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Ñ.Â. ×ÅÁÎÒÀÐÅÂ

Abstract. The paper describes a method for modeling sequences of
discrete random variables with a given dependence, as well as a method
for checking the consistency of the obtained data with given theoretical
parameters. An example of the application of the described method is
given.
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1. Ââåäåíèå

Ïðè èçó÷åíèè äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí ìîæåò âîçíèêíóòü íåîáõî-
äèìîñòü ìîäåëèðîâàíèÿ ïîñëåäîâàòåëüíîñòåé çàâèñèìûõ ñëó÷àéíûå âåëè÷èíû
ξ(n) = (ξt), t = 1, 2, . . . , n ñ çàäàííûìè ïàðàìåòðààìè. Íàïðèìåð, ñòàöèîíàðíûõ
ïîñëåäîâàòåëüíîñòåé ñ çàäàííûìè çíà÷åíèÿìè E(ξt · ξt+1) = τ1,E(ξt · ξt+2) =
τ2,E(ξt ·ξt+3) = τ3 è òàê äàëåå. Hàññìàòðèâàåìûå â ëèòåðàòóðå ìåòîäû ìîäåëè-
ðîâàíèÿ çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí â îñíîâíîì îðèåíòèðîâàíû íà ñëó÷àè ñ
íåïðåðûâíûìè ñëó÷àéíûìè âåëè÷èíàìè (ñì. íàïðèìåð [1]-[5]). Ïðèìåíåíèå èõ
äëÿ ìîäåëèðîâàíèÿ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí íå âñåãäà ýôôåêòèâíî. Â
[6] äëÿ êîíå÷íîìåðíûõ ïîñëåäîâàòåëüíîñòåé ðàäåìàõåðîâñêèõ ñëó÷àéíûõ âå-
ëè÷èí áûëè ïîëó÷åíû ñîîòíîøåíèÿ, êîòîðûå îïðåäåëÿþò ñâÿçü ñîâìåñòíîãî
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ðàñïðåäåëåíèÿ âåðîÿòíîñòåé ïîñëåäîâàòåëüíîñòè ñ õàðàêòåðèñòèêàìè ñëó÷àé-
íûõ âåëè÷èí ýòîé ïîñëåäîâàòåëüíîñòè, à èìåííî ñ èõ ñìåøàííûìè ìîìåíòà-
ìè. Ïîëó÷åííûå ñîîòíîøåíèÿ ïîêàçûâàþò, ÷òî ñîâìåñòíîå ðàñïðåäåëåíèå ïî-
ñëåäîâàòåëüíîñòè ðàäåìàõåðîâñêèõ ñëó÷àéíûõ âåëè÷èí çàâèñèò îò äîñòàòî÷íî
áîëüøîãî íàáîðà ñìåøàííûõ ìîìåíòîâ ýòèõ ñëó÷àéíûõ âåëè÷èí. Ïðè ïðåäú-
ÿâëåíèè òðåáîâàíèé êî âñåì ïàðàìåòðàì, îò êîòîðûõ çàâèñèò ñîâìåñòíîå ðàñ-
ïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí, çàäà÷à èìååò ýêñïîíåíöèàëüíûé ðîñò îáúåìà
âû÷èñëåíèé ñ ðîñòîì äëèíû ïîñëåäîâàòåëüíîñòè. Îäíàêî íà ïðàêòèêå ÷àñòî
òðåáîâàíèå ïðåäúÿâëÿþò ê îãðàíè÷åííîìó ÷èñëó ïàðàìåòðîâ, îïðåäåëÿþùèõ
ñâÿçè ñëó÷àéíûõ âåëè÷èí. Íî è â ýòîì ñëó÷àå, åñëè îðèåíòèðîâàòüñÿ íà ñîçäà-
íèå ôóíêöèè ðàñïðåäåëåíèÿ ýòèõ ñëó÷àéíûõ âåëè÷èí, ïðîöåäóðà ïîëó÷åíèÿ ñà-
ìîé ôóíêöèè ðàñïðåäåëåíèÿ äëÿ ýòîãî âåêòîðà òîæå èìååò ýêñïîíåíöèàëüíûé
ðîñò âû÷èñëåíèé â îáùåì ñëó÷àå. Îäèí èç âîçìîæíûõ ðåøåíèé ýòîé ïðîáëåìû
ïðåäëàãàåòñÿ â ýòîé ñòàòüå.

Íèæå ðàññìîòðåí ñïîñîá ìîäåëèðîâàíèÿ ïîñëåäîâàòåëüíîñòåé ñëó÷àéíûõ âå-
ëè÷èí èñõîäÿ èç ïîëó÷åííûõ â [6] ðåçóëüòàòîâ, ïîçâîëÿþùèé ìîäåëèðîâàòü
ïðîèçâîëüíûå çàâèñèìîñòè äëÿ óêàçàííûõ âûøå ïîñëåäîâàòåëüíîñòåé ñëó÷àé-
íûõ âåëè÷èí. Ñàì àëãîðèòì î÷åíü ïðîñò â âû÷èñëèòåëüíîì îòíîøåíèè è ìîæåò
áûòü ïîëåçåí äëÿ èñïîëüçîâàíèÿ â òîì ÷èñëå è â òåõ ñëó÷àÿõ, êîãäà íåîáõîäèìî
ó÷èòûâàòü çíà÷åíèÿ ñìåøàííûõ ìîìåíòîâ áîëåå âûñîêîãî ïîðÿäêà. Îòìåòèì,
÷òî ïðè ÷àñòè÷íîì çàäàíèè âåêòîðà ñìåøàííûõ ìîìåíòîâ âàæíûì ýëåìåíòîì
ìåòîäà ÿâëÿåòñÿ òî, ÷òî çíà÷åíèå îñòàëüíûõ ñìåøàííûõ ìîìåíòîâ ïðèíèìàþò-
ñÿ ðàâíûìè íóëþ, ÷òî ïîçâîëÿåò èçáåæàòü ýêñïîíåíöèàëüíîãî ðîñòà âû÷èñëå-
íèé. Ïðîñòåéøèé ñïîñîá ïðîâåðêè ñóùåñòâîâàíèÿ òàêîãî äîïóñòèìîãî ðåøåíèÿ
â ñòàòüå ïðèâîäèòñÿ.

