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AHTUCUMMETPUYHON TPEXJINATOHAJIbHOM MATPUIIHI

A.U. T'ynumenko

ABSTRACT. The problem of recovering an antisymmetric tridiagonal
matrix from the eigenvalues of this matrix and the normalizing constants
for its eigenvectors is solved. Matrices of this type arise in the theory of
small oscillations of mechanical systems and are related to the matrices
of the systems through the Schrédinger transformation. The problem is
solved by the method of orthogonal polynomials.
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1. BBE/IEHUE

B pabore permnaercs 3a1a4a 0 BOCCTAHOBJIEHUN TPEXIMATOHATIHHON AHTUCHMMET-
PUYHOI MaTpULbL
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M0 €€ CIEeKTPAJbHBIM JAHHBIM. B KadecTBe CIeKTpaIbHBIX JTAHHBIX OEpyTCs COb-
CTBEHHBIE 3HAUEHUST MATPUIBI A U HOPMUPOBOYHBIE KOHCTAHTHI JIJIsI €€ COOCTBEHHBIX
BEKTOPOB.
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JlanHas 3ama9a OTHOCHTCS K KJIACCY MATPUYHBIX OOPATHBIX CIIEKTPAIBHBIX 34-
nmaq. Ilocienane BOBHUKAIOT B TEOPUHM MAJbBIX KOJTEOAHNUI MEXAHWIECKHX CHCTEM W
UMEIOT [IPUJIOXKEHHUE, HALPUMED, K M30CIeKTPaIbHbIM HoTOKaM [1]. Dru 3anauu pac-
CMATPWBAINCH PAHEE B OCHOBHOM JIJIsT CHMMETPUYHBIX MATPHI], TOCKOJILKY WMEHHO
TaKue MATPHUIHI TPUHATO ACCOMUUPOBATH C JIMHEHHBIMU KOJE6ATEIHHBIMA CUCTE-
mamu [2, 3, 4]. Hanpumep, Tak Ha3blBaeMas KJaccHdecKas MaTpUYHas oOpaTHasi
CIIEKTPATbHAS 3a7a9a UMEET JIEI0 ¢ MATPHUNE KOO — CHMMeTPUIHON Tpexmaro-
HAJIBHOM Marpuiieil. dTa MATPUIA ACCOIUUPYETCsi, HAPUMED, C CUCTEMON JINHEHHO
CBSI3aHHBIX FAPMOHMYECKUX OCHUJIATOPOB, B3aUMOJAEHCTBYIOIUX TOJLKO OJn2Kali-
MIAMHA coceisiMU (KPATKO — rapMOHM4Yeckoil 1enbio) [4]. Ciyuait aHTHCHMMeTPHY-
HBIX MaTPHI, MO-BUAAMOMY, CIIEMUATIHHO HE PACCMATPUBAJIC.

Mezkay TeMm, TpeXIuaroHATbHBIE AHTUCHMMETPAYHBIE MATPHIBI TAKKE CBA3AHBI
C TMHEHHBIMA KOE6aHuAMHU. PaccMOTPUM B KAYECTBE MPUMEPA, CJEAYIOILY O 3a5a9y
0 BuOpanusax B rapMOHMYECKON NENK C 3aKPEILIEHHBIMI KOHIAMU:

lel = _kl(ql - ql—l) + kl+1(<]l+1 - QZ)7 l= 07 s 7L - 17
q-1 = 07 qr = 07

(2)

TJe m; UHTEPIPETUPYETCS KaK MAacca, [-TO OCIUIIATOPA, k; — KaK KECTKOCTH TIPY-
KWHBI, COEIUHSIONIEH STOT OCIUILIATOD C TPEIBIAYIINM, ¢; — KaK OTKJIOHEHHUE [-T0
OCITMJITIATOPA OT TOJIOYKEHUS paBHOBecus, [, — Kak jjuHa 1enu. [lomoxum

(3) Do = Vmudn, v = k(g — q-1)-
B HOBBIX mEpeMeHHbIX 331a49a (2) NPUHUMAET BUJL
Ty =T —a-17-1, (=0,...,N—1,

r_1 =xn =0,

k k
(5) agi41 =4/ L g =2
my my

)

u N = 2L + 1. MbI BuguM, uro Marpuiia cucrembl (4) cosnagaer ¢ marpureit (1),
TO €CTh ABJIAETCA AHTUCUMMETPUYHON TPEXIMaroHaJIbHOW MaTpUIEn.

