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SEQUENTIAL LABYRINTH FRACTALS
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Abstract: This paper introduces the concept of a sequential laby-
rinth fractal constructed on a unit square using two sequences.
It also explains how the obtained fractal di�ers from the classical
labyrinth fractal, mixed labyrinth fractal and supermixed labyrinth
fractal. The Hausdor� and the box-counting dimension of sequen-
tial labyrinth fractals, which are constructed using convergent sequ-
ences, are also examined. Besides that, it gives the dimension of
fractals on the unit square, which are generated from converging
sequences with or without having the labyrinth conditions.
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Box-counting dimension; Sequences.

1 Introduction

In the literature, there are various methods for the construction of fractals.
Some such techniques include fractals generated by iterated function systems,
fractals generated by �nite subdivisions and so on. This paper deals with
fractals constructed on a unit square by the �nite subdivision method, where
the division is characterised by a sequence. Besides that, we are imposing
extra conditions on this construction to produce a particular type of fractal
called sequential labyrinth fractal.
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A fractal using �nite subdivision on the unit square was introduced and
studied by Bedford [1] and McMullen [2] simultaneously in 1984, and such
fractals are known as Bedford-McMullen carpet. The ratio of division is
preserved at each stage of construction. It can be seen in the literature that
there exists a collection of fractals using di�erent kinds of subdivisions in the
unit square, such as Lalley-Gatzouras carpets [3], Baranski carpets [4] and
so on. Those can be considered as generalizations of the Bedford-McMullen
carpet.

Cristea and Stiensky introduced the concept of labyrinth fractal on the
unit square by the �nite subdivision of unit square into m2 squares and
by choosing a set of squares with tree property, corner property and exit
property [5, 6]. This process is continued on each chosen square to obtain
the classical labyrinth fractal. This kind of fractal has further extensions,
such as mixed [7] and supermixed [8] labyrinth fractals. In mixed labyrinth
fractals, di�erent division ratios and patterns are used at di�erent stages
of iteration and in supermixed cases, di�erent patterns are used within a
particular stage. But in each of these cases, the ratio of division remains
the same at a particular stage or for a speci�c pattern. In [9], Cristea and
Leobacher studied some properties of mixed labyrinth fractals. Labyrinth
fractals are further constructed in triangles [10] and quadrilaterals [11]. In
this paper, a labyrinth fractal is constructed on the unit square using two
sequences of tuples.

Labyrinth fractals on a square have broad applications in Physics. They
are used in the study of planar nanostructures [12], the fractal reconstruction
of complicated images, signals and radar backgrounds [13] and the construc-
tion of prototypes of ultra-wide band radar antennas [14] . Besides, labyrinth
fractals have applications in telecommunication [15].

The organization of the paper is as follows: Section 2 gives the construction
of a sequential labyrinth fractal using two sequences of k-tuple and l-tuple.
The construction uses the �nite subdivision on the unit square, resulting in
a set of rectangles. From the smaller rectangles obtained at each stage, a set
of rectangles is chosen such that they satisfy tree property, corner property
and exit property. This collection is said to be a sequential labyrinth set of
respective order, and its limit is de�ned as the sequential labyrinth fractal.
Sections 3 and 4 mainly deal with the converging sequence. In section 3, we
begin with two sequences of k-tuple, which converge to the k-tuple of 1/k
and examine whether the corresponding fractal coincides with the classical
k×k labyrinth fractal given in [5] and [6]. Section 4 is devoted to �nding both
the box-counting dimension and the Hausdor� dimension of the sequential
labyrinth fractal, which are generated from converging sequences.
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2 Labyrinth fractal on a unit square generated by two

sequences

This section gives the construction of sequential labyrinth fractals on a
unit square. It can be seen that the classical labyrinth fractal is a particular
case of the sequential labyrinth fractal.

We let I denote the unit square [0, 1]× [0, 1] throughout this paper. Now,
de�ne two sequences of k-tuple and l-tuple with some speci�c properties
as given in De�nition 1. These sequences will play an important role in
constructing sequential labyrinth fractals since they act as the contraction
factor in the construction.

De�nition 1. Let {λn} be a sequence of k-tuples (k ≥ 3), say
λn = (λ1

n, λ
2
n, . . . , λ

k
n) with 0 < λi

n < 1 for i = 1, 2, . . . , k and {γn} be a

sequence of l-tuples (l ≥ 3), say γn = (γ1n, γ
2
n, . . . , γ

l
n) with 0 < γjn < 1 with

j = 1, 2, . . . , l such that
k∑

i=1
λi
n = 1 and

l∑
j=1

γjn = 1 for all n ≥ 1.