2. Îïèñàíèå ìåòîäà.

Â ýòîé ðàáîòå ìû áóäåì ðàññìàòðèâàòü ïîñëåäîâàòåëüíîñòè ðàäåìàõåðîâ-
ñêèõ ñëó÷àéíûõ âåëè÷èí ξ(n) = (ξt)t∈I(n)

, I(n) = {1, . . . , n}, çàäàííûõ íà îäè-
íàêîâûõ ïðîñòðàíñòâàõ ýëåìåíòàðíûõ èñõîäîâ Ω = Ω1 = Ω2 = . . . = Ωn ñî
çíà÷åíèÿìè ξt(ω) ∈ Xt, ãäå Xt - ìíîæåñòâî çíà÷åíèé t-é ñëó÷àéíîé âåëè÷èíû,
à èìåííî - ξt ∈ X(θ) = {−θ, θ}. Îáîçíà÷èì ÷åðåç vI íà÷àëüíûé ñìåøàííûé
ìîìåíò ñëó÷àéíûõ âåëè÷èí ïîðÿäêà |I| = m çäåñü I = {t1, t2, . . . , tm}:

vI(ξ(n)) = Eξt1ξt2 . . . ξtm

Îïðåäåëèì ñóììàðíûé ñìåøàííûé ìîìåíò ïîðÿäêà m:

vm(ξ(n)) =
∑
|I|=m

vI(ξ(n)), ∀m = 1, . . . , n, ïîëîæèâ v0 = 1,

à òàêæå óñðåäíåííûé ñìåøàííûé ìîìåíò ïîðÿäêà m:

v̇m(ξ(n)) =
vm(ξ(n))

Cmn
, ∀m = 1, . . . , n;

è

v̈m(ξ(n)) =
vm(ξ(n))√

Cmn
, ∀m = 1, . . . , n.

Îáîçíà÷èì ÷åðåç :

zn(ξ(n)(ω))I =
∏
t∈I

ξt(ω).
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Â [6] äîêàçàí ñëåäóþùèé ðåçóëüòàò:

Òåîðåìà 1. Ïóñòü çàäàíà ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âå-
ëè÷èí ξ(n) = (ξt)t∈In ∈ X(n)(θ) íà èçìåðèìîì ïðîñòðàíñòâå (Ω(n),A(n)). Òîãäà
ñîâìåñòíîå ðàñïðåäåëåíèå âåðîÿòíîñòåé ñëó÷àéíûõ âåëè÷èí è çíà÷åíèÿ ñìå-
øàííûõ ìîìåíòîâ ýòèõ ñëó÷àéíûõ âåëè÷èí vI , I ∈ P(n), ãäå P(n) = P(I(n)) -
ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìíîæåñòâà I(n), ïîëíîñòüþ îïðåäåëÿþò äðóã
äðóãà. Ïðè ýòîì ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

(1) vI =
∑

ω∈Ω(n)

zn(ξ(n)(ω))I ·Pξ(n)
(ω);

(2) Pξ(n)
(ω) =

1

2n

∑
I∈=(n)

θ−2|I|zn(ξ(n)(ω))I · vI .

Èç ñîäåðæàíèÿ òåîðåìû èìååì, ÷òî |P(n)| = |Ωn| = 2n. Ïîëîæèì m = 2n.
Çàïèøåì â âåêòîðíîé ôîðìå ñîîòíîøåíèÿ (1) è (2):

~v = A′m · ~Pn,

(3) ~Pn =
1

2n
Qm · Am · ~v.

ãäå

~v =


vI1
vI2
...
vIm

 ; ~Pn =


Pξ(n)

(ω1)
Pξ(n)

(ω2)
...

Pξ(n)
(ωm)

 .

Ìàòðèöà Am = {ak,l}m×m, ãäå ak,l = zn(ξ(n)(ωk))Il . Çäåñü l - ýòî íîìåð ìíî-
æåñòâà I ∈ P(n), k - ýòî íîìåð ýëåìåíòà ω â Ω(n). ×åðåç Qm = (qk,l) îáîçíà÷åíà
äèàãîíàëüíàÿ ìàòðèöà m×m, òàêàÿ ÷òî

qk,l =

{
θ−2|Ik|, ïðè k = l;

0, ïðè k 6= l.

Ôîðìèðîâàíèå ìàòðèöû Am äëÿ ïðîèçâîëüíîãî n ìîæíî îïèñàòü ñëåäóþ-
ùèì àëãîðèòìîì(ÌàtLàb) â ïðåäïîëîæåíèè, ÷òî θ = 1:

1 J=0:1:m-1;

2 I=de2bi(J);

3 w=I+I-1;

4 a=ones(m,m);

5 for k=1:m

6 for l=1:m

7 for t=1:n

8 if I(l,t)==1 a(k,l)=a(k,l)*w(k,t); end;

9 end;

10 end;

11 end;

Â äàëüíåéøåì ïîëàãàåì ξt ∈ X(θ = 1) = {−1, 1}
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Îòìåòèì òàêæå ÷òî ìàòðèöà Am=2t+1 èìååò ôðàêòàëüíóþ ñòðóêòóðó è ,
íåñëîæíî ïîêàçàòü, ÷òî

Am=2t+1 =

(
Am=2t −Am=2t

Am=2t Am=2t

)
Am=2 =

(
1 −1
1 1

)
Îòñþäà ëåãêî âû÷èñëèòü ñïîñîá ïîëó÷åíèÿ ýëåìåíòà ai,j ìàòðèöû Am=2t :

1 s=de2bi(i-1,N); % äâîè÷íûé êîä íîìåðà ñòðîêè

2 c=de2bi(j-1,N); % äâîè÷íûé êîä íîìåðà ñòîëáöà

3 a(i,j)=1;

4 for k=N:-1:1

5 if s(k)==0 & c(k)==1 a(i,j)=-a(i,j); end

6 end

Ïðè íåïîñðåäñòâåííîì ïðèìåíåíèè òåîðåìû 1 òðåáîâàíèå ê îáúåìó ïàìÿòè
è îáúåìó âû÷èñëåíèé ðàñòåò ýêñïîíåíöèàëüíî. Îäíàêî ñïåöèôèêà âû÷èñëåíèé
ïîçâîëÿåò ñíèçèòü ýòó çàâèñèìîñòü. Íå ïðåòåíäóÿ íà èñ÷åðïûâàþùåå èçëîæå-
íèå âîçìîæíîñòåé ñíèæåíèÿ òðåáîâàíèÿ ê îáúåìó ïàìÿòè è âû÷èñëåíèé, ïðè-
âåäåì îñíîâíûå ñïîñîáû, êîòîðûå áûëè èñïîëüçîâàíû â ïðåäëàãàåìîì íèæå
àëãîðèòìå äëÿ ñíèæåíèÿ âû÷èñëèòåëüíîé ñëîæíîñòè.

