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ABSTRACT. In the present paper automorphisms, local and 2-local automor-
phisms of n-dimensional null-filiform and filiform associative algebras are stud-
ied. Namely, a common form of the matrix of automorphisms and local auto-
morphisms of these algebras is clarified. It turns out that the common form of
the matrix of an automorphism on these algebras does not coincide with the lo-
cal automorphism’s matrices common form on these algebras. Therefore, these
associative algebras have local automorphisms that are not automorphisms.
Also, that each 2-local automorphism of these algebras is an automorphism is
proved.

INTRODUCTION

The Gleason-Kahane-Zelazko theorem [10, 13], which is a fundamental contri-
bution to the theory of Banach algebras, asserts that every unital linear local
homomorphism from an unital complex Banach algebra A into C is multiplica-
tive. We recall that a linear map 7" from a Banach algebra A into a Banach
algebra B is said to be a local homomorphism if for every a in A there exists a
homomorphism &, : A — B, depending on a, such that T'(a) = ®,(a).

Later, in [12], R. Kadison introduces the concept of local derivations and proves
that each continuous local derivation from a von Neumann algebra into its dual
Banach bemodule is a derivation. B. Jonson [l 1] extends the above result by
proving that every local derivation from a C*-algebra into its Banach bimodule
is a derivation. In particular, Johnson gives an automatic continuity result by
proving that local derivations of a C*-algebra A into a Banach A-bimodule X are
continuous even if not assumed a priori to be so (cf. [11, Theorem 7.5]). Based on
these results, many authors have studied local derivations on operator algebras.

A similar notion, which characterizes non-linear generalizations of automor-
phisms, was introduced by Semrl in [17] as 2-local automorphisms. He described
such maps on the algebra B(H) of all bounded linear operators on an infinite
dimensional separable Hilbert space H.

The first results concerning local derivations and automorphisms on finite-
dimensional Lie algebras were obtained in [2]. Namely, in [2] the authors have
proved that every local derivation on semi-simple Lie algebras is a derivation
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and gave examples of nilpotent finite-dimensional Lie algebras with local deriva-
tions which are not derivations. Sh.A.Ayupov, K.K.Kudaybergenov, B.A.Omirov
proved similar results concerning local derivations and automorphisms on simple
Leibniz algebras in their recent paper [3]. Local automorphisms of certain finite-
dimensional simple Lie and Leibniz algebras are investigated in [1]. Concern-
ing local automorphism, T.Becker, J.Escobar, C.Salas, and R.Turdibaev in [7]
established that the set of local automorphisms LAut(sls) coincides with the
group Aut®(sly) of all automorphisms and anti-automorphisms. Later in [J]
M.Costantini proved that a linear map on a simple Lie algebra is a local au-
tomorphism if and only if it is either an automorphism or an anti-automorphism.
Similar results concerning local derivations and automorphisms on Lie superal-
gebras were obtained in [8, 18] and [19].

In the paper [5], local derivations of solvable Lie algebras are studied, and it is
proved that in the class of solvable Lie algebras, there exist algebras that admit
local derivations which are not derivation. Also, algebras, every local derivation
of which is a derivation, are found. Moreover, every local derivation on a finite-
dimensional solvable Lie algebra with model nilradical and the maximal dimen-
sion of complementary space is a derivation. Sh.A.Ayupov, A.Kh.Khudoyberdiyev,
and B.B.Yusupov proved similar results concerning local derivations on solvable
Leibniz algebras in their recent papers [0, 20]. F.N.Arzikulov, I.A.Karimjanov,
and S.M.Umrzaqov established that every local and 2-local automorphisms on
the solvable Leibniz algebras with null-filiform and naturally graded non-Lie fil-
iform nilradicals, whose dimension of complementary space is maximal, is an
automorphism [1].

In the paper [15], [.A.Karimjanov, S.M.Umrzaqov, and B.Yusupov describe au-
tomorphisms, local and 2-local automorphisms of solvable Leibniz algebras with
a model or abelian null-radicals. They show that any local automorphisms on
solvable Leibniz algebras with a model nilradical, the dimension of the comple-
mentary space of which is maximal, is an automorphism. But solvable Leibniz
algebras with an abelian nilradical with a 1-dimensional complementary space
admit local automorphisms which are not automorphisms.

