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Abstract. An analysis of the content of scientific papers and books

devoted to theoretical problems of the algebra of hypercomplex numbers
shows that the construction of a commutative algebra of quaternions with
division over the field of real numbers is considered impossible. There is
practically no doubt about the existing theoretical statement that, unlike
real and complex numbers, quaternions and other hypercomplex numbers
cannot have the commutativity property. In this paper, we prove that the
commutativity of the orthogonal product of two two-dimensional vectors and
the commutativity of the quaternion algebra can be ensured by taking into
account the directions of the orthogonal and collinear components of one
vector with respect to the linear direction of another vector.
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1 Introduction

After the creation of the algebra of complex numbers and the success-
ful application of functions of complex variables to solve a number of the-
oretical problems, many great mathematicians of the world spent a lot of
effort on solving the problem of constructing, first of all, an algebra of three-
dimensional variables in order to subsequently construct algebras of other
multidimensional variables. Therefore, the quaternions proposed by Hamil-
ton in 1843 gave rise to the rapid development of vector algebra and a number
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of other important sections of modern mathematics, which are an effective
basis for building the fundamental foundations of theories and research meth-
ods in many areas of science and technology [1, 2, 3, 4, 5, 6, 7, 8]. Algebras
of quaternions, octonions, and other hypercomplex numbers are widely used
to solve various fundamental and practical scientific problems, for example,
they are used to solve a number of complex specific problems in the fields of
theoretical and applied physics, robotics, cryptography, and digital process-
ing of multidimensional signals [9, 10, 11, 12, 13, 14].

An analysis of the content of scientific papers and books devoted to the-
oretical problems of the algebra of hypercomplex numbers shows that the
construction of a commutative algebra of quaternions with division over the
field of real numbers is considered impossible. There is practically no doubt
about the existing theoretical statement that, unlike real and complex num-
bers, quaternions and hypercomplex numbers cannot have the commutativity
property. Doubts about this problem are also eliminated by the fact that the
well-known theorems of Frobenius and Hurwitz also imply the impossibility
of constructing a commutative algebra of quaternions, octonions, and other
hypercomplex numbers [15].

The possibility of constructing a commutative division algebra of quater-
nions and other hypercomplex numbers over the field of real numbers was
first considered in the recently published paper [16]. This article provides a
proof of the theorem that the commutativity of quaternions can be ensured
by specifying a set of sign coefficients of the angles between the radius vectors
in the coordinate planes of the vector part of the quaternion space coordinate
system.

2 Properties of product of two two-dimensional vec-
tors

In this paper, we continue the discussion of the theorem given in [16] and
consider in more detail the condition for ensuring the commutativity of the
orthogonal product of vectors and the product of hypercomplex numbers.
We start with the formulation and proof of the following theorems.

Theorem 1. A complex number is a mapping of a two-dimensional
vector with respect to the scalar direction.

Theorem 2. The commutativity of the orthogonal product of two two-
dimensional vectors can be ensured by taking into account the directions of
the orthogonal and collinear components of one vector relative to the linear
direction of another vector.

Proof. An arbitrary vector rn in space can be represented by the follow-
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ing formula:
rn = rnen. (1)

Here rn denotes the value of the module of the vector, en - is a unit vector
indicating the direction of the vector in the space under consideration, the
index n - is the number of a specific vector. Note that the unit vector en
satisfies the condition e2n = 1 .

Consider a pair of vectors and write them in the form proposed above by
the formula (1)

r1 = r1e1, r2 = r2e2. (2)

A vector r2 relative to a vector r1 can be represented as a sum of mutually
orthogonal vectors, one of which is the projection of the vector r2 onto the
vector direction r1, and the other is perpendicular to this direction, that is,
in the form

r2 = r2 [e
ρ
1cos ( ˆe1, e2) + eτ1sin ( ˆe1, e2)] . (3)

Here eρ1 = e1 is a radial unit vector, the direction of which is determined by
the direction of the vector r1; e

τ
1 is a tangential unit vector whose direction

is orthogonally flat. In addition, from (3) it follows

e2 = eρ1cos ( ˆe1, e2) + eτ1sin ( ˆe1, e2) . (4)

Expression (4) is squared

(e2)
2 = [eρ1cos ( ˆe1, e2) + eτ1sin ( ˆe1, e2)] [e

ρ
1cos ( ˆe1, e2) + eτ1sin ( ˆe1, e2)] =

= cos2 ( ˆe1, e2) + sin2 ( ˆe1, e2) + (eρ1 × eτ1 + eτ1 × eρ1)cos ( ˆe1, e2) sin ( ˆe1, e2) .

