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ABSTRACT. Integral inequalities play a fundamental role in various
mathematical fields, which have led to new methods and theoretical
developments, both pure and applied. The need for searching for precise
inequalities, in which the notion of convexity plays an important role,
has a high impact on approximation theory calculus. In this paper, we
first obtained a new version of the weighted fractional identity that led
us to obtain new variants of weighted Trapezoid, Simpson and Midpoint
inequalities. We then presented several refinements of it in the framework
of weighted integrals for the modified second type (h, m)-convex functions.

Keywords: Hermite-Hadamard integral inequality, Holder’s inequality,
(h, m)—convex modified functions, weighted fractional integrals operators.

1. INTRODUCTION

Let ¢1,62 € R with ¢; < ¢3. A function ¢ : I = [¢1, 2] — R is said to be convex if

P (CO+ (1= Q)d) < () + (1 = Oy (V)

holds for all ¢ € [0,1] and 6,9 € I. If the function is concave, then the inequalities
will be in reverse order.

In the last few decades, convex functions have become the object of extensive
research by scientists from different countries. Today, this concept in the literature
has a lot of generalizations and extensions. In [22], the authors presented a fairly
wide range of different classes convexity.
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Of the theory of inequalities, the most important one is the Hermite-Hadamard
inequality:

(1) Y (q +§2) < iq /:w(x)dx < Vo) + ()

2 2 ’

holds for convex functions on an interval.

The ground breaking inequality helps to predict estimations of the mean values of
a convex function and it is pertinent mention that it also provides a refine estimation
of Jensen gap.

Interesting results for integral inequalities by using fractional operators can be
found, for example, [4-13,29,34] and the references therein.

For example, the authors in [4-7] obtained new results in terms of fractional
integral operators of the Riemann-Liouville for (s,m), (a,m) and (h, m)—convex
functions. In [8], Bermudo et al. presented some variants of the Hermite-Hadamard
inequality general convex functions in the context of g—calculus. In [9], Butt and
Pecari¢ obtained some generalized Hermite-Hadamard’s integral inequalities for
the monotone functions of the form f/h. In [11], the authors presented an article
in which they obtained new Hermite-Hadamard inequalities of the Jensen—Mercer
type for a harmonically convex function through fractional integrals. In [16], Guzman
et al. studied the most important properties of the generalized integral operators
and obtained different inequalities of the Hermite-Hadamard type for the weighted
symmetric convex and h— symmetrized convex functions. In [21], the authors have
defined new integral operators to obtain new Hermite-Hadamard inequalities for
h—convex functions.

Dragomir and Agarwal in [12], by using the convexity of the first derivatives of
the function, obtained the following estimate for the trapezoid inequality:

Theorem 1. Let ¢1,62 € R with ¢; < 62,9 : I = [¢1,52] = R and ¢ € C'(s1,2). If
|| is convex on [¢1,¢2], then the inequality holds:

@ M) M < S5 v+ )

The definitions of sequentially expanding the concept of convex functions, which
form the basis of our article, are given below [6,7].

Definition 1. Let h: [0,1] — (0,1], ¥ : [0,400) — [0, +00). If inequality

¥ (¢0 +m(1—()J) < h*(Q)yp(0) +m(1 — h(¢))¥ (V)
is fulfilled for all ¢ € [0,1] and 0,9 € [0,400), then the function v is called the
(h, m)—convex modified of the first type on [0,+00). Here m € [0,1] and s € [—1,1].
Definition 2. et h:[0,1] — (0,1], ¢ : [0,400) — [0, +00). If inequality

¥ (¢0 +m(1—()J) < h*(Q)p(6) +m(1 — h(())* (V)
is fulfilled for all ¢ € [0,1] and 6,9 € [0,400), then the function ¢ is called the
(h, m)—convex modified of the second type on [0,+00). Here m € [0,1] and s €
[—1,1].

We denote by Nyl [0, +00) and N2 [0,400) the class of all (h,m)—convex

,m ,m

modified functions of the first and second type respectively on the [0, +00).
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Remark 1. From Definitions 1 and 2, we have the following classifications of
functions on [0, 400).

(i01) If h(C) = ¢, then 1 recaptures the class of m—convex functions, see [30].

(102) If h(¢) = ¢* with a € (0, 1], then 1 recaptures the class of (a, s, m)—convex
functions, see [36].

(i03) If s =1, then v recaptures the class of (h, m)—convex function.

