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Abstract: We consider the ray transform It that integrates sym-
metric rank m tensor fields on R™ supported in a bounded convex
domain D C R™ over lines. The integrals are known for the family
I' of lines I such that endpoints of the segment [ N D belong to
a given part v = dD NR"} of the boundary, for some half-space
R C R™. In this work, we assume that the domain D is convex
with a non-smooth boundary. In this case, we prove that the kernel
of the operator I+ coincides with the space of ~y-potential tensor
fields, which is a generalization of the results obtained in [2].

Keywords: tomography with incomplete data, ray transform, ten-
sor analysis.

1 Introduction

The ray transform [ integrates rank m symmetric tensor fields on R"
over lines. In the cases of m = 0 and m = 1, the ray transform is the
main mathematical tool of Computer tomography and Doppler tomography
respectively. In the case of m > 2, the ray transform is used in different
problems of tomography of anisotropic media.
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For m > 0, the operator I has a non-zero kernel consisting of so called
potential tensor fields. A symmetric rank m tensor field f is potential if
it can be represented in the form f = dv for some rank m — 1 symmetric
tensor field v, where d = oV is the symmetrized covariant derivative. The
definition also involves boundary condition(or decay condition at infinity):
the potential v must vanish either on the whole boundary of the domain
under consideration or on a part of the boundary (or must certainly decay
at infinity).

In problems with incomplete projection data the ray transform If is
known not for all lines of R™ but for some family of lines. Such a situation
appears if the domain involves a non-transparent inclusion such that the
sounding radiation does not transmit the inclusion.

In the present work, we generalize results of the recent paper [2] by V.A.
Sharafutdinov in the following two directions. First of all, we do not assume
the domain under consideration to be smooth. Smoothness arguments of [2]
are replaced by the usage of the Saint-Venant operator introduced in [1].
Second, the strict convexity of the domain is replaced with the standard
convexity. The latter replacement is possible due to some generalization of
the support theorem for the Radon transform. The possibility is mentioned
in [2, Remark 3.5].

The author is grateful to V.A. Sharafutdinov for wise guidance and helpful
suggestions and to K.V. Storozhuk for useful remarks.

2 A generalization of the support theorem for the Radon
transform

Let us recall the definition of the Radon transform and the support theorem
for the Radon transform.
Let Co(R™) be the space of continuous complex-valued functions with
compact supports on R with the norm || f|| = sup |f(z)|. We define similarly
TzER™

Co(P™), where P™ is the manifold of hyperplanes in R™. The Radon transform
is the linear operator

R : C()(Rn) — C()(]P’n>
defined by

RFE) = / f(@)dm(z) (€ € P
£

for f € Co(R™) where dm is the Lebesgue (n — 1)-dimensional measure on
the hyperplane &. The formal adjoint of the Radon transform is the linear
operator

R* : C(P") — C(R")
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defined by
Ripla) = [ o€ du(e),

Tl
where dp is the measure on the compact set {{ € P" |z € &} which is
invariant under the group of rotations around x and such that the measure
of the whole set is 1.
We now formulate the standard support theorem for the Radon transform
of compactly supported continuous functions. Let || - || be the standard norm
on R™. For £ € P", the distance from the origin to the hyperplane £ is denoted

by d(0,¢).

Theorem 1. Let f € Cy(R™) satisfy the following condition: there exists
a constant A > 0 such that Rf(§) = 0 ¢f d(0,&) > A. Then f(x) = 0 for
|z|| > A.

Define D(R™) as the space of test functions, i.e. infinitely differentiable
complex-valued functions with compact supports in R™. Let D'(R™) be the
space of all distributions on R™ and &'(R™) be the space of compactly
supported distributions on R™. We denote the value of a distribution f €
D'(R™) on a test function ¢ € D(R™) by (f|e).

