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Abstract. The problem of recovering an antisymmetric tridiagonal
matrix from the eigenvalues of this matrix and the normalizing constants
for its eigenvectors is solved. Matrices of this type arise in the theory of
small oscillations of mechanical systems and are related to the matrices
of the systems through the Schr�odinger transformation. The problem is
solved by the method of orthogonal polynomials.
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Schr�odinger variables.

1. Ââåäåíèå

Â ðàáîòå ðåøàåòñÿ çàäà÷à î âîññòàíîâëåíèè òðåõäèàãîíàëüíîé àíòèñèììåò-
ðè÷íîé ìàòðèöû

(1)
A =



0 a0 0 · · · 0 0
−a0 0 a1 · · · 0 0
0 −a1 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 aN−2

0 0 0 · · · −aN−2 0


,

a0, . . . , aN−2 > 0,

ïî åå ñïåêòðàëüíûì äàííûì. Â êà÷åñòâå ñïåêòðàëüíûõ äàííûõ áåðóòñÿ ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèöû A è íîðìèðîâî÷íûå êîíñòàíòû äëÿ åå ñîáñòâåííûõ
âåêòîðîâ.

Gudimenko, A.I., Inverse spectral problem for an antisymmetric tridiagonal

matrix.
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Äàííàÿ çàäà÷à îòíîñèòñÿ ê êëàññó ìàòðè÷íûõ îáðàòíûõ ñïåêòðàëüíûõ çà-
äà÷. Ïîñëåäíèå âîçíèêàþò â òåîðèè ìàëûõ êîëåáàíèé ìåõàíè÷åñêèõ ñèñòåì è
èìåþò ïðèëîæåíèå, íàïðèìåð, ê èçîñïåêòðàëüíûì ïîòîêàì [1]. Ýòè çàäà÷è ðàñ-
ñìàòðèâàëèñü ðàíåå â îñíîâíîì äëÿ ñèììåòðè÷íûõ ìàòðèö, ïîñêîëüêó èìåííî
òàêèå ìàòðèöû ïðèíÿòî àññîöèèðîâàòü ñ ëèíåéíûìè êîëåáàòåëüíûìè ñèñòå-
ìàìè [2, 3, 4]. Íàïðèìåð, òàê íàçûâàåìàÿ êëàññè÷åñêàÿ ìàòðè÷íàÿ îáðàòíàÿ
ñïåêòðàëüíàÿ çàäà÷à èìååò äåëî ñ ìàòðèöåé ßêîáè � ñèììåòðè÷íîé òðåõäèà-
ãîíàëüíîé ìàòðèöåé ñ ïîëîæèòåëüíûìè âíåäèàãîíàëüíûìè ýëåìåíòàìè. Òàêàÿ
ìàòðèöà àññîöèèðóåòñÿ, íàïðèìåð, ñ ñèñòåìîé ëèíåéíî ñâÿçàííûõ ãàðìîíè-
÷åñêèõ îñöèëëÿòîðîâ, âçàèìîäåéñòâóþùèõ áëèæàéøèìè ñîñåäÿìè (êðàòêî �
ãàðìîíè÷åñêîé öåïüþ) [4]. Ñëó÷àé àíòèñèììåòðè÷íûõ ìàòðèö, ïî-âèäèìîìó,
ñïåöèàëüíî íå ðàññìàòðèâàëñÿ.

Ìåæäó òåì, òðåõäèàãîíàëüíûå àíòèñèììåòðè÷íûå ìàòðèöû òàêæå åñòåñòâåí-
íûì îáðàçîì ñâÿçàíû ñ ëèíåéíûìè êîëåáàòåëüíûìè ñèñòåìàìè. Ðàññìîòðèì â
êà÷åñòâå ïðèìåðà ñëåäóþùóþ çàäà÷ó î âèáðàöèÿõ â ãàðìîíè÷åñêîé öåïè ñ çà-
êðåïëåííûìè êîíöàìè:

(2)
mlq̈l = −kl(ql − ql−1) + kl+1(ql+1 − ql), l = 0, . . . , L− 1,

q−1 = 0, qL = 0,

ãäå ml èíòåðïðåòèðóåòñÿ êàê ìàññà l-ãî îñöèëëÿòîðà, kl � êàê æåñòêîñòü ïðó-
æèíû, ñîåäèíÿþùåé ýòîò îñöèëëÿòîð ñ ïðåäûäóùèì, ql � êàê îòêëîíåíèå l-ãî
îñöèëëÿòîðà îò ïîëîæåíèÿ ðàâíîâåñèÿ, L � êàê äëèíà öåïè. Ïîëîæèì

(3) x2l+1 =
√
mlq̇l, x2l =

√
kl(ql − ql−1).

Â íîâûõ ïåðåìåííûõ çàäà÷à (2) ïðèíèìàåò âèä

(4)
ẋl = alxl+1 − al−1xl−1, l = 0, . . . , N − 1,

x−1 = xN = 0,
ãäå

(5) a2l+1 =

√
kl+1

ml
, a2l =

√
kl
ml

è N = 2L + 1. Ìû âèäèì, ÷òî ìàòðèöà ñèñòåìû (4) ñîâïàäàåò ñ ìàòðèöåé (1),
òî åñòü ÿâëÿåòñÿ àíòèñèììåòðè÷íîé òðåõäèàãîíàëüíîé ìàòðèöåé.

Ââåäåííîå íàìè ïðåîáðàçîâàíèå (3), (5) ìû íàçûâàåì ïðåîáðàçîâàíèåìØðå-
äèíãåðà, òàê êàê îíî âïåðâûå ïîÿâëÿåòñÿ â ðàáîòå [5] ýòîãî àâòîðà, ïðàâäà, äëÿ
ñëó÷àÿ al = 1, l = 0, . . . , N − 2.