Considering that here

(eρ1)
2 = (eτ1)

2 = 1, cos2 ( ˆe1, e2) + sin2 ( ˆe1, e2) = 1,

for orthogonal product of unit radial and tangential vectors we get

eρ1 × eτ1 + eτ1 × eρ1 = 0, eρ1 × eτ1 = −eτ1e
ρ
1. (5)

From (5) it follows

(eρ1 × eτ1)
2 = eρ1e

τ
1e

ρ
1e

τ
1 = −eτ1e

ρ
1e

ρ
1e

τ
1 = −eτ1(e

ρ
1)

2eτ1 = −1. (6)

Next, consider equation (3) in more detail

r2 = r2e2 = r2 [e
ρ
1cos ( ˆe1, e2) + eτ1sin ( ˆe1, e2)] =

= r2e
ρ
1 [cos ( ˆe1, e2) + eρ1 × eτ1sin ( ˆe1, e2)] .
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Here from (6) follows eρ1×eτ1 = i. Therefore, the last equation can be written
as

r2 = r2e
ρ
1 [cos ( ˆe1, e2) + isin ( ˆe1, e2)] . (7)

From (7) we can conclude that the complex number is a mapping of a two-
dimensional vector with respect to the scalar direction. In this case, the
direction of the unit vector e1 is scalar. Theorem 1 is proved.

The angle ( ˆe1, e2) in equation (7) is measured around the origin point in
the direction from the unit vector e1 to the unit vector e2 . When counting
this angle in the opposite direction, we have

( ˆe2, e1) = − ( ˆe1, e2) . (8)

Taking into account (8), equation (7) can be represented as

r2 = r2e1 [cos ( ˆe2, e1)− isin ( ˆe2, e1)] . (9)

Remark 1. It is easy to see from (7) and (9) that the complex conjugate
numbers differ only in the direction of the angle between the same vectors.

In general, the product of two coplanar vectors relative to the same com-
mon direction is a complex number. For example,

r1r2 = r1e1r2e1 [cos ( ˆe1, e2) + isin ( ˆe1, e2)] =

= r1r2 [cos ( ˆe1, e2) + isin ( ˆe1, e2)] .
(10)

Here both vectors are referenced and are presented with respect to the di-
rection of the unit vector e1 .

Let’s move on from the polar coordinate system to the two-dimensional
Cartesian coordinate system x, y, for this we accept

eρ1 = ex, e
τ
1 = ey, e2 = en. (11)

Taking into account (11), equation (4) takes the form

en = excos ( ˆex, en) + eysin ( ˆex, en) . (12)

Additionally designating
( ˆex, en) = φn

xy, (13)

from (12) we get
en = excosφ

n
xy + eysinφ

n
xy. (14)

Using (11) - (14) an arbitrary vector in a two-dimensional Cartesian coordi-
nate system in canonical form can be represented as

rn = rnen = rn [excos ( ˆex, en) + eysin ( ˆex, en)] =

= rn
(
excosφ

n
xy + eysinφ

n
xy

)
= xnex + yney.

(15)
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As noted above, the vector (15) is related to the complex number by the
following equation

xn + iyn = ex(xnex + yney).

From expressions (11) and (14) it follows

ex × ey = −ey × ex. (16)

Formula (16) is practically a copy of formula (5) in the considered two-
dimensional Cartesian coordinate system.