Beeznennoe namu npeobpazosanue (3), (5) Mbl HazbiBaem npeodpaszosanuem [pe-
JIMHIePa, TaK KaK OHO BLIEPBbIE LOsBJsieTCs B pabore [5] 9Toro aBropa, npasia, s
coyqagd a; = 1,1=0,...,N — 2.

C yderom 3TOro mpeobpa3oBaHus MOXKHO CIEIATh BBIBOJ, 9TO OOpaTHAasl CIeK-
TpaJibHas 33/a4a I aHTUCUMMETPUYHOM TPEXIMaroHaIbHON MATPUIILI 110 CYIIe-
CTBY 3KBHMBAJIEHTHA OJHOMMEHHON 3ajade s Marpuibl Akobu. OgHako mpsmoe
ee perenne, 6e3 ccbLTOK Ha mpeodbpa3osanue Illpequnrepa, TakKe HA HAIl B3TJIS]
MpeICTaRJIACT UHTEPEC, TAK KAK MO3BOJISAET BHISIBUTH B3AUMHBIE OCOOEHHOCTH DETTie-
HUSI 9TUX 339U U TIy0¥Kke MOHSThH UX CTPYKTYypy. Hampumep, CTaHOBUTCS SICHBIM,
YTO WCIOJIb3YEMble B MATPUYHBIX OOPATHBIX CIEKTPAJIBHBIX 33a9aX MHOTOUJIEHBI
Kayspa-®pas (Cauer-Fry polynomials) [6, 4] siBsisiiorcst B cylHOCTH Ipeobpa3oBa-
uuem [llpenuHrepa OpTOroOHAIBLHBIX MHOIMOYJIEHOB, ACCONMUUPOBAHHBIX C MATPUIIEH
Akobu. D1y BOIPOCHI, BIPOUYEM, HAXOAATCH BHE PAMOK JIAHHON CTATHU.

AkryagpHOCTDL HACTOSAIIEH PAGOTHI MOATBEPIKIACTCS HEOCIADEBAIOIIMM BHUMA-
HUEM K 0OPATHBIM MATPUIHBIM CIEKTPAILHBIM 3aJa9aM BOOOIIE 1 K 0OpaTHOlM ClieK-
TPaNTbHON 3aate M1 MaTpuibl JAkobm B gacTHOCTH. 3 wmcia mocaeaunx padboT
cM., Haupumep, [7, 8, 9, 10, 11].
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PaccmarpuBaemast 3a/1a49a peImaeTcs CTaHIaPTHBIM 00Pa30M, UCIIOIb3Ys TEXHUKY
OPTOrOHAJILHBIX MHOrO4wIeHos [12, 13, 14].

Ilomumo BBemeHwms, CTaThs COMEPXKHUT TPH pasziena. B mepBomM MbI BBOIUM Op-
TOTOHAJbHBIE MHOTOYJIEHBI, OTBEYAIOIIINE MATPUIIE A, "1 OMUChIBAEM B UX TEPMUHAX
CIIEKTPAJIbHBIE JTaHHBIE ITOW MATPHUIBI. BO BTOpOM, HA00OPOT, MO MPOU3BOJIHHBIM
CIIEKTPAJIbHBIM JAaHHBIM MblI KOHCTPYUPYEM OPTOTOHAJIBHBIE MHOTOYJIEHBI U COOT-
BETCTBYIOIIYI0 UM AHTHCHMMETPUUIHYIO TPEXANAroHAIbHYIO MaTpHIly. B Tperbem
naeM GpopMabHOE PeIlleHne 33 a1 U MPUBOIUM IIPOCTOH MIPUMED BOCCTAHOBJICHUST
MaTpuULbL.

2. CTIEKTPAJILHBIE JAHHBIE

31ech MBI OMMCHIBAEM CIIEKTPAJIbHBIE JaHHbIE MaTPHUIE! (1), cieays cxeme onmca-
HUsI CIEKTPAJTIBHBIX JTAHHBIX MaTpHIl k06U B (hopMann3Me OPpTOrOHATBHBIX MHO-
rodneHos [12, 13, 14].