Ñ ó÷åòîì ýòîãî ïðåîáðàçîâàíèÿ ìîæíî ñäåëàòü âûâîä, ÷òî îáðàòíàÿ ñïåê-
òðàëüíàÿ çàäà÷à äëÿ àíòèñèììåòðè÷íîé òðåõäèàãîíàëüíîé ìàòðèöû ÿâëÿåòñÿ
ñëåäñòâèåì è âî ìíîãîì ýêâèâàëåíòíà îäíîèìåííîé çàäà÷å äëÿ ìàòðèöû ßêîáè.
Îäíàêî ïðÿìîå åå ðåøåíèå, áåç ññûëîê íà ïðåîáðàçîâàíèå Øðåäèíãåðà, òàêæå
íà íàø âçãëÿä ïðåäñòàâëÿåò èíòåðåñ, òàê êàê ïîçâîëÿåò âûÿâèòü âçàèìíûå îñî-
áåííîñòè ðåøåíèÿ ýòèõ çàäà÷è è ãëóáæå ïîíÿòü èõ ñòðóêòóðó. Íàïðèìåð, ñòàíî-
âèòñÿ ÿñíûì, ÷òî èñïîëüçóåìûå â ìàòðè÷íûõ îáðàòíûõ ñïåêòðàëüíûõ çàäà÷àõ
ìíîãî÷ëåíû Êàóýðà-Ôðàÿ (Cauer-Fry polynomials) [6, 4] ÿâëÿþòñÿ â ñóùíîñòè
ïðåîáðàçîâàíèåì Øðåäèíãåðà îðòîãîíàëüíûõ ìíîãî÷ëåíîâ, àññîöèèðîâàííûõ
ñ ìàòðèöåé ßêîáè. Ýòè âîïðîñû, âïðî÷åì, íàõîäÿòñÿ âíå ðàìîê äàííîé ñòàòüè.



1028 À.È. Ãóäèìåíêî

Àêòóàëüíîñòü íàñòîÿùåé ðàáîòû ïîäòâåðæäàåòñÿ íåîñëàáåâàþùèì âíèìà-
íèåì ê îáðàòíûì ìàòðè÷íûì ñïåêòðàëüíûì çàäà÷àì âîîáùå è ê îáðàòíîé ñïåê-
òðàëüíîé çàäà÷å äëÿ ìàòðèöû ßêîáè â ÷àñòíîñòè. Èç ÷èñëà ïîñëåäíèõ ðàáîò
ñì., íàïðèìåð, [7, 8, 9, 10, 11].

Ðàññìàòðèâàåìàÿ çàäà÷à ðåøàåòñÿ ñòàíäàðòíûì îáðàçîì, èñïîëüçóÿ òåõíèêó
îðòîãîíàëüíûõ ìíîãî÷ëåíîâ [12, 13, 14].

Ïîìèìî ââåäåíèÿ, ñòàòüÿ ñîäåðæèò òðè ðàçäåëà. Â ïåðâîì ìû ââîäèì îð-
òîãîíàëüíûå ìíîãî÷ëåíû, îòâå÷àþùèå ìàòðèöå A, è îïèñûâàåì â èõ òåðìèíàõ
ñïåêòðàëüíûå äàííûå ýòîé ìàòðèöû. Âî âòîðîì, íàîáîðîò, ïî ïðîèçâîëüíûì
ñïåêòðàëüíûì äàííûì ìû êîíñòðóèðóåì îðòîãîíàëüíûå ìíîãî÷ëåíû è ñîîò-
âåòñòâóþùóþ èì àíòèñèììåòðè÷íóþ òðåõäèàãîíàëüíóþ ìàòðèöó. Â òðåòüåì
äàåì ôîðìàëüíîå ðåøåíèå çàäà÷è è ïðèâîäèì ïðîñòîé ïðèìåð âîññòàíîâëåíèÿ
ìàòðèöû.

2. Ñïåêòðàëüíûå äàííûå

Çäåñü ìû îïèñûâàåì ñïåêòðàëüíûå äàííûå ìàòðèöû (1), ñëåäóÿ ñõåìå îïèñà-
íèÿ ñïåêòðàëüíûõ äàííûõ ìàòðèöû ßêîáè â ôîðìàëèçìå îðòîãîíàëüíûõ ìíî-
ãî÷ëåíîâ [12, 13, 14].

Çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ äëÿ ìàòðèöû A ñôîðìóëèðóåì êàê ãðàíè÷-
íóþ çàäà÷ó äëÿ ðåêóððåíòíîãî ñîîòíîøåíèÿ (ðàçíîñòíîãî óðàâíåíèÿ)

(6)
alxl+1 − al−1xl−1 = λxl, l = 0, . . . , N − 1,

a−1 = aN−1 = 1, al > 0,

ñ ãðàíè÷íûìè óñëîâèÿìè

(7) x−1 = xN = 0.

Ðåøåíèå çàäà÷è (6), (7) äàäèì â òåðìèíàõ ñëåäóþùèõ ìíîãî÷ëåíîâ.

Îïðåäåëåíèå 1. Îïðåäåëèì ìíîãî÷ëåíû pl(λ), l = −1, . . . , N , êàê ðåøåíèå
óðàâíåíèÿ (6) ñ íà÷àëüíûìè óñëîâèÿìè

(8) x−1 = 0, x0 = 1.

