Validation via modified chi-square goodness of fit test for Poisson Topp Leone-G family of distributions with applications to failure time
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Abstract

We further investigate the recently introduced two-parameter Poisson Topp-Leone-G family of distributions. Asymptotes and shapes are analytically studied and explicit expressions for reliability, hazard rate function, quantile function are derived. Stress-strength reliability, Rényi entropy are expressed in terms of corresponding expressions of Topp-Leone-G family. Construction of a modified chi-squared goodness-of-fit test based on the Nikulin-Rao-Robson statistic for real life data is outlined by discussing the theory and the method of the  statistic test. Estimation of model parameters by methods of maximum likelihood is discussed and proposed validation method is illustrated with analysis of three real life data sets and supported by simulation. Finally, a fourth data set is fitted out to show the advantage of Poisson Topp-Leone-exponential distribution in comparison to ten different extensions of exponential distributions.

Keywords: Topp Leone-G family, P-G family, MLE, Nikulin-Rao-Robson statistic, failure time.


1 Introduction
The Poisson Topp-Leone-G family of distribution recently introduced by Merovci et al. (2020) is defined as a family of distribution having cumulative distribution function (cdf) 



,;                           (1)
The corresponding pdf is given by 

                                (2)
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The authors investigated a few properties namely moments, moment generating functions, mean deviations, order statistics, reliability of the family, characterisation and provided one data fitting application. We observed that this family is very flexible and deserves further investigation to highlight some of its characteristics from a different perspective and also new ones which are not addressed in Merovci et al. (2020). The main motivation here is to (i) develop suitable validation tools based on modified chi-squared goodness of fit tests which is essential for any newly introduced family, (ii) assess the performance of the validation tests with extensive simulation to and (iii) consider real life applications with three particular cases of the  family of distributions.


Three particular cases of the  family of distributions which we will consider in our subsequent numerical applications of data modelling and validation are listed here. The reason behind the selection of these three is obvious as they are constructed using the well-known exponential, Weibull and Burr-XII distributions. We also preset the plots of their respective pdfs to show the different possible shapes of theses distributions in figure 1.

1.1 The Poisson Topp-Leone exponential (PTLE) distribution





Let the base line distribution be exponential with parameter  and , then for the  model we get the pdf and cdf respectively as


and

1.2 The Poisson Topp-Leone Weibull (PTLW) distribution






Taking the Weibull distribution (Weibull, 1951) with parameters  and  having pdf and cdf and respectively we get the pdf and cdf of  distribution respectively as  


and.

1.3 The Poisson Topp-Leone Burr-XII (PTLBXII) distribution






Considering the Burr-XII (BXII) distribution (Burr, 1942) with cdf and pdf (for) given by, where  and  are the shape parameters, then the pdf and cdf of the  distribution is given by



and.
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Fig 1 pdf plot of the PTLE, PTLW and PTLBXII  distribution 
From the plots it is clear that the pdf can assume variety of shapes and thus will be very useful especially in life data modelling.

To justify the applicability of these models we considered four well documented data sets from literature. The first three data sets namely (i) Failure times of aircraft windshield (Murthy et al., 2004) (ii) Failure times of electric bulbs (Bagdonavicius et al., 2011) and (iii) Survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli, (Bjerkedal et al., 1960) are respectively applied to fit three important particular distribution from the family  namely the PTLE, PTLW and PTLBXII by estimating the model parameters by ML method and applying the test developed in this work for the validation of the model fittings. Our finding clearly established the adequacy of the distributions. Additionally, we conducted another data fitting experiment considering the fourth data set also about failure time relating to relief times (in minutes) of patients receiving an analgesic (Gross and Clark, 1975) to compare PTLE with some recent extensions of exponential distribution and employed various model selection criteria to evaluate the situation. It turned out that the PTLE performed better than all its competitors.

The rest of this article is organized in six more sections. In Section 2, we discuss some important mathematical and statistical properties of the proposed family. In Section 3 the maximum likelihood estimation of the model parameters for real life data observations is discussed and supported by simulation. In Section 4, construction of a modified chi-squared goodness-of-fit test based on the Nikulin-Rao-Robson statistic for real life data is outlined by discussing the theory and the method of the  statistic test along with the results validation is presented with analysis of three real life data sets. In Section 5, we present a real life example of comparative data fitting. The paper ends with concluding remarks in the final section. 
 
2 
Important Properties of  family

In this section we will present various statistical and mathematical properties of the   family. Some of the results here will be expressed in terms of the corresponding results of the Topp Leone-G distribution of Ali et al. (2016).

