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Abstract

The age is one of the most important characteristic in modeling population and infectious
disease. In this paper, we investigate a fractional order epidemic model spreading in an age
structured population where the transmission coefficient depends on age. The model is derived
for an SIS disease, that is a susceptible individual who contract the disease will become infective
and assumes that recovered individuals become susceptible again immediately without immunity.
We formulate the basic model as an abstract fractional Cauchy problem on a Banach space to
prove the existence, uniqueness of local mild solution and ensure global existence of solution.
Moreover, we examine existence for the steady state and under certain conditions, uniqueness is
also shown.
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1 Introduction

Since the work of Mckendrick [26f, it has been recognized that the age-structure of a
population is an important factor which affects the dynamics of disease transmission. Individuals
with different ages may have different reproduction and survival capacities. Diseases may have
different infection rates and mortality rates for different age groups.

Individuals of different ages may also have different behaviours, and behavioural changes are
crucial in control and prevention of many infectious diseases. Young individuals tend to be more
active in interactions with or between populations, and in disease transmissions. Therefore, various
age-structured epidemic models have been investigated by many authors and a number of papers
have been published of finding the threshold conditions for the disease to become endemic, describ-
ing the stability of steady state solutions and analyzing the global behavior of these age-structured
epidemic models [ 1}3}14,9, 10,1253 1H33]].

In this paper, we interested to the most basic epidemic model SIS with age structured popu-
lation with age-dependent transmission coefficient, that is the population is subdivided into two
subpopulations: infected individuals and susceptible individuals and assume that the recovered
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individuals become susceptible again immediately without immunity. Under the proportionate
mixing assumption (that is, the transmission kernel is given by the type of separation of variable),
in [4] Cha, et al calculated the basic reproduction ratio &y and conclude that if Ky < 1, there is no
endemic steady state, while if &y > 1 there exists at least one endemic steady state. They have also
provided conditions for unique existence of endemic steady state.

Mathematical modeling using fractional differential equations (FDEs) is a suitable tool to de-
scribe the dynamics of an SIS epidemic model with age structure.

The organization of the remainder of this article is as follows: In section 2, we give some
known preliminary results to be used later. In section 3, we consider the fractional order
(0 < o < 1) SIS epidemic model with age structure with Caputo derivative. In section 4, we
formulate the fractional SIS epidemic model with age structure as an abstract fractional Cauchy
problem on a Banach space and show the existence and uniqueness of its local mild solutions. In
section 5, we will ensure global existence of the mild solution. In section 6, we shall prove the
existence of endemic states and under certain conditions, uniqueness is also shown.

2 Preliminaries

In this section we introduce notations, definitions and preliminary facts which are used
throughout this paper. We denoted by E = L'(0,®) the Banach space with the norm |-|. Let
C((0,T),E) be the Banach space of continuous function from [0, 7] into E with the norm ||u|| =
sup;cfo,r) |u| where u € C((0,T],E). We need some basic definitions and properties of the fractional
calculus theory. For more details, see [20,34,35].

Definition 2.1. ( [20]). The fractional integral of the function & € L'([a,b]) of order o € Rt is
defined by

1 t
1h(t :—/ t— )% h(s)d
)= gy [ (-9 s
where I is the gamma function.

Definition 2.2. ( [20]]). For a function % given on the interval [a,b], the Caputo fractional order
derivative of h, is given by

where n = [0 + 1 and [a] denote the integer part of .

Suppose M = sup,~ || T(¢)|| and define

_ /wha(G)T(t‘xe)de, Polt) = a/weha(e)T(to‘e) 48, >0
0 0
_ l —1-1/a —1/o
ha(0) =~~~/ (671/) > 0

i (—1)" gl Msin(mna), 0 € (0,0)

n.

where /iy, is a probability density function defined on (0, ), that is

ha(0) >0, /ha )de = 1.



Fory € [0,1],

Lemma 2.3. ( [35]]).
(i) For any fixedt > 0 and any
x€E, |[|Sat)xl] < Mix|| and ||Po(1)x]| < M]|x[|/T(ct).

(ii) {Su(r):t >0} and {Py(t) : t > 0} are strongly continuous.
(iii) For eacht > 0,54(t) and Py (t) are compact operators if T (t) is compact.
We recall a generalization of Gronwall’s lemma that we will use in the sequel.

Lemma 2.4. (Generalized Gronwall inequality [|17)]). Let v : [0,b] —> [0,+o0) be a real function
and ®(+) be a nonnegative, locally integrable function on [0,b]. Suppose that there exist a > 0 and
0 < a < 1 such that

v(t) < o(f) +a /0 "= ) (s ds.

