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SEQUENTIAL LABYRINTH FRACTALS

HARSHA GOPALAKRISHNAN AND SRIJANANI ANURAG PRASAD

Communicated by E.S. DOUBTSOV

Abstract: This paper introduces the concept of a sequential laby-
rinth fractal constructed on a unit square using two sequences.
It also explains how the obtained fractal differs from the classical
labyrinth fractal, mixed labyrinth fractal and supermixed labyrinth
fractal. The Hausdorff and the box-counting dimension of sequen-
tial labyrinth fractals, which are constructed using convergent sequ-
ences, are also examined. Besides that, it gives the dimension of
fractals on the unit square, which are generated from converging
sequences with or without having the labyrinth conditions.

Keywords: Fractals; Labyrinth fractals; Hausdorff dimension;
Box-counting dimension; Sequences.

1 Introduction

In the literature, there are various methods for the construction of fractals.
Some such techniques include fractals generated by iterated function systems,
fractals generated by finite subdivisions and so on. This paper deals with
fractals constructed on a unit square by the finite subdivision method, where
the division is characterised by a sequence. Besides that, we are imposing
extra conditions on this construction to produce a particular type of fractal
called sequential labyrinth fractal.

GOPALAKRISHNAN, HARSHA, PRASAD, SRIJANANI ANURAG, SEQUENTIAL LABYRINTH
FracTALs.
© 2023 HARSHA GOPALAKRISHNAN, SRIJANANI ANURAG PRASAD.
The work of Harsha Gopalakrishnan is supported by PMRF (grant number: 3201486).
Recewved February, 20, 2028 , Published November, 1, 2024.
882



SEQUENTIAL LABYRINTH FRACTALS 883

A fractal using finite subdivision on the unit square was introduced and
studied by Bedford [1] and McMullen [2] simultaneously in 1984, and such
fractals are known as Bedford-McMullen carpet. The ratio of division is
preserved at each stage of construction. It can be seen in the literature that
there exists a collection of fractals using different kinds of subdivisions in the
unit square, such as Lalley-Gatzouras carpets [3], Baranski carpets [4] and
so on. Those can be considered as generalizations of the Bedford-McMullen
carpet.

Cristea and Stiensky introduced the concept of labyrinth fractal on the
unit square by the finite subdivision of unit square into m? squares and
by choosing a set of squares with tree property, corner property and exit
property [5, 6]. This process is continued on each chosen square to obtain
the classical labyrinth fractal. This kind of fractal has further extensions,
such as mixed [7] and supermixed [8] labyrinth fractals. In mixed labyrinth
fractals, different division ratios and patterns are used at different stages
of iteration and in supermixed cases, different patterns are used within a
particular stage. But in each of these cases, the ratio of division remains
the same at a particular stage or for a specific pattern. In [9], Cristea and
Leobacher studied some properties of mixed labyrinth fractals. Labyrinth
fractals are further constructed in triangles [10] and quadrilaterals [11]. In
this paper, a labyrinth fractal is constructed on the unit square using two
sequences of tuples.

Labyrinth fractals on a square have broad applications in Physics. They
are used in the study of planar nanostructures [12], the fractal reconstruction
of complicated images, signals and radar backgrounds [13]| and the construc-
tion of prototypes of ultra-wide band radar antennas [14] . Besides, labyrinth
fractals have applications in telecommunication [15].

The organization of the paper is as follows: Section 2 gives the construction
of a sequential labyrinth fractal using two sequences of k-tuple and I-tuple.
The construction uses the finite subdivision on the unit square, resulting in
a set of rectangles. From the smaller rectangles obtained at each stage, a set
of rectangles is chosen such that they satisfy tree property, corner property
and exit property. This collection is said to be a sequential labyrinth set of
respective order, and its limit is defined as the sequential labyrinth fractal.
Sections 3 and 4 mainly deal with the converging sequence. In section 3, we
begin with two sequences of k-tuple, which converge to the k-tuple of 1/k
and examine whether the corresponding fractal coincides with the classical
k x k labyrinth fractal given in [5] and [6]. Section 4 is devoted to finding both
the box-counting dimension and the Hausdorff dimension of the sequential
labyrinth fractal, which are generated from converging sequences.
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2 Labyrinth fractal on a unit square generated by two
sequences

This section gives the construction of sequential labyrinth fractals on a
unit square. It can be seen that the classical labyrinth fractal is a particular
case of the sequential labyrinth fractal.

