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ABSTRACT. The identification problem of an inclusion is considered
in the paper. The inclusion is unknown subdomain of a given physical
region. The available information on the inclusion is governed by measurements
on the boundary of this region. In particular, the single measurement
problem of impedance electrotomography and similar inverse problems
are included in our approach. The shape identification problem can be
solved by the minimization of an objective function taking into account
the measurement data. The best choice of such objective function is
the Kohn-Vogelius energy functional. The standard regularization of the
Kohn-Vogelius functional include the perimeter and Willmore curvature
functional evaluated for an admissible inclusion boundary. In the two-
dimensional case, a nonlocal existence theorem of strong solutions is
proved for the gradient flow dynamical system generated for such a
regularization of the Kohn-Vogelius functional. Bibliography: 14 titles.
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1. INTRODUCTION

This paper is devoted to applications of the theory of geometric flows to shape optimization
problems. The beginning of the modern mathematical theory of shape optimization was
laid in monographs [21], and [7]. In the monographs, it was first singled out as an independent
scientific discipline. At present, the theory of shape optimization includes a large number
of various applied problems.

In this paper we deal with basic 2D shape optimization problem which admits the
following formulation. Fix an arbitrary bounded simply connected domain Q C R2. It
is supposed to contain the inclusion €; such that Q; C €. The shape of the inclusion
is unknown and must be determined together with the solution of the boundary value
problem. Let a Jordan curve I' be the boundary of £2;. In this setting the interface I" split
Q into the inclusion ; and the curvilinear annulus Q. = Q \ Q. Finally, fix an arbitrary

constant ap > 0 and set
(1.1) a(z) =ao in Q;, a=1in Q..

As a basic example, we consider the single measurement identification problem arising
in the electrical impedance tomography, [3]. Electrical impedance tomography is used
in medical imaging to reconstruct the electric conductivity of a part of the body from
measurements of currents and voltages at the surface. The problem can be formulated as
follows:

For given g, h : 990 — R satisfying the condition

(1.2) g€ L*(8Q), heWY*2(0Q), / gds =0
o
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it is necessary to find I' and an electric potential u : 2 — R satisfying the equations
div (aVu) =0 in Q, aVu-vr=g, u=h on 99,

where v is the outward normal vector to 92. More generally, the problem of identification
is to determine the shape of an inclusion by the additional boundary condition. This
inverse problem is ill-posed and in general case has no solution. Its approximate solution
can be found by using the shape optimization approach. Thus we come to the following
variational problem. Denote by v, w : Q — R the solutions to boundary value problems

(1.3) div (aVv) =0 div (aVw) =0 in Q,
(1.4) aVv-v=g w=h on 012,

(1.5) /émvdx:O.

Next, define a positive objective function that vanishes if and only if v = w =: u. The
most successful choice of the objective functional is the Kohn-Vogelius energy functional,
which is given by the formula, [10],

(1.6) J(T) = /QaV(U —w)-V(v—w)dz.

Note that for fixed h and g, it depends only on I'.

Unfortunately, shape optimization problems as stated with no additional geometric
constrains are ill-posed, see [17], [22] for examples. The reason is that microstructures
tend to form, which are associated with a weak convergence of the characteristic functions
along a minimizing sequence ", m > 1. Indeed, in the absence of strong compactness
of the minimizing sequences of designs, the optimal state should be attained by a fine
mixture of different phases.

The widely used method to cope with these difficulties is to penalize the shape perimeter
by adding a regularizing term to the objective functional:

(L.7) e L+J

Here £ is the perimeter of €, €, > 0 is the regularization parameter. If I' = 0€); is a
regular curve, then £ is the length of I". This penalization was proposed in [5] by analogy
with the Mumford-Shah functional, [15], in the theory of image segmentation processes.
The stronger regularization may be obtained if we impose constrains on the curvatures
of I". This approach also was motivated by the theory of image processing, [16]. The only
possible geometrically invariant penalization functional depending on curvatures is the
1-dimensional Willmore functional (Euler elastica) defined by the equality

(1.8) £.(T) = %/F\kfds,

where k is the curvature vector of I". Therefore, we can define the strong regularization of
an objective function as follows

(1.9) E+J, where £ =€+ ¢ L.

Here €;, j = e,p, are some positive constants. Note that the penalization term can be
interpreted as the cost of structure manufacturing. Hence €;, j = e, p, are not supposed
to be small. Without loss of generality we will assume that e¢; = 1, which leads to the
following expression for £

(1.10) 5:/(%|k\2+1) ds =&+ L.
r

The most important question of the theory is the construction of a robust algorithm
for the numerical study of shape optimization problems. The standard approach is to
use the steepest descent method based on the shape calculus developed by Sokolowski
and Zolesio (1992), [21]. See also Delfour and Zolesio (2001), [7], and references therein.
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The shape calculus works for inclusions €2; with the regular boundary I' = 92;. In this
setting, the objective function J is considered as a functional defined on the totality of
smooth curves I'. This assumption is natural from the practical point of view. Without
loss of generality we may restrict our considerations by the class of twice differentiable
immersions (parametrized curves) f : S' — R? with T' = f(S') diffreomorphic to the circle
S*. In this framework, we will use the denotation J(f) along with the denotation J(T).
The main goal of the shape calculus is to develop the method of differentiation of objective
functions with respect to shapes of geometrical objects.

The shape derivative of an objective function is defined as follows. Choose an arbitrary
vector field X : S* — R? and consider the immersion

1) = f(0) +tx(0), te(-1,1), 0es".

The curves I' = f(S"), t € (—1,1), determine 1-parametric family of perturbations of T'.
The shape derivative J of J in the direction X is defined by the equality

. d .
1.11 N[X] = —=JT .
(111) o) x) = S|
If it admits the Hadamard representation
(1.12) J(O)[X] = /(bn~de, ¢ e L),
r

where n is the inward normal to I' = 9€2;, then the vector field
(1.13) dJ(9) == ¢(0)n(0), 6€S',

is said to be the gradient of J at the point f.
For the transmission single measurement identification problem, the gradient dJ of the
Kohn-Vogelius objective function (1.6) is defined by the equality, see [3],

(1.14) dJ = Q(aanv [&w] — adpw [an] n — [aVv -Vv —aVw - Vw]n,

where v, w are solutions to problem (1.4), [ -] denotes the jump across I'.

The similar definition holds for the geometric energy functional £ (see Lemma 3.3 in
Section 3). Note that that the shape gradient can be regarded as a normal vector field on
T.

If f is sufficiently smooth, for example f € C*, then the mapping f — 6 d(€ + J) (f)
defines an immersion of S' into R? for all sufficiently small § > 0. In the steepest descent
method, the optimal immersion f and the corresponding shape I = f(S') are determined
as a limit of the sequence of immersions

(1.15) Fuii = fn =8 (dE(fa) +dI(f)), n >0,

and the corresponding sequence of curves I, = f,,(S*). Here the energy & is defined by
(1.10), § is a fixed positive number, usually small, fo is an arbitrary admissible initial
shape. Relation (1.15) can be considered as the time discretization of the Cauchy problem

(1.16) Ouf(t) =—(dE(f(t) +dJI(f(t)), f(0)= fo.
Note that here t is an artificial quasi-time related to the steepest descent method.

Since E(f(t)) + J(f(t)) is a decreasing function of ¢, a solution to problem (1.16) can
be considered as an approximate solution to the penalized variational problem

min (5 +J )
Hence the existence of a solution to Cauchy problem (1.16) guarantees the well-posedness
of the steepest descent method. In its turn, the existence of the limit tlim f(t) guarantees
— 00
the convergence of the method. Hence the task is to investigate the well posedness of
Cauchy problem (1.16). The main goal of this paper is the proof of the existence of global

smooth solution to the Cauchy problem (1.16) for an arbitrary smooth initial data, see
Section 3. The paper is organized as follows.
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In Section 2, we give basic definitions and characterize the elementary properties of curves
with finite elastic energy. We also collect the basic facts from the theory of Sobolev spaces,
which will be used throughout the paper.

In Section 3, we formulate the main result on existence of global solution to Cauchy
problem (1.16). We give the outline of the proof and formulate the main a priori estimates
of solutions. Furthermore, we consider in details the dependence of smoothness of the
gradient dJ on the curvature of the interface I'. In Section 5, we give the proof of main
estimates for the gradient of Kohn-Vogelius functional. In Sections 6 and 7, we give the
proof of a priori estimates for the gradient flow of penalized Kohn-Vogelius functional. In
Appendix, we collect auxiliary results which are used throughout of the paper.

2. PRELIMINARIES

In this section we collect the basic facts on the theory of planar curves and the theory
of Sobolev spaces on the real axis.

2.1. Geometric lemmata. Further we will consider special class of immersions f : S* —
R? satisfying the conditions

(2.1) /F(%|k\2+1)ds§EO, I = f(sh).

Our considerations are based on the following elementary lemmas on the properties of
such immersions. The first gives the double-side estimates for the length £ in terms of the
energy bound Fy.

Lemma 2.1. The estimate

2
2.2 — < L<E
( ) E() >~ > 0,

holds true for every curve I' satisfying condition (2.1).
Joxazameawvcmeo. The proof is given in Appendix A. O

The second lemma provides the local graph representation of planar curves with square
integrable curvature. Let us consider the following construction.

Choose an arbitrary immersion satisfying condition (2.1). Let z = f(0.) € T be an
arbitrary point. Fix arc-length coordinate s such that

s(z) =0 and —L/2<s<L/2
For every 0 < k < L£/2, denote by I',; the arc
= f(s), —k<s<k.

Next, introduce the Cartesian coordinates (z1,z2) with origin at z such that the axis of
abscissa is directed along the tangent vector 7(6.) and the axis of ordinate is directed along
the normal vector n(6;). The consequent results are independent of choice of z. Now, our
task is to show that the curve I is locally represented as a graph of C'™* function in a
neighborhood of the origin z.

Lemma 2.2. Under the above assumptions, there exist positive numbers k, «, 3, and c,
depending only on the constant Fy in (2.1), and the function n € C*(—a, B), n(0) = 0,
with the following properties

(2.3) 0<c_1§%,o¢,,6§c<oo,

7' le-a,p < 1/6, 0" lL2(—a.8) < cllkllL2r,,.)-

Heren/(z1) = 0z, n(x1). Moreover, the mapping x1 — (x1,m(x1)) defines C*-parametrization
of the arc T's,. and takes diffeomorphically the interval (—a, ) onto this arc.

Jloxasameavcmeo. The proof is given in Appendix A. O
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Lemma 2.2 gives the simple criterium on the absence of self intersections of curves I'
satisfying the energy condition (2.1).

Corollary 2.3. Let an immersion f : S* — R? meets all requirements of Lemma 2.2.
Furthermore assume that there is v > 0 with the property

(2.4) dist (F \ Is., Fzﬂ) > .

Then T has no self-intersections. Conversely, if T has no self-intersections, then inequality
(2.4) holds for some v > 0.

Jloxasameavcmeo. The corollary is an obvious consequence of Lemma 2.2. O

The second corollary extends the previous results to the case of families of immersions
with finite elastic energy. Let us consider a family of immersions f(t,-) : S' — R?,t € [0, T].
Every immersion f(t,-), satisfying condition (2.1), defines L£(¢)- periodic function of the
arc-length variable s,

ft,s) = f(t,6(s)).

Note that the periods £(t) are uniformly bounded from below and above by the constants
2/Eo and Ey. Moreover, the functions 82 f (s, t) are uniformly bounded in L?(—L(t)/2, £L(t)/2).
It follows that the set of the mappings f(t,-), t € [0,T], satisfying (2.1), is relatively
compact in C*(R).

Assume that a family of immersions f(t), t € [0, 7], satisfies the following conditions

G.1 The curves I'(t) = f(¢,S*) have no self-intersections.

G.2 The immersions f(t) satisfy energy condition (2.1) with the constant Ey independent

of t.

G.3 The set of the mappings f(t,-), t € [0, 7] is compact in the space C(S', R?).

It follows from Lemma 2.2 that for every f(¢,6), t € (0,T), there is k € (0,2/Eo) which
meets all requirements of this lemma and is independent of t.

Corollary 2.4. Let a family of immersions f(t,-) : S' — R? satisfies conditions G.1-
G.3. Then there is v > 0 such that

(2.5) dist (['(¢) \ Tsx(t), T2x(t)) > v
for allt € [0,T] and for all arcs I's«(t) given by Lemma 2.2.

Loxaszamenvcmeo. The proof is given in Appendix A |

2.2. Function spaces.
Sobolev spaces of periodic functions. For every integer r > 0, denote by Hy, the Sobolev
space of all £ -periodic mappings with the finite norm

L
(2.6) I = [ (117 + 10z 1% .

For real r > 0, the space Hy is defined by the interpolation. Note that the equivalent norm
in Hy may be defined by the equality

2 2 2
£y = S+ ml?)|fml?,
meZ
where the Fourier coefficients

1 £ — 27
fm = ﬁ/o e f(s)ds.

If T is a rectifiable Jordan curve of the length £, then the curvature of I', the gradient of
Kohn-Vogelius functional, tangent and normal vectors of I' can be regarded as L-periodic
functions of the arc-length variable s. By this reason, we will use the parallel denotations
for Hy:

#

(2.7) H =W,* = H"(I) = W"*(I).
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Remark 2.5. In Sections 3, 6, and 7, we will consider one-parameter families of curves
I(t), t € (0,T), with the lengths uniformly bounded from above and uniformly separated
from 0. In this case the Sobolev spaces of periodic functions depend on the temporal variable
t and should be denoted by Hy (t). By abuse of notation, further we omit the symbol t and
will write Hy instead of Hy (t).

Inequalities. Further, we will use the simplest one-dimensional versions of the Sobolev,
interpolation, and Gagliardo-Nirenberg inequalities. The first is the embedding inequality

(2.8) 1 fllzoe0,2) < CHfHH,;’ for all o >1/2;

the second is the standard interpolation inequality

1—-2 o
(2.9) g < cfll2iocy Iy forall 0<eo<r

and the third is the Gagliardo-Nirenberg inequality, [18§],
1—2 o
(2.10) 10271, 5, o < Moy 1M1y foral 0<o<r

We also will use the Moser inequality
(2.11) luvlley < cllullzeeo,cy lvllay +cllvlleo.e) llullmy, 0<r <oo.

Here the constant ¢ depends only on £ and the exponents o, g, 7.
Sobolev spaces on real line. For every integer r > 0, denote by H" (R), the Sobolev space
of mappings f : R — R with the finite norm

(2.12) |w%®=4wfﬂxﬁws

For real r > 0, the norm in H"(R) may be defined by the equality

\W%mzfﬂﬂﬁﬂﬁfﬁ
R

where the Fourier transform

_ L e %" f(s)ds
flo) = o= [ rs)as

We also will use the denotation

H"(R) = W™ (R).

3. RESULTS

3.1. Estimates of Kohn-Vogelius functional. The existence of smooth solutions to
the gradient flows equations for shape optimization problems guarantees that the steepest
descent method is well defined and gives the robust algorithm for numeric calculations of
an optimal shape. In this section we give outline of main ideas of the proofs of existence
and smoothness results for the gradient flows in the shape optimization theory. In order to
be clear, we restrict our considerations to the single measurement identification problem
for the Kohn-Vogelius functional. Recall the formulation of this problem given in Section
1. Let us consider a simply connected bounded hold all domain Q C R? with an inclusion
Q; C Q2 bounded by a Jordan curve I'. The interface I" splits 2 into the simply connected
inclusion €2; and two-connected curvilinear annulus Q. = Q \ﬁi. Define the conductivity
coefficient a by the relations

(3.1) a=1in Q., a=ao=const. >0 in Q.

Finally, choose arbitrary functions g, h : 9 — R satisfying the conditions

(3.2) heW'2200), g€ LX(Q), / gds = 0.
N
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The Kohn-Vogelius energy functional is defined as follows, [10],

(3.3) J(Q) = / aV(v—w)-V(v—w)dz.
Q
Here v, w :  — R satisfy the equations and boundary conditions
(3.4) divaVv =0 divaVw =0 in €,
(3.5) aVv-n=g w=h on 01,

(3.6) /BQ vdz = 0.