Then there exists a constant m = m(o.) such that

v(t) < 0(t) +ma /Ot(z—s)*“m(s)ds, for 1€10,5].

3 The basic model

First as we consider a host population, we consider a closed one sex age structured population under
the demographic stable growth. Let P(z,a) be the age density at time t of the host population, u(a)
the age specific natural death rate and f(a) the age specific fertility rate. Then we assume that the
host population dynamics is described by the McKendrick equation as follows:

(;f ; aaa> P(t,a) = —u(a)P(t.a), (3.1)
P(1,0) = /O ® Ha)P(t,a)da, 3.2)
P(0,a) = Po(a), (3.3)

where Py(a) is given initial data and @ < oo is the upper bound of age. The system (3.1)-(3.3) is well
known as the stable population model in demography.

It follows from the stable population theory [[13[16]] that the system and has a unique
persistent age profile as

e "Y(a)

- JYe 0l (a)da’

where £(a) is the survival rate defined by

fa)i=exp (- [so)a).

and ry called the intrinsic rate of natural increase, is given by the dominant real root of the Euler-
Lotka characteristic equation:

y(a):

/Omefmf(a)é(a)da =1 3.4)



Since ® is the maximum attainable age, that is, (@) = 0, we assume that u € LL‘ZOC(O,(D) and

J u(0)do = eo.

Subsequently let us divide the host population into two subpopulations; the susceptible class and the
infective class, the age-density functions of each class are denoted by S(¢,a) and I(¢,a). Let B(a, o)
be the transmission rate between the susceptible individuals aged a and the infective individuals
aged o, Y(a) the cure rate at age a. Moreover, we can assume that the host population in steady state
is a demographic stationary population given by

P(t,a) = Py(a) := Bl(a) Vt>0,

where B is the birth rate (number of new borns per unit time). Hence, y(a) = bol(a), where by =
1
W denotes the crude birth rate in the stationary population. Then we obtain the following
o Lla)da
system of equations that describe the dynamics of the model:

(aa:x + aaa> S(t,a) = —\(t,a)S(t,a) +y(a)l(t,a) — u(a)S(t,a),
<§:x * ai,) 1(t,a) = Mt,a)S(t,a) —¥(a)l(1,a) —u(a)l(t,a), (3.5)

S(1,0) = /O ® Ha)S(t, a)da,
1(z,0) =0,
S(0,a) = So(a),
1(0,a) = Io(a),

o
where — is the Caputo fractional derivative of order 0 < o < 1 and the force of infection A(z,a) is

] or®
given by

1 ()
AMt,a :—/ a,0)l(t,0)do,
(1,a) P(t)oﬁ( )I(t,0)
(0]
where P(t) := / P(t,a)da is the total size of the population and
0

P(t,a) = S(t,a)+1(t,a).
We consider the normalization of the solution of the system (3.3):

I(t,a)
P(t,a)

s(tya) ==

i(t,a) =

Then the new system is given by:

8870‘ —|—% s(t,a) = —Mt,a)s(t,a) +Y(a)i(t,a),
;Ta N % i(t,a) = Mt,a)s(t, @) —y(a)i(t,a),
s(1,0) = 1, G0
i(¢,0) =0,
5(0,a) = so(a),
i(ova) = io(a)




Moreover of course, it follows from the definition that
s(t,a)+i(t,a) = 1. 3.7)

In the following, we mainly consider the normalized system (3.6) under the condition (3.7) and the
following technical assumption:

Assumption 3.1. B € L7 ((0,0) x (0,0)) and vy, f € LT (0, ).

From the normalized condition (3.7)), the system can be reduced to a single equation for i(z,a):

(i + aa) i(t,a) = Mali](1 — i(r,a)) — Y(a)i(t,a),
i(t,0) =0,
i(0,a) = io(a),

(3.8)

where Alali] is given by the integral operator defined by

()
Nalol:= [ Bla.ojw(e)po)is,  oeL'(0.w).
The state space of the system (3.8) is
Q:={icE 0<i<1},

where E, is the positive cone of E = L' (0, ).
Let us define operators A and F on E as follows:

(A¢)(a) = _¢/(a)> D(A) = {¢ € E,0 € AC(0, (0),¢(O) = 0}7
where AC(0, ®) denotes the set of absolutely continuous functions on the interval (0, ®).
F(0)(a) =Ala | ¢](1—0(a)) —v(a)o(a).
Let us define u(z) := i(¢,.). Thus (3-8) can be expressed as the following Cauchy problem in E:

d%u(r)
dr®

=Au(t)+ F(u(t)),u(0) = up. (3.9)

The operator A generates a Co semigroup (7'(¢));>o0 such that M = sup,~ || T(¢)|, and F : Q — E
is lipschitz continuous;

1F () = FO)[| < Liju—v],
and

N = sup||F (u)]|

uckE

4 Main results

4.1 Existence and uniqueness of the local solution

It is suitable to rewrite the Cauchy problem (3.9) in the equivalent integral equation.

