
S e©MR ISSN 1813-3304

ÑÈÁÈÐÑÊÈÅ ÝËÅÊÒÐÎÍÍÛÅ

ÌÀÒÅÌÀÒÈ×ÅÑÊÈÅ ÈÇÂÅÑÒÈß

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru

Òîì 16, ñòð. 144�144 (2019) ÓÄÊ 514.76

DOI 10.33048/semi.2019.16.xxx MSC 53C25

ÏÎ×ÒÈ ÊÂÀÇÈ-ÏÀÐÀ-ÑÀÑÀÊÈÅÂÛ ÌÍÎÃÎÎÁÐÀÇÈß,

ÎÑÍÀÙÅÍÍÛÅ ÊÀÍÎÍÈ×ÅÑÊÎÉ

×ÅÒÂÅÐÒÜ-ÑÈÌÌÅÒÐÈ×ÅÑÊÎÉ ÑÂßÇÍÎÑÒÜÞ

Ñ.Â. ÃÀËÀÅÂ

Abstract. The notion of an almost quasi-para-Sasakian manifold is
introduced. An example of an almost quasi-para-Sasakian structure is
given, which is naturally de�ned on the distribution of zero curvature of
a sub-Riemannian manifold of contact type. On an almost quasi-para-
Sasakian manifold, a connection with torsion of special form is de�ned,
which is called the canonical quarter-symmetric connection in this work.
Conditions are found under which an almost quasi-para-Sasakian manifold
is an η-Einstein manifold with respect to a canonical quarter-symmetric
connection.
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1. Ââåäåíèå

Ïî÷òè ïàðàêîíòàêòíûå ìåòðè÷åñêèå ñòðóêòóðû ÿâëÿþòñÿ åñòåñòâåííûì íå÷åò-
íîìåðíûì àíàëîãîì äëÿ ïî÷òè ïàðà-ýðìèòîâûõ ñòðóêòóð â òîé æå ñòåïåíè, â
êîòîðîé ïî÷òè êîíòàêòíûå ìåòðè÷åñêèå ñòðóêòóðû ñîîòâåòñòâóþò ïî÷òè ýð-
ìèòîâûì ñòðóêòóðàì. Èçó÷åíèå ïî÷òè ïàðàêîíòàêòíîé ãåîìåòðèè íà÷èíàåòñÿ
ñ ðàáîòû Êàíåóêè è Âèëüÿìñà [15]. Ñèñòåìàòè÷åñêîå èññëåäîâàíèå ïî÷òè ïàðà-
êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé îñóùåñòâèë Çàìêîâîé [18]. Ïî÷òè ïà-
ðàêîíòàêòíûå ìåòðè÷åñêèå ìíîãîîáðàçèÿ èçó÷àëèñü â ïîñëåäíèå ãîäû ìíîãèìè
àâòîðàìè [10, 18, 19]. Êàê ïðàâèëî, â óêàçàííûõ ðàáîòàõ ìíîãî âíèìàíèÿ óäåëÿ-
ëîñü ñõîäñòâàì è ðàçëè÷èÿì ïàðàêîíòàêòíûõ ñòðóêòóð ñ íàèáîëåå èçó÷åííûìè
ê íàñòîÿùåìó âðåìåíè êîíòàêòíûìè ñòðóêòóðàìè. Ïîíÿòèå êâàçè-ñàñàêèåâûõ
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ìíîãîîáðàçèé, ââåäåííîå Ä. Ý. Áëýðîì â [7, 8], âêëþ÷àåò ïîíÿòèÿ ñàñàêèåâûõ
è êîñèìïëåêòè÷åñêèõ ìíîãîîáðàçèé.

Ïî îïðåäåëåíèþ, êâàçè-ñàñàêèåâûì ìíîãîîáðàçèåì ÿâëÿåòñÿ íîðìàëüíîå ïî-
÷òè êîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå, ôóíäàìåíòàëüíàÿ 2-ôîðìà êîòîðî-
ãî Ω(X,Y ) = g(X,ϕY ) çàìêíóòà. Êâàçè-ñàñàêèåâû ìíîãîîáðàçèÿ ìîæíî ðàñ-
ñìàòðèâàòü êàê íå÷åòíîìåðíûé àíàëîã êýëåðîâûõ ìíîãîîáðàçèé. Êâàçè-ñàñàêèåâû
ñòðóêòóðû èçó÷àëèñü â ðàáîòàõ [13, 14, 16, 17].

Ïî÷òè êâàçè-ïàðà-ñàñàêèåâû ñòðóêòóðû ââåäåíû àâòîðîì íàñòîÿùåé ñòàòüè.
Òàêèå ñòðóêòóðû îòíîñÿòñÿ ê êëàññó ïî÷òè íîðìàëüíûõ ñòðóêòóð [3-5]. Ìî-
òèâàöèåé äëÿ ââåäåíèÿ ïîíÿòèÿ ïî÷òè íîðìàëüíîé ñòðóêòóðû ïîñëóæèë òîò
ôàêò, ÷òî èìåííî òàêèå ñòðóêòóðû åñòåñòâåííûì îáðàçîì âîçíèêàþò íà ðàñïðå-
äåëåíèÿõ íóëåâîé êðèâèçíû ñóáðèìàíîâûõ ìíîãîîáðàçèé êîíòàêòíîãî òèïà [1-
3]. Êëàññ ïî÷òè êâàçè-ïàðà-ñàñàêèåâûõ ñòðóêòóð ðàñøèðÿåò êëàññ êâàçè-ïàðà-
ñàñàêèåâûõ ñòðóêòóð, èçó÷åíèå êîòîðûõ, ïî-âèäèìîìó, íà÷èíàåòñÿ ñ ðàáîòû
[10]. Âî ìíîãîì èñòî÷íèêîì èäåé çäåñü ÿâëÿþòñÿ óæå ñòàâøèå êëàññè÷åñêèìè
ðàáîòû ïî êâàçè-ñàñàêèåâûì ìíîãîîáðàçèÿì.