We let I denote the unit square [0, 1] x [0, 1] throughout this paper. Now,
define two sequences of k-tuple and [-tuple with some specific properties
as given in Definition 1. These sequences will play an important role in
constructing sequential labyrinth fractals since they act as the contraction
factor in the construction.

Definition 1. Let {)\,} be a sequence of k-tuples (k > 3), say
A= (AL N2 N with 0 < X < 1 fori = 1,2,...,k and {n} be a
sequence of l-tuples (I > 3) say Yo = (’yn,’yn, k) with 0 < vh < 1 with

ji=1,2,... lsuchthatZ)\l =1 and Z%—lforalln>1

Now, we define a class of functions using the sequences defined in Definition
1.

Definition 2. Let {\,} and {y,} be the sequences of k-tuple and l-tuple
as gwen in Definition 1. For 1 < i < k,1 < j <[l and n > 1, define the
functions Py’ : I — I as,
Py (z,y) = (@, my) + A + A0+ AT .
The next theorem shows that the functions defined in Definition 2 are

contractions.

Theorem 1. For 1 <i<k,1<j<landn>1, Pﬁ;’j 18 a contraction in
the Euclidean metric.

Proof. Let d represent the Euclidean metric in R?. Then, we have
d(Py (w,y), Py (a',y)) = d((N2, vhy), (A’ 3y)))
= [z = 2"), 7 (y =)l

< max{\;,, ¥ }|(z — 2,y — y)]]

= max{\y,, 7} d((z,y), (+',y)).

Since 0 < Ai 4% < 1,0 < max{\,7,} < 1 and hence P% is a contraction
forlgigk,lgjglananL O

Now, we construct two sequences {u,} and {4, } from the sequences {\,}
and {7, } respectively. {pu, } (respectively {d,}) is a sequence of sequences and
for each i, (respectively d,), after the (k)" (respectively (I")*") element,
all entries will be zero. So {u,} and {6, } are sequences of elements from cyo,
where cgp = {x € (P : all but finitely many x(j)’s are equal to zero}. The
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sequences {p,} and {6,} are explicitly defined as follows: The it" term of
is

*'n—1"n
n

o AN N INSEf < < R
0 otherwise

i—1 -
where i, :Rem<[k”kt]> +1lfort=1,2,...,n—1ands= [%}
The j* term of §, is

n

L e _
ORI o IR B S
0 otherwise

j=1 .
where j; = Rem< [ml—t] ) +1fort=1,2,...,n—1landv = [%] Here, Rem

denotes the remainder function and is defined as Rem(%) := The remainder
obtained when b divides a, for any two integers a and b. Also, for any real
number z, [x] denotes the greatest integer less than or equal to .

The following proposition states that the sum of entries of each term in
sequences {u,} and {d,} equals 1.

0o oo .
Proposition 1. For eachn>1, > ut, =1 and Y. 6, = 1.
i=1 j=1
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Proof. Consider the case n = 1. Clearly, £, 1} = ¥F 1} = Z§:1)‘i1 =1.
For any n, consider,

© . kn B
> ph =l
=1 =1

ko 2k K B4k
oD R A S R N T S N A S
i=1 i=k+1 i=(k—1)k+1 i=k2+1
% ki lik Ko
R A S T N D
i=2k2—k+1 i=kn—kn—141 i=k"—k+1

k 2k
=D MM AL DY OMAL AL DA ARt
=1

i=k+1
k‘2
DR SPIREP VIR LIRP Ul
i=(k—1)k+1
k2 +k
1.2
SN A2 N TR
i=k2+1
2k?
.
ST OMMLAZ A NSERER
i=2k2—k+1
k" —k2+k ' ,
ST AN AL AR
i=kn—k2+1
k’n
k k i— (k™ —k
> A AE AR
i=k"—k+1

k k
=D A AL G D AL AR GN
=1 =1

k
+Y NN N
i=1

= M4+ N
= 1.