(i04) If h(¢) = ¢, s € (0,1] and m = 1, then ¢ recaptures the class of s—convex
functions, see [17].

(i05) If h(¢) = ¢,m =1 and s € [—1,1], then 1 recaptures the extended class of
s—convez functions, see [35].

(i06) If h(¢) = ¢, m = s =1, then v is a convez function.

To begin with, we will give a definition of Riemann—Liouville fractional integrals,
and then, for a better understanding of the topic, we will give a definition of
weighted integral operators(with 0 < ¢; < ¢ < ¢2 < oo and real number k£ > 0),
which will be the basis for our article.

Definition 3. Let ¢ € Li[s1,%], @ € C and R(a) > 0. Right and left fractional

integrals defined below

/ (- O (Qdl, = > a,

S1

a[gfw(x) = ﬁ

1 <2
ar — _ a—1 d
S0 = e [ €m0 @ <
are called right and left Riemann—Liouville fractional integrals, respectively. Here
I(«) is the gamma function.

Definition 4. Let ¢ € Li(s1,62), w : [0,00) — [0,00) and w € C[0,00) with
derivatives piecewise continuous on [0,00) up to the second order inclusive. Integral
operators defined below

guz(x):/ w' <i_f>¢<od<, >,

1+~x

T = [ (U) HOd, 7 <

1+k
called weighted fractional integrals (right and left, respectively).

Remark 2. If we take w'({) = % and k = 0, we get the Riemann—Liouville
fractional integral, but if we take w'(¢) = 1 it turns into a classical Riemann

integral.

In the present article, we presented some new unified variants of weighted Hadamard
inequality (1) by employing generalized convexity for generalized fractional integral
operators given in Definition 4. Several special cases are discussed as well.

2. MAIN RESULTS

The results are obtained with the help of the following lemma.
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Lemma 1. Let ¢ : [s1,52] C R — R with ¢ € C'(c1,%) and let w : [0,00) — [0, 00),
w € C0,00) with the first and second order derivatives piecewise continuous on
[0,00). If ¥ € Li(s1,2), then equality holds:

® W)+ v@leo - (52 ) v () | u)
1+ k& [

G2 — 61

+

Tt ) + T )wm)}

( 1+rk

1+k

— 1 —
= ?_Hil {/0 w(()lﬁ/(lf_ﬁgl—i- 1_;1”4@)(1(

! 1+x—-C( ¢
_ /
/0 w(Qy ( 1+ & o1 1+/<;§2>d4 '
Proof. For simplicity,

1 —_
/ w<<)w/( ¢ o 4ite <<2>d<
0

1+r 1+r
! L (1+k—C ¢ B
7/0 w(C) ( o §1+1+,€§2>d§. I — I

By integrating by parts in I;, we have

L=t [w<o>w<<2> —w()y (“ . m)]

2 —¢G 1+ k&
(1+5) /1 / ( ¢ 1+k—¢ >
+— w G+ G | d
(2 —<1) Jo (©v 1+/<;1 1+ kK 2 ) d¢
1+ kK S1 + KRG
= 0 —w(l
S uowle) - ol (2]
(1+r)? o,
YY) S1+ks: S2),
(G2 —<1)? (%)Mp( 2)
since
1 <2
, ¢ 1+r—¢ 1+/~z/ -2
d¢ = dz.
/0 w' ()Y <1 n s + Ty §2> ¢ ) w e Y(z)dz
T+r +K
Analogously for I, we have
1+ k KS1 + S ] (1+r)?
I, = w(1 —w(0)Y(s1)| — ——=5J e e = W(s1).
2= 2 w5~ wOwte)| - S v(a)
Substituting in I1 — I>, grouping appropriately and multiplying by 2, we obtain
the inequality (3). d

The following remarks have the mission of illustrating the scope and strength of
the previous result. The choice of special weight functions in the Lemma 1 leads us
to many interesting results published in the literature.

Remark 3. Special cases of the Lemma 1:



148 J. E. NAPOLES, B. BAYRAKTAR, S. I. BUTT

(i01) If we take x = 0 in (3), then we get the following new general weighted
identity.

(@) [w(0) — w()] o) + b)) + ——— (TEU(@) + T ele)

G2 — 61

1
= (2 —«1) [/O w(C)Y' (Cs1 + (1 —¢)s2)dC

1
- /0 w(CW (1 - Ot + c@)dc} .

(102) If we take k = 0,w({) = 1 —C* in (3), substituting x for 1 in I and x for
G2 in I, then we will have [23, Lemma 2].