Ïðåäëîæåíèå 1. Ñîáñòâåííûå çíà÷åíèÿ λk, k = 0, . . . , N − 1, ìàòðèöû A
ñóòü íóëè ìíîãî÷ëåíà pN (λ). Çíà÷åíèþ λk îòâå÷àåò ñîáñòâåííûé âåêòîð ñ
êîìïîíåíòàìè p0(λk), . . . , pN−1(λk).

Äîêàçàòåëüñòâî. Îòïðàâëÿÿñü îò ðåøåíèÿ pl(λ), l = −1, . . . , N , çàäà÷è (6), (8)
è òðåáóÿ pN (λ) = 0, ìû íàõîäèì íåíóëåâûå ðåøåíèÿ çàäà÷è (6), (7), òî åñòü
ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèöû A. Îáðàòíî, íåòðóäíî
âèäåòü, ðåøàÿ (6) èòåðàöèÿìè, ÷òî ëþáîå íåíóëåâîå ðåøåíèå çàäà÷è (6), (7)
ïðîïîðöèîíàëüíî íàéäåííîìó. □

Ëåììà 1. Ñïðàâåäëèâû ñîîòíîøåíèÿ

pl(−λ) = (−1)lpl(λ), −1 ≤ l ≤ N,(9)

(λ− µ)

l∑
l′=0

(−1)l
′−lpl′(λ)pl′(µ) = al

∣∣∣∣pl+1(λ) pl+1(µ)
pl(λ) pl(µ)

∣∣∣∣ , 0 ≤ l ≤ N − 1,(10)

l∑
l′=0

(−1)l
′−l[pl′(λ)]

2 = al

∣∣∣∣ṗl+1(λ) pl+1(λ)
ṗl(λ) pl(λ)

∣∣∣∣ , 0 ≤ l ≤ N − 1,(11)
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ãäå òî÷êà îçíà÷àåò äèôôåðåíöèðîâàíèå ïî λ. Â ÷àñòíîñòè, èç (9) è (11) ñëå-
äóåò, ÷òî

(12) ṗl+1(λ)pl(−λ)− pl+1(λ)ṗl(−λ) > 0.

Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíîñòü (−1)lpl(−λ), l = −1, . . . , N , ÿâëÿåòñÿ ðå-
øåíèåì íà÷àëüíîé çàäà÷è (6), (8) è, ñëåäîâàòåëüíî, ñîâïàäàåò ñ ïîñëåäîâà-
òåëüíîñòüþ pl(λ), l = −1, . . . , N . Ýòî äîêàçûâàåò (9). Äëÿ äîêàçàòåëüñòâà (10)
çàïèøåì (6) äëÿ äâóõ àðãóìåíòîâ

λxl(λ) = alxl+1(λ)− al−1xl−1(λ), µxl(µ) = alxl+1(µ)− al−1xl−1(µ)

è âû÷òåì èç ïåðâîãî óðàâíåíèå âòîðîå, ïðåäâàðèòåëüíî óìíîæèâ èõ íà xl(µ) è
xl(λ) ñîîòâåòñòâåííî. Ïîëó÷èì ðàçíîñòíîå óðàâíåíèå

(λ− µ)xl(λ)xl(µ) = al

∣∣∣∣xl+1(λ) xl+1(µ)
xl(λ) xl(µ)

∣∣∣∣+ al−1

∣∣∣∣ xl(λ) xl(µ)
xl−1(λ) xl−1(µ)

∣∣∣∣ ,
ðåøåíèå êîòîðîãî åñòü (10).

Ñîîòíîøåíèå (11) ñëåäóåò èç (10) ïî ïðàâèëó Ëîïèòàëÿ. □

Ïðåäëîæåíèå 2. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ÷èñòî ìíèìû è ïðî-
ñòû, ñîáñòâåííûå âåêòîðû îðòîãîíàëüíû

(13)

N−1∑
l=0

pl(λk)p̄l(λk′) = ρkδk,k′ , k, k′ = 0, . . . , N − 1,

ãäå

ρk =

N−1∑
l=0

|pl(λk)|2.

Äîêàçàòåëüñòâî. Ïóñòü λ � íóëü ìíîãî÷ëåíà pN (λ) ñ íåðàâíîé íóëþ äåéñòâè-
òåëüíîé ÷àñòüþ, òî åñòü pN (λ) = pN (λ̄) = 0 è λ + λ̄ ̸= 0. Ïîëîæèì â (10)
l = N − 1 è µ = −λ̄. Ñ ó÷åòîì (9) ïðàâàÿ ÷àñòü ýòîãî ñîîòíîøåíèÿ ðàâíà íóëþ,
à ëåâàÿ îòëè÷íà îò íóëÿ. Ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, âñå íóëè pN (λ) ÷èñòî
ìíèìû.

Ïîêàæåì, ÷òî ýòè íóëè ïðîñòûå. Ïðåäïîëîæèì, ÷òî λ� êðàòíûé íóëü. Òîãäà
pN (λ) = ṗN (λ) = 0, è ðàññóæäåíèÿ, àíàëîãè÷íûå òîëüêî ÷òî ïðîâåäåííûì, íî
ïî îòíîøåíèþ ê (11) è ñ ó÷åòîì äîêàçàííîé ÷èñòîé ìíèìîñòè íóëåé, ñíîâà
ïðèâîäÿò ê ïðîòèâîðå÷èþ.

Ðàâåíñòâî (13) ñëåäóþò èç (9)�(11) è äîêàçàííûõ ñâîéñòâ íóëåé. □

Îïðåäåëåíèå 2. Âåëè÷èíà βk = 1/ρk, 0 ≤ k ≤ N − 1, íàçûâàåòñÿ íîðìèðî-
âî÷íîé êîíñòàíòîé, îòâå÷àþùåé ñîáñòâåííîìó çíà÷åíèþ λk.

