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HAXOXK/JIEHUE IIPUBJINKEHHOI'O PEIIIEHUA
CIIEKTPAJIBHOI 3AJIAYM, IIOPOXK/JIEHHON
BO3MVYIIIEHHBIMU CAMOCOIIPSIKEHHBIMU

OIIEPATOPAMM

C.H. KAKYIIKWUH

ABsTrACT. The article develops a technique for finding the eigenfunctions
of perturbed self-adjoint operators given in a separable Hilbert space. It

is shown that the eigenfunctions of the unperturbed spectral problem can
be used as basis functions. A new computationally efficient algorithm for
more accurate finding of the eigenfunctions of the spectral problems is
presented. Examples of the results of computational experiments confirming
the effectiveness of the developed method are shown.
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BBEOEHUE

B crarhe paccMaTpuBaeTcsi 000CHOBAHWE YHCIECHHOTO METONA PEeIeHUs THUPO-
KOTO KJIACCA CIEKTPAIbHBIX 33144, MOPOKICHHBIX BO3MYIIEHHBIMUA CAMOCOMPSIZKEH-
HBIMH OIIEPaTOPaMU, 33 JaHHBIME B cenapadebHOM MHIL0epTOBOM IpocTpancTse. K
IIOCTAHOBKE TAKHUX 33144 IIPHBOANT OOIBIIOE KOMHIECTBO MOIETAPYEMBIX IPOIECCOB
U3 pasJMYHbIX oOmacTeil 3Hanud. Hanpumep, 3a0a49u rEapoaIuHAMUYECKOR T€OPUT
YCTOWYHMBOCTH, UACHTU(DUKAIINYA KOMIIO3UTHBIX MATEPHUAJIOB, 0OPA0OTKN M300parke-
HUM, ceficMOpas3BeIKH, 3JEKTPUIECKUX KOJIEOAHUN B IPOTIKEHHON JIMHUU U MHOTHE
npyrue. Ocobo MEePCIEeKTUBHBIM MPEICTABISETCsS TPUMEHEHHe pa3paboTaHHOM Me-
TOOMKH K CHEKTPAJIbHBIM 3aJa9aM, 3aJaHHBIM HA KOMIAKTHBIX rpadax, Teopus
KOTOPBIX aKTHUBHO PA3BUBACTCA B HACTOAINEE BPEMH.

KakusakIN, S.N., FINDING AN APPROXIMATE SOLUTION TO THE SPECTRAL PROBLEM
GENERATED BY PERTURBED SELF-ADJOINT OPERATORS.
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2 C.H. KAKYIIKNH

[Ipu gucjeHHOM HAXOXKIEHWU COOCTBEHHBIX (DYHKIWI JIMHEHHBIX OMEPATOPOB,
KaK MPAaBUJIO, MPUXOJAUTCS CTATKUBATHCS CO CICAYIOMMUMHA TPYIHOCTAME. s u-
Heiinoro oneparopa T + P, oupenenerroro B H crpouTcst mocienoBaTelbHOCTb KO-
HEYHOMEPHBIX ToanpocTpancTs Hy C H, ompeneneHHBIX 6€CKOHEUHOH TOCIeI0Ba-
TEJIbHOCTHIO TAPAMETPOB K1, ..., ky, ... . Eciu nys mobsix f € H we > 0 cymecTByer
rakoe k = k(f,€) > 0, uto fig}fl If = fil <e,i=1,Ng, Ny =dim Hy ans Bcex

i k

k < k, To mocrenoBaTenbHOCT moxnpocTpancts {Hy} nonma B H [1]. 910 o3ma-
gaer, 9To Ji000i snement f € H MoxeTr ObITh C HEOOXOIUMO# CTEIeHbI0 TOIHOCTH
ANMPOKCUMHUPOBAH djieMeHTaMu mpocrpancTsa Hy. Eciau yranock mocrpouTs Takyto
HOJTHYIO TOCJIE0BATENBHOCTD moanpocTpancts { Hy}, To B Hj, BbiOupaerca Gazuc
{gan}nNil, COCTOSITINN W3 KOHEYHOI'O YUCJIA, 3JIEMEHTOB, UCIIOJIb3Ysd KOTOPbIE, JTHHEeH-
HbIit omeparop T + P ompefensiercss HeKOTOpoi MaTpureii A = ||(Acpk,<pj)||£{’;:1
[2]. Jasiee Boraucastorcsa cobcrBeHHble BeKTOPbI MaTpuiibl A. Paznaras komnanen-
TBI 9TUX BEKTOPOB 0 3JIEMEHTAM BbIOPAHHOTO 6A3MCa, MOXKHO HANTH IPUOINKEHHOE
peliene UuCXOAHON CHEeKTPaJIbHON 3a/1a4u.