Under the above assumptions, boundary value problems (3.4)-(3.5) admit the only weak
solutions v, w € W'2(Q) satisfying the orthogonality condition (3.6), such that

(3.7) lvllwrz) < cllgllezea),  wlwiz@) < cllhllwizzpo)-
Here ¢ depends only on 2 and the constant ag in the definition (3.1) of a. Hence the

Kohn-Vogelius functional is well defined as a function of €2; or equivalently of T".
Assume, in addition, that the data have additional smoothness properties

(3.8) oNT e C*™™, heC?™09Q), geC'™0Q), ac(0,1).
Denote by v~,w™ the restrictions of v, w on €. and by v, w™ the restrictions of v,
w on (2. It follows from the Schauder estimates for solutions to elliptic equations that
vT,wT € CPT(Q,) and v, wt € C?*T*(Q;). For every function ® with &~ and &%
continuous in Q. and €, the denotation [®], stands for the jump of ® across T,
[@](z) = lim @ (y)— lim & (y) forallzeTl.
Q;dy—x

Qedy—a
For strong solutions to transmission problem (3.5) we have
(3.9) [a@nv] = [aVU] -n =0, [a@nw] = [an] -n =20, [U] = [w} =0.

With this notation the gradient d.J of the Kohn-Vogelius objective function (1.6) is defined
as follows, see [3],

(3.10) dJ = 2(a8nv [&Lv] — alOpw [&Lw] yn — [aVu Vv —aVw - Vw] n,

3.1.1. Estimates of dJ. In this section we consider in details the gradient dJ of the Kohn-
Vogelius functional. Our goal is to derive the estimates of dJ in the Sobolev spaces Hy in
terms of the geometric characteristics of the interface I'. By virtue of representation (3.10),
the normal vector field dJ : I' — R? is the quadratic form of the derivatives of solutions
v, w to boundary value problems (3.4)-(3.6). First we derive the estimates for a general
transmission problem. Assume that the interface I' satisfies the following conditions

H.1 The Jordan curve I' C 2 satisfies the energy condition

1/k2d5+LgEo.
2 T

H.2 There is v > 0 with the property
dist (F \ F3,§, FQ,.@) 2 v,

for every arc I's, with k, defined by Lemma 2.2.
H.3 There is ¢ > 0 such that dist (I, 9Q) > p.

By virtue of Corollary 2.4, every curve I" satisfying Conditions H.1- H.3 is a Jordan curve
of the class C', 0 < o < 1/2. It splits the domain € into two parts. The first 2, € Q
(inclusion) is a simply connected domain with boundary I". The second is the curvilinear
annulus Q. = Q \ ; bounded by I' and 9. For simplicity, we will assume that 9Q is a
Jordan curve of the class C*°. We adopt the convention that I" has the positive orientation.
This means that the point z(s) moves along I' in the counter-clockwise direction while s
increases. In its turn, the tangent vector 7 and the normal vector n form the moving
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orthonormal frame with the positive orientation. This means that n is inward normal
vector to 0Q); =T.

Next, introduce the piece-wise constant function a : Q — R (conductivity) defined by
the equalities (3.1).
Model transmission problem. Let w € W2(Q) be a weak solution to the equation

div (aVw) =0 in Q.
We do not impose boundary conditions on w. Denote by w™ and w™ the restrictions of w

onto subdomains €2, and €2,

w =w in Qe, whi=w in Q.

+

If I is sufficiently smooth, then w is continuous on I'. In other words, w~ = w™ on I'.

However, the normal derivative of w has a jump across I'. Next set
ohw~ =Vw -n, OpwT =Vw"-n on T.

Our task is to estimate d,w® via the curvature of I'. The following theorem on the
estimates of d,w™ is the first main result of this section. Recall definition (2.7) of the
Sobolev spaces H; = H"(I") of periodic functions.

Theorem 3.1. Under the above assumptions, the estimate

(3.11) [10nw™ || i1z < € (14 105Kl L2(ry ) llwllwrz o
y

holds for every integer m > 0. Here ¢ depends only on m and on the constants Eo, v, p
in Conditions H.1-H.3.

Jloxaszameavcmeo. The proof is given in Section 4. O

Estimates of dJ. Note that the solutions v, w to problems (3.4)-(3.6) meet al requirements
of Theorem 3.1 and admit the estimates

lvllwizq) + lwllwiz@) < clg,h)
This result along with representation (3.10) and the multiplicative estimates in Sobolev

spaces leads to the following theorem, which is the second main result of this section.

Theorem 3.2. Assume that a curve I' satisfies conditions H.1-H.3 and k € H{, for
some integer r > 1. Then for every B € [0,1/2), there is a constant ¢, depending on r,
B, and constants Fo, v, p in conditions H.1-H.3, such that the gradient dJ(s) of the
Kohn-Vogelius functional admits the estimate

(3.12) ld I grss < e(1+ (1Kl zy)-
In particular, we have
(3.13) 105dJ||Lao,c) < e(1 + |IKllay).-

for every q € [1,00). In this case the constant ¢ depends in addition on q.
3.2. Gradient flow. Existence theory.

3.2.1. Problem formulation. The standard formulation of the geometric flow equations
deals with immersions (parametrized curves). Further we will assume that the interface I'
admits the representation I' = f(S'), where the immersion f : S' — R? is unknown and
should be defined along with the solution to the gradient flow problem (1.16). Note that
f is a 2w periodic function of the angle variable 6 € R/27Z. The element of the length of
I' equals

ds =+/g(0)d0, g=|0af",
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where g is the only nontrivial coefficient of the first fundamental form of the curve I'. In
this setting, the derivative with respect to the arc-length variable s

becomes the nonlinear differential operator depending on f.
The tangent vector

7(0) = 05 f(0) := |06 f| " Do f(0),
and the normal vector
n(0) = 7(0) = (-72, 1),

form the positive oriented moving frame on I'. Notice that n is the unit inward normal
vector to 92; = I'. The curvature vector k is defined by the equalities

(3.14) k() = s7(0) = D2 f(6).

Notice that k is orthogonal to 7 and is directed along the normal vector n.
The Euler elastic energy & and the perimeter £ are defined by the equalities

2 27
(3.15) 56:/’1515, L:/ ds:/ Vg do
r 2 r 0

We take the penalization energy in the form
k2
(3.16) 5:58+L:/(5+1)ds,
r

The gradient of £ is given by the following lemma.

Lemma 3.3. Under the above assumptions, we have

(3.17) dEe(f) = VsV k + %W k, dL=—k,

(3.18) de(f) :vsvsmé\m?kw.
Here the connection Vs for every vector field ® : T' — R?, is defined by the equality
(3.19) Vi@ =0:P— (0:P-7)T.

Identities (3.18) are classic (see for instance [8]). They are very particular case of the
3D Willmore variation formula.
We are now in a position to specify the gradient flow equation

Of +dE+dJ =0, f(0)=fo.

for the penalized Kohn-Vogelius functional. Applying Lemma 3.3 we can rewrite this
equation in the form

(3.20) Of + Voo k+ %\k|2 k—k+dJ=0fort>0, £(0)=fo.
The gradient dJ is defined by relation (3.10) and can be regarded as nonlinear nonlocal

operator acting on I'. Hence (3.20) is a nonlinear operator equation. It may be considered
as a nonlocal perturbation of the Euler elastic flow.
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3.2.2. Euxistence theorem. In this subsection we prove the main theorem on the existence of
global smooth solution to problem (3.20). Assume that the initial data satisfy the following
conditions:

I.1 The even integer number m > 10
1.2 The initial curve 'y = fo (Sl) satisfies conditions H.1-H.3 of Theorem 3.1.
1.3 There is a constant E,, such that

(3.21) / |07 ko|? ds < Ey, for all 0<r <m.
To

I.4 The length element /g0 = |9s fo| satisfies the condition

(3.22) VG0l cm—s ety < g < 0.

Theorem 3.4. Assume that the initial data satisfy Conditions 1.1-1.4. Then there is a
mazimal T € (0, 0o] with the following properties. Problem (3.20) has a solution such that

(3.23) feco,T;C™3SY), uf € C(0,T;C™(SY) for all0 < T < T.

Moreover, the Jordan curves T'(t) = f(t,S), t € [0,T), are separated from dQ and have no
self-intersections. If T < oo, then there is a sequence f(t;), t; — T as j — oo, such that
dist (T'(t;),00) — 0, or (and) f(t;) converge in C*(S*) as j — oo to some immersion
foo such that the curve foo (S') has a self-intersection.

The proof is standard and consists of three steps. The first is the proof of the local
solvability of problem (3.20) on the small time intervals. The second most important
step is the proof of the global a priori estimates for smooth solutions to problem (3.20) in
Sobolev and Hélder classes. These estimates and the extension method entail the existence
of smooth solution which meets all requirements of Theorem 3.4.

A detailed proof of short-time existence is outside of the scope of this paper. Note that
equation (3.20) is a degenerate parabolic equation with added lower order operator dJ. In
our case the local existence result can be obtained by writing the flow as a graph over the
initial date. In particular, the problem can be reduced to a scalar parabolic equation for
the distance function, [6]. See also [8] and [11] for useful arguments.

Hence out main task is to derive global a priori estimates for solutions to problem
(3.20). This part of the proof is technical and lengthy. Our approach is based on the
estimates for Kohn-Vogelius functional given by Theorem 3.2 and methods developed in
[1], [8], and [12]. The results are given by the following two theorems. The first constitutes
the Sobolev a priori estimates for the curvature k as a function of the arc-length variable
s.

Theorem 3.5. Let f : [0,T] xS' — R? be a smooth solution to problem (3.20) with initial
data satisfying condition

(3.24) / 107 ko2 ds < Erm < 00, £(0) < Fo < oo,
r(0)

where m > 6 is an even integer. Furthermore assume that there are two positive constants v
and p with the following properties. For everyt € [0,T], the curve I'(t) satisfies Conditions
H.1-H.3 with fized constant v and dist (I'(t),0Q) > ¢ independent of t. Then there is a
constant ¢, depending only on Ey, v, p, T, and m, such that

T
(3.25) sup Hk(t)HiIm_z(t) + / ||k(t)||%.[m(t) dt < cEm +c(14T).
te[0,T) 0
okazameavcmeo. The proof is given in Section 6. O
A p g

The second theorem gives the a priori estimates for solutions to problem (3.20) in the
Holder classes.
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Theorem 3.6. Let a smooth solution to problem (3.20) meets all requirements of Theorem
3.5 with even integer m > 10. Furthermore assume that the initial data satisfies conditions
1.1-1.4 of Theorem 3.4. Then there is a constant c, depending only on T, v, o, m and the
constants Ey,, cg in conditions 1.1-1.4, such that

(3.26) Il fllcio,om-5@ty) + 1 flletorem-9(s1y) < c
Jloxasameavcmeo. The proof is given in Section 7. O

In order to complete the proof of Theorem 3.4 we use the extension method. Without
loss of generality we may assume that fo € C°°(S'). Hence the problem has a G- solution
f defined on some small interval (0,7"). By virtue of Theorem 3.6, this solution meets all
requirements of Theorem 3.4 for every even m < oo. Moreover, every immersion f(t),
t € [0,T), satisfies conditions H.1-H.3 of Theorem (3.2) with some constants v(¢) > 0
and p(t) > 0. Let (0,T") be the maximal interval of existence of such a solution. There are
two possibilities

either liminfv(¢)o(t) >0 or liﬂglfy(t)g(t) =0.

t—T
Let us prove that T = oo in the first case. Assume in contrary to our claim that 7" < co.
There is 6 > 0 such that quantities v(t) and o(¢) are uniformly separated from zero on the
interval [T' — 0, T), i.e.,
v(t) >v >0 p()>p>0
for some v and p. Hence f(t) meet all requirements of Theorem 3.6 on the interval [T'—4,T')
with the initial data f(T" — §). It follows from this theorem that

1F)llem—s@y + 10:F (E)llem-sry < e(m) for all ¢ € [T — A,T].

Recall that here m > 10 is an arbitrary even integer. Hence the immersions f () converges
in every space C™ (S') to some immersion foc € C*°(S") which obviously satisfies conditions
I.1-1.4. The local existence theory implies the existence of smooth solution to equation
(3.20) with initial data f(T) = fs on some interval [T,T + §). This contradicts the
maximality of T'.

It remains to consider the case when T' < co and hence lim inf v(¢)o(t) = 0. Obviously
there exist a sequence t; such that

v(tj)p(t;) =0, t; =T as j— oo.

If o(t;) — 0 as t; — T, then dist (I'(¢;),0Q) — 0 as t; — T and the assertion follows. Let
us consider the case

(3.27) v(t;) »0, t; > T as j— oo.

Recall that the immersions z = f(t,s), s € [0, £(t)], are uniformly bounded in C**<[0, £(t)].
Moreover, the bound depends only on the constant Fy. Furthermore, by virtue of Lemma
2.1, the perimeters £(t) are uniformly bounded from above and uniformly separated from
0. After passing to a subsequence we may assume that the sequence L£(t;) converges to
some positive Lo, as t; — T. The sequence of immersions f(t;,s) converges in C' norm
to an immersion fo(s) on every compact subset of [0, Loo). It is clear that the energy
of the correspondent curve ' does not exceed FEy. It remains to prove that the limiting
curve ' has a self-intersection. To this end, note that the set of curves {I'(¢;)} UT'co is
compact in the uniform metric. If the limiting curve has no self- intersections, then every
curve from this set has no-self-intersections. From this and Corollary 2.5 we conclude that
v(t;) > v > 0 for some v independent of j, which contradicts to relation (3.27). This
completes the proof of Theorem 3.4.

Since the energy £(t;) of the curve I'(¢;) is bounded by the constant Fy, it follows from
Lemma 2.2 that the functions f;(s) = f(t;,s) are uniformly bounded in C*** norm for
0 < a < 1/2. Hence after passing to a subsequence we may assume that I'(¢;) convege
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uniformly to C L curve Too. Obviously either I'os has a self-intersection or (and) it touches
0. This completes the proof of Theorem 3.4.

4. MODEL TRANSMISSION PROBLEM

4.1. Transmission problem. Notation. Results. Let us consider the following construction.
Fix an arbitrary positive x an p and introduce the rectangles

(4.1) Qo = (=2r,2r) X (=2p,2p), Q= (=r,K) X (=p,p)

in the plane of variable y = (y1,y2). Next, fix an arbitrary integer » > 1 and introduce
the systems of numbers

ﬁm:K(Q_%)» PmIP(2—%

), 1<m<r,

and the corresponding domains

(4'2) Qm = (—H,mlﬁm) X (=pm;pm), Qr=Q.
Choose an arbitrary function ¢ with the properties
(4.3) peC(Q), 0<9p<1, ¢=11in Q/2, 8y,p =0 for yo =0.

and a system of functions ¢,,, 1 < m < r, such that
(4.4) . om € C5 (Qm), 0<@m <r—1,
pm =1 1in Qm41 for 1<m<r—1, ¢, =p.
Next, introduce (2 x 2)-matrix N(y1) with the properties
(4.5) N=NT", CYI<N<CNL |IN[lwie(—an2e < Cn,
where Cy is some fixed constant. Finally set

a(y2) =1 for y2 <0, a(y2) =ao= const. >0 for y2 > 0.

Let v : Qo — R be a solution to the elliptic equation

(4.6) div (aNVu) =0 in Qo.

We do not impose boundary conditions for u. Instead of this we assume that it admits
the estimate

(47) el + 1 Vullz2(gy) < Cu < o0
It follows from L°° interior estimates for solutions of divergent elliptic equations that
(4.8) lelle@m) £ ¢ < oo for m > 1,
where the constant ¢ depends only on Cyn, Cy, a, and &, p.

Now set
(4.9) v=pu,

where ¢ is defined by (4.3).
The main goal of this subsection is to estimate the one-sided conormal derivatives of v
on the interface {x2 = 0}. To this end we introduce the system of functions

(4.10) Um = pmu, 1<m<r,
where @, are given by (4.4).

Proposition 4.1. Under the above assumptions, the functions vy, = ppu, 1 < m < r,
admit the estimates

(4.11) 107" Vom L2,y < (14 |07 Nl 12 (—24,26) )-
Here the constant ¢ depends only on r, ¢, and the constants Cn, Cy in (4.5) and (4.7).



14 P.I. PLOTNIKOV, J. SOKOLOWSKI

The second main result of this section is the following proposition, which provides the
estimates for the conormal derivatives of u on the interface {y» = 0}. Split the rectangle
Q into two parts

Q" = (=K, K) X (=p,0), QT = (=r,r) x (0,p),
separated by the interface segment
L= (—k,k) x {0}.
Denote by u® and vt the restrictions of the functions u and v = @u to Q*. We also
denote by 8Nui and ani the conormal derivatives
(4.12) OnuE = (No18y + Noodo)u™,  OnvE = (N2181 + Nagda)v™ on 2.