Ïî÷òè ïàðàêîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå (AQPS-ìíîãîîáðàçèå) íà-
çâàíî àâòîðîì íàñòîÿùåé ðàáîòû ïî÷òè íîðìàëüíûì, åñëè îêàçûâàåòñÿ ñïðà-

âåäëèâûì ðàâåíñòâî Ñϕ = Nϕ + 2(ϕ∗dη) ⊗ ~ξ = 0. Ïîä ïî÷òè êâàçè-ïàðà-
ñàñàêèåâûì ìíîãîîáðàçèåì ïîíèìàåòñÿ ïî÷òè íîðìàëüíîå ïî÷òè ïàðàêîíòàêò-
íîå ìíîãîîáðàçèå íå÷åòíîãî ðàíãà ñ çàìêíóòîé ôóíäàìåíòàëüíîé ôîðìîé. Äëÿ
ïî÷òè (ïàðà)êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé íå÷åòíîãî ðàíãà ñïðàâåä-

ëèâî ðàâåíñòâî dη(~ξ, · ) = 0. Â ÷àñòíîñòè, íîðìàëüíûå ïî÷òè (ïàðà)êîíòàêòíûå
ìåòðè÷åñêèå ìíîãîîáðàçèÿ ÿâëÿþòñÿ ìíîãîîáðàçèÿìè íå÷åòíîãî ðàíãà. AQPS-
ìíîãîîáðàçèå ÿâëÿåòñÿ îáîáùåíèåì êâàçè-ïàðà-ñàñàêèåâà ìíîãîîáðàçèÿ è ñâî-
äèòñÿ ê ïîñëåäíåìó, åñëè dη = −ϕ∗dη.

Èçó÷åíèþ ïî÷òè êîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé, îñíàùåííûõ ÷åòâåðòü-
ñèììåòðè÷åñêîé è, â ÷àñòíîñòè, ïîëóñèììåòðè÷åñêîé ñâÿçíîñòüþ ïîñâÿùåíî
áîëüøîå êîëè÷åñòâî ðàáîò [13, 20, 21]. Ý. Êàðòàí [9] ïåðâûì ðàññìîòðåë ëè-
íåéíóþ ìåòðè÷åñêóþ ñâÿçíîñòü ñ êðó÷åíèåì âìåñòî ñâÿçíîñòè Ëåâè-×èâèòà.
Íàèáîëüøèì èíòåðåñîì ñðåäè ìåòðè÷åñêèõ ñâÿçíîñòåé ñ êðó÷åíèåì ïîëüçóåòñÿ
ïîëóñèììåòðè÷åñêàÿ ñâÿçíîñòü, ñèñòåìàòè÷åñêîå èññëåäîâàíèå êîòîðîé ïðîâå-
äåíî Ê. ßíî â ðàáîòå [21]. ×åòâåðòü-ñèììåòðè÷åñêàÿ ñâÿçíîñòü îïðåäåëåíà â
1975 ã. Ñ. Ãîëàáîì [13]. Áîëüøîå êîëè÷åñòâî ðàáîò ïîñâÿùåíî êàê ìåòðè÷åñêèì,
òàê è íå ìåòðè÷åñêèì ñâÿçíîñòÿì ñ êðó÷åíèåì, çàäàííûì íà ìíîãîîáðàçèÿõ ñ
ïî÷òè êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé.

Â íàñòîÿùåé ðàáîòå íà ïî÷òè ïàðàêîíòàêòíîì ìåòðè÷åñêîì ìíîãîîáðàçèè
ðàññìàòðèâàåòñÿ ÷åòâåðòü-ñèììåòðè÷åñêàÿ ñâÿçíîñòüDX , àññîöèèðóåìàÿ ñ òðîé-
êîé (∇, C, S), ãäå ∇ - âíóòðåííÿÿ ìåòðè÷åñêàÿ ñâÿçíîñòü, à C, S - ýíäîìîðôèç-
ìû ðàñïðåäåëåíèÿD.Ïðè÷åì, ýíäîìîðôèçì C çàäàåòñÿ ðàâåíñòâàìè C(X,Y ) =
1
2 (L~ξg)(X,Y ), g(CX, Y ) = C(X,Y ), à S - ïðîèçâîëüíûé ýíäîìîðôèçì. Îäíîé

èç çàäà÷ íàñòîÿùåé ñòàòüè ÿâëÿåòñÿ îïðåäåëåíèå òàêîãî ýíäîìîðôèçìà S, äëÿ
êîòîðîãî DX - ìåòðè÷åñêàÿ ñâÿçíîñòü. Åñëè ïðè ýòîì (L~ξg)(X,Y ) = 0, òî ìåò-

ðè÷åñêàÿ ÷åòâåðòü-ñèììåòðè÷åñêàÿ ñâÿçíîñòü DX ïîëó÷àåò íàçâàíèå êàíîíè-
÷åñêîé ñâÿçíîñòè.

Íàñòîÿùàÿ ðàáîòà ñîñòîèò èç äâóõ îñíîâíûõ ÷àñòåé. Â ïåðâîé ÷àñòè ïðè-
âîäÿòñÿ îñíîâíûå ïîíÿòèÿ ãåîìåòðèè AQPS-ìíîãîîáðàçèé. Âî âòîðîé ÷àñòè
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ââîäèòñÿ ïîíÿòèå êàíîíè÷åñêîé ÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿçíîñòè. Íàõîäÿò-
ñÿ óñëîâèÿ, ïðè êîòîðûõ AQPS-ìíîãîîáðàçèÿ ÿâëÿþòñÿ ìíîãîîáðàçèÿìè η-
Ýéíøòåéíà îòíîñèòåëüíî êàíîíè÷åñêîé ñâÿçíîñòè.