O

Next, we will define a class of functions using the sequences {u,, } and {4, }
as follows:
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Definition 3. Let {u,} and {6,} be the sequences as given in Equations
(1) and (2), which are defined using {\.} and {v,}. For each n > 1 and
1 <i<Kk", 1< 5 <17, the functions Q) I — 1 are defined as '

(@) = (h, 0hy) + (b + 2+ i S+ 824+ ).

Each of the functions defined above is found to be a contraction and it is
stated formally as a theorem as follows:

Theorem 2. anj 1s a contraction in Fuclidean metric forn > 1 and 1 <
Pi<kn 1< <
Proof. If d denotes the Euclidean metric, we obtain
d(Qy (w,y), Q3 (',y)) = d((pp, 8y), (', 5y")

= |[(pn(z = 2), 03, (y — y")|

< max{py,, o3 H|(z — ',y — y')|

= max{u,, 0, }d((z,y), (z',y)).
Since ut, = )\il)\?...)\f{l and &, = y{lfng...fy%" for some i1,i,...,in €
{1',2,‘...,14} and j1,72,..-,0n € {1,2,...,1} and 0 < M,y <1,0<
pt, 07 < 1 for all 4,5 and n. Hence, 0 < max{u’,d,} < 1. Thus, @y’ is
a contraction for all 4, j and n. (I

Remark 1. Denote the set {Q%(I) 1< <E™1 <G <I™} by Sy, for
any m > 1. It is easy to see that N
S1={QV():1<i<k1<j<i}={P’I):1<i<k1<j<lI}.

Definition 4. For an m > 1, let W C S,,. The graph corresponding to
W is denoted by G(OW) and is defined as follows: The vertices of G(W) are
elements of W and there exists an edge between two vertices of G(W) if and
only if the corresponding elements in VW have a common side.

Definition 5. Let Ay, = {(4,7) : 1 <i <k™,1 < j <I™}. Then, for a fived
W C S, let By, = {(i,7) € A : Qui(I) € W}.

Now, we shall define sequential labyrinth sets.

Definition 6. A subset W C S, is said to be a sequential labyrinth set
of order m corresponding to the sequences {un} and {6,} if it satisfies the
following three properties.
(1) Tree property : GOW) is a tree.
(2) Ewit property : There ezists exactly one i such that Qb (I), Q" (I) €
W and ezactly one j such that Qi (I), Q% () € W. Qhl(I) is
called the bottom ezit, Qi}fm([) 1$ called the top exit, Q,lﬁj(l) 18 called
the left exit and Q%, (I) is called the right ewit.
(3) Corner property: There exists at most one element in Wy, from each

of the sets {Qui (I),Qm " (1)} and {Qn (1), Qmi (I)}. Qu' (1) is
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called the bottom-left corner, Q,]%m’lm(l) is called the top-right corner,
Q5" M(I) is called the bottom-right corner and Qu) (I) is called the
top-left corner.

In this case, an element W € W C S, is said to be a white rectangle of
order m.

The next definition provides a particular way to choose a subset of S,
from a given subset of Si.

Definition 7. Let W) C 81 and let By be taken as in Definition 5. Define
Wi, = {P"7" o Py?7 o...o P (1)« (i1, 1), (i2,52)s - - - s (ims Jm) € B}

If a sequential labyrinth set of order 1 is chosen, Theorem 3 suggests to
construct a sequential labyrinth set of order m for any m > 2.

