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Abstract. We consider a linear maximin problem with connected
variables, which is interpreted as a linear game of two persons (players),
choosing their strategies alternately, �rst the �rst player, then, knowing
him, the second player with opposite goals. The problem under consideration
is investigated using the dual problem, which is also a linear maximin
problem with bound variables. The main tool for studying the problem
under consideration is the concept of support introduced by R. Gabasov
and F.M. Kirillova for solving linear programming problems and further
developed by him and their students for solving various optimization
problems. With the help of the introduced concept of conditionally equal
supports, the necessary optimality conditions are formulated and proved.
These conditions can be used in the development of algorithms for solving
the problem under consideration. An illustrative example is given, in
which it was also possible to switch from one locally optimal strategy of
the �rst player to another, which makes it possible to improve the value
of the objective function if the condition of the proved theorem is not
met.
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1. Ââåäåíèå

Íàðÿäó ñ îáùåé òåîðèåé óñëîâèé îïòèìàëüíîñòè â íåãëàäêèõ çàäà÷àõ îïòè-
ìèçàöèè [1-8], íåìàëîâàæíûì ÿâëÿåòñÿ ïîëó÷åíèå ñïåöèàëüíûõ óñëîâèé îïòè-
ìàëüíîñòè,ó÷èòûâàþùèõ ñïåöèôèêó çàäà÷ è ïðåäíàçíà÷åííûõ äëÿ ïîñòðîåíèÿ
÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ýêñòðåìàëüíûõ çàäà÷ [9-14].

Âàæíûì ïðè ðàçðàáîòêå àëãîðèòìîâ ðåøåíèÿ ìíîãîýêñòðåìàëüíûõ çàäà÷
ÿâëÿåòñÿ ñîñòàâëåíèå áëîêà àëãîðèòìà, îñóùåñòâëÿþùåãî ïåðåõîä ñ îäíîãî
ëîêàëüíî-îïòèìàëüíîãî ïëàíà ê äðóãîìó ïëàíó, ïîçâîëÿþùèé óëó÷øèòü çíà-
÷åíèå öåëåâîé ôóíêöèè.

Íàðÿäó ñ ïðÿìûìè ìåòîäàìè èññëåäîâàíèÿ ýêñòðåìàëüíûõ çàäà÷, âàæíóþ
ðîëü èãðàþò äâîéñòâåííûå ìåòîäû [15, 16], êîòîðûå ïîçâîëÿþò îñóùåñòâèòü
ïåðåõîä ê ëó÷øåìó ïëàíó â ñìûñëå îïòèìèçàöèè öåëåâîé ôóíêöèè. Çà÷àñòóþ
òàêîå óëó÷øåíèå êðàéíå ñëîæíî ïðè èñïîëüçîâàíèè ïðÿìûõ ìåòîäîâ.

Ïîíÿòèå äâîéñòâåííîé çàäà÷è (äâîéñòâåííîé ïîëóèãðû) äëÿ ëèíåéíîé ìàê-
ñèìèííîé çàäà÷è ñî ñâÿçàííûìè ïåðåìåííûìè áûëî ââåäåíî â ðàáîòå [17]. Òàì
æå áûëî äîêàçàíî, ÷òî îïòèìàëüíûå çíà÷åíèÿ öåëåâûõ ôóíêöèé ýòèõ çàäà÷
(öåíû ýòèõ ïîëóèãð) ñîâïàäàþò. Àíàëîãè÷íîå óòâåðæäåíèå äëÿ ëèíåéíîé ìàê-
ñèìèííîé çàäà÷è ñî ñâÿçàííûìè ïåðåìåííûìè, îòíîñÿùååñÿ ê èãðàì ñ çàïðå-
ùåííûìè ñèòóàöèÿìè [18], áûëî äîêàçàíî â [19]. Â ðàáîòàõ [9, 20] èññëåäîâàíû
îòíîøåíèÿ ìåæäó ìàêñèìèíîì è ìèíèìàêñîì.