Â ïðîñòðàíñòâå CN [λ] ìíîãî÷ëåíîâ îò λ ñòåïåíè ≤ N ñ êîìïëåêñíûìè êî-
ýôôèöèåíòàìè îïðåäåëèì áèëèíåéíóþ ýðìèòîâó ôîðìó

(14) ⟨x, y⟩ =
N−1∑
k=0

βkx(λk)y(λk).

Îñíîâíûå ñâîéñòâà ìíîãî÷ëåíîâ pl(λ) îïèñûâàþòñÿ â ñëåäóþùåì ïðåäëîæå-
íèè.

Ïðåäëîæåíèå 3. Ñïðàâåäëèâû óòâåðæäåíèÿ.
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1) Ìíîãî÷ëåíû pl(λ), l = 0, . . . , N−1, îðòîíîðìàëüíû îòíîñèòåëüíî ôîð-
ìû (14):

(15) ⟨pl, pl′⟩ = δl,l′ , l, l′ = 0, . . . , N − 1.

2) Èõ êîýôôèöèåíòû íåîòðèöàòåëüíû. Êàê ôóíêöèè λ îíè ÷åòíûå ïðè
÷åòíûõ l è íå÷åòíûå ïðè íå÷åòíûõ l.

3) Íóëè ìíîãî÷ëåíîâ ÷èñòî ìíèìû è ïðîñòû.

Äîêàçàòåëüñòâî. 1) Îáîçíà÷èì T ìàòðèöó ïåðåõîäà ê áàçèñó èç ñîáñòâåí-
íûõ âåêòîðîâ ìàòðèöû A è ïîëîæèì ρ = [ρ0, . . . , ρN−1], β = [β0, . . . , βN−1].
Â ìàòðè÷íîé ôîðìå ñîîòíîøåíèÿ (13) è (15) ïðåäñòàâëÿþòñÿ ðàâåíñòâàìè
T ∗T = diag ρ è T diag βT ∗ = I ñîîòâåòñòâåííî. Ñ ó÷åòîì íåâûðîæäåííîñòè
ìàòðèö T , diag ρ è diag β ýòè ðàâåíñòâà ýêâèâàëåíòíû, ÷òî è äîêàçûâàåò óòâåð-
æäåíèå.

2) Íåîòðèöàòåëüíîñòü êîýôôèöèåíòîâ ñëåäóåò èç (6) è (8), èõ ÷åòíîñòü èëè
íå÷åòíîñòü � èç (9).

3) Ïðîñòî ïåðåõîäèì îò N ê N − 1 â ðàíåå äîêàçàííûõ óòâåðæäåíèÿõ. □

Ñëåäñòâèå 1. Íîðìèðîâî÷íûå ÷èñëà ìàòðèöû A ñâÿçàíû ñîîòíîøåíèåì

(16) β0 + · · ·+ βN−1 = 1.

Äîêàçàòåëüñòâî. Ñëåäóåò èç (15) ïðè l = l′ = 0. □

Â çàêëþ÷åíèå ðàçäåëà ñîáåðåì âìåñòå ïîëó÷åííûå ñâåäåíèÿ î ñïåêòðàëüíûõ
äàííûõ ìàòðèöû A, òî åñòü � î åå ñîáñòâåííûõ çíà÷åíèÿõ λ0, . . . , λN−1 è íîð-
ìèðîâî÷íûõ êîíñòàíòàõ β0, . . . , βN−1 åå ñîáñòâåííûõ âåêòîðîâ. Ìû ïîëó÷èëè,
÷òî ñîáñòâåííûå çíà÷åíèÿ ÷èñòî ìíèìû è ïðîñòû, à èõ ñîâîêóïíîñòü çàìêíóòà
îòíîñèòåëüíî êîìïëåêñíîãî ñîïðÿæåíèÿ. Íîðìèðîâî÷íûå êîíñòàíòû ïîëîæè-
òåëüíû è ñâÿçàíû ñîîòíîøåíèåì (16). Êîìïëåêñíî ñîïðÿæåííûì ñîáñòâåííûì
çíà÷åíèÿì îòâå÷àþò ðàâíûå íîðìèðîâî÷íûå êîíñòàíòû.

3. Îðòîãîíàëüíûå ìíîãî÷ëåíû è àëãîðèòì âîññòàíîâëåíèÿ

Â ýòîì ðàçäåëå ìû ñòðîèì ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ èç CN [λ], îðòî-
íîðìàëüíûõ îòíîñèòåëüíî ôîðìû (14), â ïðåäïîëîæåíèè, ÷òî λ0, . . . , λN−1 è
β0, . . . , βN−1 � ïðîèçâîëüíûå ÷èñëà, ïîä÷èíåííûå íàéäåííûì ñâîéñòâàì ñïåê-
òðàëüíûõ äàííûõ. Ìû ïîêàçûâàåì, ÷òî ýòà ïîñëåäîâàòåëüíîñòü óäîâëåòâîðÿåò
ðåêóððåíòíîìó ñîîòíîøåíèþ ñ êîýôôèöèåíòàìè, ñîñòàâëÿþùèì àíòèñèììåò-
ðè÷íóþ òðåõäèàãîíàëüíóþ ìàòðèöó. Ýòè ïîñòðîåíèÿ ñîñòàâëÿþò îñíîâó àëãî-
ðèòìà âîññòàíîâëåíèÿ ìàòðèöû A ïî ñïåêòðàëüíûì äàííûì.

