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ABSTRACT. We study the first nonzero p-Steklov eigenvalue on a two-
dimensional compact Riemannian manifold with a smooth boundary along
the geodesic curvature flow. We prove that the first nonzero p-Steklov eigen-
value is nondecreasing if the initial metric has positive geodesic curvature on
boundary M and Gaussian curvature is identically equal to zero in M along
the un-normalized geodesic curvature flow. An eigenvalue estimation is also
obtained along the normalized geodesic curvature flow.

1. INTRODUCTION

Let (M™, g) be a compact Riemannian manifold of dimension n with smooth
boundary OM. For u € C°°(M), we counsider the following p-Steklov eigenvalue
problem

Apu=0, in M,
0
|Vu|p72a—z = MulP"2u, on OM, (1.1)

where A,u = V(|Vu|P~2Vu), p € (1,00), is the p-Laplace operator and % is the
outer normal derivative of u. The above problem reduces to the classical Steklov
eigenvalue problem when p = 2. For the p-Steklov eigenvalue problem [17, 18],
there is a sequence of nonnegative eigenvalues

0 < A1(p) < Xa(p) < As(p) < -+

The operator A, is conformally covariant [6], i.e., functions which are p-harmonic
with respect to g are also p-harmonic with respect to g and vice versa, where
g = eg is a conformal metric. Variational formula for the first nonzero p-Steklov
eigenvalue A\ (p) is given by

Jar [V gu(®)[PdA,
Jonr lu(®)PdS,

M(p) = mf{ L0 % u e C%(M), /BM u(t)[P~2u(t)dS, = o}.

(1.2)

Definition 1.1. A Riemannian metric on a two-dimensional manifold is called a
flat metric if its Gaussian curvature is identically equal to zero.

Definition 1.2. A two-dimensional Riemannian manifold with flat metric is called
a flat Riemannian surface.
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Throughout the paper we consider (M, go) is a compact flat Riemannian surface
with a smooth boundary oM.

In determining geometry and topology of a Riemannian manifold, the study of
eigenvalue of geometric operators plays a crucial role. Perelman [13] proved that
the first eigenvalue of —4A + R, where R is the scalar curvature, is nondecreasing
along the Ricci flow. After that eigenvalues of different geometric operators on a
Riemannian manifold evolves by geometric flows were studied by many authors, for
instance see [4, 5, 8, 14, 15, 16]. Studying geometric flows is also an active area
of research in geometry. Osgood, Phillips and Sarnak [12] proved the existence of
a conformal metric with Gaussian curvature identically equal to zero in M and
constant geodesic curvature on OM. In [2, 3], Brendle studied geodesic curvature
flow on a surface with boundary. To study more results related to prescribing geo-
desic curvature, one can see [1, 7, 19]. Recently in [9], Ho and Koo studied the first
nonzero Steklov eigenvalue on a compact Riemannian surface with a smooth bound-
ary along the geodesic curvature flow. In [10], the so called canonical deformation
is introduced. The canonical deformation applies to any smooth simply connected
(probably multi-sheet) planar domain regardless to the geodesic curvature of the
boundary. Given such a domain 2, let Q; (¢ € [0, 00)) be the canonical deformation
of the domain and (g, (s), the Steklov zeta-function of €;. The main result of the
paper is that (o, (s) does not increase in t for any real s. The domain §2; converges
to the round disk of the same perimeter as 2 when ¢ — oo in the C*° topology.

In section 2, we study the first nonzero p-Steklov eigenvalue along the un-
normalized geodesic curvature flow and proved that the first nonzero p-Steklov
eigenvalue is nondecreasing along the flow if the initial metric has positive geodesic
curvature on 0M and Gaussian curvature is identically equal to zero in M. In sec-
tion 3, we derive an eigenvalue estimation of the first nonzero p-Steklov eigenvalue
along the normalized geodesic curvature flow.

2. p—STEKLOV EIGENVALUE ALONG UN-NORMALIZED GEODESIC CURVATURE
FLOW

Let (M, go) be a compact flat Riemannian surface with smooth boundary oM.
The un-normalized geodesic curvature flow [9] is defined by

&g(t) = —2kg)g(t) on OM,
Ky =0 in M, g(0) = go,

(2.1)

where k() is the geodesic curvature of 9M and K () is the Gaussian curvature of
M.