2.1 Reliability and hazard rate function






where and are baseline pdf and cdf respectively.
We have plotted the hazard rate function the three particular distributions stated in last section in figure 2 from where it is clear that the hazard rate functions can assume variety of shapes including the basic increasing, decreasing and thus will be very useful especially in life time data modelling. 
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Fig 2 HRF plot of the PTLE, PTLW and PTLBXII distribution 

2.2 Asymptotes and shapes

In this subsection we provide some analytical insight into the asymptotes and shapes of the family by first outlining two propositions regarding asymptotes of the followed by a discussion on shape.



Proposition 1: The asymptotes of pdf, sf and hrf of as  are given by 



, and 


Proposition 2: The asymptotes of pdf, sf and hrf of as  are given by 





The shapes of the density and hazard rate function can be described analytically. The critical points of the density function of the family are the roots of the equation

             (3)

The critical point of hazard rate of thefamily are the roots of the equation



                                                                                         (4)




There may be more than one root of (3) and (4). Ifis a root then it is a local maximum, a local minimum or a point of inflexion if  and for (4) if   where

and .

2.3 Quantile function and random number generation





The quantile function (qf) of the  family can be obtained by inverting Equation (1). The  quantile for  can be easily obtained by solving the equation  as





In general to generate a random number from from a uniform random number ‘’ we can use the formula 

.




For example, let be exponential distribution with parameter. Then, the quantile is obtained as . 


Therefore, the  quantile, of PTL-E is given by


Obviously the expression above will allow one to easily generate random sample from the family starting with uniform random numbers.

2.4 
Stress-Strength System Reliability in terms of 





In stress-strength modelling is a measure of component reliability of the system with random stress and strength. It measures the probability that the systems strength is greater than environmental stress applied on that system and is defined as.






Let andbe two independent random variables with and distributions respectively. Then we have







whereand are the pdf and cdf of the  random variables and respectively.


Note that the pdf and cdf of  and can be expressed as




and

Thus      




where and .


2.5 Rényi entropy in terms of 
The entropy of a random variable is a measure of uncertainty variation and has been used in various situations in science and engineering. The Rényi entropy is defined by



			, where and . 
Using Power series expansion in equation (2) we can write



Thus the Rényi entropy of  distribution can be obtained as



,

where.

3 Maximum Likelihood Estimation and Simulation 

In this section, parameters estimation by MLE method of the distribution in general and Poisson Topp-Leone Weibull (PTLW) and The Poisson Topp-Leone Burr-XII (PTLBXII) in particular is presented along with simulation experiment to assess their performance as well.






Let be a random sample of size from the distribution with parameter vector, where is the parameter vector of G then the log-likelihood function for  is given by 


.



This log-likelihood function cannot be solved analytically because of its complex form but can be maximized numerically by employing global optimization routines available with software’s like R, SAS and Mathematica. The asymptotic variance-covariance matrix of the MLEs of parameters can obtained by inverting the Fisher information matrix  which can be derived using the second partial derivatives of the log-likelihood function with respect to each parameter. Theelements of  are given by


, .


The exact evaluation of the above expectations may be cumbersome. In practice one can estimate by the observed Fisher’s information matrix  is defined as:


	









Using the general theory of MLEs under some regularity conditions on the parameters as the asymptotic distribution of  is where. The asymptotic behaviour remains valid if  is replaced by . This result can be used to provide large sample standard errors for the model parameters. Thus an approximate standard error for the MLE of jth parameter  is given by.In the next three subsections, we present the MLE and simulation for assessing MLE for three particular distributions from PTL-G family.

3.1 The Poisson Topp-Leone Weibull (PTLW) distribution


The likelihood function of the model is

.
The log-likelihood function is




.
The score functions of our model are









.

The components of the information matrix  are given as follows



,


,











,




.

where, .
3.1.1 Simulation to assess of MLE for the PTLW model






We have  simulated random sample of sizes  from  with .We replicated the experiment 10000 times and reported the mean of MLEs of , with their corresponding mean square errors in the Table 1. 

Table 1 Maximum likelihood estimators of the parameters and their mean squared errors.
	
	

	

	

	

	


	

, MSE()
	0.8978,0.0010
	0.8997, 0.00087
	0.9016, 0.00078
	0.9025, 0.00061
	0.9019, 0.00049

	

, MSE()
	2.5323, 0.0018
	2.5280, 0.0014
	2.5228, 0.0010
	2.5101, 0.00044
	2.5031, 0.00029

	

,MSE ()
	0.7980, 0.0050
	0.8037,0.0030
	0.8019, 0.0013
	0.8035, 0.00036
	0.8038, 0.00028

	

, MSE()
	0.6087, 0.0029
	0.5916, 0.0013
	0.6026, 0.00089
	0.5903, 0.00062
	0.5957,0.00024



From Table 1, we can notice that the bias of the MLEs and the MSEs show convergence to zero.