CrouT OTMETUTH, YTO PA3MEPHOCTH MATPUIIHI A XapAKTEPU3YETCS IUCIOM [Nj =
dim Hy. Oamako, W3BeCTHO, YTO MaTPHIHI BHICOKOH pa3MEpPHOCTH O0JIAIAI0T CBOIi-
CTBaMHU, CYIIECTBEHHO OTJIMYHBIMHI OT CBONRCTB MATPHUIL MATION PA3ZMEPHOCTH — KPOME
CODCTBEHHBIX YHCENT Y TAKUX MATPUI] €CTh NOYMU COOCMEEHHBLE YUCAQ |4 TAKHE, 9TO
|Ax — ux| < e||x|| upu ||x|| # 0 u ouenp manom ¢ [3]|. Hajinennble uucnennbivu
MEeTOJAMU TAKNUEe COOCTBEHHBIE 3HAUEHUST MOTYT U HE SBJISTHCS PEIIEHNEeM MCXOTHOMN
CHEKTPAJIbHON 33/1a49N.

YHUKAJIBHOCTH Pa3pabOTAHHOIO METO/1A HAXOXK AEHI S COOCTBEHHBIX (DYHKITHAN BO3-
MYIIEHHBIX CAMOCOMPSI?KEHHBIX OMEPATOPOB, 3aJAHHBIX B CeNapabesbHOM THIbOep-
TOBOM IIPOCTPAHCTBE, COCTOMT B TOM, 4YTO IPEJIAraeTCs HEUTEPAHMOHHBIA dKC-
JIEHHBIH METO/, B OCHOBE KOTOPOTO JIesKaT MPOCThIe (POPMYIIBI, UCITONH3YIONINEe WH-
dopmaImio 0 CIeKTPAIbLHBIX XapaKTEPUCTHKAX HEBO3MYIIEHHOTO ONepaTopa U ero
BO3MYIITAIOIIEM OTepaTope. AMMpOKCHMAITsS BO3MYIIIEHHOTO OMEpaTopa MaTpHUIeit
e Tpebyercs. Kpome Toro, HOBBIH MeTO MPEBOCXOIUT paHee pa3pabOTAHHBIA Me-
TOJL, PETyJIsIPU30BAHHBIX CJI€/IOB HAXOXKIEHUsI COOCTBEHHBIX (DYHKIIUN BOZMYIIIEHHBIX
JIUCKPETHBIX OLIEPATOPOB B ILJIAHE BbIYUCAUTE/IbHON dddekrusnocru [4] — [6].

B crarbe s 1eHHOrO M3JIOXKEHUST METOJA BCE PACCYKIEHWS TPUBOMATCS B
npocrpanctse Lo (V).

1. HAXO»KJEHUE COBCTBEHHLIX ®VHKITUI

PaccMOTpUM CHEKTPABHYIO 3314y
(1) (T + P)up = ppuy,, VneN.

3mech T — AMCKPeTHBINH MOJyOrpAHUYEHHbI CHU3Y, a P — orpanuveHHbIl onepa-
TOpbI, 334auuble B npocrpancrse Lo(V). O6o3nauum uwepes {A,}72, cobersennbe
uncia omeparopa 1, 3aHyMepOBAHHbIE B IIOPsiIKe HeyOLIBaHUs, a depe3 {vg(z)}32
— coorBercrByoine uM cobcrsenuble Gyukimn (z € V). Ilycre N — KonndecTBo
BCEX HEPABHBIX APYT APYTY COOCTBEHHBIX UUCEN g, JIEXKAIMX BHYTPH OKPYZKHO-

[Ant1+ An|

ctu T paguyca py = C IIEHTPOM B HadaJje KOOPAWHAT KOMTLJIEKCHOM

mockocTn. Uepes {puy}7 ; 0003HaUNM COOCTBEHHBIE YHC/Ia BO3MYIIEHHOTO OIEpa-
topa T + P, 3aHyMepOBaHHBIE B TOPsIIKE HEYOLIBAHNS UX AEHCTBUTENbHBIX 9aCTei,
a gepes {ug(z)}72, — coorBercTByMomue uM cobcrBennse byukmuu (z € V).