Now, we de�ne a class of functions using the sequences de�ned in De�nition
1.

De�nition 2. Let {λn} and {γn} be the sequences of k-tuple and l-tuple
as given in De�nition 1. For 1 ≤ i ≤ k,1 ≤ j ≤ l and n ≥ 1, de�ne the

functions P i,j
n : I → I as,

P i,j
n (x, y) = (λi

nx, γ
j
ny) + (λ1

n + λ2
n + . . .+ λi−1

n , γ1n + γ2n + . . .+ γj−1
n ).

The next theorem shows that the functions de�ned in De�nition 2 are
contractions.

Theorem 1. For 1 ≤ i ≤ k, 1 ≤ j ≤ l and n ≥ 1, P i,j
n is a contraction in

the Euclidean metric.

Proof. Let d represent the Euclidean metric in R2. Then, we have

d(P i,j
n (x, y), P i,j

n (x′, y′)) = d((λi
nx, γ

j
ny), (λ

i
nx

′, γjny
′))

= ||(λi
n(x− x′), γjn(y − y′))||

≤ max{λi
n, γ

j
n}||(x− x′, y − y′)||

= max{λi
n, γ

j
n}d((x, y), (x′, y′)).

Since 0 < λi
n, γ

j
n < 1, 0 < max{λi

n, γ
j
n} < 1 and hence P i,j

n is a contraction
for 1 ≤ i ≤ k, 1 ≤ j ≤ l and n ≥ 1. □

Now, we construct two sequences {µn} and {δn} from the sequences {λn}
and {γn} respectively. {µn} (respectively {δn}) is a sequence of sequences and
for each µn (respectively δn), after the (kn)th (respectively (ln)th) element,
all entries will be zero. So {µn} and {δn} are sequences of elements from c00,
where c00 = {x ∈ ℓp : all but �nitely many x(j)′s are equal to zero}. The
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sequences {µn} and {δn} are explicitly de�ned as follows: The ith term of µn

is

µi
n =

{
λi1
1 λ

i2
2 . . . λ

in−1

n−1 λ
i−sk
n if 1 ≤ i ≤ kn

0 otherwise
, (1)

where it = Rem
([ i−1

kn−t

]
k

)
+ 1 for t = 1, 2, . . . , n− 1 and s =

[
i−1
k

]
.

The jth term of δn is

δjn =

{
γj11 γj22 . . . γ

jn−1

n−1 γ
j−vk
n if 1 ≤ j ≤ ln

0 otherwise
, (2)

where jt = Rem
([ j−1

ln−t

]
l

)
+1 for t = 1, 2, . . . , n−1 and v =

[ j−1
l

]
. Here, Rem

denotes the remainder function and is de�ned as Rem
(
a
b

)
:= The remainder

obtained when b divides a, for any two integers a and b. Also, for any real
number x, [x] denotes the greatest integer less than or equal to x.

The following proposition states that the sum of entries of each term in
sequences {µn} and {δn} equals 1.

Proposition 1. For each n ≥ 1,
∞∑
i=1

µi
n = 1 and

∞∑
j=1

δjn = 1.
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Proof. Consider the case n = 1. Clearly, Σ∞
i=1µ

i
1 = Σk

i=1µ
i
1 = Σk

i=1λ
i
1 = 1.

