such that
¢i(x) = ¢(x)bi(x)
Therefore (4.19) we get
2bi; = bi(2)(2)bj(x) + bj(2)1)(2)bi()
This can also be written as

bij = U (x)bib;
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Theorem 4.4. The necessary and sufficient condition for a Finsler hyper-
surface F"V(c) of a Finsler space F™(c) equipped with a Randers type
exponential form metric defined in equation (2.1) to be a hyperplane of sec-
ond kind is given by (4.21).

Again lemma (4.4), together with (4.9) and M, = 0 shows that F"~!(c) does
not become a hyperplane of third kind. Thus

Theorem 4.5. The Finsler hypersurface F"~V(c) of a Finsler space F™(c)
equipped with a Randers type exponential form metric defined in equation
(2.1) is not a hyperplane of the third kind.

5 Some Important Result of Hypersurfaces
F(=1)(c) of a Finsler Space F"(c) with Ran-
ders type exponential form of («, )-Metric

The hv-torsion tensor Cjj, of F"Y(c) with Randers type exponential
form of («, B) Metric written in equation (4.8) as

Cijk - é(h’z]bk’ + h]kbz —|— h,]mb]) - ébzb]bk
Contracting by ¢’*, we have

_ ik _ (2+3b2)
Ci = Cijrg’" = a(Hbz)bz’

This implies that

a(l+b?)
(5:1) (2 +3b%)
Thus the equation (4.8) written as
(1+0%) a’(1+0%)°

Definition 5.1. A Finsler Space F" is Called semi-C-reducible, if the (h)
hv-tortion tensor Cyjy, is written in the form

(5.3) Cin = (n’ﬁ(hijck + hipCy + hiiCy) + %Oicjck.

Now from equations (5.2) and (5.3) we have

 (n+ 1)1+ _ —a?CP*(14-0?)°
(54) PE o M T T

Thus
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Proposition 5.1. The Finslerian Hypersurface F™Y(c) of Finsler Space
F™ equipped with a Randers type exponential form metric defined in equa-
tion (2.1) is always to be a semi-C-reducible Finsler space if equation (5.4)
satisfied.

Further now contracting equation (4.8) by B!, and using equation (4.1)
we have

o _ ,
(5.5) Cigr B = = (hijbiBy + hiib; By)

Contracting equation (5.5) by Bé and using equation (4.1) we have
Cyjn B, B% = Lh;b,B. B

This implies that

(5.6) cm%ﬁ:é%w

Contracting equation (5.6) and using equation (4.1) we have

(5.7) CijrBLBLBE = Copy = 0

Proposition 5.2. The Finslerian Hypersurface F™Y(c) of Finsler Space
EF™ equipped with a Randers type exponential form metric defined in equation
(2.1) is a C-reducible Finsler space if equation (5.7) satisfied.

Definition 5.2. A Finsler space F™ is called C2-like, if the (h) hv-tortion
tensor Cyjy, s written in the form

Cijr = a2 CiC;Cy
Thus using above definition and equation (5.9) we have
130
(5.8) OC=—"
L(1+0?)2

Proposition 5.3. The Finslerian hypersurface F(”_l)(c) n a two dimen-
sitonal Finsler space F™ eqquipped with Randers type exponential form metric
defined in equation (2.1) is always to be a C2-like Finsler space if equation
(5.8) is satisfied.

Since the main scalar of two dimensional Finsler space is defined as

LCji = Imymjmy,
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Since m; = b; then we have
Contracting ¢/ we have

Ib?

(5.9) LC; = mbi

Now main scalar of two dimensional Finsler space

L2(1 + 12

(5.10) Cijt = =5

CiC;Cy
Now from equation (5.1) and (5.9) we have

L(2 + 3b%)
(5.11) [=——7—

Proposition 5.4. The main scalar I in a two dimensional case of a Finsle-
rian hypersurface F"=Y(c) for the Finsler space F™(c) equipped with Randers
type exponential form metric defined in equation (2.1) is given by (5.11).

6 Conclusion

In the present paper we introduced a Randers type exponential form metric
in equation (2.1). Further we obtained the necessary and sufficient condition
for a Finslerian Hypersurface F("~V(c) of a Finsler space F™(c) equipped
Randers type exponential form metric will be hyperplane of first, second and
third kind in the theorem (4.3), (4.4) and (4.5) respectively.

Further as application point of view for the above exponential form of
metric we obtain a proposition (5.1), (5.2), (5.3) in which it stated that
this hypersurface will be semi-C-reducible, C-reducible Finsler Space, C2
like Finsler Space in certain conditions. Further in proposition (5.4) we also
obtained the value of main scalar I in two- dimensional case.
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