We will consider the conormal derivatives as functions defined on the interval (—k, k).
Since the function ¢ is compactly supported in this interval, we may assume that pdyu®
and dnv* are extended by zero to R. Now recall definition of Sobolev spaces H"(R) in
subsection 2.2.

Proposition 4.2. Assume that all assumptions of Proposition 4.1 are satisfied. Then the
estimate

(4.13) |‘908Nui||wr—1/2=2(11@) <c(l+ HaINHLZ(—zn,M))
holds true for all integers r > 1.

The rest of the subsection is devoted to the proof of Propositions 4.1 and 4.2.
4.2. Proof of Proposition 4.1. Part I. We proceed with the induction principle estimating

step by step the function v,,. Our first step is the derivation of recurrent system of elliptic
equations for these v, and their derivatives.

4.2.1. Extended system of equations. It is easily seen that the functions vy, 1 < m < r
satisfy the following recurrent system of differential equations

(4.14) div (aNVvm) = div Bm-1+Cm-1 in Qo, 1<m<r,

which is understood in the sense of distributions. Here vo = u and

(4.15) Bm-1=9m-1aNVm, Cm-1=aVen:  NVu,_1.

Indeed, we have

/ aNVup, - V(dy = / aNV(pmu) - V¢dy =
Qo Qo

/ aNVm-1Vom - V{dy + / aNp,Vu-V(dy
Qo Qo
On the other hand, we have
/ aNomVu-V(dy = / aNVu-V(Cpm)dy — / aNVu -V, (dy
Qo Qo

Qo

:—/ aNVuwmedy:—/ aNVvm—1 -V, (dy.
Qo Qo

Thus we get
/ ANV - V¢ dy = / W NV - VCdy — / ANV Vom 1 dy,
Qo Qo Qo

which obviously yields (4.14). We are interested in the smoothness properties of solutions
to system (4.14)-(4.15) with respect to the variable yi. To this end, notice that

(4.16) o'div (aNVum) = div 87" Bm-1+0{"Cm-1 in Qo, 1<m<r,
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and
(4.17) 0"div (aNVup) = div (aNVI"vm) +  div Ap,.
Here
(4.18) Am= > AL, AL =CJad|N Voivn.
i+j=m,j>1
Thus we get
(4.19) div (aNV@?Lvm) = —div Ay + div 07" Bm—1 + 07"Cm-1 in Qm

for every 1 < m < r. Now our task is to estimate the quantities A,,, Bm—1, Cm—1, and
Dimn_1.

4.2.2. Basis of induction. Auxiliary Lemma. In this subsection we prove the following
lemma, which gives the basis of the induction process. In what follows, we will denote by
¢ various constants depending on the rectangle Qo, and 7, ., as well as the constants
Cn and C, in (4.5) and (4.7).

Lemma 4.3. Under the above assumptions,

(4.20) ||81VU1HL2(Q1) <ec.

Loxaszameawvcmeo. The proof is given in Appendix C. (]
Remark 4.4. Notice that

(4.21) 101B1llz2(qy) + 1IC1llL2(qQy) <

Auxiliary lemma. Now we have to organize the induction process. To this end, we have
to derive the recursion system of estimates for the quantities Ay, By, and Cp—1. Notice
that for m = 1 the desired estimates follows from Remark 4.4. Hence it suffices to consider
the case m > 2.

Lemma 4.5. For every integer m € [2,7] and o € (1/2,1), there is a constant ¢ such that
m m A

(4.22) AmlL2(@m) < (L + 07" Nl L2 (— ki rm) + 1107 VOmllz2(0,0))

where \=(m—-240)/(m—1) <1,

Hal _lcm—l HLZ(Qm) <

(4.23) 1 1
(L4110 N2 (= rp i) + 107 Vom-allrzg,) )
101" Bm—1ll2(@n) <
(1.24) " - o
C(l + Hal NHL2<,,€"“N"L> + ||al vvm_lHLZ(Qm—l))’
Joxaszamenawvcmeo. The proof is given in Appendix D |

4.3. Proof of Proposition 4.1. Part II. We are now in a position to complete the proof
of Proposition 4.1. Recall the denotations for the rectangles @ and Qo,

Q= (=k,K) X (=p,p), Qo= (—2k,2k) X (=2p,2p).
Let us consider the sequences of domains Q = Q, C Qr—1... C Qo and functions ¢,
0 < m < r, defined by relations (4.2)-(4.4). Recall that ¢, = . Let us also consider the
sequence of the functions v, = @mu. It is necessary to prove that the estimate
(4.25) 101" Vomllr2q) < (1 + 107" Nl£2(~ )

holds true for all 1 < m < r. Notice that for m = 1, this estimate obviously follows from
estimate in Lemma 4.3. Now we proceed with the induction principle. Assume that the
inequality

(4.26) 107" Vom-1ll2(q,,_,) < e+ 107 N2

(*NnL—l»NWLfl))



16 P.I. PLOTNIKOV, J. SOKOLOWSKI

holds for some m > 2. Notice that the function v, satisfies equation (4.19) that reads
(4.27) div (aNV8"vm) = — div Am + div 07"Bm-1+ 01"Cm—1 in Qm,

where A, Bim—1, and Cp,—1 are given by (4.15) and (4.18). Recall that the positive matrix
aN is uniformly bounded from below and above. Multiplying both sides of (4.27) by 0" vm,
integrating the result by parts over Q.,,, and applying the Cauchy inequality we arrive at
the estimate

107 Vom |l 220,y < IAmll 2@y + 107 Bm-1ll12(0m) + 107 Con—1ll £2(q) -
It follows from estimates in Lemma 4.5 that
07" Vomll22(Q) < ¢+ 1107 Voml|z2(0, +

IO Nl 22 (<) + €lOF T Vom—1llL2(q,,- 1)
where 0 < A < 1. From this and the induction hypothesis we conclude that

07" VUl L2 (@) < € (L + 107 Nl L2y k) )-
This completes the proof of the induction step. Applying the induction principle we obtain
desired estimate (4.11) for all m € [1,r]. This completes the proof of Proposition 4.1.

4.4. Conormal derivative. Proof of Proposition 4.2. Split the rectangle @) into two
parts

Q" = (=K, k) x (=p,0), Q+ = (—k, k) x (0,p),
separated by the interface segment
= (—k,k) x {0}.

Denote by u* and v* the restrictions of the functions u and v = u to Q*. We also
denote by Onut and OyvT the conormal derivatives

(4.28) BNui = (N2181 =+ Ngzaz) ui, 8Nvi = (N2181 + Nzgag)’ui on /.

We will consider the conormal derivatives as a function defined on the interval (—&, k).
Since the function ¢ vanishes for |z1| > k, we may assume that chNui and OnovTE are
extended by zero to R. Recall that for every s > 0, the Sobolev space W*2(R) is defined
as the completion of the space C§°(R) with respect to the norm

(4.20) o = / (146" (o) de,

where 4 is the Fourier transform of w.
Now, we estimate @Onu~ . The proof of inequality (4.13) for pOnu™ is similar. First we
show that such an inequality holds true for Onv™. It suffices to prove that the estimate

(4.30) | / 35 (Onv™) Cdys| < € (14 19TV 2220 w722 s

holds for all compactly supported ¢ € W1/2‘2(R). Recall that v is extended by zero to
R?%. Choose an arbitrary function ¢ € W1/2’2(R). By virtue of the extension theorem for
Sobolev functions, the function ¢ can be extended to the strip Qo = R x (—p,0) such
that the extension ¢* admits the estimate

(4.31) C_IHQHWl/QO(R) < ”C*HWl’z(Qm) < CHCHWI/Q«?(R)'

Multiplying both the sides of (4.16) by ¢ and integrating the result by parts over (), we
arrive at the integral identity

(4.32) / 8{81\;11_ Cdy1 =1, +I,+ 13+ I4,
R
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where

I :/a{(w,l@w)cdw’
R

L= [ 8/(NVov) V( dy,
Q

I = —/ 01 (vr—1 NV ) - V(" dy,
Q

0

(4.33)

L — — / 9 (V- NVu,_1)ai(" dy.
Qo

Let us estimate step by step the quantities I,. We have
(4.34) L] < |07 (01 NV@)llyr /22 gy €12 gy -

Recall that the function 9] ! (v,.—1 NV ) is compactly supported in Q. From this and the
Poincare inequality we obtain

107 (0r 1 NVQ) w1722y < €07 (01 NV)llwr2(qy) <
eIV (vr— 1NV L2 () -

Noting that N is independent of y2, we get
107 (0 1N V) /2,200 <

(4.35) . 1_

cl|o1 (Uv'*lNV‘P)”L%QO) + cllo] 1(82U7'*1NV90)”L2(Q0) +u,
where
(4.36) 1= 1107 (0,1 N0V ) | 12 (-

Note that the quantities 8] (v.—1 NV) and 87" (d2v-—1 NV¢) are compactly supported
in Q@ = Q. Since a = 1 in Qg , it follows from formulae (4.15) for B,_1, C,—1 and estimates
(4.23), (4.24) for Br—1, Cr—1 in Lemma 4.5 that

17 (0r -1 NV @)l 2(@p) + 107 (820, 1 NV @) | £2(qy) <

(4.37) clloTBr-1ll2(qo) + 1107 Cratllr2(qy) <
C(l + H8IN||L2(72H,2K) )

Let us estimate . We have

07 (e aNOVY) = " ¢jap 0N 0fv,1 0)0: Ve,
where the sum is taken over the set of indexes

j,a,82>0, j+a+pB=r—1
Since N is uniformly bounded, we have
[0 Nl zoo (—20,20) < (14 1107 Nl 22— 2m,26) )-

It follows that
j=r—1

I S (1 + ”8{+1N||L2(—n,n) ) Z Halav'r'fl af(?ngoHLz(Qo).

=0 atB=r—1-j
Note that all derivatives of ¢ are bounded. Thus we get
> I0f v 8702Vl 2(00) < (1410 vl L2q) )-
atB=r—1—j
From this and estimate (4.11) in Proposition 4.1 we conclude that

Z Halav""*l 8fa2v§0‘|L2(Q) S C(l + ||8I‘_l_jN||L2(72n,2n) )7
a+pB=r—1-j
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which yields
r—1
p< Z (1+ ||a{+1N||L2(—2m,2fc) ) (1+ ||8I717JN||L2(—2&2N) ).
=0

Since N is uniformly bounded, we may apply the interpolation inequality to obtain

-

— I E= I
[T (1+ HalN”L;(—Qn,Qn) ) (1+ ”alNHLQ(T—Zn,Qn) ) <
j=0
c(L+IOT N 22— 20,20 )-
Combining this estimate with (4.37) and (4.35) we obtain
Haiil(UPINVSD)HWU?,?(]R) < C(l + ||8INHL2(—2N,QN) )

From this and expression (4.32) for I, we conclude that

(4~38) |Il‘ <c (1 + HaINHLZ(—zn,u) ) ||<||W1/212(R)'
Let us estimate the integral I». Note that
(4.39) 1 (NVv) = NVdjv+ A, in Qqp,

where A, is given by equality (4.18). It follows from estimate (4.14) in Lemma 4.5 and
estimate (4.11) in Proposition 4.1 that

A 2(0) < (14 [IOTN | 2(—nmy ) + CH3IVU\|22<Q)
ST+ 0N L2 (=)
where 0 < A < 1. On the other hand, estimate (4.11) in Proposition 4.1 yields
INVO 0|20 < c ( 1+ 101N |12 (—20,20) )
Combining this estimate with inequality (4.40) and identity (4.39) we obtain
101 (NV)|l2(g-) <INV 20—y + [ArllL2(o-) < (14 10T N p2(—nm) )-

Recall that the function ¢* is extended by zero from Q™ to the strip Q. It follows from
this and the Cauchy inequality that

|
< e(TH 107N (|2 (—2r,20) ) I€llw1/2.2(m) -
This result along with expression (4.33) for I implies the desired estimate
(4.41) 2] <c ( 1+ |‘8;N‘|L2(72m,2m) ) HCHW1/2=2(IR)'
In order to estimate the integrals I3 and 14, note that
O (v 1NV) = 07B,_1, 07 (Vo -NVu,_1)=08]""Cr1 in Q.
From this, estimates (4.23)-(4.24) and expression (4.33) for I; we obtain
T3] + [Ta] <
(101 Br -1l L2y + ||a;716T*1”L2(Q)) V¢ 2 <
(L4 101N I L2 (—2r,20)) V< Nl 22(0) <
c (1 + HaIN”LQ(—Qn,Qn) ) ”C”Wl/?v?(R)'
Combining this estimate with estimates (4.38) and (4.41) we obtain the estimate
|L‘| <c (1 + ||81TN||L2(72K,2~) ) ||C||W1/2,2(R)7 i=1,...4

Finally notice that this estimate along with equality (4.32) obviously yields desired estimate
(4.30).

(4.40)

(NV™)- V¢ dy | < (14 107 N2 (-am20) ) 196" 22000
Qo
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In order to complete the proof of Proposition 4.2, it remains to obtain the estimate,
similar to (4.30), for the function @Onu~. Recall that v = ¢u, where ¢ is an arbitrary
function of the class C§°(Q). Now we specify ¢. To this end, choose an arbitrary function
¢ € C§°(—k, k) and fix the function t(z2), 2 € R, such that

L€ C5°(R), t(xz2) =1 for |z2| < p/3, (z2) =0 for |z2]>2p/3.
Now set
¢ = @r = ¢(z1)1(x2).
With this notation we have
ONv™ = @pOnu~ + O19Naru™ = pOnu~ + N2101dpv,_; on £,
since u coincides with v,_1 on the support of V. Note that
N21O1pv,_1 =v,—1NVyp -ex on /.

Thus we get
pONu~ = Onv — (vp—10ng) on L.

In order to prove desired estimate (4.13) in Proposition 4.13 for dnu™, it suffices to show
that the inequality

(4.42) | / O (0™ ) Cdya| < ¢ (L + [N 122w ) 1< hrt/22s
R

holds for all compactly supported functions ¢ € W'/#2(R). In its turn, estimate (4.42) is
a straightforward consequence of estimates

(4-43) } /8{ (ani) Cdy1’ < C(l + Ha;N”LQ(—Qn,Qn) ) ||CHW1/2>2(R)7
R

(4.44) ! /05 (vr—10n¢) Cdyr| < e (L+ 101N 22 (—2n,20) ) Kl w1/2.2my-
R

It is easy to see that estimate (4.43) coincides with estimate (4.30). On the other hand,
the left hand side of (4.44) obviously equals the quantity |I;| defined by (4.33). Therefore,
estimate (4.44) obviously follows from estimate (4.34) for I;. It remains to note that (4.43)
and (4.44) imply desired estimate (4.42). This completes the proof of Proposition 4.2.

5. KOHN-VOGELIUS FUNCTIONAL. PROOFS OF THEOREMS 3.1 AND 3.2

Recall the formulation of the problem. Our goal is to derive estimates of the gradient
dJ of the Kohn-Vogelius functional J in terms of the geometric characteristics of the
interface I'. The results are based on the normal derivatives estimate for solutions to
the transmission problem given in the previous section. These estimates establish the
dependence of the smoothness properties of solutions to a transmission problem with
respect to the smoothness properties of the interface I'. Recall the conditions H.1-H.3
imposed on I'.

H.1 The Jordan curve I' C (2 satisfies the energy inequality
1
- / |k*|ds + £ < Eo.
2 Jr

H.2 There is v > 0 with the property

dist (F \ Fg,.@, FQN) 2 v,

for every arcI's, with k defined by Lemma 2.2.
H.3 There is o > 0 such that

dist (T", 092) > p.
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By virtue of Corollary 2.4, every curve I' satisfying conditions H.1-H.3 is a Jordan curve
of the class C'T*, 0 < a < 1/2. T splits the domain € into two parts. The first Q; €
Q (inclusion) is a simply connected domain with boundary I". The second is the curvilinear
annulus Q. = © \ ; bounded by I' and 9. For simplicity, we will assume that 9 is a
Jordan curve of the class C*°.

Next, recall that the piecewise constant function a : 2 — R™ (conductivity) is defined
by the equalities

a=1in Q., a=ao in Q;.