Following [9], clearly for a general metric g(t) = e?*(Y)gy conformal to go, the
un-normalized geodesic curvature flow (2.1) reduces to

%u(t) = —kg) on OM. (2.2)

Lemma 2.1. [9] Along the un-normalized geodesic curvature flow, we have

D kg(y) 2 MUD kg, . (2.3)
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Lemma 2.2. Let g(t), t € [0,T) be a solution of the un-normalized geodesic cur-
vature flow (2.1) and A(t) be the corresponding first nonzero p-Steklov eigenvalue.
Then for any ty > t1, t1,t2 € [0,T), we have

/\(752 > )\ t1 -‘rp/ / |p 2 J;i ) af( )ng(t)dt (2.4)

where f(t) is a smooth function on M x [0,T) satisfying

Ay f(8) = 0 in M, / (O 2f(8)dS,0) = 0 and / (OPdS,m = 1,
(2.5)
such that f(ta) is the corresponding eigenfunction of A(tz2).

Proof. At time t = tq, f(t2) is the corresponding eigenfunction of the first p-Steklov
eigenvalue A(t2). Now, we consider a smooth function on M by

u(t2)\ 7T
h(t) = — f(t2), (2.6)
eu(?)
where u(t) is the solution of (2.2). We normalized this function on M by
h(t
(1) = o .1

(Jons IR()[PAS ()7

Extend this function to a p-harmonic function in M with respect to g(t), which we
shall continue to denote as f(t) (see [11]). Now, we have

p—2 1 p—2
Jog 1O 20800 = ety [ IO S0

. 1 eu(tQ) p—2 u(t)dS
" Upus IMOIPdS, ) f (o ) 160 e Vs,

1 / ,
= T |f(t2)[P77 f (t2)dSg(s,) = O,
Upn IH()PdS )+ Jons o
and
1
F@PdS ) = / h(t)[PdS, 4 = 1.
o 1OP5 = (i O S
Set
Gla(t). 1) = | [V FOPdA 0, (28)
which is a smooth function on ¢. Taking derivative with respect to t, we obtain
d
G(g(0) £(1) = G0 F0) = [ SV, fPdA

B p/M Vo F O (V) F (), V(o) J1(£) dAgqr)-
Now using the Stokes theorem, we have

G660, 10) =p [ 19,050p2200 gf (t )ng(t).
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Using the definition of G(g(t), f(t)), we get

to

Glg(ta), f(t2)) = G(g(tr), f(t1)) = | G(g(t), f(t))dL. (2.9)

t1

Since f(t2) is the corresponding eigenfunction of the p-Steklov eigenvalue A(ts2), we
deduce

Glg(ta), f(t2)) = Alt2) /BM [F(t2)[PdSy(z,) = Alt2)- (2.10)
Again from the variational formula for the first p-Stekolv eigenvalue, we infer
G(g(t1), f(t1)) = )\(h)/a | (@) [PdSg,) = Atr). (2.11)
M
Finally using (2.10) and (2.11) in (2.9), we have (2.4). O

Theorem 2.1. Under the un-normalized geodesic curvature flow on a compact
Riemannian manifold M with smooth boundary OM, the first p-Steklov eigenvalue
is mondecreasing if the initial metric go has positive geodesic curvature on OM and
the Gaussian curvature is identically equal to zero in M.

Proof. Since f(t2) is the corresponding eigenfunction of the p-Steklov eigenvalue
A(t2), we have

_o0f(t2) Of(t2)
p—27J\"2)
/BM |vg(t2)f(t2)| at 31’9(752) ng(t2)

= Alt2) /aM [ (t2)[P~2f(t2)

df(t2)
ot

ng(t2).
(2.12)
Differentiating [, [f(t)[PdSy) = 1, we get
. Of(t 9. .
p [ 1ors0 2 s,y = - [ 1 geds,o)
Ou(t
— [ 1rorZas,,
= /8 | Ok dS

= (min &y (o)) /d | FOFAS,(6) = min k().
(2.13)

Thus,

‘p72af(t2) 0f(t2) ;o s A(t2)
ot aug(t2) 9(t2) = P

/ IV g(ea) f (t2)
oM

It is clear by assumption that %1]%}1 kg(0) > 0, hence for ¢ sufficiently close to t2, we

(%1]&1 k}g(o)). (2.14)

deduce

L Of(t) Of (¢
[ Wawrop= 280 s, >0 (2.15)

Hence using Lemma 2.2, we can conclude that A(t2) > A(t1) for any ¢1(< t2)
sufficiently close to ta. Since to is arbitrary, hence the proof is complete. O
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3. p—STEKLOV EIGENVALUE ALONG NORMALIZED GEODESIC CURVATURE FLOW

With the initial metric gg, in this section we consider the following normalized
geodesic curvature flow [9] defined by

