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AHTUCUMMETPUYHON TPEXJINATOHAJIbHOM MATPUIIHI

A.U. T'ynumenko

ABSTRACT. The problem of recovering an antisymmetric tridiagonal
matrix from the eigenvalues of this matrix and the normalizing constants
for its eigenvectors is solved. Matrices of this type arise in the theory of
small oscillations of mechanical systems and are related to the matrices
of the systems through the Schrédinger transformation. The problem is
solved by the method of orthogonal polynomials.
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1. BBE/IEHUE

B pabore permnaercs 3a1a4a 0 BOCCTAHOBJIEHUN TPEXIMATOHATIHHON AHTUCHMMET-
PUYHOI MaTpULbL

[0 ag 0 . 0 0 ]

—agp 0 a1 0 0

0 —a; O 0 0

A: . I

(1) : : : . : :
0 0 0 0 anN—2
L 0 0 0 —aN—2 0 i

ag, ... an—2 >0,

M0 €€ CIEeKTPAJbHBIM JAHHBIM. B KadecTBe CIeKTpaIbHBIX JTAHHBIX OEpyTCs COb-
CTBEHHBIE 3HAUEHUST MATPUIBI A U HOPMUPOBOYHBIE KOHCTAHTHI JIJIsI €€ COOCTBEHHBIX
BEKTOPOB.
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JlanHnast 3a7a49a OTHOCUTCS K KJIACCY MATPUYIHBIX OOPATHBIX CIEKTPAJIBHBIX 3a-
nad. Iocseaare BOBHUKAIOT B TEOPUH MAJIbIX KOJIEOAHWI MEXaHUIECKUX CHCTEM U
UMEIOT [IPUJIOXKEHHUE, HALPUMED, K M30CIeKTPaIbHbIM HoTOKaM [1]. Dru 3anauu pac-
CMATPUBAJINCH PAHEE B OCHOBHOM JIJIsT CHMMETPUYHBIX MATPHII, TTOCKOJIBKY MMEHHO
TaKWe MATPUIILI MPUHATO ACCOIMUPOBATH C JIMHEHHBIMU KOJIEDATETHHBIMYU CHCTE-
mamu [2, 3, 4]. Hanpumep, Tak Ha3blBaeMas KJaccHdecKas MaTpUYHas oOpaTHasi
CIEKTpaTbHAas 33/1a9a UMeeT JIeI0 ¢ Marpuieil IKo6u — cuMMeTPUIHON Tpex Iuaro-
HAJIBHOM MATpuIeil. 9Ta MATPUIA ACCOIUUPYETCsT ¢ CUCTEMON JIMHEHHO CBA3aHHBIX
FAPMOHUYECKUX OCIHUJUIATOPOB, B3AaUMOAECHCTBYIOIIMX TOJBKO OJIMKARIIMME COCe-
JsMU (KPATKO — rapMOHNYeckoii enbio) [4]. Ciydait aHTHCHMMETPHYHBIX MATPHII,
MO-BUIMMOMY, CIEIHAIbHO HE PACCMATPUBAJICH.

Mexky TeM, TpeXIHArOHATBHBIE AHTUCUMMETPUYHBIE MATPHUIIBI PABHBIM OOpa-
30M CBSA3aHBI C JUHEHHBIMU KOJIEOAHUAMHA, KaK U MaTpuilbl Akobmu. Paccmorpum B
KadecTBe IprMepa 3aa4y O BUOpANUIX B TAPMOHUYECKON HEIH ¢ 3aKPEIIeHHBIMI
KOHIIaMHU. B HATypaJbHBIX TIEPEMEHHBIX 9Ta, 33a4a OMUCHLIBAETCS CHCTEMON ypaB-
HEHW

@) miGy = —ki(q —q-1) + kipi(@ —aq), 1=0,...,L—1,
q-1 = 07 qr = Oa

r7e M; WHTEPIPETUPYETCS KaK MAaCCa [-TO OCIUIIITOPA, k; — KaK KECTKOCTH IIPY-
2KUHBI, COJIUMHATONIEH 9TOT OCIUJIISATOD C MPEABIAYIINM, ¢ — KAK OTKJIOHEHHuE [-T0
OCITMJITISAITOPA OT TIOJIOYKEHWS paBHOBecusi, [, — Kak mauHa 1enu. [lomoxnm

(3) Torr1 = ud, v = Vkil(q — a-1).
B HOBBIX mE€peMeHHbIX 33/a49a (2) NpUHUMAET BUJL

T = w41 — q—17-1, (=0,...,N—1,

r_1=xy =0,

k k
(5) Qg1 = 4/ 7”1, ag = 4/ ~L
my my

u N = 2L+ 1. Mer Bugum, 910 MaTpuna cucreMbl (4) copmagaer ¢ marpueit (1),
TO €CTh ABJIAETCA AHTHCUMMETPUYHON TPEXINAaroHAJbHOU MaTpHIEH.