1. Îïèðàÿñü íà òåîðåìó óìíîæåíèÿ âåðîÿòíîñòåé

p(ω) = p(ω1ω2 . . . ωn−1ωn) = p(ω1)p(ω2/ω1) · · ·p(ωn/ω1ω2 . . . ωn−1),

áóäåì ïîñëåäîâàòåëüíî ãåíåðèðîâàòü çíà÷åíèÿ ñëó÷àéíûõ âåëè÷èí ïî-
ñëåäîâàòåëüíîñòè, ÷òî ïîçâîëÿåò âû÷èñëÿòü ëèøü âåðîÿòíîñòè îòäåëü-
íûõ ýëåìåíòàðíûõ ñîáûòèé.

2. ñâÿçü íóìåðàöèè ñ åå äâîè÷íûì ïðåäñòàâëåíèåì äàåò ïðîñòîé ñïîñîá
ôîðìèðîâàíèÿ êàê ñîñòàâà ïîäìíîæåñòâà òàê è ñîñòàâà ýëåìåíòàðíîãî
ñîáûòèÿ. Íàïðèìåð, åñëè n = 4, òî ýëåìåíòàðíûõ ñîáûòèé ω ∈ Ω(n) è
ðàçëè÷íûõ ïîäìíîæåñòâ I ∈ P(n) áóäåò 2n = 16. Ðàññìîòðèì ωi = ω5 è
ïîäìíîæåñòâî Ij = I5. Äâîè÷íîå ïðåäñòàâëåíèå ÷èñëà i = 510 = (0101)2

(çäåñü ìëàäøèå ðàçðÿäû ñïðàâà). Â ÌàtLàb ýòîò ïåðåâîä îñóùåñòâ-
ëÿåòñÿ ïðîöåäóðîé de2bi(i). Åñëè ðàññìàòðèâàòü ñîñòàâ ñîáûòèÿ, òî
ωi=5 = 2 ∗ de2bi(i) − 1 = (ξ4 = −1, ξ3 = 1, ξ2 = −1, ξ1 = 1), à åñëè
ðàññìàòðèâàòü ñîñòàâ ìíîæåñòâà I5, òî I510 = I(0101)2 = {ξ3, ξ1}.

3. Íåñëîæíî ïîêàçàòü, ÷òî ïðè òàêîì ñîîòíîøåíèè íîìåðîâ ñ ñîñòàâîì
ïîäìíîæåñòâ è ñîñòàâîì ýëåìåíòàðíûõ ñîáûòèé âûïîëíÿåòñÿ äîñòà-
òî÷íî ïðîñòîå ïðàâèëî ôîðìèðîâàíèÿ ñòðîê ak1 , ak2 ìàòðèöû Am=2t+1 ,
ñîîòâåòñòâóþùèõ ñîáûòèÿì (ω(t), ξt+1 = −1) è (ω(t), ξt+1 = 1) ïðè ìî-
äåëèðîâàíèè t+ 1-ãî ýëåìåíòà ïîñëåäîâàòåëüíîñòè. À èìåííî, åñëè ìû
ñìîäåëèðîâàëè çíà÷åíèå ïåðâûõ t ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè, ïî-
ëó÷èëè ñîáûòèå ω(t) = (ξ1 = ±1, ξ2 = ±1, . . . , ξt = ±1) è ýòîìó ñîáûòèþ
ñîîòâåòñòâóåò íåêîòîðàÿ ai-ÿ ñòðîêà ìàòðèöû Am=2t , òî äëÿ ãåíåðàöèè
çíà÷åíèÿ ñëó÷àéíîé âåëè÷èíû ξt+1 íåîáõîäèìî âû÷èñëèòü óñëîâíûå âå-
ðîÿòíîñòè ñîáûòèé

p((ω(t), ξt+1 = −1)|ωt) è p((ω(t), ξt+1 = 1)|ωt)

Ó÷èòûâàÿ, ÷òî

~ak1 = (~ai,−~ai), à ~ak2 = (~ai,~ai) è
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~Vt+1 = [~Vt,M~Vt+1]− ñóòü ïåðâûå 2t+1 êîîðäèíàò âåêòîðà ìîìåíòîâ ~Vm, ãäå m = 2n,

ïðè÷åì âåêòîð ~Vt - çàíèìàåò ïåðâûå 2t êîîðäèíàò, à âåêòîð M~Vt+1 çà-
íèìàåò ïîñëåäóþùèå êîîðäèíàòû è ñîäåðæèò âñå ñìåøàííûå ìîìåíòû
ñëó÷àéíîé âåëè÷èíû ξt+1 ñ ïðåäûäóùèìè ñëó÷àéíûìè âåëè÷èíàìè (ñì.

íóìåðàöèþ è ñòðîåíèå âåêòîðà ~Vm). Ïîëó÷àåì, ÷òî

p(ω(t), ξt+1 = −1) = ~ak1 ∗ ~Vt+1 = ~ai ∗ ~Vt − ~ai∗ M~Vt+1,

p(ω(t), ξt+1 = 1) = ~ak2 ∗ ~Vt+1 = ~ai ∗ ~Vt + ~ai∗ M~Vt+1.