0

ag(t) = _2(kg(t) - /_fg(t))g(t) on OM,

Kg(t) =0 in M7 g(o) = 9o,

(3.1)

where ky(;) and Ky are defined as in (2.1). Here l;:g(t) is the average of geodesic
curvature on dM given by

- Jons Koy @Sy(0)
oy = 20M T9(0T29() (3.2)
90 Jons @Socr)

It is proved in [3], the above initial value problem (3.1) has a solution on a small
time interval. Also it is clear form [9], under the conformal change g(t) = e?*(®) g,
the normalized geodesic curvature flow (3.1) reduces to

) _
&u(t) = _(kg(t) - kg(t)) on OM. (3.3)
Along the normalized geodesic curvature flow
d _
@i \ Sy, 3500 | == | (o) = ko) dSge =0, (3.4)
which implies that
/ dSyu) = / dSg, forall t>0. (3.5)
oM oM

Lemma 3.1. Let g(t), t € [0,T) be a solution of the normalized geodesic curvature
flow (3.1) and A\(t) be the corresponding first nonzero p-Steklov eigenvalue. Then
for any ta > t1, t1,t2 € [0,T), we have

to
At2) = A(t1) —‘rp/t / |Vg(t )P~ 29 ( ) l/q( )ng(t)dt (3.6)

where f(t) is a smooth function on M x [0,T) satisfying

o f(8) = 0 in M, / (O 2f(£)dS,0) = 0 and / (OPdS,m = 1,

(3.7)
such that f(ta) is the corresponding eigenfunction of A(tz2).

Proof. The proof is similar as Lemma 2.2. O

Theorem 3.1. Under the normalized geodesic curvature flow on a compact Rie-
mannian manifold M with smooth boundary OM , the first nonzero p-Steklov eigen-
value is mondecreasing if for the initial metric go, (7?]%/7[1 kgty = kgry) > 0 on OM

and Gaussian curvature is identically equal to zero in M.
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Proof. Since f(t3) is the corresponding eigenfunction of the p-Steklov eigenvalue
A(t2), we have

[ Wyt tts
oM

01 (t2) 0 ostt
p=2 f( 2) 31{((7522 dSy(ty) = Alt2) /8M |F(t2) P2 f(t2) fa(t2)d5g(tz)

-2 /aM () 202 dSy(1,)

D ot
Alt2)
=2 P k) = Ry ) 02
A(t2) . -
= D mn Kg(t2) = Kg(t) ) - (3-8)
Rest of the proof is same as the method applied in Theorem 2.1. O

Proposition 3.1. Along the normalized geodesic curvature flow (3.1), the first
nonzero p-Steklov eigenvalue A(t) satisfies

d . _
7 log A(t) > <rg]{/r[1 ko) — kg(t)> for all t, (3.9)

where on the left side, the derivative is in the sense of the liminf of backward
difference quotients.

Proof. Using (3.7) and the fact that f(t2) is the corresponding eigenfunction of the
first nonzero p-Steklov eigenvalue A(t2), we have

_,O0f(t2) Of(t _
[, o tep 2 s, ) = xo) [ 12

=2 /aM |f(t2) pa“(”)dsg(m

Of(t2)
5 Watta)

D ot
At
=20 [P )~ Fo)aS (1)
At . _
2 (p2) <%1ﬁ1 kg(tz) — kg(t2)> . (310)

Hence for any € > 0, we have that

A(t
/3M ‘Vg(t)f(t)‘p 2 J(;(t ) a]{((t)) ng(t) > (p2) <%11n k g(t) — kg(t) — 6) (3.11)

for t sufficiently closed to t5. Thus the Lemma 3.1 gives

to _
Ats) — A(t1) > A(ta) / <%1 Koy — Kgre) — e> dt. (3.12)
ty

for ¢; sufficiently closed to t2 and ty > t;. Now dividing the equation (3.12) by
to — t1 and taking t; — to, we obtain

. A(t2) = A1) . -
I%I;Il}gfﬁ Z )\(tg) %1]%1 kg(tg) — kg(tQ) — €. (313)
Using the same argument used (in (2.21), [8]), we can say that

liminflog /\(tg) — IOg )\(tl) > 1 lim inf)\(tg) - )\(tl).