Beeznennoe namu nipeobpasosanue (3), (5) Mbl HasbiBaeMm npeobpaszosanuem [pe-
JIMHIepa, TaK KaK OHO BIIEPBbIE NOsBIsAETCs B pabore [5] aToro aBropa, npas/ia, s
coysas a; = 1,1=0,...,N — 2.

C yuerom 3TOr0 Mpeobpa3oBaHWss MOYKHO CIENATh BBIBOI, 9TO OOpaTHAS CIEK-
TpaJbHASA 33894, IJIsT AHTHCUMMETPUIHON TPEeXIuarOHaIbHON MATPHIIBI 10 CyIIe-
CTBY SKBHWBAJEHTHA OJHOMMEHHOH 3a1ade st MaTpunbl fkobu. OmHako mpsmoe
ee perenne, 6e3 cChbLTOK Ha mpeodbpa3oBanne [IIpequmrepa, Tak»Ke Ha HAII B3I
[PEJICTABISET NHTEPEC, TAK KAK MO3BOJISET BBIABUTH B3AMMHBIE OCODEHHOCTH Pere-
HUS ITHX 33844 U I1yOzKe MOHATb MX CTPyKTypy. Hampumep, craHoBuTCS sSiICHBIM,
YTO MCIONB3yeMBbIE B MATPUIHBIX OOPATHBIX CHEKTPAIBHBIX 3a1a9aX MHOTOUYJIEHBI
Kayspa-®@pas (Cauer-Fry polynomials) [6, 4] siBasitoTcst B CyImHOCTH peobpa3oBa-
auem Illpeaurrepa OpTOrOHATBHBIX MHOTOYIEHOB, ACCOMAMPOBAHHBIX C MATPHUIIEH
Akobu. DTH BOMPOCHI, BIIPOYEM, HAXOAATCA BHE PAMOK JAHHON CTATHU.
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AkTyaapHOCTD HACTOSIEH PAOOTHI MOATBEPIKIACTCS HEOCJA0EBAIOIIMM BHUMA-
HIEeM K OOpaTHBIM MATPHUIHBIM CIIEKTPATbHBIM 33a9aM BOOOIIE U K 0OpaTHOM CIeK-
TpaIbHON 3ajate g Marpuibl fJAkobm B dactHOCTH. W3 9ncia mocaeauux padboT
cM., Hampuwmep, [7, 8, 9, 10, 11].

PaccmarpuBaemast 3a1a49a permaeTcs CTaHIaPTHBIM 00Pa30M, UCIIOIb3Ys TEXHUKY
OPTOTOHAJBHBIX MHOTOWIEHOB [12, 13, 14].

[MomuMoO BBeseHUsI, CTATbs CONEPXKUT TPU pa3esia. B mepBoM MbI BBOIUM Op-
TOrOHAJILHBIE MHOT'OYJIEHDBI, OTBEYAIONINE MaTPHIle A, 1 OMUCHIBAEM B UX TEPMUHAX
CHEKTPaJbHbIE JAHHBIE 3TOM Marpuibl. Bo Bropom, HA000pOT, O IPOU3BOJIBHBIM
CIIEKTPAJIHLHBIM JAHHBIM MbI KOHCTPYHUPYEM OPTOTOHAJIBHBIE MHOTOUJIEHBI M COOT-
BETCTBYIOIIYI0 UM AHTUCUMMETDHUYHYIO TPEXINArOHAJbHYI0 Marpuily. B Tperbem
JaeM (DOpMASIbHOE PEIeHre 33/1a491 U MPUBOIUM [IPOCTOM TIPUMED BOCCTAHOBIICHU ST
MATPHUIIBIL.

2. CHEKTPAJIbHBIE JAHHBIE

31ech MBI OMMCHIBAEM CIIEKTPAJIbHBIE JaHHbIE MaTPHUIEI (1), cieays cxeme onmca-
HUSI CIIEKTPAJIBHBIX TAHHBIX MaTpHIl IK06H B (hopMann3Me OpTOroHATBHBIX MHO-
ro4aneHos [12, 13, 14].

Bazady Ha cOOCTBEHHbIE 3HAYEHUA /i MaTpuibl A copMmynupyem Kak rpaHny-
HYIO 33/ia4y Jylsi PeKYPPEHTHOrO COOTHOmEHUs (PA3HOCTHOIO yPaBHEHMUS)

(6)
C TPAHUYHBIMU YCJIOBUAMMN

(7 x_1=xzn=0.

aiTi41 — A—1T1—1 = )\l‘l, l= 0, ey N — 1,

a_1=an_1=1, a; >0,

Pemenuve 3amaqu (6), (7) gaauM B T€pMUHAX CJIGAYIONMX MHOTOYJIEHOB.