For any n, consider,

∞∑
i=1

µi
n =

kn∑
i=1

µi
n

=
k∑

i=1

µi
n +

2k∑
i=k+1

µi
n + . . .+

k2∑
i=(k−1)k+1

µi
n +

k2+k∑
i=k2+1

µi
n + . . .+

2k2∑
i=2k2−k+1

µi
n + . . .+

kn−kn−1+k∑
i=kn−kn−1+1

µi
n + . . .+

kn∑
i=kn−k+1

µi
n

=

k∑
i=1

λ1
1λ

1
2 . . . λ

1
n−1λ

i
n +

2k∑
i=k+1

λ1
1λ

1
2 . . . λ

1
n−2λ

2
n−1λ

i−k
n + . . .+

k2∑
i=(k−1)k+1

λ1
1λ

1
2 . . . λ

1
n−2λ

k
n−1λ

i−(k−1)k
n +

k2+k∑
i=k2+1

λ1
1λ

1
2 . . . λ

2
n−2λ

1
n−1λ

i−k2

n + . . .+

2k2∑
i=2k2−k+1

λ1
1λ

1
2 . . . λ

2
n−2λ

k
n−1λ

i−(2k2−k)
n + . . .+

kn−k2+k∑
i=kn−k2+1

λk
1λ

k
2 . . . λ

1
n−1λ

i−(kn−k2)
n + . . .+

kn∑
i=kn−k+1

λk
1 . . . λ

k
n−1λ

i−(kn−k)
n

=

k∑
i=1

λ1
1λ

1
2 . . . λ

1
n−2λ

i
n−1 +

k∑
i=1

λ1
1λ

1
2 . . . λ

1
n−3λ

2
n−2λ

i
n−1 + . . .

+

k∑
i=1

λk
1λ

k
2 . . . λ

k
n−2λ

i
n−1

...

= λ1
1 + λ2

1 + . . . λk
1

= 1.

□

Next, we will de�ne a class of functions using the sequences {µn} and {δn}
as follows:



SEQUENTIAL LABYRINTH FRACTALS 887

De�nition 3. Let {µn} and {δn} be the sequences as given in Equations
(1) and (2), which are de�ned using {λn} and {γn}. For each n ≥ 1 and

1 ≤ i ≤ kn, 1 ≤ j ≤ ln, the functions Qi,j
n : I → I are de�ned as

Qi,j
n (x, y) = (µi

nx, δ
j
ny) + (µ1

n + µ2
n + . . .+ µi−1

n , δ1n + δ2n + . . .+ δj−1
n ).

Each of the functions de�ned above is found to be a contraction and it is
stated formally as a theorem as follows:

Theorem 2. Qi,j
n is a contraction in Euclidean metric for n ≥ 1 and 1 ≤

i ≤ kn, 1 ≤ j ≤ ln.

Proof. If d denotes the Euclidean metric, we obtain

d(Qi,j
n (x, y), Qi,j

n (x′, y′)) = d((µi
nx, δ

j
ny), (µ

i
nx

′, δjny
′))

= ||(µi
n(x− x′), δjn(y − y′))||

≤ max{µi
n, δ

j
n}||(x− x′, y − y′)||

= max{µi
n, δ

j
n}d((x, y), (x′, y′)).

Since µi
n = λi1

1 λ
i2
2 . . . λin

n and δjn = γj11 γj22 . . . γjnn for some i1, i2, . . . , in ∈
{1, 2, . . . , k} and j1, j2, . . . , jn ∈ {1, 2, . . . , l} and 0 < λj

i , γ
j
i < 1, 0 <

µi
n, δ

j
n < 1 for all i, j and n. Hence, 0 < max{µi

n, δ
j
n} < 1. Thus, Qi,j

n is
a contraction for all i, j and n. □

Remark 1. Denote the set {Qi,j
m (I) : 1 ≤ i ≤ km, 1 ≤ j ≤ lm} by Sm for

any m ≥ 1. It is easy to see that

S1 = {Qi,j
1 (I) : 1 ≤ i ≤ k, 1 ≤ j ≤ l} = {P i,j

1 (I) : 1 ≤ i ≤ k, 1 ≤ j ≤ l}.

De�nition 4. For an m ≥ 1, let W ⊆ Sm. The graph corresponding to
W is denoted by G(W) and is de�ned as follows: The vertices of G(W) are
elements of W and there exists an edge between two vertices of G(W) if and
only if the corresponding elements in W have a common side.

De�nition 5. Let Am = {(i, j) : 1 ≤ i ≤ km, 1 ≤ j ≤ lm}. Then, for a �xed

W ⊆ Sm, let Bm = {(i, j) ∈ Am : Qi,j
m (I) ∈ W}.

Now, we shall de�ne sequential labyrinth sets.

De�nition 6. A subset W ⊆ Sm is said to be a sequential labyrinth set
of order m corresponding to the sequences {µn} and {δn} if it satis�es the
following three properties.

(1) Tree property : G(W) is a tree.

(2) Exit property : There exists exactly one i such that Qi,1
m (I), Qi,lm

m (I) ∈
W and exactly one j such that Q1,j

m (I), Qkm,j
m (I) ∈ W. Qi,1

m (I) is

called the bottom exit, Qi,lm
m (I) is called the top exit, Q1,j

m (I) is called

the left exit and Qkm,j
m (I) is called the right exit.