Bazady Ha cOOCTBEHHbIE 3HAYEHUA i MaTpunpsl A copmynupyem Kak rpaHny-
HYIO 33J[a41y sl PeKYPPEHTHOTO COOTHONIEHNS (PA3HOCTHOTO yPABHEHMUS)

(6)

C TPaHUYHBIMHA YCJIOBUAMA

AQTj4+1 — A|-1T]—1 = )\xla I = 07 ceey N — 1a

a_1=an_1=1, a; >0,

(7) z_1=zy =0.

Pemenue 3amaqu (6), (7) maauM B T€pMUHAX CJIEAYIONMX MHOTOYJIEHOB.
Ounpegesienne 1. Onpedeaum mnozowaenve p(N), | = —1,... N, xax pewenue
ypasrerus (6) ¢ HAYAALHOMU YCAOBUAMU

(8) x_1=0, zo=1

Ilpenmnoxxenne 1. Cobcmeennvie snavenus N\, kK = 0,..., N — 1, mampuywn A

cyms nyau mnozousena py (). 3nauenuto A\, omeeuaem cobemeennvil 6eKMOp ¢
rKomnonenmams po(Ag), ..., pN-1(Ag).

JHoxazameavcmso. Ornpasissce or perenus pp(N\), | = —1,..., N, 3agauu (6), (8)
u 1pebys py(A) = 0, Mbl Haxoaum Henysesble pewtenus 3auaqu (6), (7), o ecrb
CcOOCTBEHHBIE 3HAYEHNS W COOCTBEHHBbIE BeKTOpPHI MaTpullbli A. OOpaTHO, HETPYIHO
BUZIeTh, pemaga (6) urepanusamu, 4TO JI000e HeHysesoe pemienue 3agadu (6), (7)
MPOMOPIMOHAIBLHO HAMIEHHOMY. O

JIlemma 1. Cnpasedaueb, coomHouseHus

(9) pi(=A) = (=1)'m(), -1<I<N,
l
— _ () pra(p) _
O W O R i loni BICETE R
l
- 2 141(A) 1(A)

=0
20e mouka oznavaem Jugddepenyuposarue no A. B wacmmnocmu, uz (9) u (11) cae-
dyem, umo

(12) Pre1(N)pi(=A) = pra(N)p(=A) > 0.
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Joxasameavcmeo. Tocnenosaremsocts (—1)!p (=), = —1,..., N, apasercs pe-
[IeHHeM HadaabHON 3amaqdu (6), (8) M, ClemoBaTEesbHO, COBIAJAET C IOCIEI0BA-
resibHOCTRIO (M), { = —1,..., N. D10 gokaseBaer (9). g nokasarenscrsa (10)

sarwiieM (6) st IByX apryMeHTOB

Azi(A) = a1 (A) — e (A), - pa(p) = ez (p) — e (p)
W BBIYTEM W3 TIEPBOTO yPABHEHUE BTOPOE, MPEIBAPUTENHLHO YMHOKHUB UX HA (1) U
x;(A) coorBercrenno. Ionyunum pasHocTHOE ypaBHEHUE

A =pwz(Nz(p) = xgz)(\;) xgb(f)b)

zi(A)  m(p)
ri—1(N) w1 ()|’

perierre Koroporo ectsb (10).
Coornomtenne (11) cnegyer u3 (10) o npasuay Jlommras. O

IIpengoxenue 2. Cobcmeennbie 3HAUEHUA MATMPUUDE A “UCTNO MHUMDL U NPO-
cmal, CO6Cm6€HH’bLe 6EKMOPbL, OPMO20HANDHDL

N—-1
(13) Z pr(Ae)Di (M) = prdrrr, Kk =0,...,N -1,

1=0
20e

N-1
pr =Y I
1=0

Joxasamenvecmeo. Ilycts A — mynb muOrO4I€HA Py (\) C HEPABHOM HYJIIO NeHiCTBI-
TebHOM YacThio, To ecth py(A) = pn(A) = 0 m A + X # 0. [lomoxum B (10)
l=N—1up= -\ C yuerom (9) npapas 4acTb 3TOr0 COOTHOIICHHS PABHA HYJTIO,
a sieBag ormana or Hyis. [IporuBopeune. Cienosaresnbro, Bee Hyau py(A) ducro
MHUMBI.