Çàäàäèìñÿ áàçèñíîé ïîñëåäîâàòåëüíîñòüþ îäíî÷ëåíîâ λ0, . . . , λN â CN [λ] è,
ñëåäóÿ èçâåñòíîé ïðîöåäóðå îðòîãîíàëèçàöèè [15], ïîñòðîèì ïîñëåäîâàòåëü-
íîñòü ìíîãî÷ëåíîâ x0(λ), . . . , xN (λ) ∈ CN [λ], óäîâëåòâîðÿþùèõ óñëîâèÿì

(17) ⟨xl, xl′⟩ = δl,l′ , ⟨xl, xN ⟩ = 0, l, l′ = 0, . . . , N − 1.

Ïðèìåì îáîçíà÷åíèÿ

(18) sm,n = ⟨λm, λn⟩ = (−1)n
N−1∑
k=0

βkλ
m+n
k ,
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(19) D−1 = 1, Dl =

∣∣∣∣∣∣∣∣
s0,0 · · · s0,l
s1,0 · · · s1,l
· · · · · · · · ·
sl,0 · · · sl,l

∣∣∣∣∣∣∣∣ , Dl(λ) =

∣∣∣∣∣∣∣∣
s0,0 · · · s0,l
· · · · · · · · ·

sl−1,0 · · · sl−1,l

1 · · · λl

∣∣∣∣∣∣∣∣ .
Ëåììà 2. Îïðåäåëèòåëè Dl è Dl(λ) îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:

1) Dl > 0 ïðè l = 0, . . . , N − 1 è DN = 0.
2) Dl(λ) � ÷åòíûé ìíîãî÷ëåí ïðè ÷åòíîì l è íå÷åòíûé ïðè íå÷åòíîì l.
3) Íóëè ìíîãî÷ëåíà DN (λ) ñîâïàäàþò ñ λ0, . . . , λN−1.

Äîêàçàòåëüñòâî. 1) Ñïðàâåäëèâà öåïî÷êà îòíîøåíèé

l∑
m,n=0

sm,nxmx̄n =

l∑
m,n=0

N−1∑
k=0

βkλ
m
k λ̄n

kxmx̄n =

N−1∑
k=0

βk

l∑
m,n=0

λm
k xmλn

kxn

=

N−1∑
k=0

βk

∣∣∣ l∑
m=0

λm
k xm

∣∣∣2 ≥ 0.

Ñîãëàñíî ýòîé öåïî÷êå ôîðìà, îïðåäåëåííàÿ êðàéíèì ñëåâà âûðàæåíèåì, íåîò-
ðèöàòåëüíà ïðè ëþáîì l ≥ 0, à åå ðàâåíñòâî íóëþ îïðåäåëÿåòñÿ ðàçðåøèìîñòüþ
ñèñòåìû óðàâíåíèé

l∑
m=0

λm
k xm = 0, k = 0, . . . , N − 1.

Ìàòðèöà ýòîé ñèñòåìû åñòü ìàòðèöà Âàíäåðìîíäà, è â ñèëó ïðîñòîòû λ0, ..
.., λN−1 åå ðàíã ìåíüøå l òîãäà è òîëüêî òîãäà, êîãäà l ≥ N . Ýòî îçíà÷àåò,
÷òî ïðè l ≥ N è òîëüêî ïðè ýòîì óñëîâèè ñèñòåìà èìååò íåòðèâèàëüíîå ðåøå-
íèå, à ðàññìàòðèâàåìàÿ ýðìèòîâà ôîðìà � íåòðèâèàëüíûé íóëü. Äëÿ çàâåðøå-
íèÿ äîêàçàòåëüñòâà ñâîéñòâà 1) îñòàëîñü ñîñëàòüñÿ íà èçâåñòíîå èç ëèíåéíîé
àëãåáðû óòâåðæäåíèå î òîì, ÷òî íåîòðèöàòåëüíàÿ ýðìèòîâà ôîðìà ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé òîãäà è òîëüêî òîãäà, êîãäà åå îïðåäåëèòåëü íå
îáðàùàåòñÿ â íóëü.

2) Êîýôôèöèåíò ïðè λk, 0 ≤ k ≤ l, ìíîãî÷ëåíà Dl(λ) ñîâïàäàåò ñ òî÷íîñòüþ
äî çíàêà ñ îïðåäåëèòåëåì ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû [sm,n], m,n =
0, . . . , l, óäàëåíèåì (k + 1)-îé ñòðîêè è ïîñëåäíåãî ñòîëáöà. Èç (18) è ñâîéñòâ
ñïåêòðàëüíûõ äàííûõ ñëåäóåò, ÷òî sm,n = 0 ïðè íå÷åòíûõ m + n. Ïîýòîìó
ðàíã ïîëó÷åííîé ìàòðèöû åñòü ñóììà ðàíãîâ ìàòðèö åå ÷åòíûõ è íå÷åòíûõ
ñòîëáöîâ. Íåòðóäíî ïîíÿòü, ÷òî ýòà ñóììà ðàâíà l ïðè k = l, l − 2, . . . è l − 1
ïðè îñòàëüíûõ çíà÷åíèÿõ k.