Çäåñü ñèìâîë ∗ - îçíà÷àåò ñêàëÿðíîå óìíîæåíèå âåêòîðîâ, ïîëó÷àåì

(4) p((ω(t), ξt+1 = −1)|ωt) =
~ak1 ∗ ~Vt+1

~ak1 ∗ ~Vt+1 + ~ak2 ∗ ~Vt+1

=
~ai ∗ ~Vt − ~ai∗ M~Vt+1

2 · ~ai ∗ ~Vt
,

(5) p((ω(t), ξt+1 = 1)|ωt) =
~ak2 ∗ ~Vt+1

~ak1 ∗ ~Vt+1 + ~ak2 ∗ ~Vt+1

=
~ai ∗ ~Vt + ~ai∗ M~Vt+1

2 · ~ai ∗ ~Vt
.

4. Ìû èñêëþ÷àåì õðàíåíèå â ïàìÿòè âñåõ âåêòîðîâ è ìàòðèö ðàçìåðíîñòè
2N , ïîëîæèâ âñå íåèñïîëüçóåìûå ïàðàìåòðû íóëåâûìè è áóäåì ïðîâî-
äèòü âû÷èñëåíèÿ òîëüêî ñ çàâåäîìî íåíóëåâûìè âåëè÷èíàìè.

Ðàññìîòðèì ïîëó÷åíèÿ çíà÷åíèé 1-é ñëó÷àéíîé âåëè÷èíû (êàê âàðèàíò):

1 T=5;

2 on=100;

3 M=zeros(1,5);

4 Vtau=[0.1 0.2 -0.3];

5 rnd=rand(on,T);

6 G=length(Vtau);

7 N=1; % ïîëó÷åíèå çíà÷åíèé ïåðâîé ñë. âåë.

8 V=[1;M(1)];

9 a=[ 1 -1; 1 1 ];

10 p=(1/2)*a*V; % ðàñ÷åò âåêòîðà âåð-òåé

11 for k=1:on % ãåí. 1-é ñë.âåë. è ôîðì-å èíôîð-öèè äëÿ ñëåä. âû÷.

12 if rnd(k,N)<=p(1) ks(k,1)=-1; it(k,1)=0; Vt(k)=p(1)*2;

13 else ks(k,1)=1; it(k,1)=1; Vt(k)=p(2)*2;

14 end

15 end

Çäåñü

on − ÷èñëî ðåàëèçàöèé ïîñëåäîâàòåëüíîñòè;

M − âåêòîð ìàòåìàòè÷åñêèõ îæèäàíèé;

V tau = [τ1, τ2, τ3];

ks − ìàòðèöà, â k - é ñòðîêå êîòîðîé ôîðìèðóåòñÿ òåêóùåå çíà÷åíèå ñëó÷àéíîé

âåëè÷èíû k-é ðåàëèçàöèè;

it − ìàòðèöà, â k - é ñòðîêå êîòîðîé çàïîìèíàåòñÿ î÷åðåäíîé áèò íîìåðà

òåêóùåé ñòðîêè ìàòðèöû A äëÿ k-é ðåàëèçàöèè;

V t − âåêòîð, â k - é ñòðîêå êîòîðîãî õðàíèòñÿ òåêóùåå çíà÷åíèå ~ai ∗ ~Vt.
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Äëÿ ïîëó÷åíèÿ ïîñëåäóþùèõ çíà÷åíèé ñëó÷àéíûõ âåëè÷èí íàäî êàæäûé ðàç
ïåðåñ÷èòûâàòü âåðîÿòíîñòè ïî ôîðìóëàì (4),(5). Îñîáåííîñòüþ àëãîðèòìà ÿâ-
ëÿåòñÿ òî, ÷òî äëÿ èçáàâëåíèÿ îò íåîáõîäèìîñòè õðàíåíèÿ âåêòîðà ~ai, ðàçìåð-
íîñòü êîòîðîãî óäâàèâàåòñÿ ñ êàæäûì øàãîì, ìû õðàíèì íîìåð ýòîé ñòðîêè â
äâîè÷íîì ïðåäñòàâëåíèè, à ñàìî çíà÷åíèå ëþáîé êîîðäèíàòû âåêòîðà âû÷èñ-
ëÿåì ïðè ïîìîùè âûøåóêàçàííîãî àëãîðèìà ïîëó÷åíèÿ ýëåìåíòà ai,j ìàòðèöû
Am=2t . Ïðè÷åì äåëàåì ýòî ïîýòàïíî ïî âîçðàñòàíèþ ïîðÿäêà ó÷èòûâàåìûõ ñìå-
øàííûõ ìîìåíòîâ: ñíà÷àëà ïðèáàâëÿåì òó ÷àñòü, êîòîðàÿ âíîñèòñÿ ìîìåíòàìè
1-ãî ïîðÿäêà(ìàò.îæèäàíèÿìè)- ñòðîêà 4 ïðèâåäåííîãî íèæå àëãîðèòìà, çàòåì
ìîìåíòàìè 2-ãî ïîðÿäêà(öèêë â ñòðîêàõ 5-10) è òàê äàëåå(ïðè íåîáõîäèìî-
ñòè ó÷åòà ìîìåíòîâ áîëåå âûñîêîãî ïîðÿäêà íåîáõîäèìî äîáàâèòü â àëãîðèòì

íåîáõîäèîå êîëè÷åñòâî áëîêîâ ó÷åòà âëèÿíèÿ çàäàííûõ ìîìåíòîâ íà M ~Vt+1.
Ó÷èòûâàÿ, ÷òî êîëè÷åñòâî çàäàííûõ ïàðàìåòðîâ îãðàíè÷åíî, ýòî ïðèâîäèò ê
ñóùåñòâåííîìó ñîêðàùåíèþ êàê îáúåìîâ âû÷èñëåíèé òàê è èñïîëüçóåìîé ïà-
ìÿòè.