2. Ãåîìåòðè÷åñêèå ñâîéñòâà ïî÷òè êâàçè-ïàðà-ñàñàêèåâûõ

ìíîãîîáðàçèé

Ðàññìîòðèì ïî÷òè ïàðàêîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå M íå÷åòíîé

ðàçìåðíîñòè n = 2m+ 1. Ïóñòü (M, ~ξ, η, ϕ, g,D) - çàäàííàÿ íà ìíîãîîáðàçèè M
ïî÷òè ïàðàêîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà, ãäå ϕ - òåíçîð òèïà (1,1), íàçû-

âàåìûé ñòðóêòóðíûì ýíäîìîðôèçìîì, ~ξ è η - âåêòîð è êîâåêòîð, íàçûâàåìûå,
ñîîòâåòñòâåííî, ñòðóêòóðíûì âåêòîðîì è êîíòàêòíîé ôîðìîé, g � ïñåâäîðèìà-
íîâà ìåòðèêà. Ïðè ýòîì âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) ϕ2 = −I + η ⊗ ~ξ,
2) η(~ξ) = 1,
3) g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ),

ãäå X,Y ∈ Γ(TM). Çäåñü Γ(TM) - ìîäóëü âåêòîðíûõ ïîëåé, çàäàííûõ íà ìíî-
ãîîáðàçèè M.

Ãëàäêîå ðàñïðåäåëåíèå D = ker(η) íàçûâàåòñÿ ðàñïðåäåëåíèåì ïî÷òè ïàðà-
êîíòàêòíîé ñòðóêòóðû.

Äëÿ ïàðàêîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé âûïîëíÿþòñÿ òàêæå ñëå-
äóþùèå óñëîâèÿ:

4) ϕ~ξ = 0,
5) η ◦ ϕ = 0,

6) η(X) = g(X, ~ξ), X ∈ Γ(TM).
Êîñîñèììåòðè÷åñêèé òåíçîð Ω(X,Y ) = g(X,ϕY ) íàçûâàåòñÿ ôóíäàìåíòàëü-

íîé ôîðìîé ñòðóêòóðû. Ïî÷òè ïàðàêîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà íàçû-
âàåòñÿ ïàðàêîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé, åñëè âûïîëíÿåòñÿ ðàâåíñòâî

Ω = dη. Ãëàäêîå ðàñïðåäåëåíèå D⊥ = Span(~ξ), îðòîãîíàëüíîå ðàñïðåäåëå-
íèþ D, íàçûâàåòñÿ îñíàùåíèåì ðàñïðåäåëåíèÿ D. Èìååò ìåñòî ðàçëîæåíèå
TM = D⊕D⊥. Èíîãäà, åñëè îòïàäàåò íåîáõîäèìîñòü èñïîëüçîâàíèÿ ýíäîìîð-
ôèçìà ϕ, ìû ãîâîðèì íå î ïî÷òè ïàðàêîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðå, à î
ñóáðèìàíîâîé ñòðóêòóðå êîíòàêòíîãî òèïà.

Êàðòó k(xi) (i, j, k = 1, ..., n; a, b, c = 1, ..., n − 1) ìíîãîîáðàçèÿ M áóäåì íà-

çûâàòü àäàïòèðîâàííîé ê ðàñïðåäåëåíèþ D, åñëè ∂n = ~ξ. Ïóñòü P : TM → D
- ïðîåêòîð, îïðåäåëÿåìûé ðàçëîæåíèåì TM = D ⊕ D⊥, è k(xi) - àäàïòèðî-
âàííàÿ êàðòà. Âåêòîðíûå ïîëÿ P (∂a) = ~ea = ∂a − Γna∂n ëèíåéíî íåçàâèñèìû
è â îáëàñòè îïðåäåëåíèÿ ñîîòâåòñòâóþùåé êàðòû ïîðîæäàþò ðàñïðåäåëåíèå
D : D = Span(~ea).

Äëÿ àäàïòèðîâàííûõ êàðò k(xi) è k′(xi
′
) âûïîëíÿþòñÿ ñëåäóþùèå ôîðìóëû

ïðåîáðàçîâàíèÿ êîîðäèíàò: xa = xa(xa
′
), xn = xn

′
+ xn(xa

′
).

Òåíçîðíîå ïîëå t òèïà (p, q), çàäàííîå íà ïî÷òè (ïàðà)êîíòàêòíîì ìåòðè÷å-
ñêîì ìíîãîîáðàçèè, íàçîâåì äîïóñòèìûì (ê ðàñïðåäåëåíèþ D) èëè òðàíñâåð-
ñàëüíûì, åñëè t îáðàùàåòñÿ â íóëü êàæäûé ðàç, êîãäà ñðåäè åãî àðãóìåíòîâ

âñòðå÷àþòñÿ ~ξ èëè η. Êîîðäèíàòíîå ïðåäñòàâëåíèå äîïóñòèìîãî òåíçîðíîãî ïî-
ëÿ â àäàïòèðîâàííîé êàðòå èìååò âèä: t = t

a1...ap
b1...bq

~ea1 ⊗ ...⊗~eap ⊗dxb1 ⊗ ...⊗dxbq .
Ïðåîáðàçîâàíèå êîìïîíåíò äîïóñòèìîãî òåíçîðíîãî ïîëÿ â àäàïòèðîâàííûõ

êîîðäèíàòàõ ïîä÷èíÿåòñÿ ñëåäóþùåìó çàêîíó: tab = Aaa′A
b′

b t
a′

b′ , ãäå A
a′

a = ∂xa′

∂xa .
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Èìååò ìåñòî ðàâåíñòâî [~ea, ~eb] = 2ωba~ξ. Îòñþäà, â ÷àñòíîñòè, âûòåêàåò âàæ-

íîå äëÿ äàëüíåéøåãî óòâåðæäåíèå: óñëîâèå dη(~ξ,X) = 0 ýêâèâàëåíòíî ñïðà-
âåäëèâîñòè ðàâåíñòâà ∂nΓna = 0.