3) Ðàâåíñòâî íóëþ îïðåäåëèòåëÿ DN (λ) ýêâèâàëåíòíî íåòðèâèàëüíîé ðàçðå-
øèìîñòè ñèñòåìû óðàâíåíèé

(20)


s0,0 · · · s0,N
· · · · · · · · ·

sN−1,0 · · · sN−1,N

1 · · · λN



c0
· · ·
· · ·
cN

 = 0,

èëè
N∑

n=0

sm,ncn = 0, m = 0, . . . , N − 1,

N∑
n=0

cnλ
n = 0.
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Òàê êàê
N∑

n=0

sm,ncn =

N∑
n=0

cn

N−1∑
k=0

βkλ
m
k λ̄n

k =

N−1∑
k=0

βkλ
m
k

N∑
n=0

cnλ̄
n
k ,

òî ñèñòåìà óðàâíåíèé (20) ðàçðåøèìà ïðè ëþáîì λ = λk, k = 0, . . . , N −1, åñëè
â êà÷åñòâå cn, n = 0, . . . , N , ïðèíÿòü êîýôôèöèåíòû ìíîãî÷ëåíà (λ−λ0) · · · (λ−
λN−1). □

Ïðåäëîæåíèå 4. Â êà÷åñòâå ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ â CN [λ], óäî-
âëåòâîðÿþùåé óñëîâèÿì (17), ìîæíî âçÿòü

(21)

x−1 = 0, xl(λ) =
Dl(λ)√
Dl−1Dl

, l = 0, . . . , N − 1,

xN (λ) =

√
DN−2

DN−1

DN (λ)

DN−1
.

Òàêàÿ ïîñëåäîâàòåëüíîñòü óíèêàëüíà ñ òî÷íîñòüþ äî çíàêîâ åå ÷ëåíîâ xl,
l = 0, . . . , N −1, è ïîñòîÿííîãî ìíîæèòåëÿ â xN . Â ÷àñòíîñòè, ê âûðàæåíè-
ÿì (21) ïðè l = 0, . . . , N−1 ïðèâîäèò òðåáîâàíèå ïîëîæèòåëüíîñòè ñòàðøèõ
êîýôôèöèåíòîâ ìíîãî÷ëåíîâ

Äîêàçàòåëüñòâî. Ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ, óäîâëåòâîðÿþùóþ óñëî-
âèÿì (17), áóäåì èñêàòü â âèäå

(22) xn(λ) = αn

(
λn +

n−1∑
n′=0

χn,n′λn′
)
, n = 0, . . . , N.

Òîãäà

⟨xm, xn⟩ = αm⟨λm, xn⟩ = αmαn

(
⟨λm, λn⟩+

n−1∑
n′=0

χn,n′⟨λm, λn′
⟩
)
=

= αmαn

(
sm,n +

n−1∑
n′=0

χn,n′sm,n′

)
, m ≤ n,

è, íàëàãàÿ (17), ïðèõîäèì äëÿ êàæäîãî n, 0 ≤ n ≤ N , ê ñèñòåìå óðàâíåíèé

sm,n +

n−1∑
n′=0

χn,n′sm,n′ = 0, m = 0, . . . , n− 1, 1 ≤ n ≤ N,(23)

sn,n +

n−1∑
n′=0

sn,n′χn,n′ = α−2
n , 0 ≤ n ≤ N − 1.(24)

Äëÿ íàãëÿäíîñòè çàïèøåì ñèñòåìó (23) â ìàòðè÷íîé ôîðìå
s0,n
s1,n
· · ·

sn−1,n

+


s0,0 · · · s0,n−1

s1,0 · · · s1,n−1

· · · · · · · · ·
sn−1,0 · · · sn−1,n−1




χn,0

χn,1

· · ·
χn,n−1

 = 0.

Ðåøàÿ åå ïî ïðàâèëó Êðàìåðà, íàõîäèì

(25) χn,n′ = −Dn−1,n′

Dn−1
, 1 ≤ n ≤ N, 0 ≤ n′ ≤ N − 1,
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ãäå Dn−1,n′ � îïðåäåëèòåëü, ïîëó÷åííûé èç Dn−1 çàìåíîé n′+1-ãî ñòîëáöà íà
ñòîëáåö ñâîáîäíûõ ÷ëåíîâ ñèñòåìû. Òîãäà

sn,n +

n−1∑
n′=0

sn,n′χn,n′ =
1

Dn−1

(
Dn−1sn,n −

n−1∑
n′=0

Dn−1,n′sn,n′

)
=

Dn

Dn−1

è èç (24) ïîëó÷àåì

(26) α−2
n =

Dn

Dn−1,
n = 0, . . . , N − 1.

Òàêèì îáðàçîì, îòïðàâëÿÿñü îò ïðåäñòàâëåíèÿ (22), ìû îäíîçíà÷íî íàøëè
χn,n′ è ñ òî÷íîñòüþ äî çíàêà � αn.

Ïîäñòàâëÿÿ òåïåðü (25) â (22), íàõîäèì

xl(λ) = αl
1

Dl−1

(
Dl−1λ

l −
l−1∑
l′=0

Dl−1,l′λ
l′
)
= αl

Dl(λ)

Dl−1
, l = 0, . . . , N,

÷òî è ïðèâîäèò âìåñòå ñ (26) è óñëîâèåì αN = αN−1 ê âûðàæåíèÿì (21). □

Ëåììà 3. Ñïðàâåäëèâî ñîîòíîøåíèå

(27)

N−1∑
l=0

xl(λk)x̄l(λk′) = β−1
k δk,k′ .

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå (27) ñëåäóåò èç (14) è (17) ïî àíàëîãèè ñ äîêà-
çàòåëüñòâîì óòâåðæäåíèÿ 1) ïðåäëîæåíèÿ 3. □

Ïðåäëîæåíèå 5. Ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ (21) óäîâëåòâîðÿåò óíè-
êàëüíîìó òðåõ÷ëåííîìó ðåêóððåíòíîìó ñîîòíîøåíèþ

(28) λxl = alxl+1 − al−1xl−1, l = 0, . . . , N − 1,

ãäå

(29) a−1 = aN−1 = 1, al =

√
Dl+1Dl−1

Dl
, l = 0, . . . , N − 2.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâà öåïî÷êà ðàâåíñòâ

λxl =
αl

αl+1
xl+1 +

l∑
l′=0

cl,l′xl′ =
αl

αl+1
xl+1 +

l∑
l′=0

⟨λxl, xl′⟩xl′

=
αl

αl+1
xl+1 +

l∑
l′=0

⟨xl, λ̄xl′⟩xl′ =
αl

αl+1
xl+1 + ⟨xl, λ̄xl−1⟩xl−1

=
αl

αl+1
xl+1 −

αl−1

αl
xl−1.