ITokazkewm, uTo 3T HyIU TPocThIe. [Ipeanonoxum, 9To0 A — KpaTHbIi Hy/Ib. Torma
pn(A) = pn(A) = 0, u paccyxkeHusi, aHAJOIUIHbIE TOJBKO 4TO MPOBEJIEHHBIM, HO
no oraomenuio K (11) u ¢ yyeroMm JOKa3aHHON YUCTONW MHUMOCTH HyJiel, CHOBA
OPHUBOJAT K IPOTHBOPEYHIO.

Pasencrso (13) crenyior u3 (9)—(11) u JoKa3aHHBIX CBOWCTB HYyJI€il. O

Onpenesienne 2. Beauuuna B, = 1/pi, 0 < k < N — 1, nasweaemcs HOpMupo-
604HOT KOHCMAHMOT, omeeuatoueli cOOCTNEEHHOMY 3HAUEHUIO \f .

B mpocrpancree Cy[A] mHOrOWwIeHOB OT A cTenenn < N ¢ KOMIUIEKCHBIME KO-
s durmerTaMu onpenenM OUIMHEHHYIO SPMUTOBY (HDOPMY

N-1
(14) (@,y) =Y Ber(A)y(n)-
k=0

OcHoBHbBIE CBOICTBA MHOIOWIEHOB P;(\) OIUCHIBAIOTCS B CJIELYIOIIEM IIPEIJI0zKe-
HUH.
IIpenmoxxenne 3. Cnpasedaiuso. ymeeporcdenua.
1) Mwnozounenvi py(N), 1 =0,..., N —1, opmonopmarvro, omuocumesvro @op-
Mo (14):
(15) <pl7pl’>:6l,l/7 l,l/ZO,...,N—]..
2) Hx wosduyuenmu, neompuyamenrvuv.. Kax dynxyuu A onu wemmse npu
YeMHBLL | U HEYEMHDBLE NPU HEYEMHBLT .
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3) Hyﬂu MHO20YAEHOE HYUCTINO MHUMDBL U TIPOCTIIOL.

Joxasamenvcmeo. 1) Obosnauum T marpuily mepexofa K 6a3ucy u3 COOCTBEH-

HBIX BEKTOPOB MaTpHILI A M MOJOXKUM p = [pg,...,pN—-1], B = [Bo,---,Bn-1]-
B marpuunoii dbopme coornomenus (13) u (15) npepcraBisioTcs paBeHCTBAMU
T*T = diagp u Tdiag 5T* = I coorBercrBeHHO. C y4eTOM HEBBIPOXKIEHHOCTH

marpur, T, diag p u diag 5 311 paBeHCTBA SKBUBAJEHTHBI, YTO U JIOKA3BIBAET yTBED-
JKJIEHNE.

2) Heorpunarenbaocts Ko3dduimenTos ciemayer u3 (6) u (8), ux 4eTHOCTH WU
HeYeTHOCTh — u3 (9).

3) IIpocro nepexomum or N Kk N — 1 B panee JlOKa3aHHBIX yTBEPKACHUAX. ]

Caenacrsue 1. Hopmupocounvie wucaa mampuybt A c6A3aHb COOMHOWEHUEM
(16) Bo+-+Bn-1=1
JHoxazameavemso. Cnenyer uz (15) upu l =1’ = 0. O

B sakurouenue pazena cobepemM BMECTe MOy YeHHbIE CBEIEHUS O CIEKTPATIbHBIX
JAHHBIX MATPHUIGI A, TO €CTh — O ee COOCTBEHHBIX 3HAUEHUSIX Aq, ..., AN_1 ¥ HOD-
MUPOBOYHBIX KOHCTAHTAX fy, ..., N_1 €6 COOCTBEHHBIX BEKTOPOB. MBI mOTyInin,
9TO COOCTBEHHBIE 3HAYEHUST YNCTO MHUMBI ¥ TPOCTHI, & UX COBOKYITHOCTH 3aMKHYTA
OTHOCHTEJIbHO KOMILIEKCHOTO compsizkenusi. HOPpMUPOBOUHBIE KOHCTAHTBI MTOJIOXKHU-
TesIbHBL U CBa3aHbl coorHomienueM (16). KoMiuiekcHO conpsizkeHHbIM COOCTBEHHBIM
3HAYEHUSIM OTBEYAIOT PABHBIE HOPMUPOBOYHBIE KOHCTAHTHI.