When multiplying two vectors ra and rb the product of unit vectors,
instead of the canonical form of equation (16), it should be represented in a
more general form

eax × eby = −eay × ebx = −ebx × eay = eby × eax. (17)

In (17), the subscripts indicate the direction of the angles in the coordinate
system used, and the superscripts show from the direction of which vector
the angle between the vectors is actually measured when they are multiplied.
Note that the indices of the first multiplier indicate the directions from which
the angle between the vectors is counted.

The product of unit vectors (17) to the second degree has the form(
eax × eby

)2
= −1. (18)

Taking into account (17) and (18), the product of unit vectors can be repre-
sented as

eax × eby = ieabxy. (19)

Here i2 = −1,
(
eabxy

)2
= 1. Besides,

eabxy = −eabyx = −ebaxy = ebayx. (20)

Equation (20) follows from (17) and (19).
Let us now consider in more detail the product of two vectors ra and rb

rarb = rarbe
aeb = rarb

(
eaxcosφ

a
xy + eaysinφ

a
xy

) (
ebxcosφ

b
xy + ebysinφ

b
xy

)
=

= rarb
[
cos

(
φb
xy − φa

xy

)
+ ieabxysin

(
φb
xy − φa

xy

)]
.
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Here the first multiplier is the vector ra. Let us further consider the product
of the same vectors in the case when the first multiplier is the vector rb

rbra = rarb
[
cos

(
φa
xy − φb

xy

)
+ iebaxysin

(
φa
xy − φb

xy

)]
=

= rarb
[
cos

(
φb
xy − φa

xy

)
+ i

(
−eabxy

)
sin(−1)

(
φb
xy − φa

xy

)]
=

= rarb
[
cos

(
φb
xy − φa

xy

)
+ ieabxysin

(
φb
xy − φa

xy

)]
.

Comparison of the two obtained results shows that the complete product of
two vectors has the commutativity property

rarb = rbra. (21)

Theorem 2 is proved. Note that the complete product of two vectors (21)
can be represented as

rarb = ra · rb + ra × rb, (22)

where
ra · rb = rarbcos

(
φb
xy − φa

xy

)
(23)

is the scalar (collinear) product of vectors, and the orthogonal product

ra × rb = ieabxyrarbsin
(
φb
xy − φa

xy

)
(24)

differs from the vector product formula accepted in modern vector algebra
only by the coefficient ieabxy, which confirms that the complete product of
two-dimensional vectors is a complex number and in the vector product it is
necessary to correctly take into account the directions of counting the angles
between the multiplier vectors. In addition, equations (20) and (24) confirm
that, with careful consideration of the directions of the angles between the
multipliers, the vector product has the commutativity property.

Remark 2. In a vector product, the third direction for the product of
unit vectors is not the third linear direction perpendicular to the directions of
the multipliers, but the direction of counting the angles between the vectors.

3 The commutativity of the quaternion algebra

Theorem 3. The commutativity of the product of quaternions can be
ensured by observing the correct rules for taking into account the directions
of the angles between the coplanar vector components of the quaternions,
which are orthogonal to the scalar direction.
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Proof. In the Cartesian coordinate system, the complete product of
vectors ra and rb has the form

rarb = (xae
a
x + yae

a
y)(xbe

b
x + ybe

b
y) = xaxb + yayb + ieabxy(xayb − xbya), (25)

where the scalar and cross products are expressed by the following equations

ra · rb = xaxb + yayb,

ra × rb = ieabxy(xayb − xbya).

Now let’s analyze what quantitative numerical parameters and signs of
directions characterize the two-dimensional vectors rn = xne

n
x + yne

n
y consid-

ered above and their full product.
From the given vector formula and equation (25), it can be seen that two-
dimensional vectors and their product contain the following components:
- scalar component, represented by real numbers, which can be associated
with the direction in space, which is chosen as the base (scalar) direction;
- vector components characterizing the values of projections of vectors in the
coordinate directions x and y, orthogonal to the base (scalar) direction;
- a planar-vector component that allows you to determine the reference di-
rections and the angles between the vectors in the plane xy, that is, in the
same coordinate directions x and y orthogonal to the base (scalar).