Ounpegesienne 1. Onpedeaum mnozounenv, pi(N\), I = —1,..., N, xax pewenue
ypasuerus (6) ¢ HAYAALHBMU YCAOBUAMY

(8) r—1 = 0, To = 1.

Ilpenmoxxenne 1. Cobcmeennvie snavernus N\, kK = 0,.... N — 1, mampuywn A

cymo HYAU MHO20uAeHa DN (). Havwenuro A\, omeevaem cobcmeennull 6eKmop c
rKomnonenmamts po(Ag), ..., pN-1(Ag).

JHoxazameavemso. Ornpasissce or perenus py(N\), | = —1,..., N, 3agauu (6), (8)
u 1pebys py(A) = 0, Mbl Haxoaum Henysesble peutenus 3aaaqu (6), (7), o ecrb
COOCTBEHHBIE 3HAUYEHHS W COOCTBEHHBIE BeKTOpPHI MaTpullbli A. OOpaTHO, HETPYIHO
BUZIeTh, pemiasa (6) uTepanusamu, 4To JH000e HeHysesoe pemienue 3agaquu (6), (7)
MPOMOPIAOHAIBLHO HAMIEHHOMY. O

Jlemma 1. Cnpasedauév, coommouenus

(9) n(=A) = (-1)'p(A), —-1<I<N,
l
- _ (N pra ()
00) (= 300 o) = an P T L osisN-,
! , a1 (A A
) S e —a P PR i,

I'=0
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20e mouka osnavaemn duddepenyuposarue no A. B wacmmnocmu, us (9) u (11) cae-
dyem, umo

(12) Prr1(N)p(=A) — pra(N)p(=A) > 0.

Joxazameavcmeo. Tlocnenosarenvuocts (—1)'p) (=), 1 = —1,..., N, asngercs pe-
LIEHUEM HadaIbHON 3ata4du (6), (8) u, C/1es0BATE/ILHO, COBHAJAET C IOCIEL0BA-
renbHOCTBIO Pi(A), I = —1,..., N. 9ro mokaswiBaer (9). g nokazarenscrsa (10)
sanumieM (6) JJist ABYX apryMeHTOB

Azi(A) = @i (A) — ac1z-1(A), pa(p) = a@ (p) — a-1z-1 ()

W BBIYTEM W3 TIEPBOTO yPABHEHUE BTOPOE, MPEIBAPUTENHLHO YMHOKHUB UX HA (1) U
x;(A) coorBercrenno. Ionyuum pasHocrHoe ypaBHeHue

zi(N)  m(p)

TR ors enyl R B S o

r(A) ()

perienre Koroporo ectb (10).
Coornormrenne (11) caenyer u3 (10) o npasuiy Jlonurass. O

IIpeagyoxkenue 2. Cobcmeenmnvie 3HA%EHUA MAMPUYDL A HUCTO MHUMDL U NPO-
cmol, cobcmeertble 8eEKMOPbL OPTO20HANDHDL

N—-1

(13) > nOwWB ) = prlksr, kK =0, N -1,
=0
a2de

N-1
(14) pr =Y ().
=0

JHoxazameavcmso. Ilycrs A — mysb muorodsena py () ¢ HEpaBHOMN HYJIIO 1efiCTBU-
TeNbHON YacTio, T0 ecth Py (A) = py(A) = 0 u A + X # 0. Tonoxum B (10)
l=N—1wup=—\ Cyuerom (9) mpapas 9acTh 3TOTO COOTHOIIEHHUS PABHA, HYJIIO,
a jieBag orymana ot Hyss. [IporuBopeune. Cienosaresibao, Bee Hyau py(A) 9ucto
MHUMBIL.

TTokazkem, 9To 3T Hy/U IpocThie. [Ipeamnoaoxmm, 910 A — KpaTHbBIH Hy/1b. Torma
pN(A) = pn(N) = 0, u paccykieHus, aHAJIOIUYHbIE TOJIBKO YTO LPOBEJEHHBIM, HO
no orHomieHnio K (11) m ¢ yueroMm mOKa3aHHON YWCTONH MHHUMOCTH HyJei, CHOBA
OPUBOJAT K MPOTUBOPEUMIO.

Pasencrsa (13) u (14) caenyior u3 (9)—(11) u gokasaHHbIX CBOHCTB HyJeld. [

Omnpenesenne 2. Beauwuna By = 1/pk, 0 < k < N — 1, nazweaemes Hopmupo-
680%HOT KOHCMAHMOT, 0MmEearoueti cCOOCMBEHHOMY 3HAYEHUIO A .

B kombie Cy[A] maorounenos or A crenenn < N ¢ koMmyekcHbiME KO3 duim-
E€HTaMU OTPEIeTTNM OUINHEHHYIO0 3pMUTOBY HOPMY

N-1
(15) (z,y) = Z B (Ae)y(Ak)-
k=0

OcHOBHbBIE CBOICTBa MHOIOUIEHOB P;(\) OIMUCHIBAIOTCS B CJIELYIOIIEM TIPEIJIOKe-
HUH.