/t(t — )" Au(s)ds + L /Ot(t — )% F (u(s))ds, 4.1)

M(I)ZMO'F% 0 F((X,)



forz €0,7T).

Note that the Laplace transform of an abstract function f € L' (RT,X) is defined by f(A) :=

Jo e Mf(t)dt (A >0). Applying the Laplace transform to (@.I)) we get

i) =2~ Laaoy + T

that is, R
a) =A% A%+ A) ug+ (A% +A) T F(u(n)).

(L) = Ao / M (1 uodt + / T M (O F V.
0 0

Consider the one-sides stable probability density

Vo (8) == % i(—l)“le*"“*lwgn(nna).

Whose Laplace transform is given by
/ e My (0)do =" oe(0,1).
0
Using @.2) and @.3)), we get

a) = /wﬂf /wwq(e)T (’z) a9

+oc// Va(6 (t_s) )(t—s)“‘(’_;flzv(u(s))deds dr.

Now we can invert the last Laplace transform to get

) = Saluo + [ (=5 Pt~ )F(uls))ds, 1€ (0.7,

We give the following definition of the mild solution of (3.9).

Definition 4.1. By a mild solution of problem (3.9), we mean a function u € C((0,7]; E

) = SalOo-+ [ (1= Pult = )F(uls))ds, 1€ (0.7,

Theorem 4.2. Let ug € Q and assume that hypothesis MLTZ | and M |ug|| + 2N

T(a+1)
then the fractional problem (3.9) has a unique mild solution defined on [0,T)|.

Proof.
Consider the mapping H given by

(Hu)(r) = Salt uo+/ ) By(t — 5)F (u(s))ds, 1€ (0,T].

We see that (Hu)(t) € C((0,T];E).
First, we show that H(Q) C Q. Let7 € [0,7] and u € Q

|(Hu) ()] < |Sa(t)uol + /Ot(t —5)* NP (t = 5)F (u(s))|ds

<M|uo | +% [ =5 Pt L as.

4.2)

4.3)

) satisfying

4.4)

MNT“ <1 hold,



MNT*
H <M —0 <L
H @] < Mol + For
Then H maps Q into itself.
Next, we shall show that H is a strict contraction on € which will ensure the existence of a unique
mild solution.

Let u and v two elements in €, by the assumption on F and MLT®

T'(o+1)

< 1, we have:

|(Hu)(t) = (Hv) (1) < /Ot(t—S)“_lli’oc(t—S)(F(u(S)) —F(v(s)))lds

ML [ w
gﬁaﬂaﬂ>HW%wmw
I(e1) = ()] < s =i

This yields that H is a contraction on Q. So H has a unique fixed point u € Q by the Banach Fixed
point Theorem, which is a mild solution to problem (3.9) on [0, T].

Remark 4.3. If uy € D(A), the mild solution becomes a classical solution.

4.2 Global existence of the solution

For concrete application, the global existence of the solution of the fractional differential equation
always becomes a main concern, which thereby is discussed in this section.

Theorem 4.4. Let uy € Q, the mapping F : Q — E is Lipschitz continuous and there exist a positive
constants c et ¢y such that

[F ()]l < c1+collull. (4.5)
Then the problem (3.9) has a global mild solution.

Proof.
We have

F(u)(a) = Aalu] (1 —u(a)) —y(a)u(a).
If we define At = supA and Y™ = supY, we obtain
|F(u)(a@)] <A1+ |u(a)]) +7" |u(a)]
<A+ lu(a)]
we choose ¢; = AT, ¢ = AT + 7" and we go to the sup, we know that (€.3)) holds.
Next, we assume that the mild solution u admits a maximal existence interval (0, Tax) (Tnax 18 the

maximum time of existence). Suppose there is a sequence #,, — Tynqx such that |u(z,| — . Then
for 0 <t < Tyqy, substitution of (@.3)) in the equation (@.4)) leads to the following estimation.

|u(t)| < |Sou(t)uo +/0t(f —5)% N Bu(t —5)|(c1 +c2lu(s)])ds.