For a distribution f € £'(R™), the Radon transform is defined by

(Rfle) = (fIR*@)  (p € D).
We consider distributions f € D'(R™) that admit a decomposition of the
form
f=h+f (hefR), feCRY), (1)
where fo is a fast decaying function, i.e., for every k € N, there exist a
constant C = Ci(f2) such that

(1 + |z)k|fo(z)] < Cp  for all z € R™.
For such a distribution f, the Radon transform is defined by
(Rflp) = (RAle) + (Rfale) (¢ € D)), (2)

where

REl) = [ RE©) ¢ (v DE").
]P)ﬂ,
Here d¢ is a suitable measure on P" invariant with respect to the group of
isometries of Euclidean space R".

The decomposition (1) is not unique. Let us demonstrate that the definition
(2) is independent of the choice of the decomposition (1). Given f € D'(R"),
let f=fi+ f2 (fi € ER"), f» € C(R™)) be another decomposition of the
form (1). Then, for an arbitrary test function ¢ € D(P"),

(Rfile) + (Rfale) = (filR @) + (f2 R ¢) = (fIR ).
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The equality (Rf1|@) + (Rfa|e) = (f|R*e) is proved in the same way. From
two last equalities,

(Rfile) + (Rfale) = (Rfile) + (Rf2le).
Thus, the correctness of the definition (2) has been verified. Introduce the
notation Sa(z) = {£ € P"|d(x,§) < A}, where d is the Euclidean distance
in R"™.
Theorem 2. Let f € D'(R™) be a distribution admitting a decomposition of

the form (1). If supp(Rf) C Ba(z) for some x € R™, then supp(f) C Ba(z),
where by Ba(x) is the ball of radius A centered at x.

We omit the proof of this theorem which follows the same way as the proof
of the support theorem for compactly supported distributions [1, Chapter
I, Theorem 5.4] since the function fo in decomposition (1) satisfies the
hypotheses of the support theorem for the Radon transform [1, Chapter
I, Theorem 2.6 and Corollary 2.8|.

Now we give a corollary of Theorem 2 which will be used later. Here n = 2
in notation S4(x)

Corollary 1. Let D be a bounded closed convex domain in R? and f € C(D).
Extend f by zero outside D. If supp(Rf) C fa(x) for some x € R2, then
supp(f) C Ba(x), where Ba(z) is the disk of radius A centered at x.

3 The two-dimensional ray transform with incomplete data

Given an integer m > 0, by T™ = T™R" we denote the complex vector

space of all functions R" x --- x R” — C that are R-linear in each of argu-
m factors

ments. If ey, ..., e, is a basis for R", then the numbers u;,__;,, = u(ei, ..., €i,,)

are called the components of the tensor u € T™ with respect to the basis.

Assuming the choice of a basis to be clear from the context, we shall denote

this fact by the record u = (u;, _i,,)-

Let S™R™ be the subspace of T™ consisting of rank m symmetric tensors
on R™. Its dimension is (”ﬂgil). In particular, S°R” = C and S'R" = C".
It is also convenient to assume that S~'R™ = 0. Let o : 7™ — S™R" be the
symmetrization defined by the equality:

1
OUiy .0y = % Z uiw(l)‘..iw(m)a
w€lly,

where the summation is performed over the group IL,, of all permutations
of the set {1,...,m}. We also define the symmetrization with respect to a
part of indices by the formula:

. ) 1
0'(21 .. .zp)uil__im = H E Wi (1) (p) Ip+-1 T *
" well,
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We shall need the alternation with respect to two indices

. 1
ai1i2)Uiyiggy . g, = 3 (Uirings...gp — Winirjr.jp) -

A record of the type

sym w : (i1 ... ig—1)ikj1(j2 - - - o),
is convenient for notation the partial symmetry of the tensor w. It means that
the tensor u is symmetric with respect to each group of indices in parentheses.

For an integer k > 0, the space of k times continuously differentiable
SR™-valued functions on R™ is denoted by C*(R"; S™R"™). Its elements are
called k times continuously differentiable symmetric tensor field of rank m
on R™. The space CF(R"™; T™) is the defined in the same way.