5.1. Proof of Theorem 3.1. Let w € W?(Q) be a weak solution to the equation

(5.1) div (aVw) =0 in Q.

Denote by w™ and wt the restrictions of w onto subdomains €. and Q;,

(5.2) w i=w in Qe, wr i =w in Q.

If T is sufficiently smooth, then w is continuous on I'. In other words, w~ = w"' on

I". However, the normal derivative of w has a jump across I'. The following remark is
important for the further analysis. Set

(5.3) Opuw” =Vw™ -n, duwt=Vwt . n on T.
Our task is to to prove the estimate (3.11):
+ m
10nw™ || gmt1s2ry < (L4 1057kl L2(ry ) lwllwi2(q),

where m > 0 is an arbitrary integer, ¢ depends only on m and on the constants Ey, v,
p in Conditions H.1-H.3. We split the proof of estimate (3.11) into three steps. First,
we define a standard neighborhood of an arbitrary point z € I" and the special mapping
which takes diffeomorphically the standard neighborhood onto a rectangle. Next we employ
Proposition 4.2 in Section 4 in order to obtain the local version of estimate (3.11). Finally,
we use the local estimate and a partition of unity to complete the proof of (3.11).

5.1.1. Standard neighborhood and standard mapping. Note that the immersion f and the
curve I' = f(S!) satisfy all conditions of Lemma 2.2. Choose an arbitrary z € T'" and
consider the subarc I's,; of the arc I's,; defined by Lemma 2.2. It follows from this lemma
that I'2,, admits the representation

Do i w2 =n(z1), x1 € (—7,90)

with positive v, 0, depending only on x. Next, assume that I" has no self intersections and
is compactly embedded into a bounded domain Q C R?. Set

(5.4) 2p = min {v, dist (I',00Q)} > 0,
where v > 0 is given by Condition H.2.

Definition 5.1. Under the above assumptions, the standard neighborhood X of the point
z 1s the curvilinear quadrangle defined in the Cartesian coordinates system associated with
z by the equalities

(5.5) Yow = {:r = (z1,22) : =y <1 <9, —2p+n(r1)<z2< 2p+n(x1)}.

Our next task is to define the special mapping, which takes the standard neighborhood
onto the rectangle. To this end introduce new variables

(5.6) 1 =s(x1), yo=x2 —n(T1).

It is easy to see that the mapping y = y(z) takes diffeomorphically the standard neighborhood
Y9, onto the rectangle

(5.7) Qo = (—2k,2K) X (—2p,2p).
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Introduce the matrices M and N defined by the equalities
’2
(5.8) M=y (z) = ( Vit (1) ) N=(det M) * MM,
-n
Notice that these matrices depend only on z1 and hence only on s € (—2k, 2k). Introduce
the function © : (—2k,2k) — R defined by the equalities
(5.9) O(s) = arctann’(z1(s)), ©(0) =0,

in the Cartesian coordinates system associated with the origin z. Recall that x = 0 and
s = 0 at the chosen point z.

Lemma 5.2. Under the above assumptions, we have

(5.10) 0 e Wh?(=2k,2x), |O] < 118
(5.11) 7(s) = (cos©, sin®), n(s)=(—sin®O, cosO), k(s)=0O'(s)n(s).

Moreover, the matrices M and N admit the representation

1
—__ 0 1 1 —sin®©
5.12 M = N = . .
(5-12) ( _C?SI?@ 1 )’ cos © < —sin® 1 )
Jlokazameavcmeo. Introduce the function

A(s(z1)) = n(z1), s € (—2k,2kK).

We have
N()/1+n(@)? = (21) and hence X'(s)° = o' (@1)* = X' ()" o (21)%,
which gives
/
(5.13) n = S =

1
V1- w32 11— N2

In particular, we have

1
(5.14) M= V1 j\/\ﬂ
i
Next notice that
(5.15) = —1 ()= (V1= N, N) = (cos©, sin®©)

Vi
with
© = arctann’ = arcsin \'.
We thus get the following formulae for the curvature vector k and the normal n
k= 0,7 =0'(s)n, n=(—sinO,cosO).

Identity (5.15) implies that the matrices M and N admit representation (5.13). It remains
to note that |tan ©| = |n’| < 1/6, which yields the estimate |©] < 7/18. O

Corollary 5.3. Under the assumptions of Lemma 5.2, the estimate
(5.16) 105" N 12 (22w < e(m) (L4107 Kl L2 (—2x20))

holds for every integer m > 1.
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Hoxasamenvemeo. Since |0O] < 7/18, it follows from the estimates of composite functions
in Sobolev spaces that

Ha.;nNHL2(72n,2K,) S C(CN)(l + ||a;n®‘|[/2(72n,2m) )a

where
Cn = sup |9EN(©)).
;) jol<n/18
It remains to note that ™0 = 97 'k. (]

5.2. Local estimates. In this paragraph we prove the local estimates of the normal
derivative of a weak solution to equation (5.1). The result is given by the following
proposition. Fix an arbitrary point z € I'. Without loss of generality we may assume
that the arc-length variable s equals zero at z. Let k, depending only on the constant Ejy
in Condition H.1, be given by Lemma 2.2. Choose an arbitrary function ¢ € C§°(—k, k).
Furthermore, assume that the functions ¢(s) and ¢(s)8,w®(s) are extended by zero to
the real axis R.

Proposition 5.4. Under the above assumptions, the estimate
+
(5.17) ¢ Onw me+1/2,2(m<) < C(l + H@;”kﬂg(,%’%)) Hw”le?(Q)

holds for every integer m > 0. Here ¢ depends only on m and on the constants Fo,v, p in
Conditions H.1-H.3 of Theorem 3.2.

Jloxasamenvcmeo. Notice that estimate (5.17) is invariant with respect to dilatation w.
Hence without loss of generality we may assume that ||wl||y1.2(q) = 1. For an arbitrary
fixed z € T', denote by X, the standard neighborhood determined by Definition 5.1. Split

¥, into two disjoint parts 35, and X7 defined by the equalities

Son ={@=(z1,32) : =y <z1 <6, n(21)—2p <32 < 7l21) },
(5.18) N
Yo ={z=(z1,22) : =y <z1 <6, n(@1)<z2<2p+n(z1) }.

Here (x1,22) is the local Cartesian coordinates system with the origin at z, defined in
Lemma 2.2. Notice that the ordinate axis x2 is directed inside €2;, which yields

Yo = S0k NQe, Bd =30, NQy, Bow =5, UST, U,

In particular, the coefficient a equals 1 in 5, and equals ao in ©3,.. The function w serves
as a solution to equation (5.1) and the integral identity

(5.19) / aVw-V{dz =0,
Sok

holds for all ¢ € WO1 ?(2,). The standard change of variables
yi=s(z1), Y2 =z —n(z1).
takes diffecomorphically the standard neighborhood X2, onto the rectangle
Qo = (—2k,2k) x (—2p,2p).

In its turn, the standard change of the variables (5.6) takes diffeomorphically curvilinear
quadrangles Ei onto the rectangles

Qo = (—2k,2k) x (=2p,0), Q3. = (—2k,2k) x (0,2p).

We have

Qo= Qy UQL UL, where £=(—2k,2k)x {0}.
Now set
(5.20) uy) = w(z(y), v (y)=w(z@y) =uy)| ..

@
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Recall that w serves as a weak solution to equation (5.1) in the standard neighborhood
Y2k. In particular, it satisfies integral identity (5.19). Notice that

Vew(e(y)) = M Vyuly), de=(det M)~ dy
The change of variables x — y in (5.19) leads to the following integral identity for the
function u : Qo — R,

(5.21) / aNVu-V¢dy=0 forall ¢ € W,?(Qo).
Z2m

Here the matrix N is given by Lemma 5.2. The conormal derivative Oyu~ on the segment
£ is defined by the equality

1
cos ©

(5.22) ONU~ = N2o10y,u” + Na2Oy,u™ = (= 9y,u” sin® 4 Gy,u”),

where O(s) is given by Lemma 5.2. It is easily seen that N and u meet all requirements
of Proposition 4.2. Now choose an arbitrary ¢ € C§°(—k, k) and assume that the function
@Onu~ (s) extended by 0 to the real axis. Applying estimate (4.13) in Proposition 4.2 and
estimate (5.16) in Corollary 5.3 we conclude that the inequality

(5.23) [pOnu™ [lyyr-1/2m) < € (1+ 05N r2(—an2n)) <c(1+ H8271k||L2(—2n,2n) )

holds for every integer r > 1.
Recall that s = y1. Next, formulae (5.11) and (5.12) in Lemma 5.2 along with formula
(5.22) imply

n(s) - Vew (z(y)) =n(s)M' - Vo =

1
(5.24) (—sin©,cosO) - ( cos © —tan® >Vu
0 1

Coie(—sin®8y1u + Oy,u) = Onu~ on L.

It follows that for every ¢ € C§°(—k, k), we have
@(s)0nhw™ (s) = P(s)Onu™ (s) for s € (—2k,2k).

Hence desired estimate (5.17) is the straightforward consequence of (5.23). This completes
the proof of Proposition 5.4. O

5.3. Globalization. Now we employ Proposition 5.4 in order to complete the proof of
Theorem 3.1. To this end, we use the method of partition of unity.

The partition of unity. Let I" satisfies all conditions of Theorem 3.1 and « € (0, £/2)
be given by Lemma 2.2. Recall that £ and s depends only on the constant Fy in the energy
constraint H.1. Choose a finite collection of points z, € I' with the arc-length coordinates
sk such that

k

(5.25) si=~L, 0SkSN-L,
where NN is an arbitrary integer satisfying the condition
1_x
N 4
Now choose an arbitrary function ¥ € C§°(—L/2,L/2) with the properties
(5.26) P(s) >0, (s)=0 for [s| >k, P(s)=1 for |s|] <k/2.

We will consider ¢(s) as a function defined on I'. In other words, it can be regarded as
L-periodic function defined on R. For every integer k € [0, N — 1], define the function

Vi(s) = ¥(s — sk).
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The function ¥ : I' — R is compactly supported on the arc of the length 2k centered at
2. Moreover, ¥, = 1 on the arc of length k centered at zp. These arcs cover the curve
T'. It is easily seen that for every z € I', at least one of the functions ¥, equals 1 in a
neighborhood of z.

Now set

(5.27) P

N-1 '
IR
j=0

It is clear that every nonnegative function ¢ € C°°(T") is compactly supported in the arc
of length 2k centered at z; and

N-1
(5.28) > or=1
k=0
Introduce the functions wy with the properties
N-1
(5.29) Wk = Q0w , Ohw = Z W
k=0
It is clear that for every m > 0, we have
N-1
(5.30) 100w | gms1/2my < D Nkllpmsasary-
k=0

See Subsection 2.2 for the definition of spaces H"(I") = Hy.

Global estimates of the normal derivatives. It follows from (5.30) that it suffices
to estimate wy in the space H™+1/2 (T"). To this end we use the following construction.
Choose an arbitrary compactly supported function F': (—k, k) — R. There are two ways
to extend F' to the real line. The first way is to extend F' by zero to R. We denote this
extension by F,

F(s)=F(s) for |s| <k, F =0 otherwise.
The second way is to extend F' L-periodically to R. We denote this extension by Fj. These
extension are connected by the relation

(5.31) Fy(s)= > F(s+kL).

k=—oc0
The following lemma establishes estimates of Sobolev norms of F and Fj.
Lemma 5.5. There is the constant ¢ depending only on L and m such that

(5.32) |\Fﬁ||Hnm,+1/2 < l[Fll ym+1/2y  for all m > 0.

The norms in the spaces H;n+1/2 and H™Y2(R) are defined in Subsection 2.2.
Jloxasamenavcmeo. The proof is given in Subsection B.2. O

We are now in a position to complete the proof of Theorem 3.1. To this end, it suffices
to prove that every function wy defined by (5.29) admits the estimate

(5.33) Hwk|le+1/2(F) <c (1 + ||a;n k”L?(r) ) HwHWL?(Q)-

Fix an arbitrary integer k € [0, N — 1] and the corresponding point z; = f(sk). After the
shift of the coordinate s we may assume that s, = 0. Let the arc 'y centered at zy is
defined by Lemma 2.2 with z replaced by zi. Introduce the function F': I'y — R given by
the equality

(5.34) F = ¢i(s) Onw™ (s), sE€(—kK,K).
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Notice that ¢x € C§°(—k, k). Let F be the extension by 0 to the real line. It follows from
estimate (5.17) in Lemma 5.5 that

(5.35) [F Nl grmr1/2gy < ¢ (14 107Kl z2ry ) Nlwllwizq)-
On the other hand, relations (5.29) and (5.31) imply the equality
Fy =wy on T.
From this, estimate (5.35), and estimate (5.32) in Lemma 5.5 we finally obtain
||°JkHHm+1/2(F) = ||Fti||Hm+1/2<r) < CHF”HW+1/2(R) <
c(L+ 105Kl L2y ) llwllwr2o),
which yields desired estimate (5.33). This completes the proof of Theorem 3.1.

5.4. Proof of Theorem 3.2. Recall that the Kohn-Vogelius functional is defined by the
formula

(5.36) J() = /QaV(v —w)-V(v—w)de.
Here v, w : Q@ — R satisfy the equations and boundary conditions
div aVv =0 div aVw =0 in Q,
(5.37) aVv-n=g w=h on 0NQ.
The gradient dJ is defined by equality (1.14),
(5.38) dJ =2(aVv - n[0,v] — aVw - n[ohw])n — [aVv - Vv — aVw - Vw]n.

Let a curve I satisfies conditions H.1-H.3 and the curvature k € H"(I') with an integer
r > 0. It is necessary to prove that for every 8 € [0,1/2), the gradient dJ admits the
estimate

(5.39) ld TN e 0 < (U4 110Kl L2(r)),

where the constant ¢ depends on r, 3, and constants Fy, v, ¢ in conditions H.1-H.3. Note
that estimate (5.39) with a suitable 8 and the embedding theorems imply the inequality

(5.40) l0d T Lary < c(1 + 1|07kl L2 (1),

which holds for every ¢ € [1,00). In this case the constant ¢ depends in addition on g. The
rest of the section is devoted to the proof of estimate (5.39). The key observation is that
this estimate is straightforward consequence of Theorem 3.1. It follows from inequalities
(3.7) that the solutions v and w to problems (5.37) admit the estimate

lvllwiz@ + lwllwiz@ < g, h).

Hence they meet all requirements of Theorem 3.1. Applying this theorem we conclude
that estimates

(5.41) ||8"UiHHm+1/2(F) + ||6"wi“Hm+1/2(F) <c(1+[0™kl L2y )

holds true for all integers m > 0. Next, it follows from (5.38) that dJ is a quadratic form
of the normal derivatives d,vt and 8nwi. Hence it suffices to estimates the products
vt 8, w* and 9 vt 9, wT. Let us estimate 8,v~ dpw™. The proofs of estimates of other
terms are similar. It is necessary to show that

(5.42) [0nv ™ Onw™ || grm+s(ry < ¢ (1+ 10"k p2(r))
for all integers m > 1 and for all 8 € [0,1/2). It follows from the Moser inequality that
[0nv™ Onw™ || gm+s(r) < €l|Onv™ (oo ) [|Onw™ || gt (1)

(5.43) _ _
FellOnw™ (Lo ) 10nv™ | met8 (ry-
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By virtue of the embedding theorem, the estimates
00" |lLoe(ry < (@) 1000 | g1/240 1y, 100w [[Loe(ry < () [|[Onw ™ [ g1/240 1y

hold for every o > 0. Applying the interpolation inequality to the right hand sides of these
estimates we obtain

_ . 1-a o

1000 W1 211y < €100 Wy oepy 10007 |y
_ _1-= -

100 120y < €10 Ty 19000 o -

Inequality (5.41) with m = 0 implies

1On0™ (| gr1720y + 100w (| 172y < e

Hence for every m > 1, we have

10207 o x) < € 19007 a2 gy
(5.44) e
P X [y
Next, the interpolation inequality implies

- — 1 (38 — = (38
1000 [l rm+s(ry < €001 710/ 0y 1000 [t/

H1/2(F) H—m+1/2(1—~)5
- ) -G-8
100w Lm0y < €0 I 100w g i Facry-
It follows that
- — = (38
10n0™ g ey < € 1000 7502
- —1-E (-8
10mw ™ g ry < € 10nw ™[5 Pt

Substituting these inequalities along with inequalities (5.44) into (5.43) we obtain

_ - s — =% (3-8
(5.45) [[0nv™ Onw HH"’LH?(F) <c [|Onv HHm,+1/2(F) [[Onw HHm+1/22(F)
' 1z e o))
+||8nw HHm+1/2(1—*) Ha’”v ||Hm+1/22(1—*)‘
Now set
1 o
==-—0, A=—.
7 2 p m
‘We have
1,1 1.1
— (= — =X 1——(=-= =1-A
LGB =N 1= (5B

From this and (5.45) we conclude that
_ - Y —11=A
10nv” Onw™ [ rm+ary < € 1000 [ mars2ry 100w || jroniease )
-2 —|11=A
+[|Onw ||Hm+1/2(r) [|Onv HHm+l/2(F)'
Applying the Young inequality we arrive at the estimate
Han’l}_anw_ HH’"Jrﬁ(F) <c ||8n’U_ ||Hm+1/2(r) +c ||8nw_ ||Hm+1/2(r).