Ilpengoxkenue 3. Cnpasedausv, ymeepicoenus.
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1) Mmnoeouaenovs py(N), 1 =0,..., N —1, opmonopmasdro, 0mmocumesvro gop-
Mot (15):

(16) (pr,pv) =0, LI'=0,...,N—1.

2) Hzx wosfduyuenmu, neompuyamenvuv.. Kax dynkuyuu A onu wemmse npu
yemnux | u nevemmuosie npu Hevemmoux [.
3) Hyau MHO20UAEHOE HUCTNO MHUMbL U TPOCTIbL.

JHoxazameavcmso. 1) O6oznauum T marpuily nepexoga K 6azucy u3 cobCrBeH-
HBIX BEKTOPOB MarTpuibl A w nomoxum p = [pg,...,pn—-1], B = [Bo,---,Bn-1]-
B marpuunoit ¢dopme coorHomenust (13) m (16) mpeaCTaBASIOTCS PABEHCTBAMHI
T*T = diagp u T diag fT* = I coorBercTBeHHO. C y4eTOM HEBBIPOXKIEHHOCTH
marpur; 1, diag p u diag f 311 paBeHCTBA SKBUBAJIEHTHBI, YTO U JOKA3BIBAET MIPE/I-
JIOJKEHWE.

2) Heorpunarensaocrs Koadduipenros ciaeayer u3 (6) u (8), ©X 4€THOCTH MK
HEYeTHOCTH — u3 (9).

3) IIpocro nepexomum or N kK N — 1 B panee JI0Ka3aHHBIX YTBEPKACHUAX. ]

Cnencrue 1. Hopmuposounvie wucaa mampuyve A c643aHbL COOMHOUEHUEM
(17) Bo+ -+ Bn-1=1

JHoxazameavemeo. Crenyer u3 (16) npu | =1’ = 0. O

B zaksrouenue pasjesna cobepemM BMeECTe MOy YeHHbIe CBEIEHUsI O CIIeKTPAIbHBIX
JaHHBIX MaTpUlbl A, TO ecTb — 0 ee COOCTBEHHBIX 3HAYEHUSIX Aq, ..., AN_1 U HOp-
MHUPOBOYHBIX KOHCTaHTaX [y, ..., N_1 €e COOCTBEHHBIX BEKTOPOB. MbI mosty4uiu,
4TO COOCTBEHHBIE 3HAYEHMS] YUCTO MHUMbL U IPOCTbL, & KX COBOKYIIHOCTH 3aMKHYTA,
OTHOCHTEJILbHO KOMIIJIEKCHOTO COTpsi?KeHnsi. HOpMUPOBOUHBIE KOHCTAHTHI TIOJTOXKU-
TeJIbHBL U CBs3aHbl coorHormerneM (17). KoMILIeKCHO CONpszKeHHbIM COOCTBEHHBIM
3HAYEHUSIM OTBEYAIOT PABHBIE HOPMHUPOBOYHBIE KOHCTAHTHI.

3. OPTOTOHAJIbHBIE MHOTOYJIEHBI U AJITOPUTM BOCCTAHOBJIEHUS

B sTOM pasjesne Mbl CTPOMM MOCIE0BATEIBHOCTh MHOTOWIEHOB 13 Cx[A], opTo-
HOPMaJIbHBIX OTHOCUTENLHO GopMbl (15), B IpPEeANnosIoKeHuu, 9To Ag, ..., AN_1 U
Bo, - -, BN—1 — IPOU3BOJIbHBIE YUCJIA, TOJINHEHHbIE HARIEHHBIM CBONCTBAM CIIE€K-
TPAJIbHBIX JAHHBIX. MbI OKA3bIBAEM, 9TO T MOCJIEA0OBATEIBHOCTD YIOBIETBOPSIET
PEKYPPEHTHOMY COOTHOIIEHUIO C KOIMDMUIIMEHTAMHU, COCTABIISIONIM AHTUCHMMET-
PUYHYIO TPEXIUATOHAIBHYIO MATPHUILYy. JTHU MOCTPOEHUST COCTABJISIOT OCHOBY aJIr0-
PUTMa BOCCTAHOBJIEHUSI MATPHUILI A MO CHEKTPAIbHBIM JaHHBIM.

Bamaanmca Gasucuoi mocaesopaTenbrocTbio omaoatenos A0, ... AN B Cy[A] u,
cjiejlysi M3BECTHOM Ipolesype oproroHasm3anuu [15], mocrpoum mHociienoBaresib-
HOCTh MHOTOWIIEHOB Zo(A), ..., 2N (A) € Cn[A], yAORIETBOPSIONINX YCIOBUIM
(18) <zl;$l’>:6l,l’7 <IZ,IEN> :O, l,l/:O,...,Nfl.