3.14
t1—t2 to — 11 - /\(t2) t1—to to — 11 ( )
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Now (3.13) and (3.14) yields
log A(t2) — log \(t1) . _

l%{rgigf P— > min kgts) — Kg(ts) — € (3.15)
Since € is arbitrary, we have our result. ([

Lemma 3.2. Let g(t), t € [0,T) be a solution of the normalized geodesic curvature
flow (3.1) and A\(t) be the corresponding first nonzero p-Steklov eigenvalue. Then
for any ty > tq, t1,t2 € [0,T), we have

af(t) o
A(t2) < A(th) +p/ / Vg f (£)|P2 gi)ajg((t))dsg(t)dt, (3.16)

where f(t) is a smooth function on M x [0,T) satisfying

oo f(8) = 0 in M, / (O£ (£)dS, ) = 0 and /8M F(O)FdS, e = 1,

such that f(t1) is the corresponding eigenfunction of A(t1). 40
Proof. We define a function on the boundary M of M by
ult) \ 71
h(t) = (Mt)) f(t), (3.18)
where u(t) is the solution of (3.3). We normalized the function on OM by
£(t) = At (3.19)

T-
(Jonr 1R(E)[PASy(r)) ¥
Extend this function to a p-harmonic function in M with respect to g(t), which we
shall continue to denote asf(t). Now we have
1
FOP2(2)d5,0) = [ e )ds, ) = o
/8M (faM |h(t)‘pd5'g(t))1 » JOM

and

1
)Py = | Ihpdsy, =1
/8M 9() (Sfons IR(E)[PdSy)) Jonr 9)
Set
/ Vg0 f (O A, (3.20)
which is a smooth function on ¢. Taking derivative with respect to ¢, we get
d
Gl(t), 1(1)) = / Vs fOIPdA,
= p/ Vo) FOIP 2 (Vg F(£), Vo) fi (1) dAg()-

So by using the Stoke’s theorem, we obtain

G660, 10) =p [ 19,050p2200 gf (t )ng(t).
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Using the definition of G(g(¢), f(t)), we deduce

G(g(t2), f(t2)) = G(g(tr), f(t1)) = 2 G(g(t), £(2))dt. (3.21)

ty
Since f(t1) is the corresponding eigenfunction of the p-Steklov eigenvalue A(¢1), we
conclude

Gg(t1), f(t1)) = /\(t1)/8M |f(t)[PdSg,) = Alta). (3.22)
Again form the variational formula for the first p-Stekolv eigenvalue, we have
Glg(t2), f(t2)) = >\(t2)/(9 | (2)[PdSg (1) = Alt2)- (3.23)
M
Finally using (3.22) and (3.23) in (3.21), we arrive at (3.16). O

Proposition 3.2. Under the normalized geodesic curvature flow the first nonzero
p-Steklov eigenvalue A(t) satisfies

d _
pr log A(t) < <n@1ax ko) — kzg(t)> for all t, (3.24)
where on the left hand side, the derivative is in the sense of the lim sup of backward

difference quotients.

Proof. By using (3.17) and since f(¢1) is the corresponding eigenfunction of the
first nonzero p-Steklov eigenvalue A(t1), we have

L Of(t1) Of(t _
G2 ﬂ;”ailﬁdsﬂh>A@LQAM.ﬂunpzf@o

:_/\(tl)/6]\/[|f( ) ( )ng(tl)

af(t1)

p
Alt1) z
-2 AMwmm%meWM&w
A(t1) -
< » 118112\%4)( kg(tl) — kg(tl) . (3.25)
Thus, for any € > 0 we get
af(t) 9f(t) Ath) -
p—2 < —
/8 Vgl o vy ng(t) <=, max kgty — ko) + €, (3.26)
for ¢ sufficiently closed to t; and to > t1. Hence by using (3.16), we find
to _
)\(tg) — )\(tl) S )\(tl)/t (Ig]é\%j( kg(t) — kg(t) -+ E> 5 (327)
1
for ¢ sufficiently closed to t5. Dividing both sides by to — ¢1 and taking to — tq, it
follows Mta) — A(ty)
. to) — A(t1 _
| — 2 < \(¢ k —k . 3.28
imsup——r—7 " < Alt) (1}}3} g(tr) ~ Kg(er) + 6) (3.28)

By similar argument used (in (2.21), [8]), we get

Jim sup log A(t2) —log A(t1)
to—ty t2 - tl

< %1]2\14)( kg(tl) — Eg(tl) + €. (329)