It remains to note this inequality along with inequality (5.41) obviously imply desired
estimate (5.42). This completes the proof of Theorem 3.2.
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6. A PRIORI ESTIMATES. PROOF OF THEOREM 3.5

In this section we prove Theorem 3.5. To this end, we have to derive the Sobolev a
priori estimates of solutions to the Cauchy problem

2
atf+v§k+‘k|

—q 1
6.1) ok —k+dJ =0 in (0,7) xS,

£(0,6) = fo(6), 6€S'

for an immersion f(t,0), t >0, 0 € R/27Z. Here 0 is the angle variable on S', and f is
27-periodic function of 6. Recall that s is arc-length variable on the curve I'(t) = f(¢,S%)
associated with f. We have

1
0s =
(6.2) |00 f]

897 Vs = as . —(T-65~) T,
T=08sf, k=0%f=08.r.

Note that the time derivative 9 is evaluated for fixed angle variable 6. With this notation
0Js and V; become nonlinear differential operators.
Furthermore, we denote by L£(¢) the length

(6.3) L(t) = /I"(t) ds ::/O ! Vy(t,0)do, /g=|0sf|,

of T'(t) = f(¢t,Sh).

Now fix an arbitrary even integer m > 6. Throughout of the section we assume that
all conditions of Theorem 3.5 are satisfied. In particular, there are two positive constants
Eo and E,, such that the initial curvature ko = 82 fo(s) satisfies the inequalities

1
(6.4) / (=|ko|> + 1)ds < Ey, / |07 % ko|* ds < En,.
r(o) 2 r(0)

The proof of Theorem 3.5 falls into six steps. Our first task is introduction of notation
and presentation of auxiliary material.

6.1. Commutators and connections.

6.1.1. Commutators. In the proofs of a priori estimates in Theorem 3.5 the multiplication
of both sides of (6.1) by the higher order derivatives of k followed by integration by parts
is performed. This procedure requires the calculation of the commutator of spatial and
time derivatives. In order to do this, we introduce additional notation. Let us consider a
one-parametric family of immersions f : [0, T] x S' — R?. Set

(6.5) V=0f m2=2V-k m = %85772,

Denote by II a projection and by V; a differential operator:

(6.6) Ne=o—(r-®)r, V=109,

where @ : [0,7] x S' :— R? is an arbitrary smooth vector field. In particular, we have
Vi@ =05 — (1-0:P) 7 =110:P, V& =0,P— (7-0,P)7 =110,D.

The operator 8? O takes the following form.

Lemma 6.1. Under the above assumptions, we have

(6.7) 820; f = Vik — mo k.
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Joxasameavcmeo. Let @ : [0,T] x S' :— R? be an arbitrary smooth vector field. We have
1 1
=00, — 0 (—— q>) =
a7
1

1
7at(m) % ® = g, (O] - 00 ) 0p® =

(0s0¢ — 04 0s)®

(O, f - 0,00 f) 0.8 = —(2f - 01 f) Do = —%m 0, .

Here we use the relation 9sf - 0:f = 7 - 9:f = 0, which follows from equation (6.1). Thus
we get

(68) 858t<1> = &QSCI) — %7‘[‘2 854"
Next, we have
20D = 05(0:s0:® — D105D) + (850:(9s®) — 8, 05(0sP) + 8,0 P.

From this and (6.8) we obtain

020,® — 0,020 — %as(ma@) - %maqu

Substituting ® = f in this relation and recalling the equalities 7 = 8. f, k = 92 f we arrive
at the identity

1
028, f = Ok — 5as(m)r — mok.
Applying to both sides of this identity the projection II and noting that
H@t:Vh HTZO, IIk=k

we obtain the desired equality (6.7).
(|

Now we evaluate the commutator of the differential operators V2 and V. The result
is given by the following lemma.

Lemma 6.2. Let ® : [0,T] x S* be a smooth normal field, i.c., ® is orthogonal to the
tangent vector 7. Then we have

(6.9) VIV =V, Vid — mV2d — 1V, P.
Jloxasamenvcmeo. Following Lemma 2.1 in [1], Lemma 2.1 in [8], and Lemma 1 in [12]
we have the identity
(6.10) ViVid =V, Vid — Cs — C1 — Co,
where Co = mV2® and
C1=(k-ViV+Vik-V)V®@+2((k- V@)V, V — (V,V -V, R)k),

Co= ((Vsk- @)V, V — (VsV - ®)Vik) + ((k- ®)VIV — (VIV - ®)k).

Note that C; are orthogonal to 7 since Vs and k are parallel to n. It is easy to see that
(Vsk S O)V,V — (VV - <I>)Vsk) -® =0.

Note that the multipliers in this equality are parallel to n. Hence, either (Vsk - @)V, V —
(VsV - ®)V:k = 0 or @ is orthogonal to the normal vector n. In the latter case ® is
orthogonal to n and 7 and hence ® = 0. From this we conclude that

(Vik - ®)VV — (V,V - ®)V,k = 0.

Next we have
((k-®)VV — (VIV-D)k) - & =0.
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Arguing as before we conclude that either (k- ®)V2V — (V2V - ®)k = 0 or & = 0. We thus
get

(k- ®)V2IV — (VIV - D)k = 0.
Combining the obtained results we conclude that Co = 0. Now consider the quantity C;.
We have

((k-V@)VV = (VsV -V @)k ) - V.0 =0.
Repeating the previous arguments we conclude that either (k-V @)V .,V —(V,V-V®)k =
0 or Vs® = 0 is orthogonal to n and 7. Hence
(k- V@)V, V — (VsV -V @)k =0

and

Cr=(k-VsV+Vsk- V)V,
Since V' and k are orthogonal to 7, we have

k-VsV+Vk-V=k-0,V+0sk-V=0sk-V)=m,

which yields the equality Ci1 = 71V ;®. Combining this result with the equalities Co =
12 V2®, Cy = 0, and relation (6.10) we obtain the desired identity (6.9). O

6.1.2. Relation between Vs and Os. Estimates of m;. The important ingredient of the
theory are estimates Hy- Sobolev’s norm of the curvature k via L2-norm of the connection
V3k. In this section we consider this problem in many details. We begin with the observation
that every smooth normal vector field ® : S' — R? admits the representation

(6.11) d=pn, =9 -n
It is easily seen that for every integer r > 0 we have
(6.12) Vi® = 9 pn.
The following lemma is the main result of this section.

Lemma 6.3. Let ®:S' — R? be an arbitrary smooth vector field and o € (1/2,1). Then
for every integer r > 0, there is a constant c, depending only on o, r, and Fo, such that

r r 14+1=¢< 1-1=¢
(6.13) [05@ = Vi@l o < C(ll‘PlIHg + Hklng) T (1@l + k)T
okazameavcmeo. The proof is given in Appendix E. O
A p g pp

If we assume that L?-norms (Hj -norms) of ® and k are uniformly bounded, then
Lemma 6.3 leads to the efficient estimate of the deviation 9;® — V®. The corresponding
result is given by the following

Lemma 6.4. Let under the assumptions of Lemma 6.3,

18]l g < Ca, (K]l g < Bo.

Then for every e € (0,1), there is a constant C, depending on Fo, Cs, integer r > 1, and
€, such that

(614) (1 -0 ®lly — cllklliry — C < IVi®ll200,0) < (L+ )| @ll1zy + el[kll ey +C.
Joxasameavcmeso. Estimate (6.13) and the conditions of lemma imply the inequality
105 — V2@l < C(I@ay + k1)~ 7
Since 1/2 < o < 1 it follows from this and the Young inequality that
105® = ViBll g < C + (@ ry + [K]ly).
‘We thus get the inequality
0@l o = IVe@llrg | < C + e(l[ @]y + KLy )-
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which yields
15 ®] g — (| ]lmy + [Kllrg) — € < V5@ g
<110: @l g + (I @llery + 1kl zy) + C-
Noting that
[@la; — Co < (105 ®@llL2(0,2) < [|]lmy + Ca,

we arrive at desired estimate (6.14). O

Corollary 6.5. Let ||k|p2(0,2) < V2Eo and an integer r > 1. Then for every e € (0,1)
there exists a constant C, depending only on Eo, 7, €, such that

(6.15) (1- 26)||l€HHé“ -C< Hv:k||H§) <1+ QE)HkHH,{ +C.

Jloxasamenvcmeo. It suffices to note that & = k and Cs = +/2Fy meet all requirements
of Lemma 6.4. O

Estimates of ;. In this paragraph we give estimates for the coefficients 7; defined by (6.5).
The results are given by the following Lemmas.

Lemma 6.6. Under the assumptions of Theorem 3.5 for every integer r > 0, there is a
constant ¢ depending on r, such that

(6.16) IV®llay < e+ kO] r+2)-
Jlokazameavcmeo. Notice that
(6.17) V=0f=-Vk - %|k|2k +k—dJ.
By virtue of Corollary 6.5
(6.18) IVEEllmy < et el VIRl < e+ cllkll g2
Next, the Moser inequality (2.11) implies the estimate

2l < ellkllZoo 0,0y K-

Now choose an arbitrary o € (1/2,1). Recall that the embedding HY — L*(0,£) is
continuous. From this, the interpolation inequality, and the estimate ||k ;2(0,,) < ¢ we
obtain

2

fod _r_
k2Kl 2y < e Ikl kg <cllklli2s k)G =
# # # 4

H Hg+2
(6.19) o
c Ikl };:432 <c (L+ ||kl yr+2)-
# #

Finally, Theorem 3.2 on the estimates of the Kohn-Vogelius functional and estimate (6.15)
in Corollary 6.5 imply

(6.20) 1dT |y < ¢+ cllk]| ;.

Combining estimates (6.18) - (6.20) and recalling relation (6.17) we arrive at desired
estimate (6.16). O

We are now in a position to estimate the quantities m;. The result is given by the
following lemma.
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Lemma 6.7. Assume that all assumptions of Theorem 3.5 are satisfied. Let an integer
r >0 and o € (1/2,1) be given. Then there is ¢, depending on r, o and the constants v,
o in Theorem 8.5, such that

+7 +7‘
(6.21) 2 ()|l ey < (1 + [[k(t )HHF?), o (D)l < (1 + [[k(t )HHF?)
for allt € (0,T).
Jloxasameavcmeo. Since w1 = 7837@/2, it suffices to estimate m2. To shorten notation, we

omit the symbol ¢. Notice that w2 = k- V. From this, the Moser inequality, and continuity
of the embedding Hf — L*°(0, L) we conclude that

(6.22) Imallery < cllkllag VIIay + [1Ellay V] g -
By the interpolation inequality and estimate (6.16) in Lemma 6.6, we have

1-2 2 —= =
Vil < VI~ VI, < e+ IRl z) "™ (U el gy2)

Since
Il < 1™ I < c 1725,
we have
IVilag < e (4 IRIE) ™% (1 ltllypen) ¥ < et bl )",
where

From this and the inequality
1Elley < Cl\kH o Hk||’3+2 < cllk| Tﬁm

we obtain

(6.23) [Ellzg (V[ g < e Hkll;ﬁia L+ 1Kl )" < e+ eIk, TSQ-

Next, the interpolation inequality implies

1—
hllery < c 1Kl i Hkll;ﬁiz < clk| Tfiza

which along with estimate (6.16) in Lemma 6.6 gives

VfllmllVllm<0||/f\lr+2 (L + 11Kl gry+2) <t ekl

Hr+2 H7 +2

Substituting this estimate and estimate (6.23) into (6.22) we arrive at desired estimate
(6.21). O

6.2. Main integral identity. Now we use formulae (6.7) and (6.9) in order to derive the
main integral identity for solutions to problem (6.1). The result is given by the following
proposition.

Proposition 6.8. The following integral identity holds for every smooth solution f :
[0,T] x S to problem (6.1), for every to € (0,T], and for every even integer m > 6.

to
1/ |v;"—2k(t0)|2ds+/ / VI E(t)|? dsdt =
2 I'(to) 0 r(t)

4
> N+ %/ |V 2k(0)|? ds.
1

(o)

(6.24)
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Here the quantity N; are defined by the equalities

m2_2 to 1 m2—2 to
N1 = ; /0 Ip;(t) dt + §Im72, No = ; /0 Ipi1(t) dt,
(625) I2z(t) — VZL*Z*QZ.(WQV?IC) . V;’LiQk’ dS,
I
Ii—1(t) = V?_Q_Qi(mvgi_lk) V™ 2k ds,

I(t)

to
N3 :/ VI (k- Vik) k) - VI'kdsdt,
(6.26) . ¢
Ny = —/ At SRR VA dsdt+/ VI (k- Y) k) - VK dsdt,
0 T(t) 0 r(t)

where L
T= §|k|"’k -k +dJ.

Hoxasameavcmeo. Multiplying both sides of (6.1) by 92V2™ 4L and integrating the result
with respect to s and t we arrive at the equality

to
/ / (atf-aivim—4k+v§k.a§v§m—4k) dsdt+
o Jrw

to
/ / (llk\Qk—kerJ) L OIVEIT ke dsdt = 0.
o Jre 2

The rest of the proof falls into a sequence of lemmas.

(6.27)

Lemma 6.9. Under the assumptions of Proposition 6.8, we have

to 1
/ ouf - 2VIm hds = f/ IV ~2 k(to)|* ds
(628) 0 F(t) I'(to)
1 m—
,5/ VT2 k(0)|2 ds — N3 — N
r'(0)
Joxasameavcmso. Notice that V] = —9,IT and V™~ 2k = IIV™2k. Since m is even, it

follows that
Ouf - 2VIm kds = / (V)™ 2820, f -TIVY 2kds =

T(t) T(t)

VITI920, f - VI 2k ds.
()

Recall that the integer m is even. From this and identity (6.7) in Lemma 6.1 we obtain

Ouf - O2VE" Yk ds = VI 20, k- VI ?kds — VI 2 (mo k) - VI 2k ds.

IT'(t) IT'(t) T'(t)
Recalling the expression for I2;(t) we can rewrite this equality in the equivalent form
(6.29) Ouf -2V kds = VIV k- VI 2 kds — Io(t).
r'(t) r(t)

Let us consider the integral in the right hand side of this equality. Using identity (6.9) in
Lemma 6.2 with ® replaced by k£ we obtain

VA, k- VT 2 kds = VY Vi E -V ke ds—
T'(t) T(t)

A O v k)-v;’“%dsf/ VI (m Vs k) - VI 2k ds

T(t) r(t)
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or equivalently
VI, k- VI 2 kds = VAV E - VT 2 kds — In(t) — L (t).
r(t) r(t)
Repeating this process and using again identity (6.9) we finally obtain

m—2
2

VIV k- VI kds = VoVE k- VI kds — Y (Ini(t) — Taioa (1))
r(t) r(t) i=1

Notice that

ViV k- VI Pk =0,V P k- VI
since V72 is orthogonal to 7. Thus we get

m—2
2

/ VIV, k- VI 2 kds = VT k- VI P kds — Y (Ini(t) — Iz (1)
r(t) r(t) i=1

Combining this equality with (6.29) we arrive at the identity
/ O f - O2VI L ds = / VT -V L ds
r(t) r(t)
(6.30) -

- Z Loi(t) — Z Ini_1(t)).

Now consider the integral
to
/ VT Pk -V kdsdt.
o Jre

Our task is to integrate by parts with respect to ¢. The difficulty is that the curve I'(t)
and ds depend on the time variable. In order to cope with this difficulty we rewrite this
integral in terms of the original independent variable 6. The change of variable s — 0
leads to the equality

to to 27
/ VI Pk VI kdsdt :/ / VT2 k. VT 2k g dodt,
o Jrw o Jo
where /g = |0 f|. Integrating by parts gives the equality

to 27
/ WV P k-VI Tk /g dodt =
0

0

031 g [V k) Ve — g [ VI HOP Va0
_%/0/0 T R 9, /9(0) dod.