HAXOXKJEHUE MNPUBJINXKEHHOT'O PEINIEHUA 3

Cuemyst 00meii cxeme MeTO/1a, OPTOTOHAIBLHBIX MTPOEKIIWii, TOTHOE PEIEHNE CIIEK-
TpasbHOi 3aia4uu (1) GyueMm uckarb B BUe:

(2) up(x) = Z agvr(x), VYn eN.
k=1

31ech ap — HeU3BECTHbIE TOKA YUCJIOBble KOd(bduumenTsr, a Gynkuuu vg(x) 06-
pasyior cderHsiii 06asuc B Lo(V) ¢ smepreruueckoit Hopmoit ||vg(z)||r+p, uHIy-

[[MPOBAHHO HEPTETHYECKNM CKAJISPHBIM TPOM3BEIECHUEM (Vk, Up )T4+p = ((T +

P)ug, Um), Vk, m € N. O6o3nauunm npocrpanctso Lo (V) ¢ sueprerndeckoil Hopmoit

v (@)ll7+p wepes Hryp.

IMTokazkeMm, 9TO cOOCTBEHHBIC (DYHKIUH Omeparopa 1, T.e. PElIeHHus CHeKTPasb-
Hoit 3agaun Tv, = A\, (Vn € N), noaxonar misa Beibopa B KadecTBe 6a3MCHBIX
byaxumit {vg(z)}72, pemenus (2). Cupasenniusa TeopeMa.

Teopema 1. ITycmv T — duckpemmuniii nosyozparuvertusli chudy onepamop, a P
— oepanuvennwili onepamop, deticmeyrowue 6 npocmpancmee Lo(V'), moada co6-
cmeennvie Gyrkyuy onepamopa T obpasyrom cuemuvili 0a3UC 6 IHEPLEMUYECKOM
npocmparncmee Hry p.

Joxazamenvcmeo. JIis JoKa3aTellbCTBa TEOPEMbI JOCTATOYHO MOKAa3aTh 3aMKHY-
TocTh cucreMsl Gyuxnumit {vi(z)}7 , B npocrpancrse Hyy p.
YuuThIBasg OrpaHUIEHHOCTh BO3MYINAIOMIEro oneparopa P, nmeem:

lokllFyp = ((T + P)vkavk) = (Twg, vi) + (P, vx) =
= Xellvell® + (Pok, o) < Melloel? + ([P - [Joe .

2
v
U3 pasenctsa ||vg||% = (Twg, vg) = Mg |lvk||? crenyer, aro ||vg||? = H;¢
k

st ompeaeeHHOCTH, OO03HAYMM Yepe3 ¢ HUKHIOI TpaHb omeparopa 1 + P.
Torna
c
Ak

Cucrema cobcrBennbix dynkuuit {v(x)}72 | oneparopa T’ sBIfeTCS 3aMKHYTOH
B nonosHerny npoctpanctsa Lo (V) no suepreruyeckoit Hopme ||vg[|2.. U3 momyden-
HbIX HEPABEHCTB CJIE/LYeT:

C
Hvk”%JrP = ((T—’_P)Ukavk) > C(vkvvk) = (T’Uk,’l}k) = YkHvk”%

c 1Pl
Tl < loeldp < (145 - el
Ak Ak

Takum o6pasom cucrema dyuxmuit {vg(z)}52, dBageTcss 3aMKHYTO! B IPOCTPAH-
CTBE HT+p. O

st HAXOKIEHUS NPubAuUNCEHnH020 PEEHNs Uy, (x) crnekTpambroil 3amauan (1),
N

OrpaHuYnMcst epBbIME N CIIAraeMbIMH, BXOIAMNMA B (2): U, (z) = . apvg(z),
k=1

VN € N. O cxoqumocTs TprGINKEHHOTO PEIIEHNUS Uy, (L) K TOUHOMY MOXKHO HAHTH,
Hanpumep, B [7].
OnurieM BBIYUCTUTENHHO 3P DEKTUBHBIN CI0COD HAXOXKIEHUST KOIDDUIIHEHTOB