Ïåðâîå ðàâåíñòâî ïðåäñòàâëÿåò ñîáîé ðàçëîæåíèå ìíîãî÷ëåíà λxl ïî ìíîãî÷ëå-
íàì x0, . . . , xl+1. Ìíîæèòåëü αl/αl+1 çäåñü ïîëó÷àåòñÿ ñðàâíåíèåì êîýôôèöè-
åíòîâ ïðè λl+1. Ïðè ïåðåõîäå êî âòîðîìó ðàâåíñòâó ìû èñïîëüçîâàëè ñâîéñòâî
îðòîíîðìàëüíîñòè ìíîãî÷ëåíîâ xl. Â ÷åòâåðòîì ó÷òåíî ñâîéñòâî 2) èç ëåììû 2.
Ïîÿâëåíèå ìíîæèòåëÿ αl−1/αl â ïîñëåäíåì ðàâåíñòâå ñëåäóåò èç îðòîíîðìàëü-
íîñòè ìíîãî÷ëåíîâ xl ñ ó÷åòîì ðàçëîæåíèÿ

λxl−1 =
αl−1

αl
xl +

l−1∑
l′=0

cl−1,l′xl′ ,

àíàëîãè÷íîãî ðàçëîæåíèþ â ïåðâîì ðàâåíñòâå.
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Åñëè xl âûáðàíû òàê, êàê â (21), òî αl > 0 è êîýôôèöèåíòû al îïðåäåëÿþòñÿ
îäíîçíà÷íî. □

4. Ðåøåíèå îáðàòíîé çàäà÷è è ïðèìåð

Â èòîãå ïðîâåäåííîãî èññëåäîâàíèÿ ìû ïðèõîäèì ê ñëåäóþùåìó óòâåðæäå-
íèþ.

Òåîðåìà 1. Ïóñòü äàí ïðîèçâîëüíûé íàáîð êîìïëåêñíûõ ÷èñëå

(30) λ0, . . . , λN−1, β0, . . . , βN−1.

Äëÿ òîãî, ÷òîáû ýòîò íàáîð áûë íàáîðîì ñîáñòâåííûõ çíà÷åíèé è íîðìèðî-
âî÷íûõ êîíñòàíò àíòèñèììåòðè÷íîé òðåõäèàãîíàëüíîé ìàòðèöû âèäà (1),
íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ ñëåäóþùèõ óñëîâèé.

1) ×èñëà λ0, . . . , λN−1 ÷èñòî ìíèìûå è ïðîñòûå, à èõ ñîâîêóïíîñòü �
çàìêíóòà îòíîñèòåëüíî êîìïëåêñíîãî ñîïðÿæåíèÿ.

2) ×èñëà β0, . . . , βN−1 ðåàëüíûå, ïîëîæèòåëüíûå è â ñâîåé ïîñëåäîâàòåëü-
íîñòè ñîãëàñîâàíû ñ ïîñëåäîâàòåëüíîñòüþ λ0, . . . , λN−1 â òîì ñìûñëå,
÷òî äëÿ ëþáûõ äâóõ êîìïëåêñíî ñîïðÿæåííûõ ÷èñåë âòîðîé ïîñëåäî-
âàòåëüíîñòè ñîîòâåòñòâóþùèå èì ÷èñëà ïåðâîé ñîâïàäàþò. Êðîìå
òîãî, β0 + · · ·βN−1 = 1.

Ïðè ýòèõ óñëîâèÿõ ýëåìåíòû ìàòðèöû, äëÿ êîòîðîé (30) ÿâëÿåòñÿ íàáî-
ðîì óêàçàííûõ ñïåêòðàëüíûõ äàííûõ, âîññòàíàâëèâàþòñÿ ïî ôîðìóëå

(31) al =

√
Dl+1Dl−1

Dl
, l = 0, . . . , N − 2,

ãäå Dl îïðåäåëåíû â (19).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü äîêàçàíà â ðàçäåëå 2. Äîêàæåì äîñòàòî÷-
íîñòü.

Çàäàäèìñÿ íàáîðîì (30), óäîâëåòâîðÿþùèì óñëîâèÿì 1)�3) è îïðåäåëèì ýð-
ìèòîâó ôîðìó (14). Â ñîîòâåòñòâèè ñ ïðåäëîæåíèåì 4 ýòà ôîðìà óíèêàëü-
íî îïðåäåëÿåò îðòîíîðìàëüíóþ ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ, êîòîðîé ñî-
ãëàñíî ïðåäëîæåíèþ 5 ñîîòâåòñòâóåò óíèêàëüíàÿ àíòèñèììåòðè÷íàÿ òðåõäèà-
ãîíàëüíàÿ ìàòðèöà ñ ïîëîæèòåëüíûìè ýëåìåíòàìè íà âåðõíåé äèàãîíàëè. Ñîá-
ñòâåííûå çíà÷åíèÿ ýòîé ìàòðèöû, ñîãëàñíî óòâåðæäåíèþ 2) ëåììû 2, ñîâïàäà-
þò ñ λ0, . . . , λN−1. Åå íîðìèðîâî÷íûå êîíñòàíòû ñîâïàäàþò ñ β0, . . . , βN−1 ïî
ôîðìóëå (27).