Ïóñòü ∇ - âíóòðåííÿÿ ëèíåéíàÿ ñâÿçíîñòü [3] íà ìíîãîîáðàçèè ñ ïî÷òè (ïà-
ðà)êîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé.

Êîýôôèöèåíòû âíóòðåííåé ëèíåéíîé ñâÿçíîñòè îïðåäåëÿþòñÿ èç ñîîòíîøå-

íèÿ ∇~ea~eb = Γcab~ec. Èç ðàâåíñòâà ~ea = Aa
′

a ~ea′ , ãäå A
a′

a = ∂xa′

∂xa , îáû÷íûì îáðàçîì
ñëåäóåò ôîðìóëà ïðåîáðàçîâàíèÿ äëÿ êîýôôèöèåíòîâ âíóòðåííåé ñâÿçíîñòè:

Γcab = Aa
′

a A
b′

b A
c
c′Γ

c′

a′b′ +Acc′~eaA
c′

b .

Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ïðîèçâîäíûå ∂nΓdac ÿâëÿþòñÿ êîìïîíåí-
òàìè äîïóñòèìîãî òåíçîðíîãî ïîëÿ.

Ðàíã ñóáðèìàíîâîé ñòðóêòóðû ïîëàãàåòñÿ ðàâíûì 2p, åñëè (dη)p 6= 0, η ∧
(dη)p = 0, è ðàâíûì 2p+ 1, åñëè η ∧ (dη)p 6= 0, (dη)p+1 = 0. Ëåãêî ïðîâåðÿåòñÿ,
÷òî ðàíã ñóáðèìàíîâîé ñòðóêòóðû ðàâåí 2p + 1 òîãäà è òîëüêî òîãäà, êîãäà
∂nΓna = 0.

Ïóñòü ∇̃ ñâÿçíîñòü Ëåâè-×èâèòà è Γ̃ijk � åå êîýôôèöèåíòû. Â ðåçóëüòàòå
íåïîñðåäñòâåííûõ âû÷èñëåíèé, îñíîâàííûõ íà ïðèìåíåíèè ðàâåíñòâà

2Γ̃mij = gkm(~eigjk + ~ejgik − ~ekgij + Ωlkjgli + Ωlkiglj) + Ωmij ,

Ωnab = 2ωba, Ωnan = ∂nΓna , óáåæäàåìñÿ â ñïðàâåäëèâîñòè ñëåäóþùåãî ïðåäëîæå-
íèÿ.

Ïðåäëîæåíèå 1. Êîýôôèöèåíòû Γ̃ijk ñâÿçíîñòè Ëåâè-×èâèòà ñóáðèìàíîâà
ìíîãîîáðàçèÿ â àäàïòèðîâàííûõ êîîðäèíàòàõ èìåþò âèä:

Γ̃cab = Γcab, Γ̃nab = ωba−Cab, Γ̃ban = Γ̃bna = Cba+ψba, Γ̃nna = −∂nΓna , Γ̃ann = gab∂nΓnb ,
ãäå Γabc = 1

2g
ad(~ebgcd + ~ecgbd − ~edgbc), ψba = gbcωac, Cab = 1

2∂ngab, C
b
a = gbcCac.

Çäåñü ýíäîìîðôèçì ψ : TM −→ TM îïðåäåëÿåòñÿ èç ðàâåíñòâà ω(X,Y ) =
g(ψX, Y ). Âûïîëíÿþòñÿ òàêæå ñëåäóþùèå ñîîòíîøåíèÿ: C(X,Y ) = 1

2 (L~ξg)(X,Y ),

g(CX, Y ) = C(X,Y ). Èç óñëîâèÿ dη(~ξ,X) = 0 ñëåäóåò, ÷òî Γ̃nna = −∂nΓna = 0 è

Γ̃nnn = gab∂nΓnb = 0.
Ïî÷òè ïàðàêîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå M íàçûâàåòñÿ íîðìàëü-

íûì ìíîãîîáðàçèåì, åñëè âûïîëíÿåòñÿ óñëîâèå N
(1)
ϕ = Nϕ − 2dη ⊗ ~ξ = 0, ãäå

Nϕ(X,Y ) = [ϕX,ϕY ] + ϕ2[X,Y ] − ϕ[ϕX, Y ] − ϕ[X,ϕY ] - òåíçîð Íåéåíõåéñà
ýíäîìîðôèçìà ϕ. Ïàðà-ñàñàêèåâûì ìíîãîîáðàçèåì íàçûâàåòñÿ íîðìàëüíîå ïà-
ðàêîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå.

Íàçîâåì ïî÷òè ïàðàêîíòàêòíîå ìåòðè÷åñêîå ìíîãîîáðàçèå ïî÷òè êâàçè-ïàðà-
ñàñàêèåâûì ìíîãîîáðàçèåì (AQPS -ìíîãîîáðàçèåì), åñëè âûïîëíÿþòñÿ ñëåäó-

þùèå óñëîâèÿ: dΩ = 0, Ñϕ = Nϕ + 2(ϕ∗dη)⊗ ~ξ = 0, dη(~ξ, · ) = 0. Ìíîãîîáðàçèå,

äëÿ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå Ñϕ = Nϕ + 2(ϕ∗dη) ⊗ ~ξ = 0 íàçâàíî íà-
ìè ïî÷òè íîðìàëüíûì ìíîãîîáðàçèåì. Òàêèì îáðàçîì, ïî÷òè íîðìàëüíîå ìíî-
ãîîáðàçèå ÿâëÿåòñÿ íîðìàëüíûì ìíîãîîáðàçèåì òîãäà è òîëüêî òîãäà, êîãäà
dη = −ϕ∗dη.