3.2 The Poisson Topp-Leone Burr-XII (PTLBXII) distribution


The likelihood function of the  model is



The log likelihood function is





.
The score functions of our model are







,


.


The components of the information matrix  are given as follows








,


and






,






,
where,




, .

3.2.1 Simulation to assess of MLE for the PTLBXII model





We have  simulated random sample of sizes  from  with .We replicated the experiment 10000 times and reported the mean of MLEs of  with their corresponding mean square errors in the Table 2. 

Table 2 Maximum likelihood estimators of the parameters and their mean squared errors.
	
	

	

	

	

	


	

, MSE()
	1.4113, 0.00024
	1.4097, 0.00019
	1.4082, 0.00015
	1.4048, 0.00012
	1.4021, 0.00009

	

, MSE()
	1.0016, 0.00048
	1.0007, 0.00040
	0.9990, 0.00034
	0.9929, 0.00031
	1.0003, 0.00010

	

,MSE ()
	0.5986, 0.00070
	0.6008, 0.00058
	0.6036, 0.00042
	0.6065, 0.00023
	0.6074, 0.00016

	

, MSE()
	0.5787, 0.00013
	0.5725, 0.00011
	0.5735, 0.00009
	0.5750, 0.00009
	0.5758, 0.00009



From Table 2, we can notice that the bias of the MLEs and the MSEs show convergence to zero.

4 Construction of a modified goodness of fit test 
In the case of observed real life data, various techniques are available check adequacy of mathematical models for a given data. The most widely used tests are derived from the Pearson chi-square statistic. For real life data, Nikulin (1973) and Rao and Robson (1974) have separately proposed a statistic known as the N.R.R. (Nikulin-Rao-Robson) statistic. This test is a natural modification of Pearson's chi-square statisticsand a lot of articles have been published based on N.R.R -statistics (see for example Nikulin et al. (1973c), Goual and Seddik-Ameur(2014), Goual and Seddik-Ameur (2016), Goual and Haitham (2019), Goual and all. (2020), Goual and Haitham (2020) among others.
In the following subsection, we develop modified chi-square type tests based on N.R.R. statistic for the PTLE model, PTLW model and PTLBXII model in case of real life data and also asses their performance through simulation.

4.1 Nikulin-Rao-Robson test


The hypothesis is testing that an n-sample comes from a parametric family 

,


where represents the vector of unknown parameters, Nikulin (1973) and Rao and Robson (1974) proposed the N.R.R statistic defined as following:





The limitsof the r sub intervals=, where  and are obtained such that

.

So


We consideras is the frequency vector obtained by grouping data in intervals

.
The N.R.R statistic is given by 

,

where

andis the information matrix for the grouped data defined by



with


thenwith 





whereis the estimated Fisher information matrix and is the maximum likelihood estimator of the parameter vector. Thestatistic follows a distribution of chi-square with degrees of freedom.


4.2 N.R.R. test for



In this section, we construct a test of fit to verify if observed data follows the  model, with unknown parameters by adapting the N.R.R. statistic. We compute the maximum likelihood estimators of the unknown parameters of the PTLE model on the initial data. All the components of the statistics for the PTLE distribution can be easily deduced.


4.2.1 Simulation studies (N.R.R statistics)







To empirically study the behaviour of the N.R.R. statistic, we generated 10000 simulated samples at the from the  distribution for different sample sizes respectively, considering the case of equiprobability, for each replication, we compute the statistic of N.R.R., then calculate the empirical level. For different theoretical levels we calculate the average number of the non-rejection of the null hypothesis, when . The results presented in Table 3 reveals that, the values of the empirical levels are very close to those of their corresponding theoretical levels. Therefore, we may say that the proposed test is well suited to the  distribution.


Table 3 Empirical levels and corresponding theoretical levels 
	

	

	

	

	

	


	

	0.0106
	0.0108
	0.0111
	0.0134
	0.0186

	

	0.0391
	0.0428
	0.0471
	0.0532
	0.0586

	

	0.0907
	0.0936
	0.1095
	0.0113
	0.1775





4.2.2 Simulated distribution of  statistic for 




For different values of parameters of and different r intervals, we compute times, the simulated distribution of under the null hypothesisand plotted with chi-squared distribution with k degree of freedom in Figure 3.
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Fig 3 Simulated distribution of the statistic under the null hypothesis  with different parameters of versus the chi-squared distribution with (PTLE),, and


From Figure 3, one can affirm that the statistical distribution of for the PTLE distribution; in the limit follows a chi-squared with r=k-1 degrees of freedom within the statistical errors of simulation.