(3) Corner property: There exists at most one element in Wm from each

of the sets {Q1,1
m (I), Qkm,lm

m (I)} and {Qkm,1
m (I), Q1,lm

m (I)}. Q1,1
m (I) is
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called the bottom-left corner, Qkm,lm
m (I) is called the top-right corner,

Qkm,1
m (I) is called the bottom-right corner and Q1,lm

m (I) is called the
top-left corner.

In this case, an element W ∈ W ⊆ Sm is said to be a white rectangle of
order m.

The next de�nition provides a particular way to choose a subset of Sm

from a given subset of S1.

De�nition 7. Let W1 ⊆ S1 and let B1 be taken as in De�nition 5. De�ne

Wm = {P i1,j1
1 ◦ P i2,j2

2 ◦ . . . ◦ P im,jm
m (I) : (i1, j1), (i2, j2), . . . , (im, jm) ∈ B1}.

If a sequential labyrinth set of order 1 is chosen, Theorem 3 suggests to
construct a sequential labyrinth set of order m for any m ≥ 2.

Theorem 3. If W1 is a sequential labyrinth set of order 1 corresponding to
the sequence {µn} and {δn}, then Wm will be a sequential labyrinth set of
order m corresponding to {µn} and {δn}.

Proof. Here, we need to prove the 4 conditions below.

(1) Wm ⊆ Sm

To prove this, choose an element P k1,l1
1 ◦P k2,l2

2 ◦. . .◦P km,lm
m (I) ∈ Wm.

We should be able to write this as a Qi,j
m (I) for some 1 ≤ i ≤ km,

1 ≤ j ≤ lm. For (x, y) ∈ I,

P k1,l1
1 ◦ P k2,l2

2 ◦ . . . ◦ P km,lm
m (x, y)

= P k1,l1
1 ◦ P k2,l2

2 ◦ . . . ◦ P km−1,lm−1

m−1

(
(λkm

m x, γlm
m y)+

(λ1
m + . . .+ λkm−1

m , γ1
m + . . .+ γlm−1

m )
)

= P k1,l1
1 ◦ P k2,l2

2 ◦ . . . ◦ P km−2,lm−2

m−2

(
(λ

km−1

m−1 λ
km
m x, γ

lm−1

m−1 γ
lm
m y)

+ (λ
km−1

m−1 (λ
1
m + . . .+ λkm−1

m ), γ
km−1

m−1 (γ1
m + . . .+ γlm−1

m ))

+ (λ1
m−1 + . . .+ λ

km−1−1
m−1 , γ1

m−1 + . . .+ γ
lm−1−1
m−1 )

)
...

= (λk1
1 λk2

2 . . . λkm
m x, γl1

1 γl2
2 . . . γlm

m y)+

(λk1
1 . . . λ

km−1

m−1 (λ
1
m + . . .+ λkm−1

m ), γl1
1 . . . γ

lm−1

m−1 (γ
1
m + . . .+ γlm−1

m ))+

(λk1
1 . . . λ

km−2

m−2 (λ
1
m−1 + . . .+ λ

km−1−1
m−1 ), γl1

1 ...γ
lm−2

m−2 (γ
1
m−1 + . . .+ γ

lm−1−1
m−1 ))

+ . . .+ (λk1
1 λk2

2 (λ1
3 + . . .+ λk3−1

3 ), γl1
1 γl2

2 (γ1
3 + . . .+ γl3−1

3 ))

+ (λk1
1 (λ1

2 + . . .+ λk2−1
2 ), γl1

1 (γ1
2 + . . .+ γl2−1

2 ))

+ (λ1
1 + . . .+ λk1−1

1 , γ1
1 + . . .+ γl1−1

1 )

= (µp
mx, δqmy) + (µ1

m + µ2
m + . . .+ µp−1

m , δ1m + δ2m + . . .+ δq−1
m )

= (µp
mx, δqmy) + (µ1

m + µ2
m + . . .+ µp−1

m , δ1m + δ2m + . . .+ δq−1
m )

= Qp,q
m (x, y),
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where
p = (k1 − 1)km−1 + (k2 − 1)km−2 + . . .+ (km−1 − 1)k + km and
q = (l1 − 1)lm−1 + (l2 − 1)lm−2 + . . .+ (lm−1 − 1)l + lm.