Therefore,
Mclt“ Mcy [1 1
u(t)| < Mlu +7+7/ t— )% u(s)|ds.
ule)) < Mol + s+ e €907 o)
If we take
MC]l‘(x

o(t) = M|ug| + my



which is bounded, and
_ Mc,

- T()’
it follows, in accordance with Lemma[2.4] that v(¢) = |u(r)| is bounded. Which contradicts the fact

that lim;_ 7, |u(t)] = . SO Tyux = oo.
5 Existence of steady states

We now consider the existence of endemic steady states. First note that the endemic steady state
(s*(a),i*(a))" satisfies the following ODE system:

%s* (a) = —A*(a)s" () +Y(@)i" (a),
%i* (a) =\ (a)s* (a) —Y(a)i*(a), G-

s°0)=1, #*(0)=0,

where

A (a) = /0 * (4, 0)y(0)i* (6)do, (5.2)

8(a) == exp (- /O ay(c)dc) .

Formally solving the above ODEs, we have the following expressions:

§*(a) = e~ JiN (0o | /O o 18 ()0 ) i* () do, (5.3)

*(a) = /0 ag((gh*(c)s*(c)dc. (5.4)
Inserting the above expression into (5.3), we obtain
an * a a ) x o
5" (a) = e SV ()4 4 / e oM W)dsy () / @x*(n)s*(n)dndo. (5.5)
0 0o &)

Let b*(a) := A*(a)s*(a) be the density of newly infecteds at steady state and define a nonlinear
operator A given by

Al9)(a,0) := §(a)e ¥ ¢ e E. (5.6)
Then,
b*(a) = AV (a,0) + /O " AP (a,0) /0 ® Al(5,0) bs ((1;‘)) dndo.
We define a linear operator T in E as
(rW10) @)= [ aWa.0) [ Ali(o.0)(mdndo: 6
Then we have
b*(a) = A (@,0) + (T [A7] ) (a). (5.8)



Lemma 5.1.
There exists a number k € (0,1) such that |T [A*]| < k uniformly for A* € E..

Proof.
For given A* € E,

/me :/Omda 3 AN (a 6)/6 [Y/(c,0)6(n)dndo

(0] 7\’*
=/, da A k* e o / v(o I s ¢(n)dnd6

o ll*
/yc) —J5 s ‘“dc/ A (a)e JoM'C ”“da/q)

< (1 —e—W‘) (1 eV |) 0.

which shows that |7 [A*] | < k with k := 1 — e~
IfA* € E; =L! (0,0) is given, (5.8) is a Volterra integral equation with respect to b*. As the Volterra
operator has the spectral radius zero, (5.8) is solved as following:

b= (1—TN]) " AN (-,0). (5.9)

o

Therefore, we obtain a fixed point equation for the force of infection A* :

A (@) = (FA) ( /Bac )i* (6)do

- (o)
- [Ba.cmio) [ 5o
® o 5(6) o )
- /n B(“’G)“’(“)a(n)d“(("T[x D~ AR (,0)) (),

where W is a nonlinear operator from E. into itself defined by the right hand side of (5.10). Then
the Fréchet derivative of W at zero is given by

/ / B(a E ;d o(m)dn 5.11)

Now we can define K :=P’[0] as the next generation operator (NGO) and its spectral radius Ry :=
r(K) the basic reproduction number for the normalized system, although K is a similar operator of
the next generation operator for the original system (3.3). If K and Ky are defined for the original
system (3.3)), for given age distribution ¢ of primary cases, K¢ represents the age distribution of
secondary cases, and the number &y means the expected number of secondary cases produced by an
infected individual during its entire period of infectiousness in a completely susceptible population.
The reader may refer to [|6,/14}|17|] for the original implications of &y. See also [2f] for a practical
approach to the computation of ®y. In order to solve the fixed point problem A* = WA* in E :=
L'(0,®), we use a corollary of the well-known theorem by Krasnoselskii ( [21]):

b*(m)dndo (5.10)

Theorem 5.2. Suppose that E is a real Banach space and E is a positive cone of E. Let ¥ is
a positive operator on E, which has a strong Fréchet derivative at the origin K = V'[0], satisfies
Y(0) =0 and ¥ (E;.) is bounded. Moreover, K has a positive eigenvector vy € E associated with
eigenvalue Ay > 1, but has no eigenvector in E with unity. Then, ¥ has at least one nonzero fixed
point in ¥ (E,).