Let D C R" be a closed convex domain. We say that a function f € C(D)
belongs to C*(D) if, for every point of D, there exist an open neighborhood
U C R" and function g € C¥(U) such that g|pry = f|pnu. Now the space
Ck(D; S™R™) of symmetric tensor fields of the class C* is defined as the set
of continuous maps D — S™R" whose all coordinates belong to C*(D).

We define operator of differentiation

v :CHD;T™) = (D T
by the equalities

8ui i

— . . . . . . . — 1..'Zm

Vu = (uzl...zm;])v WUsy..ipn 3 = O ’

where (;El, ...,x™) are Cartesian coordinates in R™. The iterated derivative

is denoted as VFu = (Wiy.iy, ;j1~~~jk)- The first order differential operator
d =0V :C*"D;S™R") — C*1(D; S™HR™)
is called the inner derivative.

The operator d obeys the following hypoellipticity. If the right-hand side
of the equation dv = f is of the class C* in an open domain U C R”, then
any solution to the equation is of the class C**1 in U. This follows from [3,
Theorem 2.2.2]

We identify the family of all oriented lines in R™ with the tangent bundle
of the unit sphere S"~!

TS"! = {(2,€) € R" x R" | ¢]| =1, (,€&) =0},

by identifying (z,&) € TS" ! with the line I, ¢ = {z+t£|t € R} through the
point x in the direction £. Hereinafter (-,-) is the standard dot product on
R™ and || - || is the corresponding norm. Since TS"~! is a smooth manifold,
the spaces of (complex-valued) functions C¥(T'S"~1) and C§(T'S" 1) are well
defined.

Here and further till the end of the section n = 2, let D C R? be a closed
bounded convex domain. The ray transform is initially defined as the linear
operator

I:C*(D; S™R?) — L™®(TS') (3)
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by

+oo
If(z,6) = / Fir i (0 HEE)ED . Em dt =

“+o00

:ﬂ/vm+%xwwﬁ (@,©) eTs’), (4

— 00

where f is extended by zero outside D. Here the space L°(T'S') is introduced
with the help of the measure dzd¢ on T'S! which is defined by

/¢mQMQ://¢m@m% (p € Co(TSY)).
TSt St gL

On the right-hand side of the latter formula, dx is the length element of the
line ¢+ = {z € R?| (x,¢) = 0} and d€ is the length element of the circle S'.
Now, let D C R? be a closed convex bounded domain containing an inner
point. Choose a line Iy C R? through an inner point of D. By R?,_ we denote
one of two closed half planes bounded by Iy and by R?, the second one.
Set D = DNRY and v = 9D NR2, see Fig. 1. Let I be the closed
set in TS! consisting of (x,¢) € TS! such that the intersection of the line
lpe = {z+t{|t € R} with D is a non-empty segment with both endpoints
belonging to the curve . We introduce the linear continuous operator

I : C%(D; S™R?) — L™(T) (5)

by Irf = (If)|r where If is the value of the operator (3) on the tensor
field f € C*(D;S™R?). The operator (5) is called the ray transform with
incomplete projection data determined on the domain T' C TS

We say that f € C*(D; S™R?) is a v-potential tensor field if there exists
a field v € C*+1(D,; S™~1R?), satisfying the boundary condition

vly =0

and the equation
dv = f in D+.

Theorem 3. Letk > m >0, D C R2 be a closed bounded convex domain,
domains Dy and the curve v C 0D be chosen as above. The kernel of the
operator It coincides with the space of v-potential tensor fields.

Starting the proof, first of all we choose Cartesian coordinates (z1,x2) on
R? so that the line Iy participating in above-presented definitions coincides
with the xj-axis {x9 = 0}. Then Dy = {(z1,22) € D| £ 22 > 0} and
v ={(x1,22) € 0D |x2 > 0}. The proof is going by induction in m.

In case of n = 2 and m = 0 the ray transform I coincides up to notations
with the Radon transform R and Theorem 5 reduces to Corollary 1 due to
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the fact that a compact convex set D_ coincides with the intersection of
closed balls containing D_.

Proposition 1. Theorem 3 is true for m = 1.