3. OPTOI'OHAJIbHBIE MHOI'OYJIEHBI U AJICOPUTM BOCCTAHOBJIEHUS

B sToM pasjiesie Mbl CTPOUM 110C/IE0BATEIbHOCTH MHOrO4YIeHOB 13 C'n[A], opro-
HOPMaJIbHBIX OTHOCUTEJNbHO (GopMbl (14), B UpEALOIOKEHUH, YTO Ag, ..., AN_1 U
B0, - .-, BN_1 — TPOU3BOILHBIE YNCJIA, TOIYNHEHHBIE HANIEHHBIM CBONCTBAM CIIEK-
TPAJIbHBIX JAHHBIX. MBI TOKA3BIBAEM, 9TO 3T MOCIEI0BATEIHLHOCTD YIOBIETBOPIET
PEKYPPEHTHOMY COOTHOIIEHHUIO C KOIMDPUIMEHTAMHU, COCTABISIONIM AHTUCHMMET-
PUYHYIO TPEXIMATOHATBHYIO MATPUILY. DTH MOCTPOEHHUS COCTABISAIOT OCHOBY AJITO-
pUTMa BOCCTAHOBJIEHUSI MATPHUIBI A 1O CHEKTPATHHBIM JAHHBIM.

Bagaaumca Gasucuoit nocesoparebHocTbio opnoutenos A0, ... AN B Cy[A] u,
clleslyst W3BECTHON MpONEaype opToronasm3anuu [15], mocrponm mociemnoBaTesb-
HOCTb MHOTOWIEHOB Zo(A), ..., 2N (A) € Cn[A], yAOBIETBOPAIONNX YCIOBUAM
(17) (xl,xl/>:5u/, <J}l,$N>=0, l,l’:O,...,N—l.

IIpumem obo3HAUEHMS
N-1
(18) smn = AT AT = (1) D BATTT,
k=0
S0,0 tr Soyl $0,0 50,1
S1,0 - S1,
19 D=1, D/ =|" ’ D;()\) =
S0ttt SL 1 pY

JIemma 2. Onpedeaumenu Dy u Di(N\) obaadarom caedyrowumu c60Ucmeamu:
1) D;>0npul=0,...,N—1uDy=0.
2) Dy(N\) — uemmnnili mnozowaen npu wemmnom I u nevemuolli npu Hewemmom [.
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3) Hyau muozounena Dy (X) cosnadarom ¢ Ao, ..., AN—1.

Joxasamenavcmeo. 1) CupaseiuBa 1EMOYKa OTHOIIEHU

Z SmnTmTn = Z Z ﬂk)\k )\kxmxn = Z 6k Z )\k T A kxn

m,n=0 m,n=0 k=0 m,n=0
_ 1 9
=§j5k\§jAzyxm\ > 0.
k=0 m=0

CormacHo 310t memovke popMa, OnpeIesieHHast KpafHuM CJIeBa BRIPAYKEHNEM, HEOT-
punareabHa mpu Jiooom | > 0, a ee pAaBEHCTBO HYJIIO OMPEIEISAETCS PA3PEITUMOCTHIO
CUCTEMBbI YPABHEHUI

Z)\kmm—o, k=0,...,N—1.

Marpurna 3Toit cucTeMbr ecTh MaTpuiia BamnaepMonia, U B CHILy TPOCTOTHI Ag, - . - ; AN _1
ee paHr MeHbIle [ TOrja 1 TOJbKO Toraa, Koraa ! > N. 9To o3nadaer, yro upu [ > N

U TOJILKO IIPH 3TOM yCJIOBHH CHCTEMa HMEET HETPUBHAIBHOE PEIICHUE, a PACCMATPH-
BaeMasgd 3PMUTOBa (popMa — HETPHBHAJIBLHLINA Hy/b. /[ 3aBepIIeHHs JOKA3ATEb-
CTBa CBOMCTBA 1) OCTANIOCH COCITATHCS HA U3BECTHOE M3 JIMHEHHON aireOpbl yTBEP-
JKJIEHUE O TOM, YTO HEOTPHUIATEIbHAS IPMUTOBA (POPMA, SABJISIETCS TOJOKUTETHHO
OIpEJIEJIEHHON TOTJa W TOJIBKO TOra, KOTJIA €€ ONpEIe/INTe/]b He 0Dpalaercs B
HYJIb.