Theorem 3. If W is a sequential labyrinth set of order 1 corresponding to
the sequence {un} and {6,}, then Wy, will be a sequential labyrinth set of
order m corresponding to {un} and {0,}.

Proof. Here, we need to prove the 4 conditions below.
(1) Wi, €S
To prove this, choose an element Plkl’l1 oPQkQ’l2 o...0Pkmlm(1y e W,,.
We should be able to write this as a Q% (I) for some 1 < i < k™,
1<j<I™ For (z,y) €I,

P1/€1,l1 ° Pka’b 0...0 ij{nylvn (.T, y)
m—
O AT A RO )

_ pki,l ka,l2 Kkm—2,lm—2 km—1ykm ln—1_lm
_Pl OP2 °...0P ((Am—l )‘m Ty Ym—1"Tm y)

K —1,lm— ,
_ Pl o plris o PRrtne (Akn g byt

m—2

Ko — e — K — m—
F A O+ AT (g ™)

F e N T )

= ()\’fl)\gz D L yil'yéz oyt
O T e O T e T e AN ENPR I ay )
T A M+ A T e e+ 9t )
o P+ AP R (s )
O+ AT e )
+ A AT A sl
= (b, 6 y) + (p + piy + o+ b 0+ 00+ + 60
= (uPx, 89 y) 4+ (ub, + p2, + ..+ B 0L 4+ 02 4.+ 607

= @z, ),
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where
p= (k1 — D™+ (kg — DE™ 2+ ...+ (kp—1 — 1)k + ky, and
q=(ly — D™ + (Is — l)lm—2'+ oot (et = DA+ L.

(2) Exit property : If P"'(I) and Pf’l(I) € W forms unique bottom and
top exits respectively in the first stage, Pf’l o Pé’l o...oPyNI) and
Pf’l o PQZ’I o...o PyY(I) forms the bottom and top exits respectively
in the m!" stage. Similar proof holds for unique pair of left and right
exits.

(3) G(Wh) is a tree: The connectedness is ensured by exit property. Also,
there does not exist a cycle in W, by definition. Assume that there
does not exist a cycle till Wy,—1, for m > 1. Suppose there exists a
cycle in the m!" stage. Let C' = {ag, a1, ...,as} be acycle in G(W,).
For each a € Wy,, let t(a) be an element in W,,_1, which contains
a. Let jo = 0,bp = t(ag) and jr = min{i : t(a;) # bg—1,Jk—1 <
i < s}, by = t(aj,) for k > 1. Choose r minimal such that the
set {i : t(a;) # br,jr < i < s} is empty. For ¢ = 1,2,...,7 the
vertex b;_1 is a neighbour of b; in G(W,,,—1). The set {bg, b1,...,b.}
can not contain a cycle by the induction hypothesis. Also, if r = 0,
then all a;’s are contained in by and it will contradict the fact that
G(W1) is a tree. Hence r > 1. Thus, the graph induced by G(Wp,—1)
on the set {bg,b1,...,b,} is a tree with more than one vertex. This
implies that the cycle C returns to ag through the same side where
it leaves ag. But the exit property gives that a; = a; for some j # 1,
a;,a;j € {ag,ai,...,as}, which is a contradiction. Hence, G(Wp,) is a
tree.

(4) Corner property: Since there exists at most one element from opposite
corners in Wy, there will exist at most one element from opposite
corners in W,, also. That is, if P{"'(I) € Wy from {P"!(I), PF!(I)},
then Pll’1 o P21’1 o...o Pp(I) will be the corner in W,, and the
opposite corner will not be in W,,.

O

Now, if we consider the subsequences {nm} = {tm, 2m,s tsm - - -} of {n}
and {dpm} = {0m, d2m, d3m ...} of {d,}, it can be seen that W, as defined
in Definition 7 will be a labyrinth set of order 1 for the subsequences.