ag, BXo#Amux B (2), g CleKTpasibHbix 3a1ad4, 3aganubix B Lo (V). Pazobbem 06-
N ~

agactb V Ha N noupobuacreil, o603nauum ux uepes Vi, k =1, N, upuuem |J Vi =V,
k=1
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Vi NV, = & upu k # [, a mepa JleGera muoxkectsa V '\ 1% paBHa HyJ10. BBegem
dyuxmo z;(x) = Lowe Vi YMHOKHM CKAJIAPHO JIEBYIO U IIPa-
YHRIHHO 2588 =0, 2 eV \V;, VjeN. p Y p

Byto gactn (1) ma z;. C yaerom (2) momyunm:

((T—i—P)un,zj) = ((T—i—P)iakvk,zj) = (iak(T—i—P)vk,zj) =

k=1 k=1

oo

= iak<(T+ P)vk,zj) = Zak {()\kvk,zj) + (ka,zj)} = ln iak(vk,zj).

k=1 k=1 k=1

Orcroma mMOayYnM OTHOPOIHYIO CHCTEMY JIMHEHHBIX ajire0pandecKux ypaBHEHU
NI OoTIpeieieHnss KO3 MUIMEHTOB aj, HEOOXOAMMBIX IIJIsT HAXOXKICHWS TPUOJIN-
JKeHUsT COOCTBEHHON (DYHKIMU Uy, COOTBETCTBYIOIIEH COOCTBEHHOMY YUCITY [iy, OTe-
paropa T + P:

(3) iak {()\k —un)/vdej +/kade} =0, j=1,N.

k=1 v, v,

Onnopoznas cucrema (3) umeer GECKOHEYHOE KOJUYECTBO PEIIEHU, YTO OCI0XK-
HAeT MPUMEHEeHWe JAaHHON MeTOAWKHW MpH MPOrPAMMHON peaju3anuu. BbuT momy-
9eH MPOCTOH, BEITUCIATETHHO 3P HEKTUBHBIN AJITOPUTM, TTO3BOJISIONINN C BHICOKOM
TOYHOCTHIO HANTH COOCTBEHHBbIE (DYHKIMKA BO3MYIIEHHBIX CAMOCOIPS2KEHHBIX OIle-
parTopos.

2. AJITOPUTM IIPOTPAMMHOI1 PEAJINBAIINN

ITycrs V = [0;1], | € R. Pazmennm orpe3ok V wa N wacreit: Vi = [cp = 0;¢q],
Vo = [eis¢a], ooy Vo = [en—1;env = 1] (¢; € R, j = 0,N). Ilepenumenm cucremy
(3) B Bume marpuunoro ypasuenus: A(p,)X = 0, tne A(uy,) = Hbjkllé‘\szh X =
(alv a2, ...,y a’N)Ta

Cj Cj

bjk = (Ak — pn) / vpdx + / Pudz.

Cj—1 Cj—1

st Haxox genus n-oit cobcTBeHHOM DYHKIUU Uy, 1 < n < N, n € N B marpune
A(fip,) HCKITFOIAM N-YI0 CTPOKY, a KOX(GDOUIUEHT @, TPUMEM DABHBIM € TMHUIIE; 1-bIil
cToJIb eIl TTepeHeceM B TIPABYIO YaCTh MATPUYHOTO YPABHEHUs C TPOTHBOIOIOKHBIM
3HakoM. [lomyamwm:

(4)

a1 a1,n—1 a1,n+1 ai1,N ai a1,n
ap—-1,1 ++ Qn—-1n-1 OAn-1n+1 -+ GOGn-1 N . Ap—1 _ An—1,n
Up41,1 co Ap41,n-—1 Ap41,n+1 <o Qn41,N Ap41 Up41,n

aN+1,1 - OGN+4+1n—-1 ON+4+1,n+1 -+ GN4I,N an aNn
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Kosddunuent a, MoKHO HafiTh 13 yC10BUS HODMUPOBKE a, = = | Cy — > a3,

rie C, — HOpMa cOGCTBEHHOTrO BekTOopa (ay, ..., an)’ (cm., mamp., [8], [9]). Oxmna-