Next we have )

dvolt) = |00 f]

(89]‘ . aQatf) = (89.f : asatf) g(t)'

Notice that .
Osf - 050t f =700 f = —0sT -0 f = —k~V:—§772,

which yields

| e kor on/e@do = 5 [ 190 k)P a0 a0 =

1

(6.32) .
”/ VP2 k(t))? mads = — = In—a(t).
2 Jr 2
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Next, we have

3V kCor Vel 5 [ VIO Val s -

1 _ 1 _
§/ v Qk(t0)|2ds—§/ |VI 2 k(0)|? ds.
T'(to) r(0)

Substituting this equality along with equality (6.32) into (6.31) we obtain

to to 27
/ VT k- VT 2k dsdt :/ VT Pk -V Tk /g dodt
(6.33) 0 T(t) 0 0
1 1

to
- 7/ |VT’2kz(t0)|2ds—l/ |vm-2 k(0)|2ds—f/ Tm_s(t) dt.
2 Jrey) 2 Jro 2 Jo

Integrating both sides of equality (6.30) and using relation (6.33) we arrive at the desired
equality (6.28).
(|

Lemma 6.10. Under the assumptions of Proposition 6.8 we have
to to

(6.34) / Vik-82Vim Ykds = / / |V k(t)]? dsdt — N.
o Jr@) o Jr@)

Jloxasameavcmeo. Arguing as in the proof of Lemma 6.9 we obtain

Vik-92V2" Ykds :/ (V)" 102V2k - IV kds =

r(t) r(t)

(6.35)

VP82 V3ik - VT ds = V4V, V3ik - VT ds.
r(t) r(t)

Note that
0:V2k = V3k+ (1 0.V2k) 7.
Since V2 is orthogonal to 7, we have
0sV2k = Vik — (k- V2k) T
It is easy to check that
Vo((k-Vik)T) = (k- Vik) VT = (k- V2k)k,

which yields
Vs V2k = Vik — (k- V2k) k.
Substituting this relation into (6.35) we finally obtain

Vik- 02V ds =
ING)

/ |VIk|* ds — VI (k- V2k) k) - V'K ds,
I(t) I(t)
which along with the expression for A5 implies desired equality (6.28). ]

Recall the denotation
1= %|k|2k k4 dJ

Lemma 6.11. Under the assumptions of Proposition 6.8 we have

to
(6.36) / T2V — A,
0
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Jloxasameavcmeo. The proof imitates the proof of Lemma 6.10. We have

/ T-@EViW“kds:/ (VD™ 4027 - IIV ™k ds
(6.37) I'(t) I'(t)

_ / VIUYL0, T - VT ds.
r'e)

Notice that T is orthogonal to 7. It follows that
s T =V L+ (1-0:T)7=V,T—(k-T)T.
Next we have
Vi((k-T)7)=(k- ") VT =(k-T)k,
which yields
Vo0 Y = VY — (k- T) k.
Substituting this relation into (6.36) we arrive at the identity

/ Y- 02VETT kds =
r'(t)

VI . VT ds — V& ((k-Y) k) - VI'k ds.
r(t) r(t)

which along with the expression for Ny yields (6.36). O

We are now in a position to complete the proof of Proposition 6.8. To this end, it
suffices to substitute equalities (6.28), (6.34), and (6.36) into integral identity (6.27).
]

6.3. Estimates of reminders M.

6.3.1. Estimates of N1 and N>. Estimates (6.21) for m; lead to the basic estimates for the
reminders N; in the integral identity (6.24). The first result in this direction is given by
the following

Lemma 6.12. Assume that all assumptions of Theorem 3.5 are satisfied. Let an even
integer m > 4 and o € (1/2,1) be given. Then, there is ¢, depending on m and o, such
that

2(1—0)

T
(6.38) \M-|§c/ (1+||k(t)||§;gn ) for i=1,2.
0

Jloxasameavcmeo. The proof is based on Lemma 6.7 and Corollary 6.5. We give the proof
only for the quantity A7. The proof for N is similar. It follows from representation (6.25)
for N1 that

m—2

2 to 1
N = Z / Ipi(t) dt + §Im,2(t),
(6.39) =0 /0

L(t) :/ VI (maVik) - VI Pk ds.
(%)
Hence it suffices to estimate I2;(t). To simplify the notation, we omit the symbol ¢t. By
the Cauchy inequality, we have
(6.40) | Fail S IVET2 2 (1K) g 195kl -
Recall that for every normal vector field ® = pn, we have
Vi® =0 pn.

It follows that . ’
TV =md¥Kn, K=k-n
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and

V22 (mVEk) = 00 2 2 (mdl K.
Thus we get
(6.41) |\v;"—2—2i(7r2v§ik)||H§ < \|7r285iK||H;11—2_21:.

The Moser inequality and the continuity of the embedding Hf — L°°(0,L£) imply the
estimate

||7T283iK||Hén—272i <c H7T2||H;n7272i ||8521K||H57 +c ||7T2HH§’ ||832¢K‘|H;n7272i
(6.42)
< cllmall a2 [ K| e + ¢ [mallaag K| y-

It follows from the interpolation inequality and estimate (6.21) in Lemma 6.7 that

1-5% =z
m2llirg < Almll o™ Nimall s <

(643) 1+2  1——¢< 1+lu (o4
C(]‘—’_”kHHuZz) m—2 (1+||kHHnTn7n )'m.72‘

Since ||k|| HY is uniformly bounded, the interpolation inequality implies

2
Kl 2z < cllkll zn-

Substituting this inequality in (6.43) we arrive at the estimate

(6.44) Im2llg < U+ [|El5p),
where ) _
o o o o + 20
e e A

Next notice that | K|| Hy = k]| 1Y is uniformly bounded, which yields

m—2
1 g < K e -

From this and (6.44) we obtain

2420

m=2
(6.45) Imallmg 1K gz < e (U4 [kllag) ™ 1K -

Next, estimate (6.21) in Lemma 6.7 and the interpolation inequality imply

o
I Zs

2ito
172l 22 | K| r2ive < C(1+||k'HH§nm ) K5 <

m—2

=2 (14 5 257) 2ito
e (L4 lkllgm 77 ) 1K g

which gives
m—2i+4o 2ito
(6.46) Imallpgeaac 1K e < e+ IRl ) 1K

Substituting (6.45) and (6.46) into (6.42) and next into (6.41) we arrive at the inequality

VS22 (m2 VK ) | 20,.2) < e(1+ [[Ellmp) 1K e +
(6.47) m—2ito 2ito
o+ Kl IK

Now out task is to estimate Hy-norm of K by Hy-norm of k. To this end, notice that
the identity V7k = 87K n and boundedness of L?-norm of K = k - n yields the estimates

1K |y < e+ 110:K g = ¢+ cllVikll g,
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which holds for every integer » > 0. Applying estimate (6.15) in Corollary 6.5 we arrive
at the inequality

1Ky < e+ cllklla.
Substituting this inequality with » = m into (6.47) leads to the estimates

m—2—21 2% % 21‘7%
V3 (m2Vi'k) g < e(1+ &l g™ ) (L4 Kl )

2+20 m—2
m
m
#

(6.48)

20
H A+ Nkl g ) U+ Elap) ™ < e+ [lkllap)

In order to complete the proof, note that estimate (6.15) and the interpolation inequality
imply the estimate

_ 1-2
v le\Hg <c+ c\|k|\H§n4 <c+ chHHé,Lm.

Combining this estimate with (6.48) and (6.40) we finally obtain the inequality

1—2 _2(d=0)

20
[L2:(8)] < e(1+ RO mm )" (L (RO ap)' ™ < e+ [k@)lap)*

which along with expression (6.39) yields desired estimate (6.38). O

6.3.2. Estimates of N5 and Nj. In order to complete the proof of Theorem 3.5 it remains
to estimate the reminders N3 and Ny given by (6.26). The result is given by the following
lemmas.

Lemma 6.13. Assume that all assumptions of Theorem 3.5 are satisfied. Let an integer
m >4 and o € (1/2,1) be given. Then there is ¢, depending on m and o, such that

2(1—0)

to 7
(6.49) |N3|§c/0 A+ RO ™).

Jlokazameavcmeo. Recall that
to
Nz = / VI (k- Vik) k) - VI kdsdt.
o Jr@)

Hence out task is to estimate the integrand in the right hand side of this formula. To
simplify the notation we omit the symbol ¢. By the Cauchy inequality, we have

050 | [ VI VIR Tk ds] < VPG VERR) g [V bl
Notice that k = K n and V2k = 82K n, which yields

(k-Vik)k=K?02Kn, VI (k- -Vk)k)=0""""(K*9?K)n.
From this we conclude that
(6:51) IV (k- VER)R) g < KK | s
The Moser inequality, and continuity of the embedding Hy — L™ (0, £) imply the estimate

IV (k- VERR) o <
(6.52) C||K||i<><>(o,z:)||K||H’;n—2 + C\|352K\|Loo<o,c)||K\|L°°<o,c)||KHH;n—4
< R g 1K gos + el K gz IR g 1K s

Since the || K]|| HY is uniformly bounded, the interpolation inequality yields

o 1—2
1Kl < el 1K pmme < Kl

2+

o 1—4
1K 2+ < cll Kl s K g < el K[t
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Substituting this inequalities into (6.52) we obtain
m—4 2 1-23-02)
(6.53) IV (G- V2R g < ell Ky ™
Next, inequality (6.15) in Lemma 6.5 leads to the estimate
[Kllzzg < e+ cl0"Kllgg = ¢+ cllVi'kll g < e+ cllkllmp,

which along with (6.53) yields the estimate

2(1—0)
(6.54) IV (k- Vﬁk)k)ng < (L |[kl|ap)' ™

Applying again inequality (6.15) we obtain
IVE Ky < e(+lIk[lzzg)-

Substituting this inequality and inequality (6.54) we finally arrive at the estimate

2(1—0)

VETH(k(E) - VER(E)R(D) - VER() dS‘ e+ k@llap ),

’ r(t)
which obviously yields desired estimate (6.49). O

Now our task is to estimate the reminder
to to
Ny = / V;"% ((k: -Y)k)-V3kdsdt — / / VZHQT - V3'kdsdt,
o Jre) o Jr@)

where 1
T= §|1<:|2k —k +dJ.

Lemma 6.14. Assume that all assumptions of Theorem 3.5 are satisfied. Let an integer
m >4 and o € (1/2,1) be given. Then there is ¢ depending on m and o, such that

2(1—0)

to _2(
(6.55) |N4|§c/0 A+ IR ™ ).

Jloxazameavcmeo. Introduce the functions
1 e 1 e
My = =S92 2 (K[ R) + 5 VI kR,
(6.56) My = =V (k) + VI ([ R),
Mz = —VT72(dJ) + VI (k- dJ))k).

It is easily seen that

3 to
Ni=>" / M;(t) - VTk dsdt,
i—=1 70 '(t)

Estimate (6.15) in Corollary 6.5 implies
IV Kl g < e(1+[Ikllzg)-

From this and the Cauchy inequality we obtain the estimate
3 to
(6.57) (Nal < CZ/O M@l g ey (14 k@) ez eyt ) -
i=1

Now our task is to estimate H,?—norm of M, First we derive estimate for the quantity M.
We begin with the observation that

|’k = K®n, (k- (|k*k))k=K°n,

(6.58) 5 3 5 5
Vi(K°n) =0;(K")n, V5L(K’n)=0;(K")n,
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where K = k - n is the scalar curvature and r > 0 is an arbitrary integer. It follows from
this and the Moser inequality that

IV (R R o < C\|K3||Hﬁm—2 < CIIKH%;’IIKIIH?—Z-

Since || K|| HY is uniformly bounded, we may apply the interpolation inequality to obtain

204+m—2
m

IV (PR < cll Kl gz
Note that estimate (6.15) in Corollary 6.5 and the identity Vi'k = 97*K n imply the
inequality
[ Kllazg < ¢+ el Ky = ¢ +cllVS'kll g < e+ cl[kllmp-
It follows that

2(1—0)

(6.59) N 2R g < e(1+ [[klmp)' ™

Repeating these arguments and using identities (6.58) we obtain

l1—0o

. 1_40=0)
IV R R p < e (U [kl ™).

Since o € (1/2,1), we conclude from this and expression (6.56) for M; that

_2(1-0)
(6.60) IMillgo < e(L+ [lkllam)'~ "
Arguing as before we obtain the estimate

1(1—0)

(6.61) 1Mo < e(1+ |lklmp)'
It remains to estimate H,?—norm of M3s. Recall that dJ is a normal field and set

dJ =v¢n, 1 =dJ-n, which yields (k-dJ)k = K*yn.
Thus we get

VI =00 Py, VI (k- dI)k) = 87 (K Y) n,
which leads to the inequality

1Ms | zp < ellll s + K4l s
The Moser inequality and the embedding theorem imply the estimate
1M1y < ellll -2 + CIIKH%gIIwHH’;n% + cl Kllg 191 g (1K || prm—a

Since |W\|H§) = HdJ||H§ and ||k:||H§n are uniformly bounded, we may apply the interpolation
inequality to obtain the estimate

1—2 20 1—4 o o 1—-4
(6.62) 1Msllmy < ellllzrp + WK izp Il mp + 1K e (01 i L ™

Next notice that by virtue of estimate (6.15), we have
1y < (14 107 Kl g) = (1 + [V klLag) < o1+ 1kl ).
Recall that ||dJ|| o and ||k||zo are uniformly bounded. From this and estimate (6.14) in
Lemma 6.4 with r = m and ® = dJ we conclude that
[llag < e(U+ 105 Plmp) = c(L+ (VAT | g) < e(L+ ||kllzp + ldT || pr).-
By virtue of Theorem 3.2, we have
@l s < e+ IKlp), B € [0,1/2),

which gives
[llage < e+ [kl age) -
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Substituting the obtained estimates for ||K||H§n and ||w||H§" into (6.62) and noting that
o € (1/2,1) we finally obtain

_2
(6.63) 1Msllng < (UKl
Combining estimates (6.58), (6.61) and (6.63) we arrive at the inequality

2(1—0)

3
Do IMiOllmoy < L+ Iklme)' ™=
i=1

Substituting this inequality into (6.57) we obtain desired estimate (6.55). O
6.4. Proof of Theorem 3.5.

Jlokazameavcmeo. We are now in a position to complete the proof of Theorem 3.5. We
begin with the observation that the estimates of A; given by Lemmas 6.12, 6.13, and 6.14
imply the inequality

4 to g_2(1=0)
Sl e [ kol .
i=1 0
Since o € (1/2,1) we may apply the Young inequality to obtain
4 to
(6.64) D IV < eeto + e/ 1) [32ye dt,
i=1 0

where € € (0,1) is an arbitrary number and the constant c¢. depends on e. Next, estimate
(6.15) in Corollary 6.5 yields the inequalities

(6.65) HVZ"fzkHHg >(1- 26)\|k|\§{gn,2 —ce, (VK = (1= 2€) |||y — ce.

Substituting these inequalities in the main integral identity (6.24) we arrive at the estimate

1— 2
k
=

to

()3 + (1 =20) [ ko) g e <

1 _

Ce(1+to)+*/ VT 2E(0))° ds.

2 Jr()

Setting € = 1/6 we finally obtain
to
k(to)|2m—2 + [ k@) dt <
! 0 #

3 —
c(1+t0)+7/ |V 2k (0)| ds.
2 Jr

This completes the proof of Theorem 3.5. O

7. PROOF OoF THEOREM 3.6

Joxaszamesvcmeo. Since k = 92 f, it follows from estimate (3.25) in Theorem 3.5 that

(7.1) sup [|f(®)lly < (T + 1) + By .
[0,T]

Recall that the length of the curve I'(¢) is uniformly bounded from below and above by the
constants 2/Eo and Eo. Hence the embedding theorems holds in the spaces Hy (t), r > 0,
t € [0,7], with embedding constants independent of ¢. Since the embedding H™(t) —
C™71(0,L(t)) is continuous, it follows from this and (7.1) that f and k as a function of
variables ¢ and s admits the estimate

(7.2) [SOU% If)llem-100,00)) + IEE)llem—300,20t)) < (T + 1) + Em.
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Notice that s is an auxiliary variable and the basic independent variable is 6 € S'. Hence
our task is to estimate the derivatives of f as a function of the variable 6. To this end,
note that

0s(t, 0
(7.3) W) o d), where /gt,0) = 106 /(0,0)].