Èç òåîðèè äâîéñòâåííîñòè ëèíåéíîãî ïðîãðàììèðîâàíèÿ èçâåñòíî [15, 16],
÷òî åñëè ïðè íåêîòîðûõ ïëàíàõ ïðÿìîé è äâîéñòâåííîé çàäà÷ çíà÷åíèÿ èõ öåëå-
âûõ ôóíêöèé ñîâïàäàþò, òî ýòè ïëàíû ÿâëÿþòñÿ îïòèìàëüíûìè ïëàíàìè ýòèõ
çàäà÷ ñîîòâåòñòâåííî. Àíàëîãè÷íîå óòâåðæäåíèå, äëÿ ëèíåéíûõ ìàêñèìèííûõ
çàäà÷ ñî ñâÿçàííûìè ïåðåìåííûìè, âîîáùå ãîâîðÿ, íåâåðíî. Áîëåå òîãî, çäåñü
íå âñåãäà ìîæíî ãîâîðèòü î ëîêàëüíîé îïòèìàëüíîñòè. Â ðàáîòå [21] äëÿ ëè-
íåéíîé ìàêñèìèííîé çàäà÷è ñî ñâÿçàííûìè ïåðåìåííûìè, äîêàçàíû òåîðåìû,
ïðè âûïîëíåíèè óñëîâèé êîòîðûõ, èç ñîâïàäåíèÿ çíà÷åíèé öåëåâûõ ôóíêöèé
âçàèìíî äâîéñòâåííûõ çàäà÷ ñëåäóåò ëîêàëüíàÿ îïòèìàëüíîñòü ñîîòâåòñòâó-
þùèõ ñòðàòåãèé (ïëàíîâ) ïåðâûõ èãðîêîâ ýòèõ çàäà÷. Àíàëîãè÷íûå òåîðåìû
äëÿ ëèíåéíîé ìàêñèìèííîé çàäà÷è ñî ñâÿçûâàþùèìè îãðàíè÷åíèÿìè íåðàâåí-
ñòâàìè äîêàçàíû â ðàáîòå [22]. Â ðàáîòå [23] òåîðåìû èç ðàáîòû [21] îáîáùåíû
íà ñëó÷àé íåîáõîäèìîãî óñëîâèÿ ãëîáàëüíîé îïòèìàëüíîñòè. Â äàííîé ðàáîòå
äîêàçûâàåòñÿ òåîðåìà, ÿâëÿþùàÿñÿ îáîáùåíèåì íåîáõîäèìîãî óñëîâèÿ îïòè-
ìàëüíîñòè "âûñîêîãî ïîðÿäêà"[23]. Ïðèâåäåí èëëþñòðàòèâíûé ïðèìåð, â êî-
òîðîì òàêæå óäàëîñü ïåðåéòè ñ îäíîé ëîêàëüíî-îïòèìàëüíîé ñòðàòåãèè ïåðâîãî
èãðîêà ê äðóãîé, ïîçâîëÿþùèé óëó÷øèòü çíà÷åíèå öåëåâîé ôóíêöèè.

2. Ïîñòàíîâêà çàäà÷è,íåîáõîäèìûå ñâåäåíèÿ

Íà ìíîæåñòâàõ

X = {x | f∗ ≤ x ≤ f∗} è

Y (x) = {y | g∗ ≤ y ≤ g∗, Ax+By = b}

ãäå x = x(J), f∗ = f∗(J), f
∗ = f∗(J)− n - âåêòîðû, y = y(K), g∗ = g∗(K),

g∗ = g∗(K) − l - âåêòîðû, b = b(I) − m - âåêòîð, A = A(I, J), B = B(I,K) -
ñîîòâåòñòâåííî m× n è m× l ìàòðèöû; rankB = m < l, I = {1, 2, ...,m},
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J = {1, 2, ..., n},K = {1, 2, ..., l}, ∀x ∈ X,Y (x) ̸= ∅, ðàññìîòðèì ëèíåéíóþ ìàê-
ñèìèííóþ çàäà÷ó ñî ñâÿçàííûìè ïåðåìåííûìè [17,21,23]:

φ(x) = min
y∈Y (x)

(c′x+ d′y) → max
x∈X

(1)

Çäåñü c = c(J), x = x(J) − n - âåêòîðû,′ (øòðèõ) çíàê òðàíñïîíèðîâàíèÿ,
x = x(J) = (xj , j ∈ J).