4.2.3 Real Data Application: Aircraft Data


The first real data comprises the failure times of 84 aircraft windshield (Murthy et al., 2004). We fit  model using R statistical software (the BB package) to find the MLEs of the parameters as:

.

We take intervals and the estimated Fisher matrix and hence the N.R.R statistics as:


 and  with p-value 0.4677.

Thus the failure times of 84 aircraft windshield is well fitted by the  distribution.


4.3   N.R.R. test for 



To endorse the results obtained in this work, we test whether the observed data follows themodel, with unknown parameters.



4.3.1   Simulation studies (N.R.R. statistics) for 





To empirically investigate, the comportment of N.R.R. statistic for the  model, we generated samples of sizes  and calculated the N.R.R statistic of 10000 simulated samples. For different theoretical levels , we calculate the average number of non-rejection of the null hypothesis, when . Table 4 presents the results of this simulation study.

We conclude that the proposed test is well suited to the  distribution, because of the closeness of the empirical and theoretical levels.


Table 4 Empirical levels and corresponding theoretical levels
	

	

	

	

	


	

	0.0104
	0.0123
	0.0166
	0.0187

	

	0.0436
	0.0496
	0.0532
	0.0589

	

	0.0820
	0.0940
	0.1030
	0.1450




4.3.2   Simulated distribution of  statistic for PTLW model





We present in Figure 4 the histograms of the statistics under the null hypothesiswith different values of parameters of , and the distribution Chi-square with k degrees of freedom. From Fig. 4, we demonstrate that the statistic for PTLW model follows in the limit, a chi-squared distribution with degrees of freedom. 
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Fig 4 Simulated distribution of the statistic under the null hypothesis with different parameters of versus the chi-squared distribution with (PTLW),, and

4.3.3 Electric bulbs Data


The 2nd real dataset is about the failure times of  electric bulbs (Bagdonavicius et al., 2011). We fit these data with . The MLEs of the parameters are obtained as



Takingintervals and the estimated Fisher matrix and hence the N.R.R statistics are found to be:



 and  with  p-value = 0.20716 .

We can say that failure time of the Electric bulbs is in concordance with the model.

4.4 
N. R.R.  test for 



We examine if an observed data can be fitted by the model, with unknown parameters by the constructing N.R.R. statistic.


4.4.1    Simulation studies (N.R.R statistic)




As in the case of the two other models in the previous sections, here we calculate (for different theoretical levels, the average of the numbers of non-rejection of the null hypothesis assuming the  model. The results of the corresponding empirical and theoretical levels presented in Table 5 clearly indicate the adequacy of the proposed test for thedistribution.


Table 5 Empirical levels and corresponding theoretical levels 
	

	

	

	

	

	


	

	0.0090
	0.0097
	0.0133
	0.0146
	0.0190

	

	0.0400
	0.0460
	0.0502
	0.0514
	0.0589

	

	0.0822
	0.0871
	0.1060
	0.1134
	0.0179





4.4.2   Simulated distribution of  statistic for  model



Histogram of simulated distribution on and chi-squared distribution with k=r-1 degree of freedom are presented in Figure 5 to show that the statistical distribution of for distribution with different values of parameters and different numbers k of grouping cells in the limit is in accordance with a chi-squared with k degrees of freedom within the statistical errors of simulation. 
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Fig 5 Simulated distribution of the statistic under the null hypothesis  with different parameters of versus the chi-squared distribution with (PTLBXII),, and

4.4.3 Real Data Application: Pigs data

The third data set is the survival times (in days) of 72 guinea pigs infected with virulent tubercle bacilli, observed and reported by Bjerkedal et al., (1960). Here we fit the  model and found the values of the MLEs of PTLBXII of the parameters as

.

We take intervals and the estimated Fisher matrix and hence the N.R.R statistics as:


andwith p-value = 0.8297.


Therefore the model fits the Pigs data very well.