According to [15]], we adopt the following technical assumptions for the transmission coefficient
B(a,o), which is a natural assumption to make the next generation operator becomes nonsupporting
and compact.



Assumption 5.3.

1. There exist numbers &y € (0,®) and B > 0 such that

B(a,m) >B foralmostall (a,n) € (0,0) x (®— 5, ). (5.12)

2. B L7((0,0) x (0,0)) is extended into L7 (R?) by B(a,6) = 0 for (a,6) ¢ (0,®) x (0,)
and satisfies

{0}
}llln’(l)/ IB(a+h,m)—B(a,m)|da=0 uniformly forn € R. (5.13)
—0.Jo

Here we summarize basic definitions from positive operator theory [17]. Let E be a real or
complex Banach space and let E* be its dual space. Then, E* is a space of all linear functionals on
E. In the following, we write the value of f € E* at y € E as (f,y). A closed subset C C E is called
the cone (or positive cone) if the following conditions hold:

1. C+CCC,
2.A>0=ACCC,
3. CN(-C) ={0},
4. C #{0}.

With respect to the cone C, we write x <y if y—x € C and x < y if y—x € C\{0}. If the set
{v—0|wy,d € C}isdensein E, the cone C is said to be total. If E = C —C, C is called a reproducing
cone. Let B(E) be a set of bounded linear operators from E into itself. Let (T') be the spectral radius
of T € B(E) and let P5(T') be the point spectrum of 7. The dual cone C* is a subset of E* composed
of all positive linear functionals. f € C* is called a positive linear functional if (f,y) > 0 for all
y € C. y € Cis called a quasi-interior point or nonsupporting point if (f,y) > 0 for all f € C*\{0}.
A positive linear functional f € C* is called strictly positive if (f, y) > 0 for all y € C*. A nonzero
operator T € B(E) is called positive if T(C) C C. If (T —S)(C) C Cfor T,S € B(E), we write S < T.
A positive operator T € B(E) is called semi-nonsupporting if, for any y € CTand f € C*\{0},
there exists an integer p = p(y, f) such that (f,TPy) > 0. A positive operator T € B(E) is called
nonsupporting if, for any y € C*and f € C*\{0}, there exists an integer p = p(V, f) such that
(f,T"y) > 0 for all n > p. A positive operator T € B(E) is called strictly nonsupporting if, for any
y € CT, there exists a positive integer p = p(¥) such that 7" is a quasi-interior point of C for all
n>p.

Lemma 5.4. The next generation operator K is nonsupporting and compact.

Proof.
Define the positive linear functional f, € E7 by

vt = [ [ Boo)wio) g oy dosimian,

where

. (5.14)
0 otherwise .

Bo(o) = {B for o € (0 — 89, ),

10



Then K¢ > (fo,0) e, for all ¢ € E, where e = 1 € E, which implies

K™ > (fo.0) (fo.e)"e, VYneN.

Thus for arbitrary F € E\{0},¢0 € E;\{0} and n > 1,

(F,K"0) > (f0,0) (fo,€)" ™" (F,e) > 0.

This shows K is nonsupporting. Next we show the compactness of K. Let C be an arbitrary bounded
subsetin L. (0, ), and take M > 0 such that Supyec | ¢ |[< M. Forall ¢ € C, using Assumption (3.3),

lim [ |Ko(a~+h) —Ko(a)da

. ® o (o)
<pim [ [ [ Ba+h.0)~Ba.0)1v(e) g doom)anda

<tim [ ["oan [ Bla-+h.0) ~ pla.c)lbudoda
§boMllzgr})/H{{/()m\B(a—kh,c)—B(a,c)|d0da:0.

By the Fréchet-Kolmogorov criterion for the compactness of sets in L (R) [8}30]], ¥(C) is relatively
compact. This shows that K is compact.

Lemma5.5. Let E, =L (0,®) and Qy := {¢ € E : |0| < M}. There exists a number M > 0 such
that ¥ (E) C Qu.