Çàäà÷à (1) èíòåðïðåòèðóåòñÿ êàê èãðà äâóõ ëèö (èãðîêîâ), êîòîðûå âûáèðà-
þò âåêòîðû x è y ñîîòâåòñòâåííî èç ìíîæåñòâ X è Y (x) ïîî÷åðåäíî, ñíà÷àëà
ïåðâûé èãðîê âûáèðàåò x, çàòåì, çíàÿ x, âòîðîé èãðîê âûáèðàåò y ñ öåëÿìè
: ïåðâîãî èãðîêà - ìàêñèìèçèðîâàòü ôóíêöèþ φ(x), x ∈ X, âòîðîãî èãðîêà -
ìèíèìèçèðîâàòü d′y, y ∈ Y (x) .

Âåêòîð x ∈ X íàçûâàåòñÿ ñòðàòåãèåé (ïëàíîì) ïåðâîãî èãðîêà.
Âåêòîð y ∈ Y (x) íàçûâàåòñÿ ñòðàòåãèåé âòîðîãî èãðîêà, ñîîòâåòñòâóþùåé

ñòðàòåãèè ïåðâîãî èãðîêà x (êîðîòêî, x - ñòðàòåãèåé âòîðîãî èãðîêà).
Îòìåòèì, ÷òî ñëàáàÿ çàäà÷à ëèíåéíîãî äâóõóðîâíåâîãî ïðîãðàììèðîâàíèÿ

[24, 25] ñ îäèíàêîâûìè öåëåâûìè ôóíêöèÿìè íà âåðõíåì è íèæíåì óðîâíå
ÿâëÿåòñÿ ëèíåéíîé ìàêñèìèííîé (ìèíèìàêñíîé) çàäà÷åé ñî ñâÿçàííûìè ïåðå-
ìåííûìè òèïà (1).

Ôóíêöèÿ φ(x), x ∈ X, ÿâëÿåòñÿ âûïóêëîé è êóñî÷íî - ëèíåéíîé [9, 20]. Ïî-
ýòîìó, â îáùåì ñëó÷àå, çàäà÷à (1) ìíîãîýêñòðåìàëüíà.

Ñòðàòåãèÿ x0 ∈ X íàçûâàåòñÿ îïòèìàëüíîé ñòðàòåãèåé ïåðâîãî èãðîêà, åñëè
äëÿ âñåõ x ∈ X âûïîëíÿåòñÿ íåðàâåíñòâî φ(x) ≤ φ(x0).
x-ñòðàòåãèÿ y0 ∈ Y (x) íàçûâàåòñÿ x-îïòèìàëüíîé ñòðàòåãèåé âòîðîãî èãðî-

êà, åñëè îíî ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

d′y → min
y∈Y (x)

. (2)

Äëÿ ðåøåíèÿ çàäà÷è (1) ëîêàëüíî-îïòèìàëüíûå ñòðàòåãèè èãðàþò âàæíóþ
ðîëü.