IIpumem obo3HATEHWST
N-1
(19) S = (AT AT = (=1)" Y BpART™,

k=0
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S0,0 - So,l 50,0 S0,1
S PRI S
(20) D=1, D ="° L D) =
DR DR DRI 81_170 DY Sl—l,l
l
SZ,O DRI Sl l 1 DY A

s

JIemma 2. Onpedeaumenu Dy u Di(N\) obaadarom caedyrowumu c60Ucmeamu:
1) D;>0npul=0,...,N—1uDy=0.
2) Di(\) — wemnoili MHo20UACH NPU veMHOM | U HEYeMHBLT NPU HEETNHOM [.
3) Hyau muozousena Dy (N) coenadarom ¢ Ag, ..., An—1.

JHoxazameavcmso. 1) CupasejiuBa 1eI0YKa OTHOIIEHUIT

l l N—-1 N—-1 l
k=0

m.n=0 m.n=0 k=0 m.n=0
N-1 l 9
k=0 m=0

CormacHo 3T0it memovke popMa, OnpeIeeHHasT KPAfHUM C/IeBa BhIPAYKEHNEM, HEOT-
punarenbHa npu JoooMm [ > 0, a ee paBeHCTBO HYJIIO OLPEIEISeTCs Pa3PEIIIMOCTHIO
CUCTEMbl ypaBHEHUI

l
> @ =0, k=0,...,N—1.

m=0

Marpunia 3Toit cucTemMbl ecTh MaTpuiia BamgepMonia, U B CHIIYy TPOCTOTHI Ag, - . . , AN _1
€e paHT MeHbINe | TOrIa U TOJBKO TOrIa, Koraa [ > N. 9T1o o3nagaer, uto mpu | > N

U TOJIBKO TIPYW 9TOM YCJIOBUH CHCTEMa, HUMEET HETPUBHUAIHHOE PEIIeHUe, a PACCMATPHU-
BaeMas 9pMHUTOBA (popMa — HETPUBHABLHBIN HY/Ib. [Jis 3aBepiienus: J0Ka3aTe b
crBa CBOMCIBA 1) OCTAJIOCh COCNATHCH HA U3BECTHOE U3 JIMHEHHON asireOpbl yrBep-
JKJIEHUE O TOM, UYTO HEOTPUIATEIbHAS IPMUTOBA (POPMa, ABJISIETCH TOJOKUTETHHO
OTPEJIEJIEHHON TOTIA U TOJIBKO TOr/A, KOTJIA, €€ ONpEIe/INTe/]bh He 0DpaliaeTcs B
HYJTb.

2) Koacbdpunment mpu \¥, 0 < k < [, mporodanena D;()\) coBmaaeT ¢ TOIHOCTHIO
JI0 3HAKA C OLPEJEIUTENEeM MATPHULBL, [HOJIYYEHHOH U3 MATPUUBL [Sp.n], M,N =
0,...,1, ynamenwem (k + 1)-oii crpoku u mocsenrero cronbma. 3 (19) u croiicTs
CIIEKTPAJIbHBIX JAHHBIX CIIEIYET, YTO Spn, = 0 Hpu HedeTHbIX m + n. Ilosromy
PAHT TOJIyY€HHON MATPHUILI €CTh CyMMa PAaHTOB MATPHUI] €€ YeTHBIX W HEYETHBIX
crosibmos. Herpyamo monsaTh, uTo 31a cymma paaa [ npu k = 1,1 —2,... ul —1
[IPU OCTAJIbHBIX 3HAYCHUAX K.

3) Pagenctro Hyimio ompenenntesis Dy () SKBUBATEHTHO HETPUBUATILHON paspe-
IITUMOCTHU CUCTEMBI YpaBHEHUH

50,0 S0,N Co

(21) =0,
SN—l,O “ e SN—l,N o
1 e AN CN

njin

N N
Zsmyncn:O, m=20,...,N—1, ZCHA”:O.
n=0 n=0
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Tak xak
N N  N-1 N-1 N
D smaca = > en XL BATAL = D BAT D eali
n=0 n=0 k=0 k=0 n=0
To cucrema ypasuenuii (21) pasperuuma upu aobom A = g, k=0,..., N —1, eciu
B KauecTne ¢,, n =0, ..., N, mpuasaTh koadduimentsr Maorounena (A—XNg) - -+ (A—
AN-1)- U

IIpensioxxenne 4. B xawecmse nocaedosamenvrocmu muozouaenos 6 Cy[A], ydo-
saemeoparowet ycaosuam (18), moorcro 63amo

Dy(\)
z-1=0, z(\)=———, [=0,...,N—1,
vV Di—1D,
(22)
_ |Dn—2 Dy (M)
zn(A) = —_—.
Dn-1 Dy