2) Kosddunuenr mpu A\¥, 0 < k < I, muorounena D;(\) cOBIAJAET ¢ TOYHOCTLIO
JI0 3HAKA C OIPEIEIUTEIeM MATPHIBI, MONYUEHHOH U3 MATPULBL [Sp,n], M, =
0,...,1, ynamenuem (k + 1)-oii crpoku u mocieasero crontma. 13 (18) u croiicTs
CIIEKTPAJIbHBIX JAHHBIX CJIELYET, YTO Spn, = 0 Hpu HederHbIX m + n. Ilosromy
PAHT IOJIYYEHHOH MATPHILI €CTh CyMMa PAaHTOB MATPHI] €€ 9eTHBIX M HEYEeTHBIX
crosibos. Herpyamo mousaTs, uTo 31a cymma pasua [ npu k = 1,1 —2,... ul—1
IIPU OCTAJIbHBIX 3HAYCHHUAX K.

3) PagenctBo Hyimio ompeaenntesis Dy () SKBUBAJIEHTHO HETPUBHUAIBHOIN paspe-
[ITIMOCTHU CUCTEMbBI YPaBHEHUH

50,0 - 50,N Co
(20) | Zo
SN—l,O e SN—l,N . o
1 . AN eN
uiu
N N
ZSm,ncn:O7 m=20,...,N—1, ch/\"zO
n=0 n=0
Tak kak
N
S snen =3 e Z BN = Z B ch k
n=0 n=0
1O cucreMa ypasuenuii (20) pasperuma pu .HIO6OM )\ =M, k=0,...,N—1, ecim
B Ka4ecTse ¢, n = 0,..., N, npunsarb ko3dduipmentsl Muorowiena (A—Ag) - -+ (A—

An_1). O
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IIpengnoxenue 4. B xauecmee nocaedosamenvrocmu muozouaenos 6 Cn[A], ydo-
saemeopsrouets ycaosusam (17), moorcno 63amo

Di(N\)
2-1=0, zy(\)=———, [=0,...,N—1,
VDi—1D,
(21)
~ [Dn_2 Dn())
an(A) = =—————=.
Dn_1 Dy
Taxas nocaedosamesbHOCL YHUKAALHA C MOYHOCTILI 00 3HAKOE €€ “AEHO8 X[,
l=0,...,N—1, u nocmoannozo muoscumens 6 xn. B wacmuocmu, % evpasicenu-
am (21) npul =0,..., N—1 npusodum mpebosanue nosoHCUMEALHOCTNY CINAPULUT

K03PPUUUEHMOE MHOZOUAEHOE

Jlokazameavcmeo. TlocienoBaTeIbHOCTE MHOTOYIEHOB, Y/IOBJIETBOPSIONIYIO YCIIO-
BusaM (17), Oyzem nckarb B BUJE

n—1

(22) Zn(N) :ozn()\”+ Xnm/)\n/), n=0,...,N.
n’=0
Tornma
n—1
(@) = 0 X", 22) = o (X7 + 3 X (N7, 47)) =
n’=0

n—1
= OmQnp (Sm,n + E Xn,n’sm,n/); m < n,
n’=0

u, nasarasg (17), npuxoxum s kaxaoro n, 0 < n < N, K cucreme ypaBHeHwuii

n—1
(23) Sm,’n+ZXn7n’sm,n/:0, m:O,...,nf]_, ]_STLSN’
n’=0
n—1
(24) Sn,n + Z Sn,n/ Xn,n' = 06772, 0<n< N —1.
n’=0

Hua warnsiapocTu 3anumeM cucremy (23) B Marpudanoii dpopme

S0,n 50,0 ce S0,n—1 Xn,0

S1 51,0 t S1,n—1 1

A ol IO et =o.
Sn—1,n Spn—1,0 Sp—1,n—1 Xn,n—1

Pemas ee mo npasuny Kpamepa, mHaxoaum
anl,n’