Ôîðìóëà (31) âçÿòà èç (29). □

Â çàêëþ÷åíèå ðàññìîòðèì ïðîñòîé ïðèìåð âîññòàíîâëåíèÿ êîýôôèöèåíòîâ
ñèñòåìû ëèíåéíîãî ìàÿòíèêà ïî ñïåêòðàëüíûì äàííûì ñèñòåìû. Â íàòóðàëü-
íûõ ïåðåìåííûõ óðàâíåíèå äâèæåíèÿ èìååò âèä

(32) m0q̈0 + k0(q0 − q−1)− k1(q1 − q0) = 0, q−1 = q1 = 0.

Â ïåðåìåííûõØðåäèíãåðà (3), (5) óðàâíåíèþ (32) ñîîòâåòñòâóåò ñèñòåìà óðàâ-
íåíèé

ẋl = alxl+1 − al−1xl−1, x−1 = x3 = 0, l = 0, 1, 2,

a0 =

√
k0
m0

, a1 =

√
k1
m0

,
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ñ ìàòðèöåé

A =

 0 a0 0
−a0 0 a1
0 −a1 0

 .

Ïðÿìàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ ìàòðèöû A ðåøàåòñÿ íåïîñðåäñòâåííî. Â ðå-
çóëüòàòå äëÿ ñîáñòâåííûõ çíà÷åíèé è íîðìèðîâî÷íûõ êîíñòàíò ïîëó÷àåì

λ0 = 0, λ1 = i
√
a20 + a21, λ2 = λ̄1,

β0 =
a21

a20 + a21
, β1 =

a20
2(a20 + a21)

, β2 = β1.

Äëÿ ðåøåíèÿ îáðàòíîé çàäà÷è èñïîëüçóåì ôîðìóëû (18), (19) è (31). Â ÷àñò-
íîñòè, íàõîäèì

D0 = 1, D1 =

∣∣∣∣1 0
0 a20

∣∣∣∣ , D2 =

∣∣∣∣∣∣
1 0 −a20
0 a20 0

−a20 0 a20(a
2
0 + a21)

∣∣∣∣∣∣ .
Ïðèìåíÿÿ (31), ïîëó÷àåì â òî÷íîñòè ýëåìåíòû èñõîäíîé ìàòðèöû A.

References

[1] G.M.L. Gladwell, Matrix inverse eigenvalue problems, in Gladwell, Graham M. L. (ed.) et
al., Dynamical inverse problems. Theory and application, CISM Courses and Lectures, 529,
Springer, Wien, 2011. Zbl 1248.15008

[2] G.M.L. Gladwell, Inverse problems in vibration, Solid Mechanics and its Applications, 119,
Kluwer Academic Publishers, Dordrecht, 2004. Zbl 1095.74002

[3] M.T. Chu, G.H. Golub, Inverse eigenvalue problems: theory, algorithms, and applications,
Oxford University Press, Oxford, 2005. Zbl 1075.65058

[4] F.R. Gantmacher, M.G. Krein, Oscillation matrices and kernels and small vibrations of

mechanical systems, AMS Chelsea Publishing, Providence, 2002. Zbl 1002.74002
[5] E. Schr�odinger, Zur Dynamik gekoppelter Punktsysteme, Ann. d. Physik (4), 44 (1914), 916�

934. JFM 45.0996.02
[6] M. M�oller, V. Pivovarchik, Direct and inverse �nite-dimensional spectral problems on graphs,

Operator Theory: Advances and Applications, 283, Birkh�auser, Cham, 2020. Zbl 1480.39001
[7] Z.-W. Sun, Generalized inverse eigenvalue problems for augmented periodic Jacobi matrices,

Comput. Appl. Math., 38:3 (2019), Paper No. 104. Zbl 1438.65070
[8] M. Heydari, S.A. Shahzadeh Fazeli, S.M. Karbassi, M.R. Hooshmandasl, On the inverse

eigenvalue problem for periodic Jacobi matrices, Inverse Probl. Sci. Eng., 28:9 (2020), 1253-
1264. Zbl 1461.65054

[9] A.C. Mikhaylov, V.C. Mikhaylov, Inverse problem for dynamical system associated with

Jacobi matrices and classical moment problems, J. Math. Anal. Appl., 487:1 (2020), Article
ID 123970. Zbl 1445.44005

[10] A.C. Mikhaylov, V.C. Mikhaylov, Inverse problems for �nite Jacobi matrices and Krein-

Stieltjes strings, J. Inverse Ill-Posed Probl., 29:4 (2021) 611�628. Zbl 1470.35436
[11] W.-R. Xu, N. Bebiano, G.-L. Chen, An inverse eigenvalue problem for modi�ed pseudo-Jacobi

matrices, J. Comput. Appl. Math., 389 (2021), Article ID 113361. Zbl 1459.65052
[12] F.V. Atkinson, Discrete and continuous boundary problems, Mathematics in Science and

Engineering, 8, Academic Press, New York-London, 1964. Zbl 0117.05806
[13] G.Sh. Guseinov, On an inverse problem for two spectra of �nite Jacobi matrices, Appl. Math.

Comput., 218:14 (2012), 7573�7589. Zbl 1247.65052
[14] N.I. Akhiezer, The classical moment problem and some related questions in analysis, Oliver

& Boyd, Edinburgh-London, 1965. Zbl 0135.33803
[15] F.R. Gantmacher, The theory of matrices. Vol. 1, AMS Chelsea Publishing, Providence, 1998.

Zbl 0927.15001



1036 À.È. Ãóäèìåíêî

Aleksey Ivanovich Gudimenko

Institute for Applied Mathematics, Far Eastern Branch, Russian Academy of

Sciences,

ul. Radio, 7,

690041, Vladivostok, Russia

Email address: gudimenko@iam.dvo.ru