Íåñêîëüêî çàìå÷àíèé îòíîñèòåëüíî ñàìèõ àëãîðèòìîâ ó÷åòà âåñà ñìåøàííûõ

ìîìåíòîâ â ôîðìèðîâàíèè çíà÷åíèÿ òåêóùåãî M~Vt+1(âî ôðàãìåíòå ïåðåìåííàÿ
dV ):

• äâîè÷íîå ïðåäñòàâëåíèå íîìåðà ñìåøàííîãî ìîìåíòà 1-ãî ïîðÿäêà â
~Vt+1 âñåãäà áóäåò ñîäåðæàòü òîëüêî îäíó åäèíèöó è ñîîòâåòñòâóþùàÿ
åé êîîðäèíàòà ñòðîêè ìàòðèöû A áóäåò ïîëîæèòåëüíà (ïî ïðàâèëàì
ôîðìèðîâàíèÿ äâîè÷íîãî ïðåäñòàâëåíèÿ ñòðîê è ñòîëáöîâ);
• äâîè÷íîå ïðåäñòàâëåíèå íîìåðà ñìåøàííîãî ìîìåíòà 2-ãî ïîðÿäêà â
~Vt+1 âñåãäà áóäåò ñîäåðæàòü äâå åäèíèöû. Ïðè÷åì âòîðàÿ åäèíèöà è ñî-
îòâåòñòâóþùàÿ åé êîîðäèíàòà ñòðîêè ìàòðèöû A áóäåò ïîëîæèòåëüíà
(ïî òåì æå ïðàâèëàì, ÷òî è â ïåðâîì ñëó÷àå), ïîýòîìó çíàê êîîðäèíàòû
ñòðîêè ìàòðèöû A áóäåò îïðåäåëÿòüñÿ ïîëîæåíèåì ïåðâîé åäèíèöû è
ýòî ìû ïðîâåðÿåì â öèêëå;

1 for N=2:T

2 Gt=min([G, N-1]);

3 itt=zeros(on,N);

4 dV=ones(1,on)*M(N);

5 for k=1:on

6 im=[it(k,:), 0 ];

7 ip=[it(k,:), 1 ];

8 for i=1:Gt

9 if ip(N-i)==0 dV(k)=dV(k)-Vtau(i); else dV(k)=dV(k)+Vtau(i);

end

10 end

11 pm=Vt(k)-dV(k);

12 pp=Vt(k)+dV(k);

13 pt=pm/(pm+pp);

14 if rnd(k,N)<=pt ks(k,N)=-1; itt(k,:)=im; Vt(k)=pm; else ks(k,N)=1;

itt(k,:)=ip; Vt(k)=pp; end

15 end;

16 it=itt;

17 end
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Çäåñü T - äëèíà ðåàëèçàöèé ( ÷èñëî ãåíåðèðóåìûõ ýëåìåíòîâ ïîñëåäîâàòåëü-
íîñòè).

3. Îöåíêà ñîîòâåòñòâèÿ ñãåíåðèðîâàííûõ äàííûõ çàäàííûì

òåîðåòè÷åñêèì ïàðàìåòðàì.

Îñòàíîâèìñÿ íà ïðîâåðêå ñîîòâåòñòâèÿ ïîëó÷åííîé âûáîðêè çàäàííûì òåî-
ðåòè÷åñêèì ïàðàìåòðàì ìîäåëèðóåìîé ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè-
÷èí. Íåêîòîðûå âîïðîñû ñòàòèñòè÷åñêîãî îöåíèâàíèÿ óñðåäíåííûõ ñìåøàííûõ
ìîìåíòîâ àâòîðîì ðàññìàòðèâàëèñü â [7]. Ïðîäîëæèì ýòè èññëåäîâàíèÿ ïðè-
ìåíèòåëüíî ê ýòîìó ñëó÷àþ. Ðàññìîòðèì ïîñòðîåíèå àñèìïòîòè÷åñêèõ äîâå-
ðèòåëüíûõ èíòåðâàëîâ (ÀÄÈ) äëÿ âûáðàííûõ ïðè ìîäåëèðîâàíèè çíà÷åíèé,
õàðàêòåðèçóþùèõ ñëó÷àéíûå âåëè÷èíû è èõ çàâèñèìîñòè (íà îñíîâàíèè öåí-
òðàëüíîé ïðåäåëüíîé òåîðåìû).

3.1. Ïîñòðîåíèå ÀÄÈ äëÿ Eξt. Çäåñü àñèìïòîòè÷åñêè âåðíî ñëåäóþùåå óòâåð-
æäåíèå:

P

(∣∣∣∣∣√r
1
r

r∑
i=1

ξit −Eξt
√
Dξt

∣∣∣∣∣ 6 τ1−ε/2

)
= γ.

Îòêóäà ñëåäóåò

P(θ̂− 6 Eξt 6 θ̂+) = γ,

ãäå

θ̂± = ξ̂t ± τ1−ε/2
√
Dξt√
r
.

Çäåñü

ξit − çíà÷åíèå ñëó÷àéíîé âåëè÷èíû ξt, ïîëó÷åííîå â i− é ðåàëèçàöèè;

τ1−ε/2 − êâàíòèëü ñòàíäàðòíîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ óðîâíÿ 1− ε/2;

γ = 1− ε (óðîâåíü äîâåðèÿ);
r − ÷èñëî ðåàëèçàöèé ïîñëåäîâàòåëüíîñòè;

ξ̂t =
1

r

r∑
i=1

ξit.

3.2. Ïîñòðîåíèå ÀÄÈ äëÿ v̈m(ξ). Â ýòîì ñëó÷àå âîñïîëüçóåìñÿ òåîðåìîé 2

(ñì. [7]), èç êîòîðîé ñëåäóåò, ÷òî ñëó÷àéíàÿ âåëè÷èíà
√
r

θm·σm
· (ˆ̈vm − v̈m) ñëàáî

ñõîäèòñÿ ê ñòàíäàðòíîìó íîðìàëüíîìó ðàñïðåäåëåíèþ N0,1 Îòñþäà àñèìïòî-
òè÷åñêè âåðíî ñëåäóþùåå óòâåðæäåíèå (â íàøåì ñëó÷àå θ = 1):

P

(∣∣∣∣∣
√
r

σm
· (ˆ̈vm − v̈m)

∣∣∣∣∣ 6 τ1−ε/2

)
= γ.