Ïóñòü P : TM → D - ïðîåêòîð, îïðåäåëÿåìûé ðàçëîæåíèåì TM = D⊕D⊥.
Òîãäà èìååò ìåñòî ñëåäóþùåå ïðåäëîæåíèå.

Ïðåäëîæåíèå 2. Äëÿ ëþáîãî ïî÷òè ïàðàêîíòàêòíîãî ìåòðè÷åñêîãî ìíîãî-

îáðàçèÿ âûïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî: PN
(1)
ϕ = Ñϕ.
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Çàìåòèì, ÷òî âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

N (1)
ϕ (X,Y ) = Ñϕ(X,Y )− 2(dη(X,Y ) + dη(ϕX,ϕY ))~ξ.

Ïðèâåäåì äâà ïðèìåðà ïî÷òè ïàðàêîíòàêòíûõ ìåòðè÷åñêèõ ìíîãîîáðàçèé.
Ïðèìåð 1. Ïóñòü M = {(x, y, z, u, v) ∈ R5 : y 6= 0} - ãëàäêîå ìíîãîîáðàçèå

ðàçìåðíîñòè 5, îñíàùåííîå ïî÷òè ïàðàêîíòàêòíîé ñòðóêòóðîé (M, ~ξ, η, ϕ, g,D).
Çäåñü: 1) D =< ~e1, ~e2, ~e3, ~e4 >, ãäå ~e1 = ∂1 − y∂5, e2 = ∂2, ~e3 = ∂3, ~e4 = ∂4,

(∂1, ∂2, ∂3, ∂4, ∂5) - åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R5, 2) ~ξ = ∂5, 3) η =

dv + ydx, 4) ϕ~e1 = ~e3, ϕ~e2 = ~e4, ϕ~e3 = ~e1, ϕ~e4 = ~e2, ϕ~ξ = 0, 5) g11 = g22 =
−g33 = −g44 = g55 = 1. Åñëè i 6= j, òî gij = 0. Íåïîñðåäñòâåííî ïðîâåðÿ-
åòñÿ, ÷òî ïî÷òè ïàðàêîíòàêòíîå ìíîãîîáðàçèå M íå ÿâëÿåòñÿ íîðìàëüíûì,

íî ÿâëÿåòñÿ ïî÷òè íîðìàëüíûì ìíîãîîáðàçèåì. Äåéñòâèòåëüíî, N
(1)
ϕ (~e1, ~e2) =

ϕ2[~e1, ~e2] + [~e3, ~e4]−ϕ[~e3, ~e2]−ϕ[~e1, ~e4]−2dη(~e1, ~e2)~ξ = η([~e1, ~e2]) = η(~ξ)~ξ = ~ξ. Òà-
êèì îáðàçîì, ðàññìàòðèâàåìàÿ ñòðóêòóðà íå ÿâëÿåòñÿ íîðìàëüíîé ñòðóêòóðîé.

Ñ äðóãîé ñòîðîíû - Ñϕ(~e1, ~e2) = 2dη(~e3, ~e4)~ξ = 0. Òåì ñàìûì, ìû èìååì äåëî ñ

ïî÷òè íîðìàëüíîé ñòðóêòóðîé. Äàëåå, ïóñòü òåïåðü ñòðóêòóðà (M, ~ξ, η, ϕ, g,D)
îòëè÷àåòñÿ îò ðàññìàòðèâàåìîé ðàíåå ñòðóêòóðû äðóãèì çàäàíèåì ýíäîìîð-

ôèçìà ϕ : ϕ~e1 = ~e1, ϕ~e2 = −~e2, ϕ~e3 = ~e3, ϕ~e4 = −~e4, ϕ~ξ = 0 è äðóãèì çàäàíèåì
ìåòðè÷åñêîãî òåíçîðà: g14 = g41 = −g23 = −g32 = g55 = 1. Äëÿ ýòîé ñòðóêòóðû
dη = −ϕ∗dη. Äåéñòâèòåëüíî, dη(ϕ~e1, ϕ~e2) = −dη(~e1, ~e2).

Ïðèìåð 2. Ïóñòü D � ðàñïðåäåëåíèå ñóáðèìàíîâà ìíîãîîáðàçèÿ êîíòàêòíîãî
òèïà [3]. Àäàïòèðîâàííîé êàðòå k(xi) ìíîãîîáðàçèÿM ïîñòàâèì â ñîîòâåòñòâèå

àäàïòèðîâàííóþ êàðòó k̃(xI), xI = (xi, xn+a.) Åñëè ~p ∈ Dx, òî k̃ : ~p→ (xi, xn+a),
ãäå ~p = xn+a~ea.

Âåêòîðíûå ïîëÿ (~εa = ∂a−Γna∂n−Γbacx
n+c∂n+b, ∂n, ∂n+a) = (AI) îïðåäåëÿþò

íà ðàñïðåäåëåíèè D êàê íà ãëàäêîì ìíîãîîáðàçèè íåãîëîíîìíîå (àäàïòèðîâàí-
íîå) ïîëå áàçèñîâ, à ôîðìû (dxa,Θn = dxn+Γnadx

a,Θn+a = dxn+a+Γabcx
n+cdxb)

� ñîîòâåòñòâóþùåå ïîëå êîáàçèñîâ. Ïóñòü ∇ - âíóòðåííÿÿ ñâÿçíîñòü ñ òåíçîðîì
êðèâèçíû Ñõîóòåíà R(X,Y )Z.