Taxas nocaedosamesbHOCMb YHUKAALHA C MOYHOCTLIO 00 3HAKOE €€ HAEHO8 X[,
l=0,...,N—1, u nocmoannozo mmoscumens 6 xn. B wacmuocmu, % enpasiceru-
am (22) npul =0,..., N—1 npusodum mpebosanue nosoHCUMEALHOCTNY CINAPULUT

K03PPUUUEHMOE MHOZOUAEHOE

[Hoxasamesvemeo.  I10Cie0BaTEIBHOCT: MHOTOWIEHOB, YAOBIETBOPSIOIIYIO YCIIO-
Busim (18), OyeM nckarb B BUJIE

n—1
(23) xn()\):an<)\"+ an,n/A"/), n=0,...,N.
n’=0
Torna
n—1
<xm7$n> - am<)\m7xn> = aman(<)‘mu )\n> + Z Xn,n! <>\m7 A" >) =
n’=0
n—1

= Qi (sm,n + § Xn,n’sm,n’); m é n,
n’=0

u, nasnaras (18), npuxomum s kaxkaoro n, 0 < n < N, K cucreme ypaBHeHwuii

n—1
(24) Sm,n+ZXn,n’sm,n':Oa m=0,...,n—1, 1<n<N,
n’=0
n—1
(25) Sn,n + Z Sn,n/ Xn,n' = 047727 0<n< N —1.
n’/=0

Mo marnsiapoctu 3anumemM cucremy (24) B Marpuunoii popme

S0,n 50,0 T S0,n—1 Xn,0
S1,n + 81,0 [N S1,n—1 Xn,1 —0.
Sn—1,n Sp—1,0 Sp—1,n—1 Xn,n—1

Pemaga ee mo nmpasuny Kpamepa, maxoanm
Dn—l,n’

) 1SnSN7 OS?’Z/SN—l,
anl

(26) Xnn' = —
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rae D,,_1 ,,» — Ompemenurens, moxydeHHslit u3 D,,_q 3amenoit n’ 4+ 1-ro crosbia Ha
crosiber; cBOOOAHBIX 4/IEHOB cUCTeMbl. Torna

n—1 1 n—l D
Snn + Z Sn,n' Xn,n' = ﬂ(Dn—lsn,n - Z Dn—l,n'snﬂl') = Dnil
n'—0 n’=0
u u3 (25) momysaem
D
(27) a;2:7n T'L:O,,N—l
anlv

TaxknM 06pazoM, OTTIPABJISSCH OT TPENCTaBIeHNst (23), MbI OIHO3HAYHO HAIIN
Xn,n/ B C TOUHOCTBIO JIO 3HAKA Ciy,.
IMoncrasass Teneps (26) B (23), HAXOTUM

-1
’ Dl()\)
A) = (D,/\l— D, N): . 1=0,....N,
z1(A) = D, P llgo 1-1,1 ay Di_y
YTO ¥ IPUBOJUT BMecTe ¢ (27) U ycioBUEM oy = y—_1 K BbIpaxkenusm (22). [

Jlemma 3. Cnpasedauso coommnouwenue
N-1

(28) Z 21 (AR)Z(Ak) = By Ok
1=0

Hoxaszamesvemeo. Coorrorenne (28) caeayer u3 (15) u (18) no ananoruu ¢ J0Ka-
3aTeJIbCTBOM yTBEpXKIeHus 1) npeiioxkenus 3. (]

IIpennoxenue 5. Ilocaedosamenvrocms muozounenos (22) ydosaemeopsem ynu-
KAADHOMY MPETUAEHHOMY PEKYDPERMHOMY COOMHOUEHUIO

(29) )\l‘l = aiTi+1 — A—-171-1, l= 0,... 7N -1
ade
\/Dy1D;_
(30) a1 =an_1=1, al:%, 1=0,...,N—2.
1

Jokaszameavcmeo. CupaBenBa MEMOYKa PABEHCTB

. !
oy [67]
Aoy = ——xip1 + Yy = ——aip1 + Y (Aag, ap)wr
ajy1 [Q7AN]

=0 =0
!
(67} N (6%} N (6%} Q)1
= ——Ty1 + E (w1, vy )epy = ——x41 + (0, Av—1) 11 = Tyl — xp-1.
[Q7AR ] =0 (SRR [e7EE] (&%)

IIepBoe paBeHCTBO MpeACTABIIET COOOM PA3IOKEHNE MHOTOUICHA, AT; IO MHOTOUJIe-
HAM Zg, . .., T+1. MHOXKUTEND (v /(11 31€Ch NOTyYaeTcs cpaBHeHneM Ko duim-
erros npu A1, TIpu mepexozne Ko BTOPOMY PABEHCTBY MbI HCIIOIB30BAJIH CBOICTBO
OPTOHOPMAJILHOCTU MHOIOWIEHOB ;. B 4erBeproM yuTeHo cBOHCTBO 2) U3 jieMMbl 2.
TMosiBieHne MHOKUTENS 1/ B TIOCJIEIHEM DABEHCTBE CJIEJYeT W3 OPTOHOPMAJIb-
HOCTU MHOTOYJIEHOB T} C YIETOM DPA3JIOKEHUS

-1
ap—1
Az = —x + E Cl—1,0 X1
o /=0

AHAJIOTUYIHOI'O PA3JIO2KEHUIO B IIEPBOM PDaBEHCTBE.