Ñòðàòåãèÿ xγ ∈ X íàçûâàåòñÿ ëîêàëüíî - îïòèìàëüíîé ñòðàòåãèåé ïåðâîãî
èãðîêà, åñëè ñóùåñòâóåò òàêîå ÷èñëî ε > 0, ÷òî äëÿ âñåõ x ∈ X, óäîâëåòâîðÿþ-
ùèõ íåðàâåíñòâó

∥ x− xγ ∥< ε

âûïîëíÿåòñÿ íåðàâåíñòâî φ(x) ≤ φ(xγ).
Íàïîìíèì, ÷òî äâîéñòâåííûì íàçûâàåòñÿ ìåòîä ïîñòðîåíèÿ îïòèìàëüíûõ

ïëàíîâ ýêñòðåìàëüíûõ çàäà÷ ïî ðåçóëüòàòàì ðåøåíèÿ âñïîìîãàòåëüíîé (äâîé-
ñòâåííîé) çàäà÷è.

Íàðÿäó ñ çàäà÷åé (1) ðàññìîòðèì çàäà÷ó

ψ(µ, s, t) = min
(λ,ν)∈Λ(µ,s,t)

(b′µ+ g′∗s− g∗′t+ f∗′λ− f ′∗ν) → max
(µ,s,t)∈M

, (3)

ãäå

M = {(µ, s, t) | B′µ− t+ s = d; s ≥ 0, t ≥ 0},

Λ(µ, s, t) = {(λ, ν) | A′µ− ν + λ = c; ν ≥ 0, λ ≥ 0}.
Çàäà÷à (3) íàçûâàåòñÿ äâîéñòâåííîé ê çàäà÷å (1), âåêòîð (µ, s, t) ∈M - ñòðà-

òåãèåé ïåðâîãî èãðîêà, à âåêòîð (λ, ν) ∈ Λ(µ, s, t) - ñòðàòåãèåé âòîðîãî èãðîêà
â çàäà÷å (3).
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Îòìåòèì, ÷òî ñëåäóåò ðàçëè÷àòü ñîîòâåòñòâóþùèõ èãðîêîâ, ó÷àñòâóþùèõ â
çàäà÷àõ (1) è (3).

Ïóñòü

β = (δ,∇), δ = δ(K) = B′µ− d;∇ = ∇(J) = A′µ− c, (4)

êîïëàí çàäà÷è (1) [6], ïîñòðîåííûé ïî êîìïîíåíòå µ ñòðàòåãèè ïåðâîãî èãðî-
êà çàäà÷è (3), (µ, s, t) ∈ M, (λ, ν) ∈ Λ(µ, s, t)− ñòðàòåãèè èãðîêîâ çàäà÷è (3),
ñîãëàñîâàííûå ñ êîïëàíîì β:

sk = 0, tk = δk åñëè δk ≥ 0;

sk = −δk, tk = 0 åñëè δk < 0, k ∈ K; (5)

νj = ∇j , λj = 0 åñëè ∇j ≥ 0;

νj = 0, λj = −∇j åñëè ∇j < 0; j ∈ J.

Ïðè ýòîì èìååì [23]:

b′µ+ g′∗s− g∗′t = max
(µ,s,t)∈M

(b′µ+ g′∗s− g∗′t),

f∗′λ− f ′∗ν = min
(λ,ν)∈Λ(µ,s,t)

(f∗′λ− f ′∗ν).

Ïîýòîìó, ïðè èññëåäîâàíèè çàäà÷è (3), äîñòàòî÷íî ðàññìîòðåòü òîëüêî ñî-
ãëàñîâàííûå ñòðàòåãèè èãðîêîâ.

Êîïëàí β íàçûâàåòñÿ îïòèìàëüíûì (ëîêàëüíî-îïòèìàëüíûì), åñëè ñîãëàñî-
âàííàÿ ñ íèì ñòðàòåãèÿ (µ, s, t) ∈M ÿâëÿåòñÿ îïòèìàëüíîé (ëîêàëüíî-îïòèìàëüíîé)
ñòðàòåãèåé ïåðâîãî èãðîêà çàäà÷è (3).