In the present paper automorphisms, local and 2-local automorphisms of n-
dimensional filiform and null-filiform associative algebras are studied. Namely, a
common form of the matrix of automorphisms and local automorphisms of these
algebras is clarified. It turns out that the common form of the matrix of an
automorphism on these algebras does not coincide with the local automorphism’s
matrix’s common form on these algebras. Therefore, these associative algebras
have local automorphisms that are not automorphisms. Also, that each 2-local
automorphism of these algebras is an automorphism is proved.
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1. PRELIMINARIES

Null-filiform and filiform associative algebras. For an algebra A of an
arbitrary variety, we consider the series

Al’ Ai+1 — ZAkAi—k‘-i—l’ Z Z 1.
k=1

We say that an algebra A is nilpotent if A* = 0 for some i € N. The smallest
integer satisfying A’ = 0 is called the index of nilpotency or nilindex of A.

Definition. An n—dimensional algebra A is called null-filiform dim A" = (n +
1)—i,1<i<n-+1

Theorem 1.1 ([16]). An arbitrary n-dimensional null-filiform associative algebra
is isomorphic to the following algebra:

Po: €€ =e€i1j,2<1i+]<mn,
where {e1, eq,...,e,} is a basis of the algebra A and the omitted products vanish.

Definition. An n-dimensional algebra A is called filiform if dim(A*) = n — 1,
2<7<n.

Theorem 1.2 ([11]). Forn > 3 every n— dimensional filiform associative algebra
over an algebraically closed field F of characteristic zero is isomorphic to one of
the following pairwise non - isomorphic algebras with a basis {e1,ea, ..., e }:

Hi1 't €€ = €ipj,
Hi12 €€ = €i1j,En€y = €n_1,
K13 €€ = €i1j,€1€n = €n_1,

Hia: €€ = €i1j,€1€n = €p€n = €pn—1
where 2 <i+j<n-—1.

2. DESCRIPTION OF AUTOMORPHISMS OF FINITE-DIMENSIONAL
NULL-FILIFORM AND FILIFORM ASSOCIATIVE ALGEBRAS

Here we give a description of automorphisms of the associative algebras from
the theorems 1.1 and 1.2.

Theorem 2.1. A linear map ¢ : g — o 1S an automorphism of the algebra py
if and only if the map ¢ has the following form:

pler) =Y aes,
=1

n

o(e;) = Z( Z Ay - Ay + - Ay )es, 2<i<mn, (1)

=t ki+ko+..+ki=j
where a; # 0.



4 F.N.ARZIKULOV, LA.KARIMJANOV, AND SM.UMRZAQOV

Proof. Let

pler) = Zaiei.
i=1
Then

n
= E akl . akQ

7=2 \ki1+ka=j

N—
L

Also we have

ples) = plerez) = pler)p(e) = <Z sz‘) ( ai€i> ]

=1 =

n 3 n
= E a;€; = E E Ay * Ay - Qg3 | €5-
i=1 J=3 \ki+kotks=j
Similarly, for any ¢ = 2, 3,...n, we have

90(€i) = @(6162‘—1) = 90(61)90((%—1) = (Z ai€i> (Z Gi€i>

=1

= (Z aiez) = Z ( Z Ay Ay * .0 CLki) €.
i=1 j=i \ki+ko+..+ki=j
The proof is complete. O

Theorem 2.2. A linear map ¢ : pu1 — p11 s an automorphism if and only if
the map © has the following form:

@(61) = Z a;€4,
=1

n—1

o(ei) = ( Z Ay - Ay * o Ay )e5, 2<i<mn—1
j=i kitkot.tki=j

(,D(Qn) = bn—len—l + bnen
where a; # 0.

Proof. Let
§0<€1) = Zai€i7
i=1

So(en) = Z bie;.
i=1
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Then, by the table of multiplication of the algebra p; ; and equalities
ple;) = plerei), 2<i<n-—1,

we have

p(ez) = plerer) = p(er)p(er) = (Z aiei) (Z ai€i> = (Z aiei) =
== : < Z akl -ak2> ej,

k1+ko=j

n i n—1
:<Zaiei> :Z( Z akl-a;@-...-aki> ej, 2<i1<n-—1

=1 j=t k1+k2+...+ki=j
We also have

0= p(ere,) = pler)p(e,) = (Z aiei> <Z bﬁz') =

i=1 =1

N

3
|

—

n—

ajbi,lei.
1

1i=j

J’_

From this it follows that ’
bi=0, 1<i<n—2, b,_1#0,b,#0.
So,
o(en) =bp_16n_1 + bpey,.
The proof is complete. H
We can similarly prove the following theorems.