(2) Exit property : If P i,1
1 (I) and P i,l

1 (I) ∈ W1 forms unique bottom and

top exits respectively in the �rst stage, P i,1
1 ◦ P i,1

2 ◦ . . . ◦ P i,1
m (I) and

P i,l
1 ◦ P i,l

2 ◦ . . . ◦ P i,l
m (I) forms the bottom and top exits respectively

in the mth stage. Similar proof holds for unique pair of left and right
exits.

(3) G(Wm) is a tree: The connectedness is ensured by exit property. Also,
there does not exist a cycle in W1 by de�nition. Assume that there
does not exist a cycle till Wm−1, for m ≥ 1. Suppose there exists a
cycle in the mth stage. Let C = {a0, a1, . . . , as} be a cycle in G(Wm).
For each a ∈ Wm, let t(a) be an element in Wm−1, which contains
a. Let j0 = 0,b0 = t(a0) and jk = min{i : t(ai) ̸= bk−1, jk−1 <
i ≤ s}, bk = t(ajk) for k ≥ 1. Choose r minimal such that the
set {i : t(ai) ̸= br, jr < i ≤ s} is empty. For i = 1, 2, . . . , r the
vertex bi−1 is a neighbour of bi in G(Wm−1). The set {b0, b1, . . . , br}
can not contain a cycle by the induction hypothesis. Also, if r = 0,
then all ai's are contained in b0 and it will contradict the fact that
G(W1) is a tree. Hence r ≥ 1. Thus, the graph induced by G(Wm−1)
on the set {b0, b1, . . . , br} is a tree with more than one vertex. This
implies that the cycle C returns to a0 through the same side where
it leaves a0. But the exit property gives that ai = aj for some j ̸= i,
ai, aj ∈ {a0, a1, . . . , as}, which is a contradiction. Hence, G(Wm) is a
tree.

(4) Corner property: Since there exists at most one element from opposite
corners in W1, there will exist at most one element from opposite

corners in Wm also. That is, if P 1,1
1 (I) ∈ W1 from {P 1,1

1 (I), P k,l
1 (I)},

then P 1,1
1 ◦ P 1,1

2 ◦ . . . ◦ P 1,1
m (I) will be the corner in Wm and the

opposite corner will not be in Wm.

□

Now, if we consider the subsequences {µnm} = {µm, µ2m, µ3m . . .} of {µn}
and {δnm} = {δm, δ2m, δ3m . . .} of {δn}, it can be seen that Wm as de�ned
in De�nition 7 will be a labyrinth set of order 1 for the subsequences.

Theorem 4. If W1 is a sequential labyrinth set of order 1 corresponding to
the sequences {µn} and {δn}, then Wm is a sequential labyrinth set of order
1 corresponding to the subsequences {µnm} and {δnm}.

Proof. It is clear that Wm is a sequential labyrinth set from the proof of
Theorem 3. That means it satis�es tree property, exit property and corner
property. The white rectangle Wm corresponds to the terms µm and δm of
the sequences {µn} and {δn} respectively. Also, µm and δm are the �rst term
of the subsequences {µnm} and {δnm} respectively. Hence, clearly Wm is a
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sequential labyrinth set of order 1 corresponding to the subsequences {µnm}
and {δnm}. □

The main concept of this paper is sequential labyrinth fractal and it is
de�ned as follows:

De�nition 8. If W1 is a sequential labyrinth set of order 1, the mth stage
pre-fractal associated with W1 is denoted by Lm and is de�ned as
Lm =

⋃
Wm∈Wm

Wm for all m ≥ 1. The sequential labyrinth fractal is denoted

by L∞ and is de�ned as L∞ =
∞⋂

m=1
Lm.

Now, we will provide an example of the construction. Note that it is
di�erent from the classical labyrinth fractal.

Example 1. Consider the sequences {λn} of 4-tuple and {γn} of 3-tuple as
follows:
{λn} = {(14 ,

1
8 ,

1
4 ,

3
8), (

1
6 ,

1
6 ,

1
3 ,

1
3), (

1
4 ,

1
8 ,

1
4 ,

3
8), (

1
6 ,

1
6 ,

1
3 ,

1
3), . . .}

{γn} = {(14 ,
1
4 ,

1
2), (

1
3 ,

1
3 ,

1
3), (

3
5 ,

1
5 ,

1
5), (

1
4 ,

1
4 ,

1
2), . . .}.