Ecnu z; Boibpanbl Tak, kak B (22), 10 oy > 0 1 k03D DUIMEHTHI a; OIPEIea0TCs
OJIHO3HAYHO. O
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4. PELNIEHUE OBPATHOW 3AJIAYY U IIPUMEP

B wurore nposeieHHOrO MCCIENOBaHUS MbI IPUXOAUM K CJIEIYIONIEMY YTBEPKIe-
HUIO.

Teopema 1. ITycmo dan npouseosbHbll HAOOP KOMNAECKCHBLL YUCAE

(31) )‘07"'a)‘N—1760a-~-aﬁN—1-

Jlas moao, wmobv, 3mom Habop 6bia HAOOPOM COOCNEEHHBLL 3HAMEHUT U HOPMUPO-
BOUHBLT KOHCTNAHM GHIMUCUMMEMPUIHOT MPerduazonasvhot mampuys euda (1),
HeobT00UMO U JOCTNATNOYHO BBINOAHEHUS CACOYULUT YCAOEBUT.

1) Yucaa Ao, ..., AN—1 “UCTNO MHUMDLE U TPOCTBE, G UL COBOKYNHOCTNL —
3AMEHYMA OMHOCUMENDHO KOMNAEKCHO20 CONPANCEHUS.

2) Yucaa Po, - - - BN—1 PEAALHBIE, TOAOHCUMEALHBLE U 6 C60€T NOCAEIO8ATNENb-
HOCMAL CO2AACO8GHBL C NOCACIOBAMEALHOCTIBIO Nq, . . ., AN_1 8 MOM CMBLCAE,
YMO 0As A0OBLE 08YT KOMNAECKCHO CONPAHNCEHHBLT HUCEA 8MOPOTE NOCAEIO-
8AMEALHOCTNU COOMBEMCMBYIOULUE UM HUCAL Nepsol cosnadarom. Kpome
mozo, By + --- Bn_1 = 1.

IIpu smuzx yeaosusazr asemenmo, mampuuysl, dan komopot (31) ssasemes nabo-
DPOM YKA3AHHBLL CNEKMPANLHOLL JAGHHBLT, 80CCTNAHABAUBAIOMCA NO PopMYse

V/Dis1Di_
(32) q = YL

= N -2
D, ’

9 )

ede Dy onpedesenv, 6 (20).

Jlokazameavcmeo. HeobxomumocTh moka3ana B paszgene 2. JlokaxkeM m0cTaTod-
HOCTb.

Bagaaumces nabopom (31), ya0B1eTBOPAIOIUM yCa0BuAM 1)—3) U oupenesum sp-
mutoBy ¢opmy (15). B coorBercrBuu ¢ mpejoxkenuem 4 sra Gpopma yHUKATIb-
HO OIpeeNIseT OPTOHOPMAJIBbHYIO TIOCIEI0BATEIHHOCTh MHOTOWIEHOB, KOTOPO CO-
[VIACHO IPEIJIOKEHUIO 5 COOTBETCTBYET YHUKAJIbHAS AHTHCAMMETPUYHAS TPEXIUa-
rOHaJIbHAs MATPUIA C IOJIOKUTEJIbHLIMY 3JIeMEeHTaMu Ha BepxHeil quaronanu. Cob-
CTBEHHbIE 3HAYEHUS] YTON MATPULBL, COIVIACHO YTBEPXKIEHUIO 2) JIeMMbI 2, COBLIAAA~

0T C Ag, ..., AN_1. E¢ HODMUPOBOYHBIE KOHCTAHTHI COBMAIAOT C [y, ..., ny_1 TO
dbopmyie (28).
Dopwmya (32) B3ara u3 (30). O

B 3aksfouenne paccMOTPUM IPOCTO# IPUMEpP BOCCTAHOBJICHHS KO DUIMEHTOB
CUCTEMBI JIMHEIHOTO MAasSITHUKY, TIO0 CIEKTPAJIHHBIM JAHHBIM CHCTEMBI. B HATYpasb-
HBIX MEPEMEHHBIX YPABHEHNE IBUXKEHUS WMEET BU]L

(33) modo + ko(go —q-1) —k1(¢1 —q =0, ¢g-1=q =0.