(i03) If we take k = 0,w(¢) = (1 — {)* — ¢* and work only with I, then we
get [28, Lemma 2]; furthermore, if we substitute <o for r € (¢1, 2], then we
will have [24, Lemma 3.

Remark 4. Other special cases of the Lemma 1:
(i04) If we take k = 1,w(¢) = ¢ in (3), then we get
(5)  [w(0) - w(l)] [1h(s2) + ¥(1)]

s = ( <1+<2>+¢(§2)+J(§1+§2) ¢(g1)>

. [ E% )dg /cw( <<1+§<2)d<]

(i05) If we take k = 1,w 1-— C, by replacing in (3) 1—C by ¢, then we obtain
(6) (<) + V(52 / b(¢
<2 — <1

:le[/o w’( L ;%)dq
[ (Ha+ 1 )ad.

which is given as in [1, Lemma 2.1].

Our first and main result was obtained from Lemma 1 in the following theorem.

Theorem 2. Let ¢ : [¢1,%2] — R be a L' function. If |¢'] € NS -2 = a1, 2], we have
the following inequality:

% ’D ' ; L () 4 T 00|
<o lv@rEemly (2)]c],
where

1+k 1+k

B = / (C)) [h (1j> ne (”H“;C)} .,

D = fu(a) + vl w) - [ (5552 ) o (55 i),
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e frmr(on () ¢ (o (550 Je

Proof. From Lemma 1, we obtain

(8)

1+/€—C
1+f<; 1+k Q)dc
1+k—C(
<1+ §1+1+ )dC’
/\w ( q+lii ¢ N@

+A|w@>

,(1+k—C ¢
¢< 1+ r §1+1+H§2)‘d§-

Taking into account modified (h, m)—convexity of |¢'|, we get

(9)

/ ¢ 1+k—¢
¥ (1—|—/§§1+ 1+k Q)

<l (1)

L C s
2y (1 =
tm ¢(m)‘< h(l—f—n))
and
y(1+K5-¢ ¢ / s(1+r—¢
< - @2
(10) 1/1( T T e )| S (
7,52 1+K:_< s
D(1—n(—2=2)) .
+mw(m)‘( h( 1+k ))
By substituting (9) and (10) in (8), we have the required result. O

Remark 5. If we take kK = 0, we get some special cases of the Theorem 2:

(i01)

Theorem 2.1 from [3] (case ¢ = 1), using w(¢) = 1 — 2¢ by working only
with I for s = 1,h(¢) = ¢ and m—convex functions.

Theorem 2.2 from [12], by using I> with w(¢) =1— 2(.

Theorem 2.4 of [15] for h({) = ¢ and m = s = 1 with Iy and w({) =
(1— Q) — o,

Theorem 2.2 of [19], for an appropriate w(() function.

Theorem 2.8 of [20], with Iy and w({) =1— 2(,

Theorem 7 from [23] (see Remark 3(ii)).

Theorem 3.1 from [26], where Iy was used and the interval [0, 1] was divided
by using wy = A — ¢ for |0, ] and we = p— ¢ for [%, 1], where X and p real
numbers such that 0 < X\ S <p<l.

Theorem 3 of [28] by taking w(() =(1-¢)*—-¢* and L.

Theorem 5 of [37] by working with w(¢) = (1 —¢)* — ¢ and by using only
1.

Corollary 1. If we choose w(¢) = 1—2(h(() =¢(,m=s=1and k =1 in
Theorem 2, then we get the Simpson type inequality:

(11)

ST (] [
<

< 2 W@+ Y @))-
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Proof. From (7), we get

D = futa) + w(elu) - [ (5552 ) w0 (9552w

1+k 1+k

= [h(ea) + ()] + 2¢(“+Q)

since w'({) = —2,

P [y v + gy v

_ ate) 4 o2
= vt o)+ 20 (52 ) - [Mucoud.

B - 011—2q;h(<) ( )}dc L/|1—2q[ }dc—;,
e sl b ()

! [ 2—¢ .. ! 1
—/0|1—2C| _1—2+1—2}df—/0|1—2C|dC—2a

and
G2 —
1+kK

L1 () [ B+ m

(;21)‘@} _ s ;Cl [|1//(2§1)+|W(2§2)q

S2

= 2 (e + ()

Thus, we have

’Mm+w®> w(“*ﬁ) QfQLTMO%’

< T = ([ (1) + [ (2)])-

By dividing both parts of the last inequality by 4, we obtain (11). The proof is
completed. O

Corollary 2. If we choose w(¢) = 1— 2(,h(() =¢,m=s=1and k =0 in
Theorem 2, then we get Trapezoidal inequality (2).