Îïðåäåëèì íà ìíîãîîáðàçèè D ïî÷òè ïàðàêîíòàêòíóþ ñòðóêòóðó (D̃, J, ~u =
∂n, λ = η ◦ π∗, D) ïîëàãàÿ JXh = Xv, JXv = Xh. Çäåñü π : D →M � åñòåñòâåí-
íàÿ ïðîåêöèÿ. Îïðåäåëèì, äàëåå, íà ìíîãîîáðàçèè M ìåòðèêó g̃, ïîñðåäñòâîì
ðàâåíñòâà:
g̃(Xh, Y h) = −g̃(Xv, Y v) = g(X,Y ), g̃(Xh, Y v) = g̃(Xh, ~u) = g̃(Xv, ~u) = 0.

Ëåãêî ïðîâåðÿåòñÿ, ÷òî ñòðóêòóðà (D̃, J, ~u = ∂n, λ = η ◦ π∗, g̃, D) ÿâëÿåòñÿ
ïî÷òè ïàðàêîíòàêòíîé ìåòðè÷åñêîé ñòðóêòóðîé. Áîëåå òîãî, åñëè M - ñóáðè-
ìàíîâî ìíîãîîáðàçèå ñ íóëåâûì òåíçîðîì Ñõîóòåíà, òî ïðîäîëæåííàÿ ïî÷òè
ïàðàêîíòàêòíàÿ ìåòðè÷åñêàÿ ñòðóêòóðà (D̃, J, ~u = ∂n, λ = η ◦π∗, g̃, D) ÿâëÿåòñÿ
ïî÷òè êâàçè-ïàðà-ñàñàêèåâîé ñòðóêòóðîé.

Êàê èçâåñòíî, äëÿ íîðìàëüíûõ ïî÷òè ïàðàêîíòàêòíûõ ìíîãîîáðàçèé ñïðà-
âåäëèâû ñëåäóþùèå ðàâåíñòâà [18]:

N (1)
ϕ (X,Y ) = Nϕ(X,Y )− 2dη(X,Y )~ξ = 0, (1)

N (2)
ϕ (X,Y ) = (LϕXη)Y − (LϕY η)X = 0, (2)

N (3)
ϕ (X) = (L~ξϕ)X = 0, (3)

N (4)
ϕ (X) = (L~ξη)X = 0. (4)
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Ïðè ýòîì, ðàâåíñòâî (1) âëå÷åò ðàâåíñòâà (2) � (4). Ñëåäóþùèå äâà ïðåäëî-
æåíèÿ óòî÷íÿþò ïðèâåäåííîå âûøå óòâåðæäåíèå â ñëó÷àå ïî÷òè íîðìàëüíîé
ñòðóêòóðû.

Ïðåäëîæåíèå 3. ÏóñòüM - ïî÷òè íîðìàëüíîå ïî÷òè ïàðàêîíòàêòíîå ìíî-
ãîîáðàçèå, òîãäà ðàâåíñòâî

Ñϕ(X,Y ) = Nϕ(X,Y ) + dη(ϕX,ϕY )~ξ = 0 (5)

âëå÷åò âûïîëíåíèå ðàâåíñòâ (3), (4).

Äîêàçàòåëüñòâî. Ïîäñòàâëÿÿ â ðàâåíñòâî (5) Y = ~ξ, ïîëó÷àåì:

0 = Nϕ(X, ~ξ) = ϕ2[X, ~ξ]− ϕ[ϕX, ~ξ] = ϕ((L~ξϕ)X)

èëè, N
(3)
ϕ (X) = (L~ξϕ)X = 0. Îáðàòèìñÿ ê ðàâåíñòâó (4). Èìååì:

(L~ξη)X = dη(~ξ,X) +Xη(~ξ) = dη(~ξ,X) = 0.

�

Ïðåäëîæåíèå 4. ÏóñòüM - ïî÷òè íîðìàëüíîå ïî÷òè ïàðàêîíòàêòíîå ìíî-

ãîîáðàçèå, òîãäà ðàâåíñòâî N
(2)
ϕ (X,Y ) = (LϕXη)Y−(LϕY η)X = 0 âûïîëíÿåòñÿ

òîãäà è òîëüêî òîãäà, êîãäà dη = −ϕ∗dη.

Ñïðàâåäëèâîñòü ïðåäëîæåíèÿ 4 ïîäòâåðæäàåòñÿ ðàâåíñòâîì

(LϕXη)Y = dη(ϕX, Y ).

3. Ïî÷òè êâàçè-ïàðà-ñàñàêèåâû ìíîãîîáðàçèÿ ñ êàíîíè÷åñêîé

÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿçíîñòüþ

Âíóòðåííÿÿ ñâÿçíîñòü îáåñïå÷èâàåò ïàðàëëåëüíûé ïåðåíîñ äîïóñòèìûõ âåê-
òîðîâ âäîëü äîïóñòèìûõ êðèâûõ. Â òî æå âðåìÿ, äëÿ ðåøåíèÿ ðÿäà ïðîáëåì
âîçíèêàåò íåîáõîäèìîñòü ðàñøèðåíèÿ âíóòðåííåé ñâÿçíîñòè äî ñâÿçíîñòè ñ
êðó÷åíèåì [6, 11] íà âñåì ìíîãîîáðàçèè. Èíîãäà äîñòàòî÷íî ïðîìåæóòî÷íîé
êîíñòðóêöèè � ñâÿçíîñòè â âåêòîðíîì ðàññëîåíèè (M,π,D). Ñóùåñòâóþò ðàç-
íûå ñïîñîáû ïðîäîëæåíèÿ âíóòðåííåé ñâÿçíîñòè. Â ðÿäå ñòàòåé [1-5, 12] îáñóæ-
äàåòñÿ òàê íàçûâàåìàÿ N-ñâÿçíîñòü ∇N . Íà ïî÷òè ñóáðèìàíîâîì ìíîãîîáðàçèè
M N-ñâÿçíîñòü ∇N îïðåäåëÿåìóþ ïàðîé (∇, N), ãäå ∇ - âíóòðåííÿÿ ìåòðè-
÷åñêàÿ ñâÿçíîñòü, N : TM → TM - ýíäîìîðôèçì êàñàòåëüíîãî ðàññëîåíèÿ