Proof. Let a vector field f = (f1, f2) € C*(D,C?)(k > 1) belong to the
kernel of the operator It. We are going to prove that the 1-form

w = fidx1 + fadxs (6)

is exact on the domain D_.
We parametrize the curve v by the arc length

() = (1(t),12(t) (0<t<T),

Recall that the boundary curve of a convex domain D C R? is differentiable
at almost all points; therefore v; and o are differentiable almost everywhere
and 42 + 43 = 1 at any point of differentiability. For t1,to € [0,T] let
[7(t1),v(t2)] be the straight line segment joining the points vy(t1) and ~(t2).
By S C [0,T] we denote the set of ¢ such that ~(¢) is the point of strict
convexity, i.e.

S={te0,T]|t1,ta: t1<t<ty and [y(t1),v(t2)] C~}.

Let us make sense to the integral

/ w= / AT + For(0))5al0)) dt (7)
’Y|[t1,t2] t1

Formally speaking, the integrand on the right-hand side of (7) is not defined
since the tangent vector ¥(t) = (71(t),v2(t)) does not exist for all ¢ € [0, T].
Nevertheless, the left tangent vector

o At = AL — (1)
7o) = Alﬂo At

and the right tangent vector

b AEH AL — (1)
V) = Alﬂo At

exist for every t € [0,7] since v is a convex curve. Observe that |57 (¢)| =
|3t (#)]] = 1 and the functions 4~ and 41 coincide almost everywhere on
[0, T'] since a convex curve is differentiable almost everywhere. Thus, 4~ and
4T are bounded measurable functions with countable sets of discontinuities.

Therefore the integrals
to )

/(fl(’y(t))%(t) + (1) (1)) dt, /(fl(v(t))%*(t) + ()7t (1)) dt

t1 t1
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v(4) (t2)

Fig. 1

are well define and coincide. We define the integral (7) as any of two latter
integrals. The hypothesis It f = 0 can be written in the form: for ¢1,%2 €
[0, 7]

w =0 if [y(t1),v(t2)] Z v

[v(t1),7(t2)]
w =20 ifty, te €S and [y(t1),v(t2)] C v

[v(t1)7(t2)]
Let us show that

/w:O (t1, 12 € 0,T]). )

Vl[tl stol

In the case [t1,t2] C S the statement (9) is proved similarly to |2, Section 3,
Proposition 2|. In view of (8), we infer that (9) is true for arbitrary ¢;,%2 € S.

Let us prove (9) for t; € S and t2 ¢ S such that 0 < ¢; < t2 and
[v(t1),7(t2)] C . To this end we choose t € (0,t1). Let Dy, 1, be the triangle
with vertices at points y(t),y(¢1),v(t2), see Fig.1. By the Green formula

[l Jur [or Ju

Di,ty.to [v(),y(t1)] [y(t1),7(£2)] [v()(22)]
Observe that the second integral on the right-hand side is independent, of t.
The integral on the left-hand side and and the first integral on the right-hand
side tend to 0 as t — t1. The last integral on the right-hand side is equal to
0 for ¢ € [0,%1) because of (8). Thus, passing to limit in (10) as t — 1, we
obtain

/ w=0 (t1 <t [v(t1),7(t2)] Cv, 1 €S, t2 ¢ 5).

[v(t1),v(¢2)]
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Together with additivity of integration, this gives (9).
For t1,t2 € [0,T] (t1 < t2), let Dy, 4, be the domain bounded by the part
Y|t ¢, of v and the straight line segment [y(¢1),y(t2)]. By the Green formula,

/ dw = /w— /w.
Dty 1y ity to] [v(t1) v (t2)]

Both integrals on the right-hand side are equal to zero by (8) and (9). Thus,
// dw = 0.
Dy 1y

Since t1,ty € [0,T] are arbitrary, this implies that
dw =0 if [y(t1),7(t2)] € v
[v(t1)7(t2)]

/ dw = 0 if t1, to € S and [y(t1),v(t2)] C v

[y(t1),7(t2)]