KO, Ha MPAKTHUKE Jijisi OOJIbIIUHCTBA UCCIIEYEMbIX MATEMATUYECKUX MOJIEsel Ha-
xoxKaenne koaddnuimenTa a, W3 3TOTO yCJIOBHUS JHOO TABAJO CIUIIKOM OOJIBITOE
PACXOKJEHNE C MICKOMBIM 3HaUYeHHeM, JTH00 BOBCE He /IaBaJI0 HUKAKUX PE3YIbTaTOB.
CBs13aHO 3TO, BO-TIEPBBIX, C HEOMPEIETEHHOCTHIO BHIOOpA 3HAKA mepe Koadduim-
€HTOM @, BO-BTOPbBIX, C MOTPEIIHOCTHIO, KOTOPasi BO3HUKAET P YHCJIEHHOM pe-
[IEHAU MATPUYHOIO YPABHEHUs: IIOIPEITHOCTH OyIeT BO3PACTATH [PU yBEJIUICHUN
KOJMYecTBa 0a3uCHBIX GyHKIWH N.

IMopcrasuM perienue i, ¢ HaiijgeHHbIMy u3 ypaBuenus (4) koddduimentamMu ag,
k=1,N, k # n, B ypasuenue (1) u npounTerpupyem mo objactu V:

N N N
/ {(T + P)uy, — ,unun} dv = / [Zaijj + Z a; Pv; — pip, ZGJ'UJ} dv =
Jj=1 Jj=1 j=1

14 14
N N N
:/Zaj)\jvjdV—l—/ZaijjdV—,un/ a;jv;dV =
v J=l v J=l1 v J=l1
~a, [(An . /vndV—k/PvndV}—i—
\%4 \%4
N N N
+/Zaj/\jvjdV+/ZaijjdV—un/ZajvjdV:O.
=1 =1 j=1
V. jn V. in V. jn

PazpemuB ypaBHEeHWE OTHOCUTENBHO @y, TTOTTY UM

N N N

/,Lnf E CLj’UjdV - f aj)\jvjdV - f Z aijjdV
VvV j=1 VvV j=1 VvV j=1

(5) J#n J#n J#n

tn = e — fin) [ 0ndV + [ PondV
\4 |4

Takum 06pa3oMm, s Beraucaenus Koaddunuenros ag, k = 1, N, k # n, Heobxo-
INUMO PEITATH JIIOOBIM W3BECTHBIM CMOCOOOM HEOTHOPOIHOE MATPUIHOE yPABHEHWE
(4), a meusBecTHBIH KOIDDUIMEHT @, BLIYUCIUTE 110 JuHEHHON dbopmyne (5).

3. BBIYMCANTEIBHBIA SKCIEPUMEHT

15t TpOBEPKY OMHMCAHHON METOJAUKH ObLIH TPOBEIEHBI BHIYUCIUTEIbHBIE JKCITE-
PUMEHTBHI TI0O HAXOXKJIEHUIO CODCTBEHHBIX (DyHKIHUI BO3MYIIEHHOrO omeparopa Jla-
aca, 3aJasHoro xa orpeske [0;!] u Ha nupsmoyroasauke [0;a] X [0;5] (I,a,b € R)
¢ rpanwuteit I'.

PaccmorpuM criekTpasibHyIo 3a7a4dy

(T'+ P)u=pu, uweH,
(6) ﬁ _ {u|u c C2(V) ﬂC(V), Au € LQ(V)7 u r = O}'

3necs T = —A, a P — onepaTtop yMHOXKEHUS Ha HEKOTOPYIO dyHKImo p(z), x € V.
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CoOcTBeHHBIE YUCTIA (i, BO3MYIIEHHOTO Oneparopa 1+ P BEIYUCISINCH METOIOM,
ommcanubM B padorax C.J. Kaguenko mo dopmynam: i, = A, + (Pvy,v,) + d(n),
2

e g 6(n) cupaseusbl ouenku |0(n)| < (2n — 1)py——, ¢ = MaX Gn, @n =

1—-¢q’ neN
2||.P]]
——— < 1 (cm., mamp., |10]).
‘An—fl _ )\n‘ ( ? ? [ ])
B cayuae, xorma V' = [0;1], coGCTBeHHBIE 9MCIA A, U COOTBETCTBYIOIIHE WM

cobcTBeHHbIe DYHKINN U, () HEBOBMYIIEHHOTO oneparopa T WMeroT BUI:

An = (%n)?’ v (x) = sin(v/Apz), VneN

u mporiecc pa3ouenus 001acTh V' MOMHOCTHIO COBIIAIAET C aJTOPHTMOM MPOrPAMM-
HOIl peaim3alinu, OMUCAHHLIM B JAHHON padore.
B cayuae, korga V = [0; a] x [0;b], cobcrBennbie s1emenTbl oneparopa 1’ umeror
BH/L;
2 k2 2 ntx . km

n .
/\nk—ﬂ'2< + b2> vnk(x,y):ﬁsstmT, Vn,k € N.