ìíîãîîáðàçèÿ M òàêîé, ÷òî N~ξ = 0, N(D) ⊂ D.
Îïðåäåëèì ÷åòâåðòü-ñèììåòðè÷åñêóþ ñâÿçíîñòü DX íà ïî÷òè ïàðàêîíòàêò-

íîì ìåòðè÷åñêîì ìíîãîîáðàçèè ñ ïîìîùüþ ñëåäóþùåãî ðàâåíñòâà:

DXY = ∇̃X + C(X,Y )~ξ − η(X)ψY − η(Y )(C + ψ − S)X.

Èìååò ìåñòî

Ïðåäëîæåíèå 5. Íåíóëåâûå êîýôôèöèåíòû Gijk ñâÿçíîñòè DX ïî÷òè ïà-
ðàêîíòàêòíîãî ìåòðè÷åñêîãî ìíîãîîáðàçèÿ â àäàïòèðîâàííûõ êîîðäèíàòàõ
èìåþò âèä:

Gcab = Γ̃cab, G
n
ab = ωba, G

b
an = Sba, G

b
na = Cba.
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Ó÷àñòâóþùèé â îïðåäåëåíèè ÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿçíîñòè DX ýíäî-
ìîðôèçì S îïðåäåëåí ïðîèçâîëüíûì îáðàçîì. Ñôîðìóëèðîâàííàÿ íèæå òåî-
ðåìà óòâåðæäàåò, ÷òî ýíäîìîðôèçì S áóäåò îïðåäåëåí îäíîçíà÷íî, åñëè ïîòðå-
áîâàòü, ÷òîáû ñâÿçíîñòè DX ñòàëà ìåòðè÷åñêîé.

Òåîðåìà 1. Çàäàííàÿ íà ïî÷òè ïàðàêîíòàêòíîì ìåòðè÷åñêîì ìíîãîîáðàçèè
÷åòâåðòü-ñèììåòðè÷åñêàÿ ñâÿçíîñòü DX áóäåò ìåòðè÷åñêîé òîãäà è òîëü-
êî òîãäà, êîãäà S = ψ.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïðåäëîæåíèå 5, íåïîñðåäñòâåííî óáåæäàåìñÿ â
òîì, ÷òî Dagbc = 0 è Dngbc = 0. Íàéäåì óñëîâèÿ, ïðè êîòîðûõ Dagnb = 0.
Èìååì:

Dagnb = −Gcangbc −Gnab = −Scagbc − ωba = 0.

Îòñþäà è èç ðàâåíñòâà ψba = gbcωac ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû. �

Èç äîêàçàííîé òåîðåìû ñëåäóåò, ÷òî ñâÿçíîñòü, îïðåäåëÿåìàÿ ïîñðåäñòâîì
ñëåäóþùåãî ðàâåíñòâà:

DXY = ∇̃XY + C(X,Y )~ξ − η(X)ψY − η(Y )CX,

ÿâëÿåòñÿ ìåòðè÷åñêîé ÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿçíîñòüþ. Ê ââåäåíèþ ÷åòâåðòü-
ñèììåòðè÷åñêîé ñâÿçíîñòü DX ìîæíî ïîäîéòè ñëåäóþùèì îáðàçîì.

Òåîðåìà 2. Ïóñòü íà ñóáðèìàíîâîì ìíîãîîáðàçèè M îïðåäåëåíà ïàðà (∇, N),
ãäå ∇ - âíóòðåííÿÿ ìåòðè÷åñêàÿ ñâÿçíîñòü, N : TM → TM - ýíäîìîðôèçì

êàñàòåëüíîãî ðàññëîåíèÿ ìíîãîîáðàçèÿ M òàêîé, N~ξ = 0, N(D) ⊂ D. Òîãäà íà
ìíîãîîáðàçèè M ñóùåñòâóåò, ïðè÷åì, åäèíñòâåííàÿ ñâÿçíîñòü DX òàêàÿ,
÷òî:

1. DX
~ξ = NX,

2. (DXη)(Y ) = ω(X,Y ),
3. S(X,Y ) = η(Y )NX − η(X)NY,
4. P (DXY ) = ∇XY.
Çäåñü S(X,Y ) - òåíçîð êðó÷åíèÿ ñâÿçíîñòè DX . Â ïîñëåäíåì ðàâåíñòâå

X,Y ∈ Γ(D), âî âñåõ îñòàëüíûõ ñëó÷àÿõ: X,Y ∈ Γ(TM).

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî ñâÿçíîñòüDX ñóùåñòâóåò, íàéäåì åå êîì-
ïîíåíòû Gkij â àäàïòèðîâàííûõ êîîðäèíàòàõ. Ïîñëå íåêîòîðûõ âû÷èñëåíèé ïî-
ëó÷àåì ñëåäóþùèå íåíóëåâûå êîìïîíåíòû:

Gabc = Γabc, G
n
bc = ωcb, G

a
bn = Na

b .