Theorem 2.3. A linear map ¢ : p12 — p,2 s an automorphism if and only if
the map o has the following form:

n

p(e1) = Z @i€i,

1=1

n—1

@(62) = Z( Z Qky - akz)ej + aien—l

J=2 kitka=j
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n—1

p(ei) :Z( Z Ay - Ay * oy )e5, 3 <i<mn—1

J=t kitke+..+ki=j

90(671) = —Qp \/ a?_3€n—2 + bn—len—l + \/ a?_len

Theorem 2.4. A linear map ¢ : p13 — p,3 s an automorphism if and only if
the map ¢ has the following form:

p(er) = Z a;e;,
i=1

where a; # 0.

n—1
90(62> - Z( Z A, - akz)ej + a1a,6,-1
J=2 kitka=j

90(61‘):2( Z Ay - Ay * oy )e5, 3 <i<n-—1

Jj=t ki+ko+..+ki=j

o(en) = by_1e,_1 +al2e,

where a; # 0.

Theorem 2.5. A linear map ¢ : pu4 — f1.4 15 an automorphism if and only if
the map o has the following form:

n

90(61) = Z a;€;,

i=1

n—1
ple2) = Z( Z ak, - ax;)ej + (aran + ag)en—,
J=2 ki+ko=j

n—1

ple) = (Y anancay)e, 3<i<n—1,
j=i ki+ko+.. +k;=j
@(Gn) = —Qpep_2 + bn—len—l + €n

where a; = 1.

3. DESCRIPTION OF LOCAL AUTOMORPHISMS OF FINITE-DIMENSIONAL
NULL-FILIFORM AND FILIFORM ASSOCIATIVE ALGEBRAS

Now we give a description of local automorphisms of the associative algebras
from the theorems 1.1 and 1.2.

Definition. Let A be an algebra. A linear map ® : A — A is called a local
automorphism, if for any element x € A there exists an automorphism ¢, : A — A
such that ®(z) = ().
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Theorem 3.1. A linear map ® is a local automorphism of o if and only if the
matrix of ® has the following lower triangular form

by O 0 ... 0 0
52,1 b2,2 0 . 0 0
b371 b372 6373 e 0 0

bnfl,l bn71,2 bn71,3 s bnfl,nfl 0
bn,l bn,2 bn,3 s bn,nfl bn n

)

Proof. Let ® be an arbitrary local automorphism on py. By the definition, for
any element = € p, there exists an automorphism ¢, on pg such that

D(z) = o ().

By theorem 2.1, the automorphism ¢, has a matrix of the following form:

a® 0 0 0
2
a3 (a?) 0 0
14z j— : . . .
T T LT z\n—1
a? ag g, .- (a?) 0
ki+ko=n—1
x xT x €T €T xT T\n
a® > ay, af, S ap af, --.ap (a¥)
k1t+ka=n kitka+-thp_1=n—1

Let A be the matrix of ® and

b1 b1 big ... bin bin
b2,1 ba 2 baz ... bana b2.n
e b?f’l b3f72 bgf’g c. b3,n—1 b3,n
bnfl,l bn71,2 bn71,3 s bnfl,nfl bnfl,n
bn,l bn,2 bn,3 s bn,nfl bn,n
Then, by choosing subsequently z = e;, . = ey, ...,z = €, and using ®(x) =
0 (), i.e. AT = A,T, where T = (1,79, ...2,)" is the vector corresponding to

T = x1€1 + - + Tpe,, we have b;; = 0, ¢ < j, and by # 0, 1 < k < n, which
implies

by 0 0 ... 0 0
b2,1 b2,2 0 . 0 0
A b3‘71 b3.’2 b3',3 e 0 0
bnfl,l bn71,2 bnfl,S v bnfl,nfl 0

bn,l bn,2 bn,S cee bn,nfl bn n

)

Now we prove that the linear operator, defined by the matrix A is a local
automorphism. If, for each element x € pg, there exists a matrix A, of the form
in theorem 2.1 such that

AT = A,7, (1)
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then the linear operator, defined by the matrix A is a local automorphism. In

other words, if, for each element = € 1, the system of equations
bl 171 = ajxy,

x x y
Zb”arj—a $1+Z > g, a, - - @z, 2<1<n,
J=2 k1+ka+-+kj=i

obtained from (1.1), has a solution with respect to the variables

x xT x
ay, ay, ...Q,,

then the linear operator, defined by the matrix A, is a local automorphism.