CootBercTByIomasa Marpuna SIKo6m B 3TOM CJIy9ae COCTOUT W3 ONHOTO ITEMEHTA
(ko + k1) /mo. B nepemennsix IlIpenunrepa (3), (5) ypasuenuio (33) coorBercTByeT
cucreMa ypaBHEHUN

T =Ty — a1, rz1=x3=0, [=0,1,2

ko k1
ag =/ —, a1 =1/ —),
™o mo
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C MaTpurnen

0 ap 0
A=|—-ay 0 a1
0 —Qaq 0

[psimbiM criekTpambHas 3a7ada Jjisd MaTpuilbl A pemiaercs HemocpeacTBeHHo. B
pe3yibrare /i COOCTBEHHBIX 3HAYEHUN M HOPMUPOBOYHBIX KOHCTAHT IOJIYyYaeM

/\0:0, Alzi\/ag—i—a%, )\2:5\1,

2 2
Bo = » Ba=fr

S S .
at + a3’ 2(a2 + a?)
Hns pemennst obpaTHOi 3ama4n ucnoab3dyeM dopmynsr (19), (20) n (32). B wact-
HOCTH, HAXOZWM
1 0 —ad
5 D2 = 0 CL(2) 0
—aj 0 a(af+ai)

1 0

Dy =1, Dlz‘o a2

IMpumenss (32), nosy4aeMm B TOYHOCTH JIEMEHTHI UCXOAHON MaTpuibl A.

REFERENCES

[1] G.M.L. Gladwell, Matriz inverse eigenvalue problems, in G.M.L. Gladwell and A. Morassi
(eds), Dynamical inverse problems: theory and application, CISM Courses and Lectures, vol.
529, SpringerWien, New York, 2011. Zbl 1213.74010

[2] G.M.L. Gladwell, Inverse problems in wibration, Solid Mechanics and its Applications, vol.
119, Kluwer Academic Publishers, Dordrecht, 2004. Zbl 1095.74002

[3] M.T. Chu and G.H. Golub, Inverse Eigenvalue Problems: Theory, Algorithms, and
Applications, Oxford University Press, Oxford, 2005. Zbl 1075.65058

[4] F.P. Gantmacher and M.G. Krein, Oscillation matrices and kernels and small vibrations of
mechanical systems, AMS Chelsea Publishing, Providence, 2002. Zbl 1002.74002

[5] E. Schrodinger, Zur Dynamik elastisch gekoppelter Punktsysteme, Annalen der Physik, 44
(1914), 916-934. Zbl 45.0996.02

[6] M. Méller and V. Pivovarchik, Direct and Inverse Finite-Dimensional Spectral Problems on
Graphs, Operator Theory: Advances and Applications, Vol. 283, Birkh&user, Springer Nature
Switzerland AG, 2020. Zbl 1480.39001

[7] Z.-W. Sun, Generalized inverse eigenvalue problems for augmented periodic Jacobi Matrices,
Computational and Applied Mathematics, 38 (2019), paper No. 104. Zbl 1438.65070

[8] M. Heydari, S.A. Shahzadeh Fazeli, S.M. Karbassi and M.R. Hooshmandasl, On the inverse
eigenvalue problem for periodic Jacobi matrices, Inverse Probl. Sci. Eng., 28 (2020), 1253-1264.
Zbl 1461.65054

[9] A.C. Mikhaylov and V.C. Mikhaylov, Inverse dynamic problem for a Krein-Stieltjes string,
Appl. Math. Lett., 96 (2019), 195-201. Zbl 1466.35371

[10] A.C. Mikhaylov and V.C. Mikhaylov, Inverse problem for dynamical system associated with
Jacobi matrices and classical moment problems, J. Math. Anal. Appl., 487 (2020), Article ID
123970. Zbl 1445.44005

[11] W.-R. Xu, N. Bebiano and G.-L. Chen, An inverse eigenvalue problem for modified pseudo-
Jacobi matrices, J. Comput. Appl. Math., 389 (2021), Article ID 113361. Zbl 1459.65052

[12] F.V. Atkinson, Discrete and Continuous Boundary Problems, Mathematics in Science and
Engineering, vol. 8, Academic Press, New York, 1964. Zbl 0117.05806

[13] G.Sh. Guseinov, On an inverse problem for two spectra of finite Jacobi matrices, Appl. Math.
Comput., 218 (2012), 7573-7589. Zbl 1247.65052

[14] N.I. Akhiezer, The classical moment problem, Oliver and Boyd, Edinburgh-London, 1965.
Zbl 0135.33803

[15] F.P. Gantmacher, The theory of matrices. Vol. 1, AMS Chelsea Publishing, Providence, 1998.
Zbl 0927.15001



154 A.N. Tynnmenko

ALEKSEY IvaNOVICH (GUDIMENKO

INSTITUTE FOR APPLIED MATHEMATICS, FAR EASTERN BRANCH, RUSSIAN ACADEMY OF
SCIENCES,

uL. Rapio, 7,

690041, V0LADIVOSTOK, Russia

Email address: gudimenkoQiam.dvo.ru