2 nn’ — T )
(25) Xn, D

1<n<N, 0<n <N-1,

rae D,,_1 ,,» — Ompenenurens, moxydeHHsli u3 D,,_1 3amenoit n' 4+ 1-ro crosbia Ha
crosiber; cBOOOAHDBIX 4IEHOB cUCTEeMbl. Torna

n—1 1 n—1 D,
Spon + n/z::() Snon/Xn,n! = ﬂ (Dn_lsmn — n,z::O Dn—l,n/sn,n’> = Do,

u u3 (24) nonaygyaem

(26) oz = Dn_ n=0,...,N—1

n
anlv
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TaxkuM 06pa3oM, OTIPABJIASCH OT TpeCTaBIeHns (22), MbI OIHO3HAYHO HAILIA
Xn,n’ U € TOYHOCTBIO [0 3HAKA — (iyy.
IMoxcrasnsas Teneps (25) B (22), HaXOLUM

-1
1 , Di(A)
Z‘l)\ 2(157<D1_ )\l— Dl_ 7l/)\l)zoq y ZZO,...,N,

» D4 ! l,z:% ' Dy
9TO U MPUBOAUT BMecTe C (26) u ycjioBueM ay = an_1 K Bbipaxkenusam (21). O
Jlemma 3. Cnpasedau6o coommnouienue

N-1

(27) > (AT (M) = By G-

1=0
Joxazameavemeo. Coorrormenne (27) caenyer u3 (14) u (17) o aHazorum ¢ 10Ka-
3aTEJIbCTBOM yTBEpXKIeHus 1) mpenioxkenus 3. ([

Ipennoxenue 5. ITocaedosamenvrocms muozouaenos (21) ydosaemeopsem ynu-
KAADHOMY MPETUAEHHOMY PEKYDPERTHOMY COOMHOUEHUIO

(28) Azp = qrppr — a1, (=0,...,N—1,
20e
v Dj11D;—
(29) a_1=an_1 =1, al:%, 1=0,....,N—2.
I

,Zlonaaame/zbcmeo. CHpaBeﬂJ’II/IBa IEeIIOYKa PaBE€HCTB

! !
Qo s
Aoy = ——xip1+ Yy = ——aip1 + Y (Azy, zu)wn
o Q41

41 =0 =0
!
(6%} N (67} N (6%} ap—1
= —x41 + E (w1, Aoy )ey = ——x41 + (@, Av—1) 11 = iyl — Ti—1-
Q41 =0 Qi1 Q41 (67}

IlepBoe paBeHCTBO MpeCTaBIseT COOOH PA3IOKEHNE MHOTOUIEHA AT TIO MHOTOYJIe-
HAM Zg, - . ., Z1+1- MHOXKUTEND (v /011 37€Ch NOJIy9aeTcs cpaBHeHueM KoM duim-
ertos mpu A\ T!. IIpu mepexone KO BTOPOMY PABEHCTBY MBI HCIIOIb30BAJIH CBOHCTBO
OPTOHOPMAJILHOCTU MHOIOWIEHOB ;. B 4eTBepTOM yUYTEHO CBOWCTBO 2) U3 JIeMMBbI 2.
TMosiBnenrne MHOKUTENSA (1 /() B TIOCJIEIHEM PABEHCTBE CJIEYeT U3 OPTOHOPMAJIb-
HOCTY MHOTOYJIEHOB T; C yI€TOM PA3JIOKEHUS
-1 —
Az = ——x + Z Cl—1,0 Ty
o /=0
AQHAJIOTMYHOrO PA3JIOKCHUIO B IEPBOM PABCHCTBE.
Ecnu z; Boibpanbl Tak, kak B (21), 10 o > 0 u k03D DUIMEHTHI a; ONpPEIe/saioTcs
OJITHO3HAYHO. O

4. PEIMIEHUE OBPATHON 3AJIAYM U IIPUMEP

B urore TTPOBEICHHOT'O UCCIEOBAHUA MbI MPUXOJAUM K CJICAYIOIIEMY YTBEPZKIe-
HUIO.

Teopema 1. Ilycmo dan npoussosvHbli HAOOP KOMNAEKCHOIT YUCAE

(30) )‘03"'7)‘N—1a303~'~75N—1~
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Jlas moeo, wmobvt 3mom Habop 6bla HAOOPOM COOCTNEEHHBIL 3HAMEHUT U HOPMUPO-
BOUHBLT KOHCTNAHM, GHMUCUMMEMPUNHOT MPeTIUazonasbrot mampuys euda (1),
HEOBL0OUMO U 00CTNAMOYUHO BBINONHEHUA CACOYOULUL YCAOBUT.