Pazobbem obmacts V Ha N X N gacreii; B BHIYUCIUTEIHHOM SKCIIEPUMEHTE HyMe-
panus obsacreii Vi (k= 1, N?) npou3Boquiaachk mo npaBuiy:

Viicry.nes = laj-15a5] X [bi—13b;], 4,5 =1,N.
AHajoru4Ho, OMHUM MHIEKCOM ObLIM 3aHyMEPOBAaHLI B IOPsJIKE HeyObIBaHHUS COD-
CTBEHHbIE YUCIA Ak, & TAKIKE COOTBETCTBYIOLIME UM COOCTBEHHBIE PYHKIMY Uy (T, Y)
(x €10,a], y € ]0,0]).

CobcrBenuble (DyHKIMU BO3MYIIEHHOTO omeparopa 1 + P Obuin HalIeHBI HO-
BbIM MeTonoM 1 MeronoMm A.H. Kpeuiosa; mepsbie 0003HAYEHBI 9€pe3 Uy, BTOPBIC —
Uy. B rabnunax 1, 3 npuBeIeHbl 3HAYEHNST PA3HUIIBI B IPOIEHTAX MEXKIY JIEBOH U
OPaBoOii 4acTAMU CHEKTPAIbHON 3aza4uu (6) NpU MOACTAHOBKE B yPABHEHUE MEPBbIX
COOCTBEHHBIX (DYyHKIMH U, HAASEHHBIX HOBBIM METOIOM, M HEPBBIX COOCTBEHHBIX
byHKRIWit U,, Haligerasix MeromoMm A.H. Kprnuiora. B rtabaumax 2 u 4 — npumep
CpPaBHEHWS 3HAYEHWI HOPMUPOBAHHBIX COOCTBEHHBIX (DYHKIHI B y3/1aX JIUCKPETH-
3alWu, MOJIYyIE€HHBIX PA3HBIMU METOIAMH.

TAB/JIMUA 1. 3uadenus HeBsA3KU ypaBHeHus (6) B MPOLEHTAX TIPU

V=10 I] up(z)= sin(f) +x -1
3 3
n | [T+ PYin — Mm“lew% ICT + P)iin = pninll} 6000
lpn@nl| lpntnl|
1 0,022211582 0, 049325018
2 0,001205399 0, 088682602
3 0,000255294 0,037295943
4 0,000110375 0,010753444
5 0,000047613 0,002057378
6 0,000023213 0,000242708
7 0,000013997 0,000012252
8 0, 000006057 0, 000007082
9 0,000007506 0, 000004872
10 0,000015661 0, 000035467
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TasuA 2. CpaBHenue 3HaYEHUN BOCHMONW COOCTBEHHOM (DYHK-
MU B y3JIaX JUCKPETU3AINH, MMOJIYUYECHHBIX PA3HBIMUA METOIaMH,
™ . L .
npu V = [0; g] up(zr) = sm(g) +z-i.
x s (x) s (x) |tis — s (% x 100%
0 0 0 0 0
0,149 | —0,600228694 — 0,001361781: | —0,600022443 — 0,001667832¢ | 0,000369062 0,061507849
0,299 1,081210974 + 0,001750061% 1,081062189 + 0,001971675:¢ 0, 000266926 0,024691093
0,449 | —1,347638124 — 0,000911717: | —1, 347708957 — 0,0007825877 | 0,000147282 0,010928363
0,598 1,346979545 — 0,000565024% 1, 347147583 — 0,000929429: 0,000401282 0,029787555
0,748 | —1,079707477 + 0,001476272¢ | —1,079790213 + 0,001898312: | 0,000430074 0, 039829308
0, 898 0, 599026547 — 0,001479458:¢ 0,598984305 — 0,001494872¢ 0, 000044966 0,007507062
1,047 0 0 0 0