Proof. From (7), we get
D = [uta) + w(elw) - [ (552 ) 4w (2252 Ly
= [¥(a1) + P()] w(0) — [Y(s2) +¥(a)]
=2[Y(1) +¥(s2)] w(D),

since w'(¢) = —2,

@+
G2 — 61

(Jﬂ¢(@)+uﬁu¢@ﬁ>‘

Pw«n+w9

2 —S1
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B = 1|1—2C| :h(g)+h( }dc /1—2§[ +C}dg_
e [roa((5(59)- ()

= [T fi- 258 va-§lac= [n-agac=)

and

G2 — 61 /
et (O

o (%)‘C} (o) [I¢’(2<1)I+Iw’(2<z)l}
G2 — 61

=2 (19" ()] + [¥'(s2)]) -

Thus, we have

’W(Q)‘HPQ / W(C dc‘ WD)+ 19 ()

— <1

By dividing both parts of the last inequality by 4, we obtain (2). The proof is
completed. 0

By imposing additional assumptions on [¢)'|, we can obtain new refinements of
known results.

Theorem 3. If ¢ : [, 2] — R is a L' function and if [¢'| € Ns 2 o 51, 2], then
for ¢ > 1 the following inequality

1+k Ju
(12) ‘D + — & —q |: (<1+N<2)+,¢)(§2) (%4:2) ’(/J({l):| ’
< gi_i__leq{(W ()" C11 +m (:)‘ch)a

holds, with D as before,

1 3 1 , 1—4
By ([ worac) = ([ i)
1 1 s
n=f () o= (o0 ()
B s (1+5K— c ! 1+r-C\\’
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Proof. By proceeding as in the previous Theorem, from Lemma 1, we have

1 J—
(13) /0 w(C)i/)l(lf_Hﬁ'F ITiKCQ)dC
! S (1+K—C ¢
- [ wtow (S e e )

< [ o
" / w(Q)|

By using the Holder’s inequality in each of the integrals of (13) leads us to

' (< L+r—¢
0 [l (e )

s(AWw@WﬂQ;(AIW( ¢ <+1+“CQ>

14kt 1+k

and
! f1+E—C ¢

) [ (St e ac

1 : Lo 4= ¢ q 7
< ([ wora) ([ o (S ta s e«

with % + % = 1. By considering the (h, m)-convexity of the second type of |1’|?, we

/ ¢ 1+k—¢
P (1—|—/1§1+ 11 nr §2>‘dg

1+k—C( ¢
!
7/’( 1+ &k §1+1+/€<2)

dc.

AN
d()

obtain
1 o q 1
(16) /O ¢'<1iﬁq+1iiﬁ<§2> dCSW(QHq/O h? (14€m)d<
s (S2) ]9 ! C °
el (2) [ (1-0(555)) «
and

! a ! 1+k—-¢
1 < / q s
an | ac <t tl® [ e () ac
1 s
r(S2\ |4 _ 1+r—(
v [ (- () «

By denoting and required and substituting (16), (17) in (14) and (15), we obtain
the desired result (12). O

1+x—-C¢ ¢
/
¢< T <1+1+/€§2>

+m

Remark 6. If we take k = 0, we get some special cases of the Theorem 3:
(1.01) Theorem 11 of [33] by using I;, with w(¢) = (1 — {)* — (™.
(1.02) Theorem 3.2 of [14] by using I, with w(¢) = (1 — {)* — ¢*.
(1.03) Theorem 6 of [37] by using I; with w(¢) = (1 —{)* —(~.
(1.04) Theorem 2.1 (second part) and Theorem 2.2 of [3] by using I; with w({) =
1 — 2¢ and m—convex functions.
(1.05) Theorem 2.8 [12] by using I with w(¢) =1 — 2¢.
(1.06) Theorem 8 of [23], for s—convex (see Remarks 3(ii)).
(1.07) Theorem 1 of [25] by using I} with w(¢) =1 — 2(.
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(1.08) Theorem 2.1 of [31] (see Remarks 5(i09)).
(1.09) Theorem 2 of [2] with w(¢) = p(C).