Since dw = <g—£ — %) dxy N dxo, the latter equality is equivalent to
Ofs  0fi
Ir(=— - —=—)=0.
F( 81’1 (9%'2 )

Since Theorem 3 has heen already proven for m = 0, the latter equality
implies that

dw =0 in the domain D, (11)
i.e., the form w is closed in the domain D,. Since the domain is simply
connected, the form w is exact in D, i.e., there exists a function v € C*(D,)
satisfying

dv =w in the domain D,. (12)
The function v is determined by the equation (12) uniquely up to an additive
constant. Choose the constant such that v(y(0)) = 0. Again using (9), we
obtain

vy (t)) = / w=0 (te0.1)),
70,4
- o), = 0. (13)

In equations (11) and (12), d is the exterior derivative on differential forms.
But for the form (6), the equation (12) is equivalent to

dv=f in the domain D, (14)

where d is the inner derivative.
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It remains to use the hypoellipticity of the operator d: a solution v to the
equation (14) belongs to C**1(D, ) if k > m and f € C*(D,;C?). Equations
(13) and (14) mean that f is a y-potential field. O

The proof of Theorem 3 in the case of m > 2 coincides with [2, Section 3,
Theorem 1], because the strict convexity hypothesis and smoothness of the
domain under consideration was not used in the mentioned proof.

4 The Saint-Venant operator and the equation dv = f

Let D C R™ (n > 2) be a closed convex domain bounded by a closed
hypersurface 0D.
Recall [3] that the Saint-Venant operator

W : C*(D; S"R") — C*(D; S™R™ ® S™R") (k> m > 0),
defined by the equality

Wiy imjroin = (i1 - im) (1 - ) D (= 1) (ﬂ;) y

1=0
Xuil---im—ljl---jl 3 Jl+1-Jmim—141--tm
The Saint-Venant operator has the following property. Let
f € C*(D; S™R™) for a closed domain D C R™. If the restriction of the
field W f to every two-dimensional plane is equal to zero, then W f = 0 in
D. This follows from the fact that the field W f has the following symmetry
sym (W) imjrcgm * (01 im)(J1 -+ Jim)-
We now formulate the following version of [3, Theorem 2.2.2].
Theorem 4. Let ) be a closed convex set in R"™, xg € 0Q, k > m > 1 be
integers, f € CF(Q; S™R™), vl € T™H=1 (0 <1< m —1). The equation
dv=f (15)

has at most one solution v € C*T1(D,; S™IR™) satisfying the initial condi-
tions

Vio(zg) =0 (1=0,1,...,m—1) (16)

For ezistence of a solution v € C*T1(D,; S™IR") to the problem (15)-
(16) it is necessary that the right-hand side of the equation (15) satisfies the
condition

Wf=0inQ, (17)
and the tensors v' have the symmetries
sym o'z (iy 1) G -+ imgi—1) (1=10,1,...,m —1) (18)

and satisfy the relations

O'('L]_ e im)vll'1~~im+l—1 = fll’Lm JimA1eTml—1 (.T[)) (l = 1’ s, M= 1) (19)
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If U is a simply-connected domain, then conditions (17)—(19) are suffcient
for existence of a solution v € C*¥*1(Dy; S"~1R™) to the problem (15)—(16).

Unlike |3, Theorem 2.2.2|, in Theorem 4 the initial conditions are taken
at a point on the boundary of the Q, but Theorem 4 can be proved in the
same way as the original theorem, because the € is closed convex set.

5 The multi-dimensional ray transform with incomplete
projection data

Let D C R™ (n > 2) be a closed convex domain bounded by a closed
hypersurface dD. For such a domain, the ray transform

I:C*(D; S™R") — L>®(TS" 1) (20)

is defined by the same formula (4), where f is extended by zero outside D.
Choose an affine hyperplane Py C R" through an inner point of the domain
D. Tt splits R™ into two closed half spaces bounded by Py. We denote them
by R} and R”. Set D+ = DNRY and v = 0D NR’. Let I' be a closed set
in TS"! consisting of (x,&) € TS"! such that the intersection of the line
lp¢ = {x +t£|t € R} with D is a non-empty segment with both endpoints
belonging to the curve . We introduce the linear operator

Ir : C*(D; S™R") — L>(T") (21)
by Irf = (If)|r where If is the value of the operator (20) on the field f €
C*(D; S™R™). The operator (21) is called the ray transform with incomplete
projection data determined on the domain T' C TS" 1.