Let us consider the following cases
o If T 7é 0 then CLI = bl 1,(1,2 = b2 1 + (bQQ — (al)Z)xQ,

af = bix + - Z( ij — > ap ag, ...ap )xj, where 3 < i < n
1= oy +hg k=i !
(a7 # 0).
o If z; = 0 and x5 # 0 then (af)? = byo,
: k11, ko #1 L
0y = ger(bia— Do aman,+or > (big— D0 agap,..oag)T)),
k1+ko=i Jj=3 k14ko+-+k;=i

where 3 < i <mn, (af #0).
o If 1y = 0,29 = 0 and 3 # 0 then (a})? = b33,
ki ki, #2

;'[/;2 - @(bi,i’) - Z Ay Ay Al + Z(
k1+ko+ks=i j

[4)

> @, Oy, - - - af)x;), where 4 < < n, l1,ls € {1,2,3}, (af #0).

k1+ko+o k=i

o lfry=xy=--=x,_1=0and z, # 0 then (a{)™ = bym,
k‘ll+kl2+~-+klm717§mfl
T _ 1
Qi _mt1 = m(a®)m—1 (bz,k - z Ay Aoy - - - A, +
ki+ko+-tkm=i
7
1 T T T
+ . > (bi,j - > Qg A, - - .akj)xj>, where
Jj=k+1 k1+ko+-+k;=1i

m <1< n, ll,lz,...,lm,1 € {1,2,...,777,}, (GT%O)

Hence, the system of equation (2) always has a solution. Therefore, the linear
operator, defined by the matrix A is a local automorphism. This completes the

proof.

OJ

Theorem 3.2. A linear map ® is a local automorphism of i1 if and only if the

matrix of ® has the following lower triangular form

by 0 0 ... 0 0

b2 1 ba2 0 - 0 0

bg’l b3,2 b373 c. 0 0
bn—l,l bn—1,2 bn—1,3 s bn—l,n—l bn—l,n

bml 0 0 e 0 bn,n
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Proof. Let ® be an arbitrary local automorphism on p; ;. By the definition, for
any element x € jiy 1, there exists an automorphism ¢, on p; ; such that

O(r) = pr(2).

By theorem 2.2, the automorphism ¢, has a matrix of the following form:

a® 0 0 0 0
a3 (a%)? 0 s .. 0 0
a3 > af af, (a¥) 0 0

ki1+ko=3

Aac = .

T T T T T LT x\n—1 T
Ap—1 Ay Uy > Ay Vhoy Mg -+ (a?) by 1
k1+ko=n—1 k1+kotks=n—1

aZ 0 0 0 bz

Let A be the matrix of ® and

bl,l b1,2 bl,3 s bl,n—l bl,n
b2,1 ba 2 bas ... ban b2.n
s b%’l b?i’Q b:)f’g C. 63’7?,1 b3,n
bn—l,l bn—1,2 bn—1,3 s bn—l,n—l bn—l,n
bn,l bn,Z bn,S s bn,n—l bn,n
Then, by choosing subsequently z = e;, . = ey, ...,z = €, and using ®(x) =
0 (), i.e. AT = A,Z, where T = (1,29, ...2,)7 is the vector corresponding to

T =x1€1+ -+ Tue,, wehave b, =0, <j,i#n—1,and by #0,1 <k <n,
which implies

by O 0 ... 0 0
b2 1 b2.2 0 . 0 0
A b?f’l b?)"2 b3‘73 . 0 0
bn—l,l bn—l,? bn—1,3 s bn—l,n—l bn—l,n
by O 0 ... 0 (.