Then, the corresponding sequences {µn} and {δn} are {µn} =
{
( 14 ,

1
8 ,

1
4 ,

3
8 , 0, 0, ...),

( 1
24 ,

1
24 ,

1
12 ,

1
12 ,

1
48 ,

1
48 ,

1
24 ,

1
24 ,

1
24 ,

1
24 ,

1
12 ,

1
12 ,

3
48 ,

3
48 ,

3
24 ,

3
24 , 0, 0, . . .), . . .

}
and

{δn} =
{
( 14 ,

1
4 ,

1
2 , 0, 0, . . .), (

1
12 ,

1
12 ,

1
12 ,

1
12 ,

1
12 ,

1
12 ,

1
6 ,

1
6 ,

1
6 , 0, 0, . . .), . . .

}
. Choose

W1 = {P 1,1
1 (I), P 1,2

1 (I), P 2,2
1 (I), P 3,1

1 (I), P 3,2
1 (I), P 3,3

1 (I), P 4,2
1 (I)},a sequential la-

byrinth set of order 1 and take Wm as in De�nition 7. Then,

L∞ =
∞⋂

m=1

⋃
Wm∈Wm

Wm is a sequential labyrinth fractal. The �rst three stages

of this sequential labyrinth fractal are given in Figure 1.

Fig. 1. An example for the �rst three stages of a sequential
labyrinth fractal

Remark 2. If {λn} and {γn} are constant sequences of k-tuples with each
coordinate 1

k and let {µn} and {δn} be sequences constructed from {λn}
and {γn} as in Equations (1) and (2). Then, the corresponding sequential
labyrinth fractal is the same as the classical k × k-labyrinth fractal on the
unit square.
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Remark 3. We claim that the sequential labyrinth fractal de�ned above does
not fall in any of the existing case labyrinth fractals in the literature. The
classical labyrinth fractal given in [5] and [6] uses a same division factor, say
1
m , m ≥ 4, m ∈ N at each stage, and the same pattern is used throughout
the construction. The mixed labyrinth fractal de�ned in [7] uses a division
factor 1

mk
for the kth stage, where mk ∈ N, mk ≥ 4 and di�erent patterns at

di�erent stages. The supermixed labyrinth fractal [8] uses di�erent patterns
within a particular stage, but again the division factor is of the form 1

m ,
m ∈ N, m ≥ 4 at every stage. Note that the sequential labyrinth fractal does
not assume any such restriction. The division depends on the sequence of
tuples, where the entries in a tuple can be any number between 0 and 1 such
that the sum of entries of each tuple is 1. So, this is a more general class
of labyrinth fractal, where the division along the horizontal and the vertical
axis are completely di�erent, and at each stage, the division factor, which
depends on the sequence, keeps on changing. But the pattern remains the
same throughout. So, unlike the earlier cases, we obtained a set of di�erent-
sized rectangles at every stage instead of squares.

3 Sequential labyrinth fractals generated from converging

sequences

Let {λn} and {γn} be two sequences of k-tuples such that both {λn}
and {γn} converges to ( 1k ,

1
k , . . . ,

1
k ). In this section, we shall prove that the

sequential labyrinth fractal generated from these sequences and the classical
k × k-labyrinth fractal (i.e., the fractal generated from constant sequences)
need not be the same.

Example 2. Consider the sequences {λn} = {(14 −
1

4(n+1) ,
1
4 +

1
4(n+1) ,

1
4 ,

1
4)}

and {γn} = {(14 − 1
2n+2 ,

1
4 ,

1
4 + 1

2n+2 ,
1
4)}. Then, both the sequences {λn} and

{γn} converges to (14 ,
1
4 ,

1
4 ,

1
4) as n → ∞. Let {µn} and {δn} be the sequences

constructed as in Equations (1) and (2) . We will consider the �rst stage of a
sequential labyrinth fractal generated from the sequences {µn} and {δn}. Note
that µ1 = (18 ,

3
8 ,

1
4 ,

1
4 , 0, 0, . . .) and δ1 = (18 ,

1
4 ,

3
8 ,

1
4 , 0, 0, . . .). Choose W1 =

{P 1,1
1 (I), P 1,2

1 (I), P 2,2
1 (I), P 3,2

1 (I), P 4,2
1 (I), P 2,3

1 (I), P 2,4
1 (I), P 1,4

1 (I)} as the
�rst stage of sequential labyrinth set and let L∞ be the labyrinth fractal
corresponding to {µn} and {δn}.