We say that f € C*(D; S™R") is a y-potential tensor field if there exists
a field v € C*+1(D; S™~1R") satisfying the boundary condition

vly =0

and the equation
dv = f in D+.

Theorem 5. Let k> m >0, D C R" be a closed bounded convexr domain,
domains Dy and hypersurface v C 0D be chosen as above. The kernel of the
operator It coincides with the space of v-potential tensor fields.

Proof. We present the proof for m > 1. For m = 0 the proof is the same
with many simplifications. For n = 2, Theorem 5 coincides with Theorem 3.
Now assume n > 3.

For an affine 2D-plane P C R", we set D = DN P, DY = DL NP, 4F =
yNP. Then DT is a closed bounded convex domain in P. We do not consider
the cases, when the domain D¥ is empty or consists of one point. We also
denote by I'? the set of (z,£) € TS* !, such that the intersection of the
line I, ¢ = {z +t£|t € R} with D is a non-empty segment with endpoints
belonging 7.
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For an affine 2D-plane P C R™ by RQP C R"™ we denote the vector
2D subspace parallel to the plane P. Let us consider a tensor field f €
C*(D; S™R™). The restriction fF € C*(DF;S™R%) of f to a plane P is
defined as follows. The field f can be identified with the function

f(@,8) = fir,in (@) ... (x €D, {€RY),
which is a homogeneous polynomial of degree m in £ with coefficients f;, ;. €
C*(D). The tensor field f7 is identified with the restriction of the polynomial
to D x R%,

Let a tensor field f € C*(D; S™R") belong to the kernel of the operator
(21). Then, for every affine 2D-plane P C R"™ the tensor field
e Ck(DP;SmR%) belongs to the kernel of the ray transform on the
2D-plane P

Irp : C*(DY; S™RE) — L=(TF). (22)
If DP = D_NP = (), then (22) is the ray transform with complete projection
data. If DY £ (), (22) is the ray transform with incomplete data.

Applying Theorem 3, we obtain, for every affine 2D-plane P C R", a
tensor field v € C’k“(Df; Sm=1R%) satisfying the boundary condition

'UP|7P =0 (23)
and the equation
d”v” = f¥ in the domain DY, (24)
where d” is the inner derivative on the plane P. Applying Theorem 4 with
Q= Df we obtain
Wff=0 inDP
and, for arbitrary fixed xg € 7y, tensors

0 l
v =0, Vit eimagr—1 — fil-nim;im+1-~~im+l71(l‘0) (l =1,....,m— 1)

have the symmetries

sym (V)71 (i1 1) (i - - imgi—1)  (1=10,1,...,m —1)
and satisfy the relations
~ . I\P P
o(iy...im)(v )2-1“.2-7"“71 = il...im;im+1...im+171(xo) (l=1,...,m—1).

From the above-mentioned property of the Saint-Venant operator W f is
uniquely determined by its restrictions to 2D-planes. We see that

Wf=0in D,. (25)
Using the symmetries of (v!)”) we obtain that
O[(Zmlk)f“lm Sl eIl —1 ($Q) =0 (k’ =m+1,.... m+1— 1)

Now we set Q = D, in Theorem 4. Inserting tensors v' into the initial
conditions (16), we see that v satisfy the conditions (18) and (19). By (25),
f satisfies the condition (17). Applying Theorem 4, we obtain that the
equation dv = f has a unique solution v € C**1(D,; S 1R") satisfying
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the initial conditions (16). Since v is also the solution of the equation (24)
for an arbitrary hyperplane P C R", it satisfies the boundary condition (23).
Thus, v|, = 0 and v is a y-potential tensor field. O
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