Proof.
Define the nonlinear operator A : A* — b* in E, by A¢ = (I — T[¢])~'A[¢](-,0). From Lemma
it follows that |

ol < I =T[oD ™" |ALI(-0) < 7—-

1
Then we have W (E;) C Qy with M := 1 [°da [’ B(a,0)y(0)do

From the well-known Krein-Rutman’s Theorem, we know that r(K) is a positive eigenvalue if
r(K) > 0, and it is a pole of the resolvent because K is compact. Then we can apply Sawashima’s
results for nonsupporting operator to obtain the following properties [24}28]:

Proposition 5.6. Suppose that the cone E is total, K is compact, nonsupporting with respect
to E4 and r(K) > 0. Then the following holds:

1. r(K) € Ps(K)\{0} and r(K) is a simple pole of the resolvent (M —K) ™.

2. The eigenspace corresponding to r(K) is one-dimensional and its eigenvector vo € E is a
quasi-interior point. Any eigenvector in E_ is proportional to vy.

3. The adjoint eigenspace corresponding to r(K) is one-dimensional and its eigenfunctional f €
E*\{0} is strictly positive.

As is seen above, the idea of being nonsupporting for positive operator is an infinite-dimensional
extension of the primitivity of nonnegative matrices in the finite-dimensional case. Using the above
facts, we can show the main theorem in this section:

Theorem 5.7. If Ry > 1, there exists at least one endemic steady state, while there is no endemic
steady state if Ry < 1.

11



Proof.

Supposing that Ky = r(K) < 1, it is easily checked that K¢ — ¥(¢) € E;\{0} for ¢ € EL\{0}. If
there exists an ¢p € £, \{0} being a solution of ¢ = ¥(¢), then ¢o = ¥ (¢o) < K (o). Let Fy €
E;\{0} be the adjoint eigenvector of K corresponding to r(K). Taking duality pairing, we find

<F0*3K(¢0) - ¢0> = <(K* *I*)F()*aq)o> - (V(K) - 1) <F0*a¢0> >0,
because K (¢o) — 9o € E4\{0} and F is strictly positive. Then we have r(K) > 1, which is a
contradiction. Next we assume that By = r(K) > 1. We define an operator ¥, by:
Y(x), if |x| >rnxeEy,
lPr(.X) — ( ) ' | | +
T(X)+(V*|XDXO, if |X|§I",X€E+,
where xp is the positive eigenvector of K corresponding to r(K) > 1.

Let
Q ={x€EL |x| <M+rlxp|}.

Then W, is completely continuous and transforms the set , into itself. Since €, is bounded,
convex and closed in E, ¥, has a fixed point x, € Q, (Schauder’s principle). Observe that the
Frechet derivative of W(x) at x = 0 is the operator K and K does not have in E, eigenvectors
corresponding to the eigenvalue one. Then we apply the method of [21, Theorem 4.11], and it can
be shown that the norms of these fixed points are greater than r if r is sufficiently small. That is, ¥
has a positive fixed point. This completes the proof.

We adopt the following assumption called separable mixing assumption which means that there
is no correlation between the age of the infected individuals and that of the susceptible individuals.

Assumption 5.8. There exist B1,, € L7 (0,®) such that

B(a,0) = Bi(a)B2(0).

with 3 (a) reflecting the susceptibility and ,(c) indicating the infectivity. In particular, if f; =
B> , we have the proportionate mixing assumption. (Traditionally, these assumptions are often called
the proportionate mixing assumption without distinguishing between separable and proportional
[7,/11]]). Under the separable mixing assumption, can be written as

* o ro 8(6) *1\—1 *

W@ =@ [ [ Baopwo)giao (=TT AR C0) (. 515)
Then (5.15) becomes a one-dimensional equation and its solution must be written as A*(a) = cp; (a),
where c is a constant. Inserting this expression into (3.13)), we arrive at an equation for the unknown
number c.

o o d(c _ : Vds
=0, Ba(0)w(0) e (1~ T ey ]) ' B (m)e= oM ¥, (5.16)
0 Jn ()
The right-hand side of (3.16) is strictly decreasing function of ¢ that goes to zero as ¢ — eo. There-
fore, if the condition
® () 8 o
L7810 [ Ba(0rwio) g aoan > 1. 6.7
0 n 3(n)
holds, the characteristic equation (5.16) has a unique positive solution.
The left-hand side of the threshold condition (3.17) gives the basic reproduction number Xy of the
system (3.6). Hence, we can summarize the above argument as follows:
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Proposition 5.9. For the normalized epidemic system (3.0) with the separable mixing assumption,
there exists a unique endemic steady state if and only if the basic reproduction number is greater
than unity.

Ro for the separable mixing case is given by

Ro = /0 ’ /n mBz(G)\V(G)gE:BdGBI(n)dn- (5.18)
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