Let L∗
∞ be the sequential labyrinth fractal generated from the constant

sequence ( i.e., the classical labyrinth fractal) with the position of whites in
the �rst stage being the same as that of the position of whites in the �rst
stage of sequential labyrinth set. It can be explicitely given as follows: Take
{λ∗

n} = {γ∗n} = {(14 ,
1
4 ,

1
4 ,

1
4)} and {µ∗

n} and {δ∗n} are de�ned as in Equations
(1) and (2) . Take the �rst stage as

W∗
1 = {P ∗1,11 (I), P ∗1,21 (I), P ∗2,21 (I), P ∗3,21 (I), P ∗4,21 (I), P ∗2,31 (I),

P ∗2,41 (I), P ∗1,41 (I)} and all these functions are de�ned as in De�nition 2
and corresponding to {λ∗

n} and {γ∗n}.
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Even though the sequences {λn} and {γn} converge to (14 ,
1
4 ,

1
4 ,

1
4), the

fractals L∞ and L∗
∞ are di�erent. For this, consider the �rst stage of both

L∞ and L∗
∞, which are given in the Figure 2. Since (12 ,

1
8) is the bottom-left

Fig. 2. The �rst stage of L∞ and L∗
∞ respectively

corner of P 3,2
1 (I), and bottom left corner of �rst stage is a white rectangle,

(12 ,
1
8) ∈ Lm for each m and hence (12 ,

1
8) ∈ L∞. But (12 ,

1
8) does not belongs

to �rst stage of L∗
∞ and hence cannot belong to L∗

∞. Hence, L∞ and L∗
∞ are

di�erent.

Even though these fractals are di�erent, in the next section, we shall see
that the box-counting dimensions of both fractals coincide.

4 Fractal dimension of sequential labyrinth fractal

generated from converging sequences

This section examines the box-counting dimension and the Hausdor� di-
mension of the sequential labyrinth fractal corresponding to the converging
sequences.

Theorem 5 provides the box-counting dimension of a sequential labyrinth
fractal.

Theorem 5. Let L∞ be a sequential labyrinth fractal generated from the
nonconstant sequences {λn} = {(λ1

n, λ
2
n, ..., λ

k
n)} and {γn} = {(γ1n, γ2n, ..., γkn)},

both converges to the k-tuple ( 1k ,
1
k , . . . ,

1
k ), k ≥ 3. Let {µn} and {γn} be

de�ned as in Equations 1 and 2. Let T be the number of white rectangles in

the �rst stage of L∞. Then, the box-counting dimension of L∞ is log T
log k .
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Proof. De�ne,

αn = max

{
sup

1≤i≤kn
µi
n, sup

1≤i≤kn
δin

}

and

βn = min

{
inf

1≤i≤kn
µi
n, inf

1≤i≤kn
δin

}
Since both sequences {λi

n} and {γin} converge to 1
k as n goes to in�nity

for all 1 ≤ i ≤ k, for any ϵ > 0, there exist an Nϵ such that,∣∣∣λi
n − 1

k

∣∣∣ < ϵ and
∣∣∣γin − 1

k

∣∣∣ < ϵ for all n ≥ Nϵ.

So,

1

k
− ϵ ≤ λi

n ≤ 1

k
+ ϵ and

1

k
− ϵ ≤ γin ≤ 1

k
+ ϵ for all n ≥ Nϵ.

Consider a sequence {λi1
1 , λ

i2
2 , λ

i3
3 , . . .}, where i1, i2, i3, . . . ∈ {1, 2, 3, . . . , k}.

It is clear that this sequence converges to 1
k . In particular, if ϵ = 1

k , there

exist an N 1
k

= N (say) such that λin
n ≤ 2

k for all n ≥ N . Since k > 2,
∞∏

n=N

λin
n ≤

∞∏
n=N

2
k = 0. Now consider,

∞∏
n=1

λin
n = λi1

1 λ
i2
2 . . . λ

iN−1

N−1

∞∏
n=N

λin
n ≤ ΛN−1

∞∏
n=N

λin
n = 0,

where Λ = max{λi1
1 , λ

i2
2 , . . . , λ

iN−1

N−1}.
Note that, each µi

n can be written as µi
n = λi1

1 λ
i2
2 . . . λin

n for some
i1, i2, . . . , in ∈ {1, 2, . . . , k}. Thus, lim

n→∞
µi
n = 0 for any 1 ≤ i ≤ kn. Similarly

lim
n→∞

δin = 0 for any 1 ≤ i ≤ kn. Hence lim
n→∞

αn = 0 and lim
n→∞

βn = 0.