Îòêóäà ñëåäóåò

P(θ̂− 6 v̈m 6 θ̂+) = γ,

ãäå

θ̂± = ˆ̈vm ± τ1−ε/2
σm√
r
.
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Çäåñü

(6) ˆ̈vm =
1

r

T∑
k=0

rk ·
BT (m, k)√

Tm
m = 1, . . . , T,

ïðè÷åì âåêòîð ~BT (m) = (BT (m, 0), BT (m, 1), . . . , BT (m,T )) - ñóòü ñèñòåìà îð-
òîãîíàëüíûõ ôóíêöèé äèñêðåòíîãî ïåðåìåííîãî k = 0, 1, . . . , T (ñì. [9]);

rk =

r∑
i=1

I

(
T∑
t=1

ξit = 2k − T

)
, ãäå I - èíäèêàòîðíàÿ ôóíêöèÿ;

σm =

√
~BT (m) · Λ · ~B′

T (m);

à ìàòðèöà Λ = (λi,j) ñ ýëåìåíòàìè

λi,j =

{
PT (i) · (1−PT (i)), äëÿ i = 0, . . . , T,
−PT (i) ·PT (j) äëÿ i 6= j;

ñóòü - êîâàðèàöèîííàÿ ìàòðèöà, ðàññìîòðåííàÿ â [7], à PT (i) = P
( T∑
k=1

ξk =

2i− T
)
.

Â ([9], [10]) ïîêàçàíî, ÷òî ðàâíîìåðíî ïî âñåì x ∈ R ïðè xn = 2kn−n√
n

è

lim
n→∞

xn = x ñïðàâåäëèâî

lim
T→∞

BT (m, k)√
Tm

=
1

m!
Hm(x) = h(x),

ãäå Hm(x) è h(x) - ñóòü ñèñòåìà îðòîãîíàëüíûõ è îðòîíîðìèðîâàííûõ ìíîãî-
÷ëåíîâ Ýðìèòà.

Â ýòîì ñëó÷àå çàìåíà BT (m,k)√
Tm

íà h(x) â ôîðìóëå (6) íå èçìåíèò àñèìïòîòè-

÷åñêèõ ñîîòíîøåíèé, ïîýòîìó

ˆ̈vm w
T∑
k=0

rk
r
· hm(xk), ãäå xk =

2k − T√
T

è m = 1, . . . , T,

Àëãîðèòìè÷åñêè ïðîöåññ âû÷èñëåíèÿ äîâåðèòåëüíûõ èíòåðâàëîâ äëÿ v̈m(ξ)

âêëþ÷àåò â ñåáÿ ïðîöåäóðû âû÷èñëåíèÿ ~BT (m); ~PT è σm íàïðèìåð, ñëåäóþ-
ùèì îáðàçîì:

1 n=Ò+1;

2 for ê = 1:n

3 Bnm(k) = 0;

4 for s = 1:m+1

5 if (s-1)<=(ê-1) & (m-s+1)<=(n-ê);

6 Bnm( ê)=Bnm(ê) +

(-1)^(s-1)*ïñhîîsåê(k-1,s-1)*ïñhîîsåê(n-ê,m-s+1);

7 ånd

8 end

9 end

10 Bnm=(-1)^m*Bnm/sqrt(T^m);
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Çäåñü m - çàäàíî çàðàíåå. Âû÷èñëåíèå îñóùåñòâëÿåòñÿ íåïîñðåäñòâåííî ïî
ôîðìóëå, îïðåäåëÿþùåé ýòó ôóíêöèþ â ([9]):

Bn(m, k) = (−1)m
m∑
i=0

(−1)iCik · Cm−in−k .

Îêîí÷àòåëüíîå çíà÷åíèå âåêòîðà: Bnm =
~BT (m)√
Tm

.

1 m=2^T;

2 J=0:1:m-1;

3 I=de2bi(J);

4 li=sum(I,2);

5 for r=1:T+1

6 Ps(r)=0;

7 for k = 1:m

8 if li(k)==r -1; Ps(r) = Ps(r) + Pt(k); end

9 end

10 end

Çäåñü Ps(r+1) = PT (r), à Pt(k) = p(ωk). Âåêòîð li ñóòü êîëè÷åñòâî åäèíèö â
ýëåìåíòàõ ìíîæåñòâà I (èëè, ÷òî òî æå ñàìîå, êîëè÷åñòâî åäèíèö â ýëåìåíòàð-
íûõ ñîáûòèÿõ) ïîñëå ÷åãî â öèêëå ñóììèðóþòñÿ âñå âåðîÿòíîñòè ýëåìåíòàðíûõ
ñîáûòèé, èìåþùèõ îäíî è òî æå ÷èñëî åäèíèö ñðåäè ýëåìåíòàðíûõ ñîáûòèé.
Äëÿ âû÷èñëåíèÿ σ2

m ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùèì àëãîðèòìîì:

1 for i =1:n

2 for j =1:n

3 if i==j; L(i,j) = Ps(i)*(1-Ps(i); else L(i,j) )= -Ps(i)*Ps(j); end

4 end

5 end

6 Sigma2=Bnm*L*transpose(Bnm);

Çäåñü òàêæå êàê è ðàíåå n = T + 1 è Sigma2 = σ2
m.

3.3. Ïîñòðîåíèå ÀÄÈ äëÿ R(τ). Ââåäåì â ðàññìîòðåíèå ñë.â. ζi,τ = ξi ·
ξi+τ , ζi,τ ∈ X(1), i = 1, . . . , T − τ . Òîãäà

vm=1(ζ) =

T−τ∑
i=1

Eξiξi+τ =

T−τ∑
i=1

Eζi = (
√
T − τ) · v̈1(ζ) = (T − τ)R(τ).

Îòñþäà

v̈1(ζ) = (
√
T − τ)R(τ) è R(τ) =

v̈1(ζ)√
T − τ

=
v1(ζ)

T − τ
= v̇1(ζ).

Ýòî ïîçâîëÿåò ñâåñòè îöåíèâàíèå R(τ) ê îöåíèâàíèþ v1(ζ) ïî óæå ïîëó÷åííûì
ñîîòíîøåíèÿì. Â ðåçóëüòàòå èç [7] ñ ó÷åòîì òîãî, ÷òî (m = 1), èìååì ñëåäóþùåå
àñèìïòîòè÷åñêîå ñîîòíîøåíèå

P

(
ˆ̈v1(ζ)√
T − τ

− τ1−ε/2
σ̂1(ζ)√
r(T − τ)

6 R(τ) 6
ˆ̈v1(ζ)√
T − τ

+ τ1−ε/2
σ̂1(ζ)√
r(T − τ)

)
= γ

θ̂± = R̂(τ)± τ1−ε/2
σ̂1(ζ)√
r(T − τ)

, ãäå R̂(τ) =
ˆ̈v1(ζ)√
T − τ

.
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Ñòàòèñòè÷åñêîå îöåíèâàíèå äðóãèõ ñìåøàííûõ ìîìåíòîâ ìîæíî òàêèì æå îá-
ðàçîì ñâåñòè ê v1(ζ ′) ãäå ζ ′ - íàäëåæàùèì îáðàçîì ñôîðìèðîâàííàÿ ïîñëåäî-
âàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí ðàäåìàõåðîâñêîãî òèïà.