Similar to the proof of Theorem 3.1 we prove that, for each element z € p 1,
the system of equations

( T
51,1351 = airy,

i i

_ x T T x 3 ) _
Elbi,jl’j_a’ixl—’_ > > A, Oy - - - Q5 250 <n—2,
J:

J=2 k1+ko+-+kj=i
n n—1 (3)
— x xr x x ui
> bnoymy = an_qam1+ )0 > W, W, - - - A, Tj + by T,
J=1 7=2 ki+kz+-+kj=n—1

L bn,lxl + bn,nxn = aﬁxl + bﬁxrn

obtained from the equality A7 = A,Z, has a solution with respect to the variables

X X xT xXr T
ai, as, ...ap by, br.

Let us consider the following cases
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o If x; # 0 then af = by,

1
T __ 1 T T T :
ai =bix+ - > (bij — > @, A, - - - Q) T5, Where 2 <4 <n —2,
Jj=2 k1+ko4-Akj=i
n—1
Ay 1 =bp1n+ - 1 Z( n—1,4 — > Ay Ay - - 'akj>xj + o (bnm
J=2 k1+ko+-4kj=n—1
X
bn)xn’

ai = bn,l + zil(bn,n - bﬁ)xna
where 07 _, and b’ are defined arbitrarily.
If x1 = 0 and x9 # 0 then (af)? = byo,

. k17#1,ko#1 L
ai g = g (bia— >0 agag, 4o > (big— X0 aga, ...
k1+ko=i J=3 kitkot--4kj=i
where 3 <1 <n—2, (af #0),
L k1#1,ka#1 -
afL*Q - ﬁ(bn—l,Q - Z ailazz (Z( n—1,j7
k1+ko=n—1 7j=3
Z ai1a£2 t aij)xj + (bnfl,n b ) ))?

k1+ko+--+kj=n—1

by = by, where ay., ar _, and b;,_, are defined arbitrarily.

n—1
If 21 = 0,25 = 0 and a3 # 0 then (af)® = s
L ki, +ki, #2
affz = W(b@g - Z Ay Oy Aoy + == o Z(
k1+ko+kz=i j=4

> A, Ay - - - Q)T )Where4<z<n 2, 1,1 € {1,2,3}, (af

kitkot-tkj=i

0),
ki, +ki, #2
T _ 1 _ T T T
an—3 - 3(@%)2 (bn,Lg Z ak1 akzakg
k1+ko+kz=n—1
1 n—1
xr X X
(2 (b — > W, T, - - - @, )T+ (D1
Jj=4 k1+ko+-Fkj=n—1

where ly,1 € {1,2,3}, (af #0)

r
by = by, where a., ar_,,

ay_o and by _, are defined arbitrarily.

T

ay,

— b 1)2n))

If 1 =29 = = Zm—1 = 0 and z,,, # 0 then (a)™ = by, m,
kll—‘rle—‘r'"—‘rklm_l;ﬁm—l
T _ 1 ) o T T T
A mt+1 = m(a¥)m—1 (bz,m Z aklakQ ce akm +
ki+ko+-+km=1i
i
1 .
+o 2 (bij — > aj aj, . ..a’,ﬁj)xj), where m < i < n—2,
Jj=m+1 k1tko+-+ki=i
llal2a"~>lm—1 S {1727"'am}7 (aglc 7é 0)7
k‘ll-‘rk’l2+m+k’lm717ém—1
T _ 1 T T T
Ay = W <bn—l,k — Z aklakQ c. akm +

ki +ko+- A km=n—1

n—1
1 T T T
+o 2 (e - > ey Wy - - - a@-)%’)v
j=m+1 ki+ko+-+kj=n—1

where Iy, 1o, ... 1 € {1,2,...,m}, (a7 #0).

X
by = by, where a;, a;_4,...

, ay_q and bF_; are defined arbitrarily.
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Hence, the system of equation (3) always has a solution. Therefore, the linear
operator, defined by the matrix A is a local automorphism. The proof is complete.
OJ

Theorem 3.3. A linear map ® is a local automorphism of j11 2 if and only if the
matrix of ® has the following lower triangular form

by 0 0 ... 0 0
ba 1 a2 0 e 0 0
b3’1 63,2 b373 R 0 0
bn—l,l bn—l,Q bn—1,3 s bn—l,n—l bn—l,n
bt 0 0 ... 0 b

Proof. Let ® be an arbitrary local automorphism on p; 2. By the definition, for
any element x € jiy o, there exists an automorphism ¢, on p; o such that

O(z) = pa().