1) Qucaa Ao, ..., AN—1 “UCTNO MHUMDLE U TPOCTBE, G UL COBOKYNHOCTNL —
3AMEHYMA OMHOCUMENDHO KOMNAEKCHO20 CONPANCEHU.
2) Yucaa Po, - - - BN—1 PEAALHBIE, TOAOHCUMEALHBLE U 6 C60€T NOCACIOBAENb-
HOCIMAL CO2AACOBAHBL C NOCAEIOBATNEADHOCTIBIO Nq, - . ., AN—1 6 THOM CMBLCAE,
YMO 0As A0OBLT 08YT KOMNAECKCHO CONPAHCEHHBLT HUCEA 8MOPOTE NOCAEIO-
6AMEALHOCTNU COOMBEMCMBYIOULUE UM HUCAL Nepsot cosnadarom. Kpome
mozo, By + --- Bn_1 = 1.
Ipu smux yeaouss ssemenmo, mampuybt, dan xomopoi (30) asasemcesa nabo-
POM YKA3AHHOLL CNEKMPANLHOL JGHHOLET, 0CCTNAHABAUBAIOMCA TO POpMYse

VD1 Di_
(31) al:$, 1=0,...,N—2,
1

2de D; onpedesenv 6 (19).

Jlokazameavcmeo. HeobxomumocTh mokaszana B paszgene 2. JlokaxkeMm mocTarod-
HOCTb.

Bagaaumcs madopom (30), yI0BIETBOPAIOIUM yCa0BUAM 1)—3) U Ompeaesum 3p-
mutoBy ¢opmy (14). B coorBercrBuu ¢ npejjoxkenuem 4 sra ¢Gpopma yHUKATb-
HO OIpeesisseT OPTOHOPMATBHYIO TOCTEI0BATETHHOCTh MHOTOMIEHOB, KOTOPO# CO-
IJIACHO TIPEIJIOKEHHUIO 5 COOTBETCTBYET YHHKAIbHAA AHTHCHMMETPUYIHAS TPEXIha-
IrOHAJIbHAS MATPUIA C IIOJIOKUTE/IbHLIMY 3JIEMEHTaMu Ha BepxHeil quaronasu. Cob-
CTBEHHBIE 3HAYEHUS STON MATPUIIBI, COTJIACHO YTBEPKIEHUIO 2) JIEMMbI 2, COBIAIA~

0T C Ag, ..., AN—1. ¢ HODMUPOBOYHBIE KOHCTAHTHI COBMAIAIOT C [y, ..., Ny_1 TO
dbopmyie (27).
Dopmymna (31) B3ara us (29). O

B zakiouenne paccMOTPUM TPOCTON TPUMEP BOCCTAHOBJIEHUST KOI(DDUITHEHTOR
CHUCTEMBI JIMHEITHOTO0 MAaSTHUKA MO CIEKTPAJIHHBIM JAHHBIM CHCTEMBI. B HATypasb-
HBIX MEPEMEHHBIX YDABHEHNE IBUXKEHUS WMEET BU]L

(32) modo + ko(go —q-1) —ki1(¢1 —q0) =0, ¢-1=¢ =0.

B nepemennbix [lIpenunrepa (3), (5) ypasuenuio (32) coorBeTcrByeT cucrema ypas-

HEeHU )
T =Ty — a1, 1 =x3=0, [1=0,1,2

ko k1
ag =/ —, a1 =1/ —),
mo mo

¢ Marpuuen

0 agp 0
A= —ap 0 aq
0 —aq 0

[psimas crekrpanbHasd 3a7ada s MaTpullbl A peraercs HermocpecTBeHHO. B pe-
3yJIbTaTe /it COOCTBEHHDBIX 3HAYEHUN M HOPMUPOBOYHBIX KOHCTAHT IOJIy49aeM

AO:O7 Alii\/ag‘i’a%, )\2:5\1,

2 2
B2 = fr.

ay ap

PEva M ageay
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Jns pemenust obpaTHO# 3ama4n ucnoabsyeM dopmynsr (18), (19) u (31). B wact-
HOCTH, HAXOUM
1 0 —ad
5 D2 = 0 CL(QJ 0
—aj 0 aj(af +ai)

1

0
Dy =1, DIZ‘O a2

IMpumenss (31), nosy4aeM B TOYHOCTH JIEMEHTbI UCXOAHON MaTpuibl A.
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