Ïóñòü x � ñòðàòåãèÿ ïåðâîãî èãðîêà â çàäà÷å (1).
Ñîâîêóïíîñòü Kop = Kop(x) = {k1, k2, ..., km} ⊂ K = {1, 2, ..., l}, íàçûâàåòñÿ

îïîðîé [16] çàäà÷è (2), åñëè detB(I,Kop) ̸= 0.
Ïàðà {β,Kop} èç êîïëàíà β è îïîðû Kop íàçûâàåòñÿ îïîðíûì êîïëàíîì

çàäà÷è (1). Îíî ñ÷èòàåòñÿ íåâûðîæäåííûì, åñëè δk ̸= 0, k ∈ Kn = K\Kop,∇j ̸=
0, j ∈ J.

Âåêòîð ω, óäîâëåòâîðÿþùèé ðàâåíñòâàìAχ+Bω = b, íàçûâàåòñÿ χ-ïñåâäîñòðàòåãèåé
âòîðîãî èãðîêà â çàäà÷å (1).

Ïî îïîðíîìó êîïëàíó {β,Kop} ïîñòðîèì ñîîòâåòñòâóþùóþ åìó ñòðàòåãèþ
ïåðâîãî èãðîêà χ è χ-ïñåâäîñòðàòåãèþ âòîðîãî èãðîêà ω çàäà÷è (1):

χj = f∗j ïðè ∇j > 0;

χj = f∗j ïðè ∇j < 0;

χj = f∗j ∨ f∗j ïðè ∇j = 0, j ∈ J ;

ωk = g∗k ïðè δk < 0; (6)

ωk = g∗k ïðè δk > 0;

ωk = g∗k ∨ g∗k ïðè δk = 0, k ∈ Kn;

ω(Kop) = [B(I,Kop)]
−1[b(I)−A(I, J)χ(J)−B(I,Kn)ω(Kn)].

Ïðèâåäåì óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ çíà÷åíèÿ öåëåâûõ ôóíêöèé
çàäà÷ (1) è (3) ïðè ñòðàòåãèÿõ ïåðâûõ èãðîêîâ, ñîîòâåòñòâóþùèõ îïîðíîìó
êîïëàíó {β,Kop} è ñîãëàñîâàííûõ ñ êîïëàíîì β, ñîâïàäàþò.
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Òåîðåìà 1 (21). Ïóñòü äëÿ îïîðíîãî êîïëàíà {β,Kop}âûïîëíÿþòñÿ ñîîòíî-
øåíèÿ

ωk = g∗k ïðè δk < 0;

ωk = g∗k ïðè δk > 0; (7)

ωk ∈ [g∗k, g
∗
k] ïðè δk = 0, k ∈ Kop,

à ñòðàòåãèè èãðîêîâ (µ, s, t), (λ, ν) ñîãëàñîâàíû ñ êîïëàíîì β. Òîãäà ñïðàâåä-
ëèâî ðàâåíñòâî φ(χ) = ψ(µ, s, t).

Íèæå ïðèâîäèìûå òåîðåìû, îñíîâàíû íà ôîðìóëå ïðèðàùåíèÿ öåëåâîé ôóíê-
öèè çàäà÷è (3).

Ïóñòü {β,Kop}− íà÷àëüíûé îïîðíûé êîïëàí, β = β +∆β− äðóãîé êîïëàí,

(µ = µ+∆µ, η = η+∆η, ξ = ξ+∆ξ, s = s+∆s, t = t+∆t), (λ = λ+∆λ, ν = ν+
∆ν)− äðóãèå ñòðàòåãèè èãðîêîâ çàäà÷è (3), äëÿ êîòîðûõ òàêæå âûïîëíÿþòñÿ
óñëîâèÿ ñîãëàñîâàíèÿ (5). Èñïîëüçóÿ (5),(6) è ∆δ′ = ∆µ′B,∆∇′ = ∆µ′A äëÿ
ïðèðàùåíèÿ öåëåâîé ôóíêöèè çàäà÷è (3), èìååì [23]:

∆ψ(µ, s, t) =
∑

k∈Kop

(∆δkωk + g∗k∆sk − g∗k∆tk)+

+
∑

δk=0,δk<0,k∈Kn

δk(ωk − g∗k) +
∑

δk>0,δk<0,k∈Kn

δk(g
∗
k − g∗k)+

+
∑

δk=0,δk≥0,k∈Kn

δk(ωk − g∗k) +
∑

δk<0,δk≥0,k∈Kn

δk(g∗k − g∗k)+

+
∑

∇j=0,∇j<0,j∈J

∇j(χj − f∗j ) +
∑

∇j>0,∇j<0,j∈J

∇j(f∗j − f∗j )+

+
∑

∇j=0,∇j≥0,j∈J

∇j(χj − f∗j) +
∑

∇j<0,∇j≥0,j∈J

∇j(f
∗
j − f∗j) (8).

Ïðèâåäåì óñëîâèÿ, ïðè âûïîëíåíèè êîòîðûõ, èç ñîâïàäåíèÿ çíà÷åíèé öåëå-
âûõ ôóíêöèé âçàèìíî äâîéñòâåííûõ çàäà÷ (1) è (3), ñëåäóåò ëîêàëüíàÿ îïòè-
ìàëüíîñòü ñîîòâåòñòâóþùèõ ñòðàòåãèé ïåðâûõ èãðîêîâ ýòèõ çàäà÷.

Òåîðåìà 2 (21). Ïóñòü {β,Kop}− íåâûðîæäåííûé îïîðíûé êîïëàí, à χ è ω
ñîîòâåòñòâóþùèå åìó ñòðàòåãèÿ ïåðâîãî èãðîêà è χ-ïñåâäîñòðàòåãèÿ âòî-
ðîãî èãðîêà çàäà÷è (1). Äëÿ ëîêàëüíîé îïòèìàëüíîñòè êîïëàíà β íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü ñîîòíîøåíèÿ (7). Ñòðàòåãèÿ χ â ýòîì
ñëó÷àå ÿâëÿåòñÿ ëîêàëüíî-îïòèìàëüíîé ñòðàòåãèåé ïåðâîãî èãðîêà â çàäà÷å
(1).

Òåîðåìà 3 (21). Ïóñòü {β,Kop} - îïîðíûé êîïëàí, äëÿ êîòîðîãî δ(Kop) = 0, à
χ è ω ñîîòâåòñòâóþùèå åìó ñòðàòåãèÿ ïåðâîãî èãðîêà è χ-ïñåâäîñòðàòåãèÿ
âòîðîãî èãðîêà çàäà÷è (1). Åñëè ωk ∈ (g∗k, g

∗
k), k ∈ Kop, òî χ ÿâëÿåòñÿ ëîêàëüíî-

îïòèìàëüíîé ñòðàòåãèåé ïåðâîãî èãðîêà â çàäà÷å (1), à β− ëîêàëüíî-îïòèìàëüíûì
êîïëàíîì.

Äëÿ ôîðìóëèðîâêè òåîðåìû, ÿâëÿþùåéñÿ îáîáùåíèåì òåîðåìû 3 íà ñëó÷àé
íåîáõîäèìîãî óñëîâèÿ ãëîáàëüíîé îïòèìàëüíîñòè, ðàññìîòðèì ïîíÿòèå óñëîâíî-
ñîñåäíèõ îïîð è ëó÷øåé îïîðû îòíîñèòåëüíî äðóãîé îïîðû.
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Ïî îïîðå Kop ïîñòðîèì âåêòîð µ(I) ñëåäóþùèì îáðàçîì:

µ′(I) = d′(Kop)[B(I,Kop)]
−1. (9)

Çíà÷åíèå öåëåâîé ôóíêöèè çàäà÷è (3), âû÷èñëåííîå ñ ïîìîùüþ îïîðû Kop

ïî ôîðìóëàì (4),(5), (9) îáîçíà÷èì ÷åðåç ψ((µ, s, t) | Kop) [23].
Îïîðû K1

op,K
2
op íàçûâàþòñÿ óñëîâíî-ñîñåäíèìè, åñëè îíè îòëè÷àþòñÿ íà

îäèí ýëåìåíò [23].
Ïóñòü K1

op,K
2
op óñëîâíî-ñîñåäíèå îïîðû, (µ

1, s1, t1), (µ2, s2, t2) - ñîîòâåòñòâó-
þùèå èì ñòðàòåãèè ïåðâîãî èãðîêà çàäà÷è (3).