Theorem 4. If W is a sequential labyrinth set of order 1 corresponding to
the sequences {pn} and {0}, then Wi, is a sequential labyrinth set of order
1 corresponding to the subsequences {finm} and {Onm}.

Proof. 1t is clear that W,, is a sequential labyrinth set from the proof of
Theorem 3. That means it satisfies tree property, exit property and corner
property. The white rectangle W,, corresponds to the terms pu,, and &,, of
the sequences {u,} and {0, } respectively. Also, u, and 6, are the first term
of the subsequences {fnm} and {6nm} respectively. Hence, clearly W,, is a
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sequential labyrinth set of order 1 corresponding to the subsequences {finm }
and {d,m }- O

The main concept of this paper is sequential labyrinth fractal and it is
defined as follows:

Definition 8. If W is a sequential labyrinth set of order 1, the m*" stage
pre-fractal associated with Wy is denoted by L., and is defined as

Lyn= U Wy forallm > 1. The sequential labyrinth fractal is denoted
W’ULEW’”L

[e.e]
by Lo and is defined as Loo = () Lm.
m=
Now, we will provide an example of the construction. Note that it is
different from the classical labyrinth fractal.

Example 1. Consider the sequences {\,} of 4-tuple and {v,} of 3-tuple as

follows:
(1,11 8y (111 1y 111 3) (1111
{)\n} _{ 1 ? iZzg)lv (16716a§73§)1a (Zagalzag)a(éag7§a§)7 }
(1 1 11
{'Yn}:{ 45) §3§> (575 5) (Z 175)-}
Then, the correspondmg sequences {yi,} and {6,} are {p,,} = {(§.%,%,2,0,0,...),
(LLLLLLLLLLLLiiiiOO ) } d
240 24> 12’11217 418’ 487 247 247124’1247112’1127148’14871241’ 2147 an
{5n}_ {(4747270 O ) (E’ﬁ 120127127 127 67 6’6’0 O } ChOOS@

Wl = {Pll 1( )7P11 2(1)7P12 2(I)P13 1(‘[)7P132(I)7P133(I)7P142( )}7a Sequential l(l—
byrinth set of order 1 and take W, as in Definition 7. Then,
o

L= N U Wi is a sequential labyrinth fractal. The first three stages

m=1 W, eWpn,
of this sequential labyrinth fractal are given in Figure 1.

Fia. 1. An example for the first three stages of a sequential
labyrinth fractal

Remark 2. If {\,} and {v,} are constant sequences of k-tuples with each
coordinate 3 and let {yu,} and {5,} be sequences constructed from {\,}
and {yn} as in Equations (1) and (2). Then, the corresponding sequential
labyrinth fractal is the same as the classical k x k-labyrinth fractal on the
unit square.
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Remark 3. We claim that the sequential labyrinth fractal defined above does
not fall in any of the existing case labyrinth fractals in the literature. The
classical labyrinth fractal given in [5] and [6] uses a same division factor, say
%, m > 4, m € N at each stage, and the same pattern is used throughout
the construction. The mized labyrinth fractal defined in [7] uses a division
factor m%c for the k' stage, where my, € N, my, > 4 and different patterns at
different stages. The supermized labyrinth fractal 8] uses different patterns
within o particular stage, but again the division factor is of the form %,
m € N, m > 4 at every stage. Note that the sequential labyrinth fractal does
not assume any such restriction. The division depends on the sequence of
tuples, where the entries in o tuple can be any number between 0 and 1 such
that the sum of entries of each tuple is 1. So, this is a more general class
of labyrinth fractal, where the division along the horizontal and the vertical
axis are completely different, and at each stage, the division factor, which
depends on the sequence, keeps on changing. But the pattern remains the
same throughout. So, unlike the earlier cases, we obtained a set of different-

sized rectangles at every stage instead of squares.