4. Ïðèìåð.

4.1. Îïèñàíèå ïàðàìåòðîâ è èõ êîððåêòíîñòü:

T = 5; Eξ1 = Eξ2 = Eξ3 = Eξ4 = Eξ5 = 0; R(1) = 0.1, R(2) = 0.2, R(3) = −0.3.

Ïðîñòåéøàÿ ïðîâåðêà íà äîïóñòèìîñòü (âàðèàíò àëãîðèòìà) ñîñòîèò èç ðàñ-
÷åòà âåðîÿòíîñòåé âñåõ ýëåìåíòàðíûõ ñîáûòèé èñïîëüçóÿ äëÿ ðàñ÷åòà ñîîòíî-
øåíèå (2). Ïðè ýòîì äëÿ êàæäîãî ýëåìåíòàðíîãî ñîáûòèÿ (öèêë ïî i) ôîðìè-
ðóþòñÿ êîåôôèöèåíòû ïðè R(i) = τi, i = 1, 2, 3, 4 (öèêëû ïî k è t) à çàòåì
ñ÷èòàåòñÿ âåðîÿòíîñòü ñîáûòèÿ (ïåðåìåííàÿ p). Òàê êàê âñå ñëó÷àéíûå âåëè-
÷èíû öåíòðèðîâàíû âåêòîð ìàòåìàòè÷åñêèé îæèäàíèé íå èñïîëüçóåòñÿ.

1 Vtau=[0.1; 0.2; -0.3; 0];

2 T=5;

3 m=2^T;

4 for i=1:m

5 I=de2bi(i-1,5);

6 w=I+I-1;

7 A=zeros(1,T-1);

8 for k=1:T-1

9 for t=1:T-k

10 A(k)=A(k)+w(t).*w(t+k);

11 end

12 end

13 p(i)=1+A*Vtau;

14 end

15 p=p/m;

Ïðè êîððåêòíîì çàäàíèè ïàðàìåòðîâ äîëæíî âûïîëíÿòüñÿ 1 +A ∗V tau > 0. Â
ðåçóëüòàòå âû÷èñëåíèé ïîëó÷àåì:

p(ω0) = (1 + 4τ1 + 3τ2 + 2τ3)/32 > 0; p(ω16) = (1 + 2τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω1) = (1 + 2τ1 + 1τ2 + 0τ3)/32 > 0; p(ω17) = (1 + 0τ1 − 1τ2 − 2τ3)/32 > 0;
p(ω2) = (1 + 0τ1 + 1τ2 + 0τ3)/32 > 0; p(ω18) = (1 − 2τ1 − 1τ2 + 2τ3)/32 > 0;
p(ω3) = (1 + 2τ1 − 1τ2 − 2τ3)/32 > 0; p(ω19) = (1 + 0τ1 − 3τ2 + 0τ3)/32 > 0;
p(ω4) = (1 + 0τ1 − 1τ2 + 2τ3)/32 > 0; p(ω20) = (1 − 2τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω5) = (1 − 2τ1 + 1τ2 + 0τ3)/32 > 0; p(ω21) = (1 − 4τ1 + 3τ2 − 2τ3)/32 > 0;
p(ω6) = (1 + 0τ1 − 3τ2 + 0τ3)/32 > 0; p(ω22) = (1 − 2τ1 − 1τ2 + 2τ3)/32 > 0;
p(ω7) = (1 + 2τ1 − 1τ2 − 2τ3)/32 > 0; p(ω23) = (1 + 0τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω8) = (1 + 0τ1 + 1τ2 + 0τ3)/32 > 0; p(ω24) = (1 + 2τ1 − 1τ2 − 2τ3)/32 > 0;
p(ω9) = (1 − 2τ1 − 1τ2 + 2τ3)/32 > 0; p(ω25) = (1 + 0τ1 − 3τ2 + 0τ3)/32 > 0;
p(ω10) = (1 − 4τ1 + 3τ2 − 2τ3)/32 > 0; p(ω26) = (1 − 2τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω11) = (1 − 2τ1 + 1τ2 + 0τ3)/32 > 0; p(ω27) = (1 + 0τ1 − 1τ2 + 2τ3)/32 > 0;
p(ω12) = (1 + 0τ1 − 3τ2 + 0τ3)/32 > 0; p(ω28) = (1 + 2τ1 − 1τ2 − 2τ3)/32 > 0;
p(ω13) = (1 − 2τ1 − 1τ2 + 2τ3)/32 > 0; p(ω29) = (1 + 2τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω14) = (1 + 0τ1 − 1τ2 − 2τ3)/32 > 0; p(ω30) = (1 + 2τ1 + 1τ2 + 0τ3)/32 > 0;
p(ω15) = (1 + 2τ1 + 1τ2 + 0τ3)/32 > 0; p(ω31) = (1 + 4τ1 + 3τ2 + 2τ3)/32 > 0;

Ãäå ω0 = (−1,−1,−1,−1,−1), ω1 = (1,−1,−1,−1,−1), ω2 = (−1, 1,−1,−1,−1)
è ò.ä.