Let us estimate the length element ,/g. It is easily seen that

0V g(t) = (Oof - 000t f) = (Osf - 0s0cf)\/g(t) .

|8 fl
Notice that 1
agf . 838tf =T- 838tf = —837' . th = —k V= —571'2,

which yields the ordinary differential equation for ,/g:

(7.4) 3t\/§:—%7r2 g or \/g(T):\/gT)e_%fOt”dt.
It follows from estimate (6.21) in Lemma 6.7 that
2l s < 0L+ [l -2 752
which gives
(7.5) sup w2 (t) [l cm—s(0,c0)) < ¢
[0,77]

Next we have for every integer r > 1
Opma = Z 00my Z Cpa(Dgs)” 89 5)* ... (0gs),

where the interior sum is taken over all nonnegative integer vectors « such that
artaz+...ar=p, a1+202+ - +ra,=m,

and ¢, are some constants. In particular, we have
Opms = Z%z 2 ere(VA)™ @ov)™ (057 V)™

Differentiating both 51des of equation (7.4) with respect to 6 we obtain

(7.6) 0:(95+/7) = —%m 5/3) + Ro,

where
r—1
RT:*ngag (Zapﬂ_chpa al 89\/>) (8T 7 1\/5)“7‘)7
o=0

and
a1t ot .. e =p, o1+202+4 -+rar_6=1—0.
Notice that R, contains only the derivatives 85\/§ of order j < r — 1. Moreover by virtue
of (7.5), we have
|05ma2(t,0)] < c forall te€[0,T] and r <m —5,

which yields the estimate

(1) B < c(1+ 3 10hval)"

i=0
where the integer N depends only on r. It follows from this and (7.6) that

r—1
(7.8) sup |05/g] < csup |05yl + sup (143 10iv3l)"
=0

[0,T]x S [0,T]xS
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forall1<r<m-—5.
It follows from the conditions of Theorem 3.6 that

sup|0p+/go| < c forall r<m—5.
sl

On the other hand, we have
VG = goe 2™ which yields 5= < c.

From this, (7.8), and the induction principle we conclude that
(79) cup Vg lom-ec) < e

This inequality along with the relation
0ps(t,0) = /g(t,0)
leads to the estimate
ls(®)lgm-s5s1y < e
Combining this result with (2.11) we arrive at a priori estimate (3.26) for f,
Ifllco,riem-s5@ty) < e

Employing equation (3.20) and repeating the previous arguments we obtain desired estimate
(3.26) for 0 f. This complete the proof of Theorem 3.6. O

ITpnno>kEHUE A. PROOF OF LEMMAS 2.1, 2.2, AND COROLLARY 2.4

Proof of Lemma 2.1. It suffices to estimate £ from below. The estimate from above
obviously follows from (5.11). Since I' is a C* Jordan curve, the degree of the mapping
7:T — S" equals 1. Hence there exists s* € (0,£) such that 7(s*) = —7(0). We have

2=1r(s) —7(0) < /0 k| ds < x/Z(/; |k|2ds)1/2 < VaVIvE,

which implies the estimate v/£ > v/2/Ey. The proof of Lemma 2.1 is completed.

Proof of Lemma 2.2. We will consider the immersion f = (f1, f2) as a function of the
arc-length variable s € [—£/2, £/2]. Obviously it can be regarded as L-periodic function
on R. We have 0sf1 = 71, Osf2 = 72. In the Cartesian system of coordinates associated
with z, we have 7(0) = (1,0). Notice that 7 is L-periodic and

1057l 2=z /2,2/2) = Wkl L2(=2/2,2/2) < V2ED0.
It follows from this and embedding theorem that
(A1) ITllca—cr2.c2) + flloita—z/2,c/2) < el Eo)

for all & € [0,1/2). This means that the curve I' belongs to the class C'™* and its
smoothness properties depends only on a and Ey. In particular, there is a positive &,
depending only on Ey, such that

1 1

[0sf1(s) — 1| < —=, |0sf2(s)| < == for all s € [—3k,3k]

12 12

and
0 < ¢(Eo) ' <k <e(By) < oo
Therefore, the mapping z1 = f(s), s € [—3k, 3k] is diffeomorphic. We denote its image by
[—a, B]. The mapping
(@) = fo(fi ' (21)), @1 € [~ f]

is well defined and continuously differentiable. Moreover, the identity ' = 9sf2(9sf1) "
yields the desired estimate (2.3) for n’. Next, we have

0" (1) = (02 f2(0: f1) ) (s(21)) — 2(0s f2(0s 1) 203 f1) (s(z1)).-
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Since the absolute values of the derivatives (9s f1)i1, 0Os f2 are bounded by 2 on the segment
[—3k, 3k], it follows that

B 3Kk
/ || dzy < c/ |02 f?ds < cEy.
—« —3kK

This completes the proof of Lemma 2.2.
Proof of Corollary 2.4. By virtue of Corollary 2.3, we have for every ¢ € [0, 7],

u(t) = érrlfz) dist (T'(t) \ Tax(t), Tax(t)) > 0.

Here T'3.(t) and T'2.(t)) are the arcs centered at z and defined by Lemma 2.2 with T
replaced by I'(t).

It is necessary to prove that inf; v(¢) > 0. Suppose, in contrary to the our claim, that
there are sequences t, and z, € I'(t,) with the properties

dist (T'(tn) \ T34 (tn), T5.(tn)) = 0 as n — oco.

Here T's, (tn) and 'y, (t,) are the arcs centered at z, and defined by Lemma 2.2 with T’
replaced by I'(t,).

After passing to a subsequence we may assume that ¢, — te € [0,T] and 2z, — 2* € R?
as n — oo. It follows that there are sequences z;, € T'(t,) \ Tsx(tn) and z;, € T'ax(tn) such
that |27, — z;,| — 0 as n — oco. Choose the arc-length coordinates on I'(¢,) such that the
corresponding arc-length coordinates equal zero at z*. It follows that

Zn = f(tn,sn), 20 = f(tn,s0),
where
sn € (—L(tn)/2,L(tn)/2) \ (=3k,3K), s, € (—2k,2kK).
Passing to subsequences we may assume that
S = Soo € (—L(teo)/2, L(tsc)/2) \ (—3K,3K), sn — 5" 0 € (—2k,2K).

It follows from condition H.3 that

2 = f(tn,5n) = Fltoo, sec) and 2y = f(tn, 51) = f(too, s5)
Hence
(A.2) Fltoo, 560) = f(too,5m) and Sog # Soo-

On the other hand, Condition H.2 implies that the curve I'(to) has no self-intersections.
This contradicts to relations (A.2).

ITPU/1O>KEHUE B. SOBOLEV SPACES

B.1. Anisotropic spaces. In the proof of basic results in Section 4, the analysis of
function classes with specific smoothness properties with respect to specific space variables
is required. In this subsection we collect the basis facts about such spaces. The results will
be used in Sections C and D.

Let

Qm = (—Fm;Km) X (=pm, pm), m € [1,7]
be a rectangle defined by (3.1). Fix an arbitrary smooth function ¢ : Q. — R compactly

supported in the interval y1 € (—Km, km) for every y2 € (—pm,pm). Assume that ¢ is
extended by 0 to the strip R X (—pm, pm). Introduce the norm

[@llx=e = sup [[6(y1, 2= pmpm)s
(B.1) v R

2 2 ML
6llys = 1¢1z2(@m) + 11019l122(Q,0)-
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Since ¢(+,y2) is smooth and compactly supported in R, we can rewrite this definition in
terms of the Fourier transform. The Fourier transform ¢(&,y2), (&,y2) € R X (—pm, pm),
is defined by the equalities

R _ L [ e L [ ieng
?(&,y2) = \/ﬂ/nge o(y1,y2) dyr,  P(y1,92) = \/ﬂ/me (€, y2) dg.

With this notation definition (B.1) for Y?-norm can be written in the equivalent form
Pm N
(B2) oty = [ ([ @+ € 1606 1) de) due.
—Pm R
Using (B.2) we can define Y?-norm for any 3 € R:

pm R

(B3) I61s = [ ([ @+ € 1806wl de) e
—Pm R

Notice two elementary inequalities for the introduced norms.

Lemma B.1. Let ¢ be a smooth function compactly supported in Q... Assume that ¢ is
extended by 0 to R X (—pm, pm). Then

(B.4) [6llxoc < c(o) lgllye for every o >1/2,

1-2

(B.5) [6lly> < e(@) 1191l 2, |67+ for every o >0 and 0 <~ <o.

Hoxasameavcmeo. In order to prove the first estimate (B.4) in Lemma B.1, note that

sup [9(1n, )| < r/msgyz | de.

Thus we get

Pm Pm 2
[E sup/ l6(y1, y2)|? dy2 S/ { sup |p(y1, y2) \} dyz <
(B 6) Y1€ERJ —pp, —pm - Y1€ER

o[ { [t rae) an

Since o > 1/2, the Cauchy inequality implies the estimate
" 2 2\—o 2\o n 2
{ [16€mide}” < [areymae [a+e) 1o m) ae
<o [a+e) b e

Substituting this estimate into (B.6) we finally arrive at the inequality

\|¢\|Xoo</ / €37 |B(€, o) de dys,
Pm

which along with (B.3) yields the desired estimate (B.4).
It remains to prove the interpolation inequality (B.5). We begin with the observation
that

(14718 y2)I* = (16, 52)))' ™7 (L +E2)719(&,92) ")), 0 =~/o.

From this and the Hélder inequality we conclude that

[aseriaemacs ([ ioemra) " ([a+eriaemae)’



GRADIENT FLOW FOR KOHN-VOGELIUS FUNCTIONAL 45

Combining this inequality with (B.2) and applying the Holder inequality we finally arrive
at the estimate

[l =[pm {/R(l+§2)7\<13(§7y2)\2d§}2dy2 <
[ bt ae) ™ (faveridemr i) b <
([ [1ocmPacan) ™ ([ [a+eridemr i)’ -

Pm Pm
2(1—-0 29
ll13% " NIl -

Recalling that ¢ = v/o and

16l1%0 = / / 1€, )| dédys = / / 16@) 2 dyndys = 620,

—Pm —Pm
we obtain the desired interpolation inequality (B.5). O

B.2. Proof of Lemma 5.5. Without loss of generality we may assume that £ = 27. For
the sake of simplicity, introduce the temporary notation:

(B.7) F=u, Fi=v= Z u(s + 2km).
k=—o0

It is necessary to prove that

(B.8) ol peire < Tl 2oy

Step 1. New norm in H™'/2(R). Tt is convenient to introduce the equivalent norm on
the space H™F/2(R). Recall that

(B.9) oy = [ (H1ER™ 2 (o) de.

Introduce the pseudodifferential operators S and T defined in terms of the Fourier transform
by the equalities

P 1 _—

(B.10) Su(§) = A+ i a(€), Tu(§) =T(&)u),
where

(=it i
(B.11) T = EAEREE 6).

It is clear that

(B.12) T = ()" S.

Introduce the Hilbert norm defined by

(B.13) |U|§1m+1/2(R) = HUHiQ(R) + ||TU||i2(R):

or equivalently

(B.14) Wi = [+ TOF) O de
R
Since
AP STHITEP < e+,
the norms || - || ym+1/2(z) and |+ | gm+1/2() are equivalent, i.e.,
(B.15) cfl|\u||Hm+1/2(R> < |U|Hm+1/2(R) < C||UHH7n,+1/2(R).

Finally introduce the function

(B.16) 2(¢) =T uE), ¢k
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It is clear that
(B.17) |u|fqm+1/2(nz<) = ||@H2L2(1R<) + ||‘I)H2L2(R)-

Step 2. New norm in HﬁmH/Q. It is convenient to introduce the equivalent norm on
the space H;n+1/2. Recall that
oo

(B.18) |‘U||i[;n+l/2 = > (LR o,

k=—oc0

where the Fourier coefficients are defined by

1 ™

~ Vol

Introduce the operators Sy and Ty defined in the Fourier basis by the equalities
1

where T is defined by (B.11). It is clear that

U e u(s) ds.

(B.19) (Syv)k = (Tyv)k = T (k) vk,

(B.20) Ty = (9s)™ " Sy.

Introduce the Hilbert norm defined by

(B.21) [Vl sz = Z Jox ] + Z T (k) Joe]?.

Arguing as before we conclude that the norms || - || m+1/24 and |- | ,m+1/2 are equivalent,
#

ie.,

(B.22) 671 H’U||H§n,+1/2 S |U|Hnm+1/2 S C”vHH;n+1/2,

Finally introduce the sequence
(B.23) Dy(k) =T (k) vk, —o0<k< oo.
It is clear that

(B.24) |U|i{§"“/2 = Z vk + Z |y (k)|
i &

Hence we can rewrite inequality (B.8) in the form

\v|H;n+1/2 < c|u|Hm+1/z<R).

From this and representations (B.17), (B.24) for the norms in the spaces H;"H/Z and
H™1/2(R) we conclude that this equality is equivalent to the following

(B.25) Z vk + Z |1@4(k)|* < ([l 72y + 1 @I72(m))-
% k

Step 3. Relation between ® and ®y. Let a compactly supported function « and a periodic
function v are connected by relation (B.7),

oo

v = Z u(s + 2km).

k=—o0
Furthermore assume that ® and @y are defined by (B.16) and (B.23). Then we have the
identity

(B.26) Oy (k) = ®(k), —oo < k < oo.
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Indeed, we have

By (k) = T(k) vx = Tk )\/%/ " ek (s) ds =
S T(k‘) 2 —iks 2+ —' ks
Z ﬁ/o e "Pu(s 4+ 2mj) ds= T/ u(s) ds

=T(k)— / e "u(s) ds = (k).
T
Similarly we have
(B.27) v = a(k), —oo <k < oo.
Substituting (B.26) and (B.27) into (B.25) we conclude that it suffices to prove the

inequality

(B.28) > (lak)* + |2 (k)[*) < C/R(Iﬁ(E)IQ +12(6)1%) dé.

k

Step 4. The proof of inequality (B.28) is based on the following lemma
Lemma B.2. Under the above assumptions we have
(B.29) Hq)HHl(]R) < CH{L”L%R + c||(1)||L2(R), HuHHl < CHUHL2(R)
Jloxaszameavcmeo. Recall that
Tu=0"""Su, Su=(1+[¢*) Y a
The operator S is the Bessel potential of order 1/2. It admits the integral representation

(B.30) Su(s) = /Rb(s —t)u(t) dt,

where the Bessel kernel b has the following properties, see [2], Ch. 1. On the interval
(—k, k) it has the representation

(B.31) b(s) = C(TS)| +o(s), o€ C™[—k,K],

Outside of this interval the kernel b(s) admits the estimate

(B.32) |80b(s)| < c(r)e Pl for all |s| >k, r>0.

Here f3 is some positive exponent. Choose an arbitrary function ¢ € C§°(R) such that
C(s) =1 for |s| <2k, ((s)=0 for |s| > 3k.

We have
Tu=(Tu+ (1—-¢)Tu

Obviously we have
(B.33) / |s ¢ Tul>ds < cm2/ |Tul? ds
R R

Recall that u is compactly supported in the interval (—k, ). From this and estimate (B.32)
we conclude that the inequalities

Tu(s)| = ]/Ra;"“b(s—t)u(t) dt] <

c/ e Pls=tlyt) dt < ce PI®! / lu| dt < ce™ P! [l L2 Ry
R R

hold for every s with |s| > 2k.
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Since (1 — ¢) Tu equals zero in the segment [—2k, 2k], it follows from this that
[0 =0TueP s <c [ 5 as fulfag
< CHU’H%Z(R)'
Combining this estimate with (B.33) we obtain
(B.31) [ 1T s < el fage, + I Tulage) ).

Next notice that
— 1 —~ 1 —
sTu = gﬁgTu = 385'@, Tu = .