3 Sequential labyrinth fractals generated from converging
sequences

Let {\,} and {v,} be two sequences of k-tuples such that both {\,}
and {y,} converges to (1, %,..., ). In this section, we shall prove that the
sequential labyrinth fractal generated from these sequences and the classical
k x k-labyrinth fractal (i.e., the fractal generated from constant sequences)
need not be the same.

Example 2. Consider the sequences Mt =1{G- 4(n1+1), 1+ 4(n1+1), 45}

and {7} = {(5 - 2n+2, 1.1+ 2n+2, 1)}. Then, both the sequences {\,} and
{m} converges to (1,11 1y s n — oco. Let {u,} and {6,} be the sequences
constructed as in Equations (1) and (2) . We will consider the first stage of a
sequential labyrinth fractal generated from the sequences {,} and {5, }. Note
that p1 = @72’}1’470 0,...) and 01 = (g i 8,}‘,0 0,...). Choose Wy =

1,1 1,2 32 4,2 3 2,4 1,4
{Pl (I),Pl (I>7P1 (I)7P1 (I)7P1 (I),Pl (I>7P1 (I)7P1 (I)} as the
first stage of sequential labyrinth set and let Lo be the labyrinth fractal
corresponding to {p,} and {0y,}.

Let LY, be the sequential labyrinth fractal generated from the constant
sequence (i.e., the classical labyrinth fractal) with the position of whites in
the first stage being the same as that of the position of whites in the first
stage of sequentml labyrmth set. It can be explicitely given as follows: Take
Mt ={r={G. 1155} and {;} and {6} are defined as in Equations
(1) and (2) . Take the first stage as
Wi = {P st (1), P+ (1), P72 (1), P+2% (I), P« (I), P +>° (1),

P *%4 (1), P *i A1)} and all these functions are defined as in Definition 2
and corresponding to {\\} and {~}}.
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Even though the sequences {\,} and {y.} converge to (%,%,%, %), the
fractals Lo and L% are different. For this, consider the first stage of both

Lo and LY, which are given in the Figure 2. Since (%, %) is the bottom-left

o)

Fia. 2. The first stage of Lo, and L} respectively

corner of Pf”2(1), and bottom left corner of first stage is o white rectangle,
(3,%) € Ly, for each m and hence (3, 1) € Loo. But (3,3) does not belongs
to first stage of L%, and hence cannot belong to L% . Hence, Lo and LY are

different.

Even though these fractals are different, in the next section, we shall see
that the box-counting dimensions of both fractals coincide.

4 Fractal dimension of sequential labyrinth fractal
generated from converging sequences

This section examines the box-counting dimension and the Hausdorff di-
mension of the sequential labyrinth fractal corresponding to the converging
sequernces.

Theorem 5 provides the box-counting dimension of a sequential labyrinth
fractal.

Theorem 5. Let Lo, be a sequential labyrinth fractal generated from the
nonconstant sequences {\,} = {(AL, A2, .., X} and {v,} = {(7L, 42, ....,75)},
both converges to the k-tuple (%,%,...,%), k > 3. Let {un} and {7} be
defined as in Equations 1 and 2. Let T be the number of white rectangles in

the first stage of Loo. Then, the box-counting dimension of Lo, is 11(;2:
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Proof. Define,

ap =max{ sup p,, sup 9,
1<i<kn  1<i<kn

and
1<i<kn 1<i<kn

,Bn—min{ inf !, inf 5;1}

Since both sequences {\,} and {+}} converge to 1 as n goes to infinity
for all 1 < ¢ <k, for any € > 0, there exist an N, such that,

1 1
)\;—%‘<eand 7;—%‘<eforalln2Ne.

So,

1 ) 1 1 ) 1
%—eg)\ﬁlg%—I—eand%—egvflgg—l—eforalanNe.
Consider a sequence {Ai%A?,A?, ...}, where iy,1i2,13,... € {1,2,3,...,k}.
It is clear that this sequence converges to % In particular, if € = %, there
exist an N% = N (say) such that Ai» < 2foralln > N. Since k > 2,

0 i S 9
IT A < 1 # = 0. Now consider,

o0 . oo o0
LI A = 2eaz A0 [ A < AN ] A =,
n=1 n=N n=N

where A = max{\}', A2, ... ,)\X,V_‘ll .