By theorem 2.3, the automorphism ¢, has a matrix of the following form:

af 0 0 . 0 0
ag (a?)? 0 , 0 0
a3 > ag ag, (a7) 0 0

k1+ko=3
Ag =
U1 Y afaf, +(af)? > ap ap,af, o (e b1
k1+ko=n—1 k1+ko+kz=n—1

al 0 0 . 0 R

Let A be the matrix of ® and

b1 b1 big ... bina bin
b2,1 ba 2 bez ... bana b2.n
A _ b3',1 b3‘72 b3‘73 Ce bgﬂ‘l_l bg,n
bnfl,l bn71,2 bn71,3 <. bnfl,nfl bnfl,n
bn,l bn,Q bn,3 s bn,nfl bn,n
Then, by choosing subsequently z = e;, = es, ...,z = ¢, and using (x) =

(), i.e. AT = A,T, where T = (1,79, ...27,)T is the vector corresponding to
x=x1€1 + -+ Tpen, wehave b;; =0, < j, i #n—1,and by, #0, 1 <k <n,
which implies

by 0 0 ... 0 0

b2 1 b2.2 0 . 0 0

A 173?1 b3.72 bgi73 Ce O 0
bn—l,l bn—1,2 bn—l,S s bn—l,n—l bn—l,n

bn,l 0 0 e 0 bn,n
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Similar to the proof of Theorem 3.1 we prove that, for each element z € p; o,
the system of equations

(b7 = afxy,

1 1
— T T x x y
§ b jx; = aix; + § > U Oy - - O 5, 251 <n—3,
j=1 3=2 k1+ka+-+kj=i

n—2
> bn—2jT; + bygnn =
i=1

n—2

=al_or1+ Y, > W, O, - - - @, Tj — aga/(a]) 3y,

J=2 ki+ko+-+kj=n—2

n n—1
N T LT T . x\2 T
> b1y =ag_q31+ 3 > g, A, - A T+ (ag) @ + by T,
]21 j=2 k1+k2+~~+kj:n—1

 bn121 + by, = alxy + 4/ (af)"
(4)

obtained from the equality Az = A,Z, has a solution with respect to the variables

T x x T
aj, ay, ...a,, by ;.

Let us consider the following cases
o If 21 # 0 then a] = by 1,

1 .
af =biy+ - > (bij — > @, Ay - - - Q) Tj, Where 2 <4 <n — 3,
Jj=2 k1+ko+-+ki=i
= 1
x P x €T X
Ao = b1+ 2= > (bp2;— > g, Ay - - - A, )T+ 5 (D2 —
J=2 ki+ka+-+kj=n—2
al/(a})"=3)x,,where af is defined arbitrarily,
n—1
T _ 1 o T T T 1 _
Gy = bno1a+ oo > (b > Ay Ay - - 'akj)%+m1 ((bn-1.n
Jj=2 k1+ko+-+kj=n—1

b )xn — (a®)%xs),where a®, b%_, are defined arbitrarily.

at =b,1+ w—ll(bnn — /(@) Nz,

e If z; =0 and x5 # 0 then (af)? = byo,

k1 #1 ka1
I NP S X R S UTRIND SR X )
i—1 2af 1,2 ) k1 “ko To < 2%} ) k1 Yky t kj 7/
k1+ko=i J=3 kitko k=i
where 3 < i <n—3, (af #0),
L k17#1,ka#1 ) n—2
x x x
iy +hg=n—2 i=3

ap, ag, - - a”,gj)mj + (bn—om + ap/(af)"=3)xy)),
k1+k2+-~~+kj:n—2

1 k1#1,ka#1 1 n—1
a’ﬁ—Z = ﬁ(bn—lﬂ - Z G%ICLiQ - afl + E( Z (bn—l,j_
k1+ko=n—1 7=3
E alxﬂaig tet a’?gj)xj + (bnfl,n - bfl*l)‘%‘n))?