Îáðàòíî, ìîæíî óáåäèòüñÿ â òîì, ÷òî ñâÿçíîñòü ñ îáîçíà÷åííûìè âûøå êîì-
ïîíåíòàìè óäîâëåòâîðÿåò òðåáîâàíèÿì, ïðåäúÿâëÿåìûì ê ñâÿçíîñòè DX . �

Ëåãêî óáåäèòüñÿ â òîì, ÷òî ÷åòâåðòü-ñèììåòðè÷åñêàÿ N-ñâÿçíîñòü âûðàæà-
åòñÿ ÷åðåç ñâÿçíîñòü Ëåâè-×èâèòà ñëåäóþùèì îáðàçîì:

DXY = ∇̃XY + C(X,Y )~ξ − η(Y )(C + ψ −N)X − η(X)(C + ψ)Y.

Ìåòðè÷åñêóþ ÷åòâåðòü-ñèììåòðè÷åñêóþ N-ñâÿçíîñòü, óäîâëåòâîðÿþùóþ òðå-
áîâàíèÿì òåîðåìû 2, áóäåì íàçûâàòü êàíîíè÷åñêîé ñâÿçíîñòüþ, è ïðåäïîëà-
ãàòü, ÷òî äî êîíöà ñòàòüè âûïîëíÿåòñÿ óñëîâèå (L~ξg)(X,Y ) = 0. Åñëè DX -
êàíîíè÷åñêàÿ ñâÿçíîñòü, òî

DXY = ∇̃XY − η(X)ψY.
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Ñðàâíèì íåíóëåâûå êîìïîíåíòû òåíçîðîâ R̃(X,Y )Z, K(X,Y )Z êðèâèçíû

ñâÿçíîñòåé ∇̃X è DX ñîîòâåòñòâåííî â àäàïòèðîâàííûõ êîîðäèíàòàõ. Èìååì:

R̃dabc = Rdabc + ωcbψ
d
a − ωcaψdb + 2ωabψ

d
c ,

Kd
abc = Rdabc + ωcbψ

d
a − ωcaψdb ,

R̃nnbc = −ωbdψdc ,

R̃nabc = Kn
abc = ∇aωcb −∇bωca,

R̃ancb = −∇cψab ,

R̃acbn = Ka
cbn = ∇cψab −∇bψac .

Ïóñòü r̃(X,Y ), k(X,Y ) - ñîîòâåòñòâóþùèå òåíçîðàì R̃(X,Y )Z, K(X,Y )Z
òåíçîðû Ðè÷÷è. Íàçîâåì ïî÷òè êâàçè-ïàðà-ñàñàêèåâî ìíîãîîáðàçèå η-Ýéíøòåéíîâûì
ìíîãîîáðàçèåì, åñëè âûïîëíÿåòñÿ ðàâåíñòâî

r̃ = λg + µη ⊗ η, a, b ∈ R.

Åñëè æå âûïîëíÿåòñÿ ðàâåíñòâî

k = λg + µη ⊗ η, a, b ∈ R,

òî ïî÷òè êâàçè-ïàðà-ñàñàêèåâî ìíîãîîáðàçèå áóäåì íàçûâàòü η-Ýéíøòåéíîâûì
ìíîãîîáðàçèåì îòíîñèòåëüíî êàíîíè÷åñêîé ÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿçíî-
ñòè.

Ïóñòü r(Y,Z) = tr(X → R(X,Y )Z), X, Y, Z ∈ Γ(D) - òåíçîð Ñõîóòåíà-Ðè÷÷è.
Òîãäà:
r̃bc = rbc + 4ωabψ

a
c , r̃bn = ∇aψab ,

r̃nn = −tr(ψ2), kbc = rbc − ωcaψab ,
kbn = ∇aψab , knb = 0, knn = 0.
Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 3. Ïî÷òè êâàçè-ïàðà-ñàñàêèåâî ìíîãîîáðàçèå ÿâëÿåòñÿ η-Ýéíøòåéíîâûì
ìíîãîîáðàçèåì îòíîñèòåëüíî êàíîíè÷åñêîé ÷åòâåðòü-ñèììåòðè÷åñêîé ñâÿç-
íîñòè òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ ñëåäóþùèå ðàâåíñòâà:

µ = −λ,∇aψab = 0, rac − ωcaψab = λgab.

Ïðèìåð η-ýéíøòåéíîâà ïî÷òè êâàçè-ïàðà-ñàñàêèåâà ìíîãîîáðàçèÿ.
Ïóñòü M = {(x, y, z, u, v) ∈ R5 : y 6= 0} - ãëàäêîå ìíîãîîáðàçèå ðàçìåðíîñòè 5,

îñíàùåííîå ïî÷òè ïàðàêîíòàêòíîé ñòðóêòóðîé (M, ~ξ, η, ϕ, g,D). Çäåñü: 1)D =<
~e1, ~e2, ~e3, ~e4 >, ãäå ~e1 = ∂1, ~e2 = ∂2, ~e3 = ∂3−x∂5, ~e4 = ∂4−y∂5, (∂1, ∂2, ∂3, ∂4, ∂5)

- åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R5, 2) ~ξ = ∂5 = ∂
∂v , 3) η = dv + xdz + ydu,

4) ϕ~e1 = ~e3, ϕ~e2 = ~e4, ϕ~e3 = ~e1, ϕ~e4 = ~e2, ϕ~ξ = 0, 5) g11 = g22 = −g33 =
−g44 = 1

2 , g55 = 1. Åñëè i 6= j, òî gij = 0. Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî

N
(1)
ϕ = Nϕ − 2dη ⊗ ~ξ = 0, ∇aψab = 0, ψ = −ϕ è rac = 0. Â ýòîì ñëó÷àå kbc =

rbc − ωcaψab = ωcaϕ
a
b = gbc.

Òàêèì îáðàçîì, ìíîãîîáðàçèå M ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ïî÷òè êâàçè-
ïàðà-ñàñàêèåâà ìíîãîîáðàçèÿ � ïàðà-ñàñàêèåâûì ìíîãîîáðàçèåì. Â ðàññìàòðè-
âàåìîì ñëó÷àå µ = −λ = −1.
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