Remark 7. For k =1 we have a new result for (h, m)—convex functions:

Corollary 3. If ¢ : [gl, m] — Ris a L' function and if |1'|? € Ns 2 [gl, m} then
for ¢ > 1 the following inequality

S1 +§2 w S1 + G2
a9 o (e e e )|
< 20 'Bq'{(|¢/(§1)|q011 +m /(%) ‘1012)3

() ew)'}

1 1—1
holds, with D as before, B, = (fo | w(t)” dt)p = (fol \w(t)|4731 dt) !

_ ! S C _ ! C °
o[ r(§e onn (o)«
1 1 s
o [ () [ (59 s
0 0

Remark 8. With k = 1 and the change of variables t — (t+1), we obtain Theorem
6 from [32] for convex functions (i.e. m = s = 1 and h(t) = t), with wy(t) =
M in Iy and ws(t) = 7ta+(4;t)b for I.

+ (\ (c)|*Ca1 +m

)

Remark 9. Under the above assumptions also we have the Theorem 11 of [33].

Theorem 4. If ¢ : [¢, 2] — R is a L' function and if [¢'|" € N,SL:Q [¢1,%2], then
for ¢ > 1 we have

1+k w w
1) [P () W)+ T 0061 )|
< ?Jr;ﬁ {(W (s1)|" D11 +m (;21)‘ D12)E

+ (1 @I Dar - m

()[pa)'}

-

with D as before, D = (fo lw(¢ |d§> ‘,

1 s
D11=/ lw(Q)| h* <1fr> dg, D12—/ lw(() (1— (1J€H>> dg,
1 1 — y
D21_/ lw(C |h€< TR )dg, D22—/ w(C) (1—h(1riﬁc>> dc.
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Proof. As before, taking into account Lemma 1, we have

! ¢ 1+k—¢
[ @y (e + §2>dC
! 1+ K —
-/ |w<<>|w( T )dcy
! s 1+k— c
< [Tty (fia+ B )]c

' S(1+r—¢ ¢
# [ (S )

and by using well-known power mean inequality, we have

1 JE—
ey [l (o <1+1jj “a)|ac

(20)

<(/01w<<>|d<) (/ i@ v (1o + ) )
and
@ [ e (ljjﬁ |

([ wtonae) " ([l (i s )| @)

By using the modified (h, m)-convexity of |¢/|?, we get
q

1 _
(23) /Olw(C) ¢'<1iﬁq+11riﬁ<§z) dc

< [ [ (755 ) weorm (-0 (155))
=l [ wom (55 )
¢'<f;>]q/01 [w(0) <1h<1iﬁ>)sd<-

q

dg

Similarly,
' S (1+r—¢ ¢
I A e )

< ()l / o (M)
Gl e (e (1))

If we put (23) and (24) in (21) and in (22), it allows us to obtain the inequality
(19). The proof is completed. O

Remark 10. Results known in the literature, which can be obtained from Theorem
4, by taking Kk = 0, we can get the following special cases:
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(1.01) For the s-convex functions we can obtain the Theorem 12 of [33] by using
I with w(¢) = (1—{)* —¢~.

1.02) Theorem 3.2 of [26] (see Remarks 5(i09)).

1.03) Theorem 5 of [2], by using I for w(t) = p(t).

1.04) Theorem 9 of [23] (see Remarks 3(ii)) and |1|? is s—convex.

) Theorem 2.3 of [3] by using I} with w(¢) =1 — 2¢.

1.06) Theorem 7 of [37] by using I with w(¢) = (1-{)*—(* and 1|7 is s—convex.
) Theorem 3.6 of [14] by using I with w(¢) = (1 — ()% — (% and [|7 is

(h — m)—convez.

Remark 11. With k = 1 and using the new variables { — t+1, we obtain Theorem
7 from [32] for convex functions, m = s = 1 and h(t) = t, with w(t) = W%t)a
for Iy and w(t) = —W for I.

Remark 12. Under the assumptions of above remark, also we have the Theorem

12 of [33].