5 Comparison with existing models

Here we consider fitting of a failure time data set about to the relief times (in minutes) of patients receiving an analgesic. This data set of twenty (20) observations was reported by Gross and Clark (1975).We compare thedistribution with exponential (Exp) and a number of known other extensions of the exponential distribution namely, moment exponential (ME), Marshall-Olkin exponential (MO-E) (Marshall and Olkin, 1997), generalized Marshall-Olkin exponential (GMO-E) (Jayakumar and Mathew, 2008), Kumaraswamy exponential (Kw-E) (Cordeiro and de Castro, 2011),  Beta exponential (BE) (Eugene et al., 2002), Marshall-Olkin Kumaraswamy exponential (MOKw-E) (Handique et al., 2017), Kumaraswamy Marshall-Olkin exponential (KwMO-E) (Alizadeh et al., 2015), Beta Poisson exponential (Handique et al., 2022) and Kumaraswamy Poisson exponential (KwP-E) (Chakraborty et al., 2022) distribution. Model selection criteria namely the AIC, BIC, CAIC and HQIC along with the goodness of fit criteria like Kolmogorov-Smirnov (K-S) statistics, Anderson-Darling (A) and Cramer Von-Mises (W) are used for the purpose of comparison of the fitted models.  The findings are shown in Table 6 and 7 while the fitted densities and the fitted cdf’s presented in Figure 6. 
Table 6 MLEs, standard errors, (in parentheses) values for failure time data set
	




Models                                                                                                          

	 Exp                         ---                     ---                    ---                       ---                        0.526

                                                                                                                                (0.117)
  ME                        ---                     ---                     ---                      ---                        0.950

                                                                                                                                (0.150)
MO-E                      ---                   54.474                ---                      ---                        2.316                 

                                           (35.582)                                                                   (0.374)                                                        
 GMO-E                0.519                89.462                ---                      ---                        3.169                   

             (0.256)              (66.278)                                                                   (0.772)               
 Kw-E                      ---                     ---                 83.756                0.568                     3.330                  

                                                               (42.361)             (0.326)                  (1.188)                                                         
B-E                          ---                     ---                 81.633                0.542                     3.514                   

                                                               (120.41)              (0.327)                 (1.410)                
MOKw-E                ---                    0.133              33.232                0.571                    1.669                   

                                    (0.332)           (57.837)              (0.721)                 (1.814)                                                         
KwMO-E                ---                   28.868             34.826                0.299                    4.899                   

                                    (9.146)           (22.312)              (0.239)                 (3.176)                                                         
 BP-E                    1.965                   ---                 13.396                 9.600                    0.244   

           (0.341)                                      (1.494)               (1.091)                 (0.037)
  KwP-E                5.983                   ---                 11.837                3.596                    0.225                   

          (1.470)                                      (6.493)               (2.392)                  (0.098)                            
  PTL-E                 2.096                26.116               ---                       ---                       0.866                   

             (2.208)             (19.801)                                                                   (0.320)                            







Table 7 Log-likelihood, AIC, BIC, CAIC, HQIC, A, W and KS (p-value) values
	 Models                     AIC        BIC        CAIC       HQIC         A         W         KS (p-value)

	
Exp                       67.67      68.67       67.89      67.87         4.60     0.96       0.44(0.004)

ME                        54.32       55.31      54.54      54.50         2.76     0.53       0.32(0.07)

MO-E               43.51       45.51      44.22       43.90         0.81     0.14       0.18(0.55)

GMO-E        42.75      45.74       44.25      43.34          0.51     0.08       0.15(0.78)

Kw-E            41.78       44.75      43.28       42.32          0.45     0.07       0.14(0.86)

B-E               43.48       46.45      44.98       44.02          0.70     0.12      0.16 (0.80)

MOKw-E 41.58       45.54      44.25       42.30          0.60     0.11      0.14(0.87)

KwMO-E 42.88       46.84      45.55       43.60          1.08     0.19      0.15 (0.86)

BP-E         38.07       42.02      40.73       38.78          0.39     0.06      0.14 (0.91)

KwP-E      38.32       42.28      40.98       39.04          0.41     0.05      0.13 (0.93)

PTL-E          37.65      40.63       39.15       38.23          0.22      0.03     0.10 (0.97)


     [image: ]                     [image: ]

Fig 6 Plots of the observed histogram and estimated pdf on left and observed ogive and estimated cdf on right.


[bookmark: _GoBack]From these findings based on the lowest values different criteria the is found to be a better model than the models Exp, ME, MO-E, GMO-E, Kw-E, B-E, MOKw-E, KwMO-E, BP-E and KwP-E for the failure time data set. Thus the proposed distributions provide comparatively closer fit to this data set.

6 Concluding remarks
Poisson Topp-Leone-G family of distributions is further investigated with special reference to three sub models based on exponential, Weibull and Burr XII distributions. Some additional general structural properties are studied. The MLE for estimating the parameters is discussed and its performance is shown to be excellent through extensive simulation. Validation tests based on modified chi-square is developed and found to be of satisfactory level by running simulation experiments. Three different data sets are considered for fitting with the three sub models using MLE and results validated by the procedure developed. Additionally comparison of one of the sub model with different distribution using a fourth data set had shown favorable result.
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