Taking into account the components listed above for two-dimensional
vectors and their product, and considering a scalar number as a quantitative
characteristic of a separate (scalar) direction, we can expand the dimension
of the mapped vector space and represent the extended analog of the complex
number for this vector space in the following form

q = x0 + i(x1e1 + x2e2 + x12e12), (26)

where x0, x1, x2, x12 – real numbers,

i2 = −1, e21 = e22 = e212 = 1, e12 = e1e2 = −e2e1 = −e21.

In essence, the four-component number given in (26) is a quaternion
whose algebra, as will be shown below, has the commutativity property.
Here, the quaternion, being a four-component number, characterizes the
three-dimensional space, since the component x12e12 in equation (26) belongs
to the plane x1x2 and linearly describes the directions and angles between
pairs of vectors on this plane.

Note that a quaternion in three-dimensional space is associated with a
four-component composite vector

r = x0e0 + x1e1 + x2e2 + x12e12, (27)
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where e0 corresponds to the scalar direction; e1 and e2 are orthogonal to each
other radial unit direction vectors in the plane x1x2, which is orthogonal to
the scalar direction; e12 displays the tangential direction in the plane x1x2,
that is, the direction of the unit vector e12 is planar orthogonal to the radial
direction in the specified plane.

It is easy to see that quaternion (26) can be obtained from (27) by multi-
plying both parts of this equation by e0, that is q = e0r. When multiplying
the right side of equation (27) on e0, it is taken into account that

e20 = 1, e0e1 = ie1, e0e2 = ie2, e0e12 = ie12.

Consider now the product of two quaternions

qaqb = xa
0x

b
0 − (xa

1x
b
1 + xa

2x
b
2 + xa

12x
b
12)+

+i[(xa
0x

b
1 + xb

0x
a
1 + xa

12x
b
2 − xa

2x
b
12)e1+

+(xa
0x

b
2 + xb

0x
a
2 + xa

1x
b
12 − xa

12x
b
1)e2+

+(xa
0x

b
12 + xb

0x
a
12 + xa

1x
b
2 − xa

2x
b
1)e12].

(28)

When performing the multiplication in (28), it was taken into account that

ea1 = eb1 = e1, e
a
2 = eb2 = e2, e

a
12 = eb12 = e12,

ea1e
b
2 = −eb1e

a
2 = −eba12 = eab12 = e12,

ea1e
b
12 = −ea12e

b
1 = e2, e

a
12e

b
2 = −ea2e

b
12 = e1, e

2
1 = e22 = e212 = 1.

(29)

It is easy to see from (28) and (29) that the product of the considered quater-
nions has the commutativity property. Theorem 3 is proved.

Remark 3. As in the theory of complex variables, quaternion (26) has
a conjugate four-dimensional number in the form

q = x0 − i(x1e1 + x2e2 + x12e12). (30)

The product of conjugate quaternions (26) and (30) is

qq = x2
0 + x2

1 + x2
2 + x2

12. (31)

Remark 4. Equations (28) - (31) confirm that the quaternion algebra
(26) is a commutative division algebra over the field of real numbers.

4 Conclusion

Summing up, we note that in this paper we consider the problems of
ensuring the commutativity of the orthogonal product of vectors and the
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commutativity of the quaternion algebra. Proofs are given that the com-
mutativity of the orthogonal product of two two-dimensional vectors can be
ensured by taking into account the directions of the orthogonal and collinear
components of one vector relative to the linear direction of the other vector,
the commutativity of the quaternion algebra can be ensured by observing
the correct rules for taking into account the directions of the angles between
the coplanar vector components of quaternions that are orthogonal scalar
direction. Using the method proposed in this paper, the author of this pa-
per continued to consider the problems of developing hypercomplex numbers
with a higher dimension, whose algebras have the property of commutativity
of multiplication and the property of division over the field of real num-
bers. The results of these works will be presented by the author in future
articles. The obtained results on the improvement of the algebra of hyper-
complex numbers with division over the field of real numbers can be used
to solve a number of scientific and technical problems in the fields of field
theory, physical electronics, robotics, cryptography and digital processing of
multidimensional signals.
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