From this, (B.34), and the Plancherel theorem we obtain

/}R 10012 de < e([|l22 ) + @220 ),

which gives the desired estimate (B.29) for ®. Repeating these arguments with essential
simplifications we finally obtain estimate (B.29) for 4, and the lemma follows. O

We are now in a position to complete the proof of Lemma 5.5. To this end, it suffices
to prove inequality (B.28). Notice that

|@(k)|* < 2|1@(8)]* + 2|D(8) — @(k)|.
Next we have
k+1
|(§) — (k)| < (/ \6§<I>|2d§)1/2 for ¢ € [k, k+1].
k
It follows that

k+1
\<I>(k)|2§2|<1>(§)|2+2/ ! |0e®|* d¢ for € € [k, k+1].
k

Integrating both sides of these inequality over the segment [k,k + 1] we arrive at the
inequality

k+1
B(k)[<2 / ((E)[* + 0cB[? de.
k

Summation this inequality with respect to k gives

S 1007 <2 [ (0@ +0c0f) de = [ o
From this and Lemma B.2 we conclude that
(B35 SO < (il + 1912

Repeating these arguments gives

[eS)

(B.36) Do lak)? < cllallza -

—o0o

Combining (B.35) and (B.36) we obtain desired inequality (B.28). This completes the
proof of Lemma 5.5.
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ITpunoxEHUE C. PROOF OF LEMMA 4.3

We begin with the observation that the function w satisfies the divergent elliptic
equation
div (aNVu) =0 in Qo,
with the matrix a/N bounded from below and above by the constants, depending on Cx
and ao. It follows from this, inequality

l[ullz2(Qq) + IVullL2(gp) < Cu < 00

and di-Giorgi-Nash-Moser estimate for the Holder norm of solutions to the divergent
elliptic equations that the estimate

lullco@y < c(Q') for some « € [0,1),
holds for every compact set Q' € Qo. We thus get the estimate
(C.1) [ville@) < cllulle@n < e
For m = 1, equation (4.19) reads
div (aNV@lvl) = — div (a1 NVv1)+
div (alu aNVe1 + uaal(NVgol)) +01(aVp1 - NVu) in Q.

Now we estimate every term in the right hand side of this equation. Since a is bounded
and N is independent of y2, we have
||a61NV’U1 HL2(Q1) S C HaleUl HL2(Q1) S
cl[oN| L2

(C.2)

sup  [[Vorl[pe
y1€(—kr1,K1)

lOIN L2 =y o) VL] x20 < e [[Vor]|xee.

Here we use estimate (4.5) for 01 N. From this and inequalities (4.4)-(4.5) with ¢ = Vo,
we conclude that for every fixed o € (0, 1),

a0t NV 1|12, < cl[Vvilxee < cVorllye

< clVorlla{y,) IVorll3 < el Vor ||

(=r1,Kk1) (—p1.p1) —

(C.3)

Let us estimate the second term in the right hand side of (C.2). Recall that L?-norm of
Vu and 01 N are uniformly bounded by the constants Cny and C,. In its turn, L° norms
of w and N are bounded by Cn and the constant in inequality (C.1). It follows from this
that

ladiu NV@1 +uadi(NVe1)|L2(g,) <
clVull 2y + cllon(NVe)ll 2y < c
It remains to estimate the third term in the right hand side of (C.2). We have
(C.5) [aVer - NVull2q,) < cllVullr2q,) < e

(C.4)

Multiplying both sides of (C.2) by 01v1 and integrating the result by parts we arrive at
the equality

/ aNVOiv - V81v1dy = —/ a1 NVuv - VOiv1 dy—|—
Q1 Q1

/ (O1u a NVo1 +uadi(NVer)) - Voo dy + / (aVr - NVu) 87v1 dy.

Q1 Q1

Applying the Cauchy inequality in the right hand side and employing estimates (C.3)-(C.5)
we obtain

(C6) [ aNVown Voundy < c(I9ulgs +1) 1901l 20,
Q1
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Recall that the matrix aN is bounded from below by the constant depending only on Cy
and ap, which gives

/ aNV@lvl . V811)1dy Z 671”V81’U1H§/2(Q1).
Q1
Obviously we have

[Vuillyr < e(IVivillze gy + 101 Vivillz2,)”
<ec(l+ ||81V1U1||L2(Q1))U <c+ c||81V’U1HZ2(Q1).
Substituting the obtained estimates into (C.6) we arrive at the inequality
VOrvillr2(q,) < clIVOv1ll72(g, +¢ o€ (0,1),
which obviously yields the desired estimate (4.20)
101Vv1 |20, < c

ITPruno>XEHUE D. PROOF oF LEMMA 4.5

D.1. Proof of estimate (4.22) for A,,. Introduce the temporary notation

H:(%N, w:81va.
Since @1 = 1 on the support of ¢y, it follows from the definition (4.10) of v, and estimate
(4.20) in Lemma 4.3 that
(D.1) IH 22 (= ) + Wl E2(0,0) < €
We have S

An= Y ad{HOVw+adi"NVup,
i+j=m—2,i,j>0

which yields
(D.2) Al 2@y < > Fij + 10U NVvmll£2(q,.)

i+j=m—2,i,j>0
where ' _

Fi]’ = ||8{H61 w||L2<Qm).
Let us estimate Fj;. We have

= [ ootk ay <
Q7n
pm )
{7 otz an} | [ 10t e},
—Km y1E€(— ﬁm»"m) Pm

Choose an arbitrary o € (1/2,1). Recalling the definition (B.1) of norms X°°, Y7 and
inequality (B.4) we obtain

(D.3) Fij < cllHllws2 (g ) 1010l x5 < CllHllws2( s, ) [1010]v-

Next, we employ the interpolation inequality in Sobolev space and the special interpolation
inequality (B.5) to obtain

HHHWJ 2( Nm,ﬁm) < C”H”L;( Koy ,ﬁm) ||H||Wm 1 2( Km K ) — CHHHW'm 1, 2< Ko, Hm)

and
i+o i+o ito

[O5wlive < fwllyie < clullyaig el < clwli.

Substituting these inequalities in (D.3) we arrive at the estimate

+
Fy < BN o o 0l

Km,
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Notice that

) , o _9
7 +z+or:]+z+a:m —|—a:)\<1
m—-—1 m-1 m—1 m—1
Thus we get
[+ A
Fij < e 1H[Sym=12( ey 105 mr )7
where
1, g 1+0o
== =1.
atp )\(m—1+m—1)
Applying the Young inequality we obtain
A A
(D.4) Fij < c( 1HIprm—1.2(—ppnpm) + 1wllym—1 ).

It remains to estimate the last term in inequality (D.2). By virtue of estimate (4.20) in
Lemma 4.3, we have

107" NVUm | L2(Q,) < € 107" NllL2(— i) 1VVm[Ixo
< O Nl L2 (= mm) VOmllyr < ellOF Nl L2 (<, m,) -
Substituting this estimate and estimate (D.4) into (D.2) we arrive at the inequality
A A m
(D:5)  [MAmlliz2@m) S cllHlwm=12(- g mm) T Clwllym=—1 4 cllOF NlL2( 0 m00)-

Since
w=01Vvy and |lwllym-1 < c(|[wllr2(q,y + 107 w2,

it follows from estimate (4.20) in Lemma 4.3 that

(D.6) lwllym-1 < (14 107" Vomllr20,.) )-
On the other hand, the equality H = 01N implies the estimate
(D.7) [Hlym—1 < e(1+ 107Nl L2(— g, mm) )-

Substituting (D.6) and (D.7) into (D.5) and noting that 0 < A < 1 we obtain desired
inequality (4.22).

D.2. The proof of estimate (4.23) for C™'. Recall that
Cm—-1=aVppy, - NVupy_1,

which yields

m—1

107 Con—1ll 22 (@) < € D 110} (NVUm-1)llz2(q0m)

p=0
<ct oy (NVom-1)r2(0,.)-

(D.8)

Notice that for m = 1 estimate (4.23) is obviously true. Next, it follows from (D.8) that
[01C1llL2(q,) < e+ cllor(NVU1)lL2q,,) <
c+ CHNalv’l)l”Ig(Ql) -+ ||81NV'U1 HL2(Q1)'
From this, estimate (4.20) in Lemma 4.3, and inequality (4.5) we conclude that
101C1]l 12 (g, < ¢+ cl|O1(NVv1)| 20, <
¢+ [ON 2 (= m) VUL x0 < € 4 €| Vr ]| xoo.
Employing estimates (B.4) and (4.20) we finally obtain

101C1ll L2y < ¢+ cl|Vuillyr < c+ |01V p2(q,,) < c.
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Hence estimate (4.23) holds true for m = 1,2. Let us consider the case m > 3. By virtue
of (D.8), we have

187 Cr—1ll L2 (@) < €+ €llOT ™ (NVOm-1)ll12(@pm) <
(D.9) c+ el T Vom-1llL2 (g, + Z N iV om-1lz2(an)-

itj=m—1,j>1
Arguing as before we obtain

17N 0F Tt 20y < eIV w2y 191 0mos .
Fix an arbitrary o € (1/2,1). Estimate (B.4) implies

101 Vom-1]xe < |01 Vom-1llye < | Vom-i|lyi+e

Thus we get
(D.10) 10N 91T 0m1 20y < N w2y [V0mollyis
It follows from (4.5) and the interpolation inequality that

m— 1—

(Dll) ||‘]\'f||WJ 2(—I<Lm,)<;m) < HN”WI 2( Kam s ,im)”N”‘:{/L'w? 1 2( Ko sKm)
=1

< C”N” m—2

wm= 12( K ykom )

On the other hand, interpolation inequality (B.5) and estimate (4.20) imply

1— % .
(D.12) [Vom-1llyi+1 < e[ Vom-illy: ™ [Vom-all{n20 <

CHV'U"L 1||ym 1 < C(l + H8 VUm—lHLz(Qm))ﬁ.
Substituting (D.11)-(D.12) into (D.10) and noting that

-1
INTwm=12(—np ) < NN L2 mm) F 10T N2 o))
< (14|07 N2

(—rmrom))
we arrive at the estimate
||(9jNai‘va71HL2(Qm) S

(1 + ”a{n INHLz( Km, Nm)) (1 + ||8 vvm—l”[ﬂ(Qm))m.

Since
j—1 i i+j—1
- -1
m—2+m—2 m—2 ’

we can apply the Young inequality to obtain

HaiNaivv’m*l”L?(Qm) <
(L4107 N 22— + 107 VomillL2(q,) )-
Substituting this inequality into (D.9) we finally obtain desired estimate (4.23)

D.3. The proof of estimate (4.24) for B,,—1. Since a and N are independent of y1, it
follows from the expression (4.15) for B: that

(D13) 107" B2, < €llOF (0m-1Vom)ll 120,
+e > 10N 05 (Vm—1Vmll 2@y -
i+j=m,i<m—1
We have
107" @1 Vem)lz2@m S e D 107 @n-aVemllzzgn

0<p<m
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which along with the Poincare inequality yields the estimate
101" (vm-1Vom)|lL2(@,) < ¢(1+ 101" vim—1l2(@,,_ 1))
< (14107 Vom-1llr2q,, 1)
For nonnegative integers 1, j, satisfying relations i + j = m, 0 < i < m — 1, we have
||8{N8f(vm71Vgom)||Lz(Qm) <
DTN L2 (= ) 101 (V=1 Vipm) || 2.

Recall definitions (B.1) and (B.3) of the Banach spaces X and Y°. Now choose an
arbitrary o € (1/2,1). By the embedding inequality (B.5), we have

(D.14)

(D.15)

101 (vm—1 V)l x= < cllvm-1Vem|lyits
which along with (D.15) yields
(016) N Bi(om1Vem)ll iz < BN L2y lom 1 Tomllyiss.
Next notice that by virtue of estimates (4.5) and (4.20), we have

INIw2(= i) + [Um=1Veon [y <c.

From this and the interpolation inequality we obtain

) G-t ito—1
I N 22 ey < CINIms o ommt Vipmllyso < cllvm Vol
Since ) )
j—1 Z+0_1:1—1_U§1,
m—1 m—1 m—1

it follows from (D.16) and the Young inequality that

HN 8} (vm-1Vom <

(D.17) lloi 1 ( 1Ve )||L2(Qm) =
L+ INllwm2(— ) + [10m—1Vomllym).

Notice that
INTwm2(— ) < €A N0T Nl 2(— i)
Arguing as in the proof of (D.14) we obtain

[vm—1Vomllym < (141101 (vm-1Vom)llL2(Qm)
<e(l+ HainilvvrnleL?(Qm,l) )-
Substituting these inequalities into (D.17) we arrive at the estimate
10]N 01 (vm-1Vom)ll12(p) < €L+ 107 Nl L2(— gy + 107" Vomoalli2(g,, y))-
Combining this estimate with estimates (D.14) and (D.13) we arrive at the desired estimate
(4.24) for Bp—1.
[IPuoKEHUE E. PROOF OF LEMMA 6.3

Introduce the denotations

(E.1) d=pn, k=Kn, ¢=®-n, K=k-n,
where K is the scalar curvature. We have
r—1 . .
05® —Vi® =0,(pn) —spn = Z ci0ip 0y 'n.
i=0

Note that
On = 87" = k', kT = (—ko, k1) = —Kr7.
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It follows that
(E.2) L —Vid = cidipds kT

Let us estimate L?-norm of every term in the right hand side. First we consider the case
when

i>1, j=r—1—¢>1.
The Holder inequality implies the estimate

|00tk = [ 10keP ot ds < ( [ 1oiel™ (e
r
which can be written in the equivalent form
105002k o < 105l 201 NIO2K] 26
L i (0,£) L 7

) L
ds) ,

’

From this and the the Gagliardo-Nirenberg inequality (2.10) we obtain

i . 1— —
©3) 100kl < el ML) (el 1K)
It follows from the embedding inequality (2.8) that for o € (1/2,1), we have

lpllzeco.c) < ellgllag-

Next, the interpolation inequality gives

1-< o 1 1—1
el < Nellgo™ Iellary, el < llell el
which yields
ol oo, ||¢||HT < ellelig el

where

) 7 o % r—1 ¢
EA4 1——)(1- _ ; = —(1
(E-4) = r)( r—1)+r(r—1)’ pi r( r—1)+ r r—1

Repeating these arguments we obtain

Il ||k||H, < bl Ik

The quantities o; and §; are given by the formulae (E4) with ¢ replaced by j. From this
and (E.3) we conclude that

(E.5) 105 Oskllmy < C(HLP”HQ ||k\|?jg) (Hsollffg 11117y )-
Since i 4+ j = r — 1 we have

1-— 1-—
ait+a; =1+ TU, Bitpi=1-—".

In other words, we have

1—0o 1—0

a; =1+ Jai, a; = (1+

* (2 * (2 *
where aj + of = 1 and 8] + 3] = 1. From this and the Young inequality we obtain

a

g 1 1—
lellzo 1Kl 7o < Clllrso, + 1Kl erp) =,

: |_1l=0c
||30\|Hg Hk”HJé" < (lelley + [1Ellay) 7
Combining these estimates with (E.5) we conclude that the inequality

(E.6) 105 D2kl g < c(llellm + [1Kllg)

l1—0o

(lle + 1kl arp) =




GRADIENT FLOW FOR KOHN-VOGELIUS FUNCTIONAL 55
holds for every 1 <i <r —2and j =7 —1— 4. It remains to consider the cases i = 0 and
i =71 —1. We have for o € (1/2,1),

-1 -1
lo 05 Kll g + 1105 kllmg < ellellag Ikll yr—1y + cllkllzg el gr—1-

Next, the interpolation inequality implies

AT T ollollT
el < ellellyo™ ol iy, Mell g1 < ellell o el
The similar estimates holds true for k. Thus we get

llp 8 Kll g + 1105 Kll o <
# t

1—o

1 a 1—1
(ko llell o) IEN e ol e )+
# f

-2 0 2 1-1
C(Ilw\lHéf HkHI’{g) (el e [1Ell zrrT)-
It follows that
o 02 Kllug + 105 Kllup <

1—2

e (IFl"
Using the simple inequality
a b + a'bt < 200+ 20N a b\, >0,

1—2o 1—2

1 1
Il g + eIy Il ) (Il

1—9 1—1

11
lepllry™ + ol ™ 1l ™)

we finally obtain the estimate

o 02 Kl ap + 10" ll g <

14122 1+152 -4 1-122
C(HkHHg el ) (kI ™ + Nl ™)

It follows from this estimate and estimate (E.6) that the inequality

)1+1 —

i j 1-1=¢2
105 D2kl g < e( 1ellzzg + &l (llellzy + ellzg )~

holds for every 0 <7 <r —1 and j =r — 1 — i. Combining this result with identity (E.2)
we obtain desired estimate (6.13).
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