Theorem 5. Let 1 : [s1,52] — R is a L' function. If |’ on the interval [c1, <]
satisfies the condition of the Lagrange Theorem, then the following inequality holds:

1+k
25 D+ I e G2) + J e S
) | Q—q(<+2f¢“) <aﬂ>¢“0‘
(2 —<1) [9"(¢ I/

< —7(1

< ol u 3
where D was defined earlier,

(C,d), f0rg<1+ﬁ C 1+’€_C 1+H_C C

€ = , d= .
¢ {(d,c)7 for(>1;”,c 1+/€§1+ 11r 2 1+ & §1+1—|—/-€§2

Proof. From Lemma 1 and modulus properties, we can write
(26)

‘ID)+ Lt (JE” ++W)Mb(cz)+J(m+<2) ¢(<1)>’

G2 — 61 1+r

1 . 1 _
S/O lw(Q) 1//(1+R<1+ J{iHCQ)—W( J{iHCquliﬁw)

By using the Lagrange Theorem condition, for the right side of the inequality (26),

dc.

we get

(27) W(liKclJrlti;CQ)—¢’<Hl_i;<§1+1iﬁgz)‘
= W)N(C)l‘ljﬁgl * 11/:4‘(2 - 1J1ri;<§1 B 1in§2
=1l (1- 25 ) (@ -

By taking into account (26) and (27), we have (25). O

Corollary 4. If we choose w(C) =1- 2( and £ = 0 in Theorem &5, then we get
(s + P(s
(29 et L 0| < 252
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where |[¢"]| = max ([¢"(C)]).
C€ls1,52]

Proof. From (25), we get

D = w(0) (¥(s1) +1(s2)) —w(l) (1/J(Hg1 +§2) +7/)(<1 + ng2)>

1+k
= (w(0) —w(1)) (¥(s2) + ¥(s1)) = 2 (¥(2) + ¥(s1))
since w'(¢) = -2,
‘D F o () + J;:«p(cl))‘

- ’2 [(s2) + ()] — ﬁ [ w(c)d<’

and
' % Y et I IR
/OI (C)I‘l T+n d¢ = /Oll 2¢| |11 2C|dC—/0 (1-20)"d¢ =

Thus, we have

2[¢(s2) + ()]

(=) 14
aos [ e <&

By dividing both parts of the last inequality by 4, we obtain (28). O

Remark 13. For ¢; — 1 > 1, it is easy to verify that the upper estimate (28) was
better than the estimate obtained in [27, Proposition 2] and confirm in a number
of subsequent studies, for example, see [{, Corollary 8.1] and [5, Corollary 2], for
more details.

3. SOME APPLICATION TO SPECIAL MEANS
Let us present some applications in which the obtained results can be used.
Known mean values of the real numbers o and f; see Pearce and J. Pecarié¢ [25]:
(i) Arithmetic mean: A(a, §) = ‘12&;
(if) Quadratic mean: Q(a, 8) = /a2 + 82;
(iii) Geometric mean: G(a, 8) = vaf, where a8 > 0;
(iv) Harmonic mean: H(a, §) = %, where a + 8 # 0;
(v) Logarithmic mean: L(a, 8) = lngilnon where a, 5 > 0 and « # 5.
Now, by using some results, we give special means of positive real numbers to
some applications.

Example 1. In Corollary 1, if we take ¥(x) = V14 22 defined on the interval
(0,¢2) as a function, then we get

{1 Q@] Q(2.1)} - 4]Q (1) 0 (24(2,Q (2, 1)) F] |
,i%Q (2,1)

and from (28), we have
S2

40,Q (1) — 4[Q (62, 1),1n (24 (2, Q (2, 1) || < 2.



WEIGHTED FRACTIONAL VARIANTS OF HADAMARD INEQUALITIES 157

Example 2. In Corollary 1, if we take ¥ (x) = %2 defined on the interval (s1,<2),
where 1,62 € RT as a function, then we get

A[E (2,.8), 47 (61,0)] - G2 (2.3)| < 220 (o f)

and from (28), we have

B (3.8) - G2 (8, B) < 27
267

Example 3. In Corollary 1, if we take ¥(x) = % defined on the interval (s1,<2),
where 1,62 € RT as a function, then we get

[A[H™ " (q,2), A7 (q,0)] = L7 (q, )| < %Hﬂ (s, <3)

and from (28), we have

G2 — 61

|H™ (c1,0) — L7 (a1, )| < ==
6y

4. CONCLUSIONS

In this article, we considered new integral inequalities of the Hadamard type

for the weighted integrals. Throughout the article, we have shown that many
known results are our particular cases. The generality of the results lies in the
fact that they are valid for various classes of convex functions defined in some
closed subset of a non-negative numerical semi-axis, for example, s—convex in the
second sense, h—convex, m—convex, and for a number of other composite classes of
convex functions. These results can easily be extended to the case of (h, m)—convex
functions of the first type.
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