Since € > 0 is arbitrary, we have (3.24). O
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Theorem 3.2. Assume that for a initial metric go, Gaussian curvature is identi-
cally equal to zero in M and OM has negative geodesic curvature. Also g. is the
metric conformal to go with respect to which the Gaussian curvature identically
equal to zero in M and constant geodesic curvature on OM such that the lengths of
OM of g. and go are the same. If A(g.) and A(go) are the first nonzero p-Steklov
etgenvalue of g. and go respectively, then

min kg, h\ min kg,
oM % g0 oM 7

Proof. Tt was proved in [3] that ¢ — g, as t — oo along the normalized geodesic
curvature flow (3.1) such that g is conformal to go and has constant geodesic
curvature on M and Gaussian curvature is identically equal to zero in M. Now

from (3.5), we have
/ dS,.. = / dSg,. (3.31)
oM oM

By assumption it is given that

/ ds,, = / dsS,,. (3.32)
oM oM
From (3.31) and (3.32), we get

s, = [ ds,. (3.33)
oM oM

Now from Gauss-Bonnet theorem, it follows that
k;goo/ ds,.., :/ K, dA,, +/ kg dS,. =2mx(M) (3.34)
oM M oM
and
kgc/ dS e / Kgchgc +/ kgcngc = QWX(M)’ (335)
oM M oM

where x(M) is the Euler characteristic on M. It is given that for the initial metric g,
M has Gaussian curvature which is identically equal to zero and OM has negative
geodesic curvature, so it is clear that the Euler characteristic function is negative.
So using (3.33), we find

kg = ko, < 0. (3.36)
If g(t) = (V) gy then we obtain
—Agou+ kg, = kge*™ in M, (3.37)
Ju u
8790 + kgo = kge on 8M, (338)
where =2— is the normal derivative with respect to go.

g
From the Gauss-Bonnet theorem, (3.1), (2.3), and (3.5), we have

o = Jar KoydAgwy + Jonr kgyas,,  2mx(M)
- _
7 fBM ng(t) faM ng(t)

for ¢t >0. (3.39)
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Hence g. and g, are conformal to gg. With respect to all of them Gaussian curva-
ture is identically equal to zero, if g. = e?" gy then we infer

Agu=0 in M, p Agv=0 in M,
an,
6(330 + kg, = kooe™ on OM, aﬁgo + kg, = kg e’ on OM.

Since koo = kgy,, We obtain

Ag(u—v)=0 in M,

8(” B U) _ n v
Tgo = kg (e —e”) on OM.
Thus
(u— U)M = kg (e —e”)(u—v) on OM. (3.40)
Ovg,

Integrating of above equation over OM with respect to gg, we infer

a(u — ’U) u v
0< [ Watu—o)Pddy, = [ (o)X= ds, —ky, [ (et u-0ds,,.
M oM Vg0 oM

(3.41)

On the other hand k,, < 0 and (e* — e”)(u — v) > 0, then the left hand side of
(3.41) is non positive. Therefore [, (e*—e”)(u—v)dSg, = 0 which yields u = v on
OM and since u — v is harmonic in M, we get u = v in M. It implies that g. = goo-

Again from Lemma 2.9 of [9], we have

¢
kgy < kgo + (rgja&x kgy — rgj{}l k’go> + (rgﬁ/fx kzgo) /0 (I(ral]a&[x kgry — kzgm> dr.
(3.42)
It follows from (3.39) and (3.42) that

t
(rralzz\zx kg, — kgt) — <rg}:§m4x kg, — Ig]{/}l kgo> < (rralzz‘xlx kgo) /0 (Iglz\m/[x kg, — kgm) dr.

(3.43)
If t — oo, then
%1]&1 kgo o0 _
— 1= % > /0 (nal]z\x/lx kg, — kg(7)> dr. (3.44)

Integrating (3.24) with respect to t on interval [0, c0) and using (3.44) and g. = goo,
we conclude

A . by o 0 _ min k;g
log 292) _ 15 A922) g/ <max o, — kg(ﬂ) gr< |1 oM
A(go) Ago) 0 oM max kg,

(3.45)
From Lemma 2.10 of [9], we obtain

¢
kgty = kgo — <%1%4X kg, — Igﬁl kg(J) + (Ig]z\}x kgo> /0 (I{Ijl]gl kg — kg(r)) dr.
(3.46)
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Then we get

t
(kg<,,> —min kgu)) - (rgg;x kgo — min kgo) <- (Igglx kgo) /0 (rgg Ky

As t — oo, we conclude

min kg, oo

oM . 7
1l—— | < min kg — kg, | d.

max kg, 0 oM

oM

Integrating (3.24) and using (3.48) and g. = goo, we infer

in k

Age) AMgoo) /°° . . Bar e
1 — > [ S N 2
BN) B Ngo) = Sy \UBat Fee T Fae JOT = max kg,

oM
This completes the proof of theorem.
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