k1+k2+-~~+kj:n—1
2

ai = (b)) 1.
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e If z; = 0,25 =0 and z3 # 0 then (af)?® = b33,

ki ki, #2 i
T _ 1 T T T 1
ai_o=somz(bis— > apapap+ o > (bij—
3(a¥) k1 Yk ks x3 4
k1+kaot+ks=i j=4

> aj,ay, - .- ag )x;), where 4 < i < n—3, lj,l» € {1, 2,3},
k1 ka4 kj=i

(af #0),
) ki, +kiy #2
aﬁ_4 — W(bn—z.?} - Z a’il a"zgaig
ki1+kotks=n—2
n—2
+é( > (bp—aj — > ag, ai, - - - ag )T,
Jj=4 k1+kottkj=n—2
+(bp—2.n + aZ+/(at)3)xy,)) where I3, 15 € {1,2,3}, (af #0)
. ki, +ki, #2
ay_q = W(bn—l,?) - > aila’igaig
ki+ko+tks=n—1
n—1
+ (D0 (b — > Ay, O, - - - Ok, )T
Jj=4 k1+ko+-+kj=n—1

+(bp—1n — bE_1)xy)) where Iy, 1y € {1,2,3}, (af # 0)

by = by, where a7, a;_,, a;_, and b;,_, are defined arbitrarily.

n—1»
o Ifry=29=---=2,_1=0and z,, # 0 then (af)™ = by m,
k’l1+k12+---+klm_17§mfl
T _ 1 . o T T T
Ai_mt+1 = m(a®)m—1 (bz,m Z g, Oy - - - A, +

k1+ko+-+km=1i
7

1 T LT T
tom > (b — > apay, .. -@kj)%')a

j=m+1 ki+kot++kj=i
where m+1<i<n-—3,l1,la,...,ln1€{1,2,...,m}, (a7 #0),
kll+k12+“~+k‘lm71¢m—l
T _ 1 T T T

Ap—m—1 = m(a®)m—1 <bn—2,m - Z A, Ay - - - Qg +

kitko+-+km=n—2
n—2

(X (bo2g— X afap,af)a+ (beont
™ j=m+l k14ka-+kj=n—2

al (agf)”—?’)xn)), where Iy, 1o, ..., lm—1 € {1,2,...,m}, (a # 0).

kll+k12+m+klm—1 #m—1

T _ 1 T T T
Ay, = m(a¥)m-1 (bnfl,m - Z ay, G, --- Qg -+
k1+ko+-+km=n—1

n—1
1 T LT T T
FACS o S ahal o af)a (e b e,
j=m+1 k1+k’2+~~~+k’j:n—1
by = bp, where ay, ay_y,... , ay_, ., and b;_, are defined arbitrarily.

Hence, the system of equation (4) always has a solution. Therefore, the linear
operator, defined by the matrix A is a local automorphism. This ends the proof.
OJ

We can similarly prove the following theorems using theorems 2.4 and 2.5.



14 F.N.ARZIKULOV, LA.KARIMJANOV, AND SM.UMRZAQOV

Theorem 3.4. A linear map ® is a local automorphism of 3 if and only if the
matrix of ® has the following lower triangular form

by O 0 ... 0 0
ba 1 a2 0 . 0 0
b3’1 b3,2 b373 . 0 0
bn—l,l bn—l,Z bn—l,3 s bn—l,n—l bn—l,n
oy O 0 ... 0 .

Theorem 3.5. A linear map ® is a local automorphism of j11 4 if and only if the
matrix of ® has the following lower triangular form

by O 0 ... 0 0
ba 1 b2 2 0 . 0 0
63,1 6372 b373 c. 0 0
bn—l,l bn—1,2 bn—1,3 s bn—l,n—l bn—l,n
by 0 0 ... 0 1

Remark 3.6. Note that the common form of the matrix of a local automorphism
on an algebra includes the common form of the matrix of an automorphism on
this algebra. The coincidence of these common forms denotes that every local
automorphism of the considering algebra is an automorphism. But the common
form of the matrix of an automorphism on the associative algebras p, f11,1, p1.2,
t13 and piq 4 does not coincide with the common form of the matrix of a lo-
cal automorphism on these algebras by the appropriate theorems and theorems.
Therefore, the associative algebras i, 11, 41,2, ft1,3 and jiq 4 have local auto-
morphisms that are not automorphisms.