TABJIMUA 3. 3HadyeHus HEBA3KU ypaBHeHus (6) B MPOLEHTAX [IPU

Vs
V = [0; E] x [0;0,42]) u p(z,y) = 2% + 2y + 2y.
T + P)n — pnd T+ P)un — pnt
" ‘II( + )uz Bnn | % 100% ‘II( + )uz Bntin | % 100%
[l i || | i ||
1 0,00011415 0, 000235647
2 0,000070489 0,000079876
3 0, 00388655 0, 000006501
4 0, 000029408 0, 000224659
5 0,000014949 0,00016657
6 0,000012842 0, 000143982
7 0,000001456 0,000126637
8 0,000011626 0,000025412
9 0,000006124 0,000021634
3AKJIIOYEHUE

Paspaborannass MeTOINKa HAXOXKIEHUS COOCTBEHHBIX (DYHKIIWI BO3MYIIEHHBIX
JIMCKPETHBIX MOJIyOIPDAHUIEHHBIX OMEPATOPOB JOCTATOTHO 3(hhEeKTUBHA B TPUMEHE-
uu K npocrpancrBy Lo (V). Haubosee nepcruekTuBHoe ee UCHOIB30BAHUE — CIIEK-
TpaJbHbBIE 337a491, 33/IaHHBIE HA KOMIAKTHBIX Tpadax. IIpu aTom crocod cocrase-
Hus cucrembl ypasHenuii (4) nyrem pasbuenus obnacru V' na nogobsacru takixke
yCrerHo paboTaeT B CIydae, ecIu 3aJaHHas 00J1acTh UMeeT CI0XKHYI0 dopmy. 13
BBIUUC/IATEIHFHOTO SKCIIEPUMEHT, BUIHO, UYTO U B CIIy4Yae KO3 MCKOMbIE (DyHKITUN
3a/IaHbI HA TPSIMOYTOJIFHON 00/1aCTH, PE3YJIbTATHI BEIYUCIIEHHH XOPOIIIO COTJIACYIOT-
CS1 C U3BECTHBIMU METOJAMHU.
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TasaunA 4. CpaBHeHue 3HAYEHWI MTATHAIIATON COOCTBEHHON
dbyHKIINE B y37aX JUCKPETU3AIUN, TOJYIEHHBIX PA3HBIMH METO-

nmamu, mpn V' = [0; %} x [0;0,42]) u p(z,y) = 2% + 2y + 2y.

@ y 15 (z, y) Ws(e,y) | fans — | | | B3| x 100%
0,105 | 0,084 | —2, 384135493 | —2, 381678639 | 0,002456853 | 0, 103156367
0,105 | 0,168 | 3,857609150 | 3,855400845 | 0,002208313 |  0,057278439
0,105 | 0,252 | —3,857615668 | —3,857329138 | 0,000286529 |  0,007428164
0,105 | 0,336 | 2,384083634 | 2,385051772 | 0,000968138 |  0,040591894
0,200 | 0,084 | 1,473483125 | 1,473301791 | 0,000181334 |  0,012307974
0,200 | 0,168 | —2,384140314 | —2, 384873588 | 0,000733274 |  0,03074688
0,200 | 0,252 | 2,384157454 | 2,385964076 | 0,001806622 |  0,075718731
0,200 | 0,336 | —1,4734228 | —1,475238591 | 0,001815791 |  0,123084563
0,314 | 0,084 | 1,473466065 | 1,47113296 | 0,002333105 |  0,15859239
0,314 | 0,168 | —2,384106212 | —2,381781075 | 0,002325137 |  0,097621777
0,314 | 0,252 | 2,384208084 | 2,38336341 | 0,000934674 |  0,039216619
0,314 | 0,336 | —1,473140387 | —1,473889541 | 0,000749154 |  0,050828345
0,419 | 0,084 | —2,384132295 | —2,382909555 | 0,001222739 |  0,051312879
0,419 | 0,168 | 3,857636557 | 3,85782335 | 0,000186793 |  0,004841927
0,419 | 0,252 | —3,85732048 | —3,860241125 | 0,002920644 |  0,075659638
0,419 | 0,336 | 2,384710424 | 2,387118428 | 0,002399004 |  0,100497892
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