The minimal number of squares of side length αn, which covers L∞, cannot
exceed Tn, where T is the number of white rectangles in the �rst stage.
Hence, an upper bound for the upper box-counting dimension of sequential
labyrinth fractal is given by,

dimB(L∞) ≤ lim
n→∞

log Tn

− logαn
.

Also, for any �xed ε > 0, and for all n ≥ Nϵ, we obtain

αn ≤ SNϵ
(1
k
+ ϵ

)n−Nϵ ,
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where S = max{λi
m, γim : m = 1, 2, . . . Nϵ, 1 ≤ i ≤ k}. Hence,

dimB(L∞) ≤ lim
n→∞

log Tn

− logαn

≤ lim
n→∞

log Tn

−[log(SNϵ( 1k + ϵ)n−Nϵ)]

= lim
n→∞

log T

−[Nϵ
n logS + (1− Nϵ

n ) log( 1k + ϵ)]

=
log T

− log( 1k + ϵ)
.

This is true for every ϵ > 0 and hence,

dimB(L∞) ≤ log T

log k
.

Similarly, the number of squares of side length βn, required to cover L∞ will
be greater than or equal to Tn. Hence, the lower box-counting dimension of
sequential labyrinth fractal, dimB(L∞), is bounded below by lim

n→∞
log Tn

− log βn
.

Also,

βn ≥ sNϵ
(1
k
− ϵ

)n−Nϵ ,

where s = min{λi
m, γim : m = 1, 2, . . . Nϵ, 1 ≤ i ≤ k}. Then,

dimB(L∞) ≥ lim
n→∞

log Tn

− log βn

≥ lim
n→∞

log Tn

−[log(sNϵ( 1k − ϵ)n−Nϵ)]

= lim
n→∞

log T

−[Nϵ
n log s+ (1− Nϵ

n ) log( 1k − ϵ)]

=
log T

− log( 1k − ϵ)
.

As earlier,

dimB(L∞) ≥ log T

log k
.

Thus, log T
log k ≤ dimB(L∞) ≤ dimB(L∞) ≤ log T

log k . Hence, the box-counting

dimension of the sequential labyrinth fractal exists and it is given by
dimB(L∞) = log T

log k . □

The following theorem gives the bounds for the Hausdor� dimension of a
sequential labyrinth fractal.

Theorem 6. Let L∞ be a sequential labyrinth fractal generated from the
nonconstant sequences {λn} = {(λ1

n, λ
2
n, ..., λ

k
n)} and {γn} = {(γ1n, γ2n, ..., γkn)},

both converging to the k-tuple ( 1k ,
1
k , . . . ,

1
k ), k ≥ 3. Let T be the number of
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white rectangles in the �rst stage of L∞. Then, 1 ≤ dimH(L∞) ≤ log T
log k ,

where dimH(L∞) denotes the Hausdor� dimension of L∞.

Proof. Consider the projection P : L∞ → [0, 1]. Due to the connectedness
and exit property of L∞, it is easy to see that P is surjective. Also, P is a
Lipschitz map. Thus

1 = dimH([0, 1]) = dimH(P (L∞)) ≤ dimH(L∞).

Since the box-counting dimension is an upper bound of the Hausdor� dimen-
sion, we obtain dimH(L∞) ≤ dimB(L∞) = log T

log k . □

Remark 4. The selection of white rectangles does not play a role in �nding
the box-counting dimension. Even if we are choosing the white rectangles,
which do not satisfy the tree property, the corner property and the exit pro-

perty, the box-counting dimension of the limiting set will be log T
log k , where T

is the number of whites in the �rst stage. But in any case, the convergence
of sequences is used to �nd the dimension. However, while �nding the lower
bound of the Hausdor� dimension, we have used the conditions of the labyrinth
fractal.

5 Conclusion

This paper mainly deals with constructing the sequential labyrinth fractal
and �nding the dimension of the sequential labyrinth fractal generated from
converging sequences. Besides that, it is possible to construct fractals on the
unit square from sequences without imposing the labyrinth condition.
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