Also, note that local automorphisms of an arbitrary low-dimension algebra can
be similarly described using a common form of the matrix of automorphisms on
this algebra. A technique for constructing a local automorphism, which is not an
automorphism, developed by us, can be applied to an arbitrary low-dimension
algebra, automorphisms of which have a matrix of a common form.

4. DESCRIPTION OF 2-LOCAL AUTOMORPHISMS OF FINITE-DIMENSIONAL
NULL-FILIFORM AND FILIFORM ASSOCIATIVE ALGEBRAS

Theorem 4.1. Each 2-local automorphism of g is an automorphism.

Proof.  Let ¢ be an arbitrary 2 -local automorphism of jg. Then, by the defi-
nition, for every element x € py,

n
Tr = E Zi€;,
i=1
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there exist a matrix A, ,

ale 0 0 0
agael (aCICael)Q 0 0
A . . . . . ,
R > apapt (apeym=t 0
k1+ko=n—1
ay et > ai’lel ai;el .. > ai;elaifl .. .aifil (aP )
k1+ko=n ki+ka+-+kp_1=n—1
- = _ T - .
such that ¢(z) = A, ., T, where & = (21, %2,...,2,)" is the vector corresponding
to x, T is an operation on Z such that z = x, and
T = zer mer mer T,e1\T
_ > — s€1 »€1 »€1 s€1
odler) = Ape €1 = (a7 ay ™ ay ™, .o ay )T
Since ¢(e1) = Pae, (€1) = Py.e (1), we have
ze1  mer  mel T,e1\T
_ s€1 ;€1 ,€1 s€1 _
oler) = (a7, a5y a3 o a™)T =
ver yer  yer y,e1\T
— ;€1 ,€1 s€1 s€1
= (a{ ay ™ ay, . an )

for each pair, z, y of elements in yy. Hence, a” = a*', k = 1,2,...n. Therefore

$(x) = Ay T

for any x € 1o, and the matrix of ¢(z) does not depend on x. Hence ¢ is a linear
operator, and the matrix of ¢, ., is the matrix of ¢. Thus, by Proposition 2.1, ¢
is an automorphism. O

Theorem 4.2. Each 2-local automorphism of p11 ts an automorphism.

Proof. Let ¢ be an arbitrary 2 -local automorphism of p;;. Then, by the
definition, for every element x € p; 1,

n
T = E e,
=1

there exist a matrix A, .,

a1 0 0 0 0
ay (a7"1)? 0 0 0
az"®! > ai’lel a:,z’;l (a]*1)3 0 0
kq+ko=3
Aac,el = . . . . . . )
N aptars S apfaptan . @@yt 6
k1+ko=n—1 k1+ko+kz=n—1
ay 0 0 0 by €t
- = _ T - .
such that ¢(x) = Ay, T, where T = (21, xo,...,x,)" is the vector corresponding
to x, T is an operation on Z such that z = x, and
T = ze1  mer  mel T,e1\T
I > — s€1 s€1 »€1 ,€1
dler) = Apee1 = (a7 ay ™ as ™, o an™)T.

Since ¢(e1) = Pae,(€1) = @y, e, (€1), We have

—_—
Bler) = (a5 a3 a5 ... a)T =
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—_—
Y1,e1

Y1,€1
) a3

= (af
for each pair, z, y; of elements in y; ;. Hence, ay” = al"', k=1,2,...n.
Similarly, from ¢, »(€n) = @e,.4(€n) it follows that

€n,L __ 1.En,Y2 en, T __ 1.En,Y
bnrzl_bnril’bnm _ban‘

Y1,€1

>a2 y1,61)T

yee ey GY

Therefore, if we take y; = e,, y2 = €1, then

() = Prer(T) = Pepa(T) = Pey e, (T)
for any x € py 1, and the matrix of ¢(z) does not depend on x. Hence ¢ is a

linear operator and the matrix of ¢, ., is the matrix of ¢. Thus, by Proposition
2.2, ¢ is an automorphism. O

The following theorem is proved similar to the proof of Theorem 4.2 using
theorems 2.3, 2.4 and 2.5.

Theorem 4.3. Each 2-local automorphism of the algebras pi1 2, 1,3 and fiy 4 s
an automorphism.
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