Ïîä÷åðêíåì, ÷òî äîïóñòèìîñòü çàäàííûõ ïàðàìåòðîâ îïðåäåëÿåòñÿ â òîì
÷èñëå è äëèííîé ïîñëåäîâàòåëüíîñòè. Òàê, íàïðèìåð, äëÿ T = 9 ïðè òåõ æå
çíà÷åíèÿõ Eξi è τi èç ñîîòíîøåíèÿ 2 ñëåäóåò, ÷òî

p(1, 1,−1,−1, 1, 1,−1,−1, 1) = (1 + 0τ1 − 7τ2 + 0τ3)/512 = −0.4/512 < 0,
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÷òî îçíà÷àåò íåäîïóñòèìîñòü çàäàííûõ ïàðàìåòðîâ äëÿ âûáðàííîãî ñëó÷àÿ. Ñ
ïîìîùüþ ïðèâåäåííîãî àëãîðèòìà íåòðóäíî ïðîâåðèòü, ÷òî äàæå è ïðè n = 6
ýòè çíà÷åíèÿ óæå íåäîïóñòèìû, òî åñòü ïðè n = 6 è V tau = [0.1; 0.2; −0.3; 0; 0]
~1 + A ∗ V tau � 0.

4.2. Ðåçóëüòàòû ñòàòèñòè÷åñêîãî àíàëèçà äàííûõ ïðè γ = 0.95:
Ïîëó÷åííûå àñèìïòîòè÷åñêèå äîâåðèòåëüíûå èíòåðâàëû äëÿ ìàòåìàòè÷åñêî-
ãî îæèäàíèÿ ñëó÷àéíûõ âåëè÷èí:

ξ1 ξ2 ξ3 ξ4 ξ5
θ+ 0.0138 0.2764 0.0550 0.1366 0.1568

ξ̂ -0.1800 0.0800 -0.1400 -0.0600 -0.0400
θ− -0.3738 -0.1164 -0.3350 -0.2566 -0.2368

Ïîëó÷åííûå àñèìïòîòè÷åñêèå äîâåðèòåëüíûå èíòåðâàëû äëÿ àâòîêîâàðèà-
öèè i-ãî ïîðÿäêà R(i) = τi, i = 1, 2, 3, 4

τ1 τ2 τ3 τ4
θ+ 0.3184 0.3630 -0.0686 0.1760
τ̂i 0.1050 0.1733 -0.2400 -0.0200
θ− -0.1084 -0.0163 -0.4114 -0.2160

Ñãåíåðèðîâàííàÿ âûáîðêà ξ = (ξ1, ξ2, ξ3, ξ4, ξ5):

N 1 2 3 4 5 N 1 2 3 4 5 N 1 2 3 4 5 N 1 2 3 4 5
1 -1 -1 -1 1 1 26 -1 -1 -1 1 1 51 -1 -1 -1 1 1 76 1 1 1 -1 -1

2 -1 1 -1 1 -1 27 -1 1 1 1 1 52 -1 1 1 1 -1 77 1 1 1 -1 1

3 -1 1 1 1 1 28 1 1 1 1 1 53 1 -1 1 -1 1 78 -1 1 -1 1 -1

4 -1 -1 -1 -1 1 29 -1 1 -1 1 1 54 -1 -1 1 -1 -1 79 -1 -1 1 -1 1

5 1 -1 -1 -1 -1 30 1 1 1 -1 1 55 -1 -1 -1 1 1 80 1 1 1 1 -1

6 1 -1 -1 1 1 31 -1 -1 -1 1 -1 56 -1 -1 -1 -1 1 81 -1 1 1 -1 -1

7 -1 1 -1 -1 -1 32 1 -1 -1 -1 -1 57 -1 1 1 1 1 82 1 -1 1 -1 1

8 -1 1 1 1 -1 33 -1 1 1 1 -1 58 1 1 1 1 -1 83 1 1 -1 -1 -1

9 1 1 -1 1 1 34 1 -1 1 -1 -1 59 -1 -1 1 1 1 84 1 1 -1 -1 -1

10 1 1 -1 1 -1 35 -1 -1 1 1 1 60 -1 1 -1 -1 -1 85 -1 1 -1 -1 -1

11 -1 1 -1 1 -1 36 1 1 -1 1 -1 61 1 -1 -1 1 1 86 1 -1 -1 -1 -1

12 -1 1 1 1 1 37 -1 -1 1 -1 1 62 -1 -1 -1 -1 -1 87 -1 -1 1 1 1

13 -1 1 -1 -1 -1 38 -1 1 -1 1 -1 63 1 1 -1 -1 1 88 1 -1 1 -1 -1

14 1 1 -1 -1 -1 39 1 1 1 -1 1 64 -1 1 -1 -1 -1 89 -1 -1 1 -1 1

15 1 1 -1 -1 -1 40 -1 -1 -1 -1 1 65 -1 -1 1 -1 1 90 1 1 1 1 1

16 -1 1 1 1 1 41 1 1 -1 -1 1 66 1 1 1 -1 1 91 -1 1 -1 1 -1

17 -1 1 -1 1 -1 42 -1 -1 -1 -1 1 67 -1 1 -1 1 -1 92 1 1 -1 -1 -1

18 -1 -1 -1 1 -1 43 -1 -1 -1 -1 1 68 1 -1 -1 1 1 93 -1 1 1 1 1

19 -1 -1 -1 -1 1 44 1 1 1 -1 -1 69 1 -1 -1 -1 -1 94 -1 1 -1 1 -1

20 1 1 1 1 -1 45 1 -1 1 1 1 70 -1 -1 -1 -1 -1 95 -1 -1 1 -1 -1

21 -1 -1 -1 1 1 46 -1 1 1 1 1 71 -1 -1 -1 1 -1 96 -1 -1 -1 -1 -1

22 -1 -1 -1 -1 -1 47 -1 1 1 1 1 72 -1 -1 -1 -1 -1 97 1 1 -1 1 -1

23 -1 1 1 1 1 48 -1 1 1 -1 -1 73 1 1 1 -1 -1 98 -1 1 1 -1 -1

24 1 -1 -1 -1 1 49 -1 -1 -1 -1 1 74 1 -1 1 -1 -1 99 1 -1 -1 -1 1

25 1 1 1 1 -1 50 1 -1 -1 -1 1 75 1 -1 -1 -1 1 100 -1 1 -1 1 -1

Îòñþäà âèäíî, ÷òî ñòàòèñòè÷åñêèé àíàëèç ðåçóëüòàòîâ ìîäåëèðîâàíèÿ õî-
ðîøî ñîãëàñóþòÿ ñ çàäàííûìè òåîðåòè÷åñêèìè ïàðàìåòðàìè.
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