Note that, each !, can be written as g% = )\Z; ... Aln for some
1,12, .. .,in € {1,2,...,k}. Thus, li_>m wh =0 for any 1 <4 < k™. Similarly

n o

lim §;, =0 for any 1 <i < k". Hence lim «, =0 and lim f, = 0.
n—oo n—oo n—oo

The minimal number of squares of side length a,, which covers L, cannot
exceed T™, where T is the number of white rectangles in the first stage.
Hence, an upper bound for the upper box-counting dimension of sequential
labyrinth fractal is given by,

S logT™
dimp(Ley) < lim o8
n—oo — log o,

Also, for any fixed € > 0, and for all n > N, we obtain

ay, < SNE(% _'_6)an5

i
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where S = max{\. v. :m =1,2,...N.,1<i<k} Hence,
—— log T™
dimp(Loo) < lim —2-—
n—oo — log ay,
log T™
< lim ogl
2 Jlog (5% (} + )]
. log T
im
n00 —[ Sk log S + (1 — 5) log (3 + o))
log T
—log(+ +¢€)

This is true for every € > 0 and hence,

S logT
di L) < .
imp(Leo) < log k
Similarly, the number of squares of side length (5, required to cover L, will
be greater than or equal to T™. Hence, the lower box-counting dimension of
sequential labyrinth fractal, dimp(Leo), is bounded below by lim —°57
n—

oo lOg ﬁn ’
Also,

ﬁn > SN€ (1 — e)n_NE

k; )
where s = min{\,,,7%, :m =1,2,... N, 1 <i <k}. Then,
logT™

> lim log 17

T n—oo _[10g(5N5(% _ E)TL*N&):I

~ lim log T

n—oo —[Nelog s+ (1 — Le)log(+ — €)]
logT

“log(E— )

As earlier,
logT
logk "

Thus, 112%53: < dimp(Ls) < dimp(Ly) < llziz Hence, the box-counting

dimension of the sequential labyrinth fractal exists and it is given by

dimp (Loo) = 257 O

The following theorem gives the bounds for the Hausdorff dimension of a
sequential labyrinth fractal.

Theorem 6. Let Lo, be a sequential labyrinth fractal generated from the
nonconstant sequences {\n} = {(A\L, X2, .., N} and {y.} = {(7L, 72, ..., 7)1,

n’»’'n’

both converging to the k-tuple (%, %, cee %), k > 3. Let T be the number of
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white rectangles in the first stage of Loo. Then, 1 < dimp(Ly) < llziilg,
where dimp (Lo) denotes the Hausdorff dimension of L.

Proof. Consider the projection P : Lo, — [0,1]. Due to the connectedness
and exit property of Lo, it is easy to see that P is surjective. Also, P is a
Lipschitz map. Thus

1 = dimy ([0, 1]) = dimg (P(Leo)) < dimpg (L)

Since the box-counting dimension is an upper bound of the Hausdorff dimen-

sion, we obtain dimg(Le) < dimp(Leo) = %, 0

Remark 4. The selection of white rectangles does not play a role in finding
the boz-counting dimension. FEven if we are choosing the white rectangles,
which do not satisfy the tree property, the corner property and the exit pro-
perty, the boz-counting dimension of the limiting set will be 11325’ where T
1s the number of whites in the first stage. But in any case, the convergence
of sequences is used to find the dimension. However, while finding the lower
bound of the Hausdorff dimension, we have used the conditions of the labyrinth

fractal.

5 Conclusion

This paper mainly deals with constructing the sequential labyrinth fractal
and finding the dimension of the sequential labyrinth fractal generated from
converging sequences. Besides that, it is possible to construct fractals on the
unit square from sequences without imposing the labyrinth condition.
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