Îïîðà K1
op íàçûâàåòñÿ ëó÷øåé ïî îòíîøåíèþ ê îïîðå K2

op [23], åñëè

ψ((µ1, s1, t1) | K1
op) > ψ((µ2, s2, t2) | K2

op).

Òåîðåìà 4. (Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè "âûñîêîãî ïîðÿä-
êà") [23]. Ïóñòü {β,Kop} - îïîðíûé êîïëàí çàäà÷è (1), äëÿ êîòîðîãî δ(Kop) =
0, à χ è ω− ñîîòâåòñòâóþùèå åìó ñòðàòåãèÿ ïåðâîãî èãðîêà è χ-ïñåâäîñòðàòåãèÿ
âòîðîãî èãðîêà çàäà÷è (1). Äëÿ îïòèìàëüíîñòè êîïëàíà β íåîáõîäèìî ñëåäó-
þùåå:

1) âûïîëíåíèå ñîîòíîøåíèÿ (7).
2) äëÿ îïîðû Kop íå äîëæíû ñóùåñòâîâàòü óñëîâíî-ñîñåäíèå ëó÷øèå îïîðû.

3. Îáîáùåíèå íåîáõîäèìûõ óñëîâèé îïòèìàëüíîñòè "âûñîêîãî

ïîðÿäêà"

Äëÿ ôîðìóëèðîâêè òåîðåìû, ÿâëÿþùåéñÿ îáîáùåíèåì òåîðåìû 4, ââåäåì
ïîíÿòèå óñëîâíî-ðàâíûõ îïîð.
Îïðåäåëåíèå 1.Óñëîâíî-ñîñåäíèå îïîðûK1

op,K
2
op íàçîâ¼ì óñëîâíî-ðàâíûìè,

åñëè

ψ((µ1, s1, t1) | K2
op) = ψ((µ2, s2, t2) | K2

op).

Òåîðåìà 5. (Îáîáùåíèå íåîáõîäèìûõ óñëîâèÿ îïòèìàëüíîñòè "âûñî-
êîãî ïîðÿäêà"). Ïóñòü {β,Kop} - îïîðíûé êîïëàí çàäà÷è (1)(δ := ∆,∆(Kop) =
0), à χ è ω ñîîòâåòñòâóþùèå åìó ñòðàòåãèÿ ïåðâîãî èãðîêà è χ - ïñåâäîñòðà-
òåãèÿ âòîðîãî èãðîêà çàäà÷è (1). Äëÿ îïòèìàëüíîñòè êîïëàíà β íåîáõîäèìî
ñëåäóþùåå:

1. Âûïîëíåíèå ñîîòíîøåíèÿ (7).
2. Äëÿ îïîðû Kop è/èëè äëÿ óñëîâíî-ðàâíûõ ê íåé îïîð (åñëè òàêèå èìå-

þòñÿ) íå äîëæíû ñóùåñòâîâàòü óñëîâíî-ñîñåäíèå ëó÷øèå îïîðû.

Äîêàçàòåëüñòâî. Ðàññìîòðèì äâà ñëó÷àÿ:1. Äëÿ îïîðû Kop íå ñóùåñòâóþò
óñëîâíî-ðàâíûå îïîðû; 2.Äëÿ îïîðû Kop ñóùåñòâóþò óñëîâíî-ðàâíûå îïîðû.

Â ïåðâîì ñëó÷àå ñïðàâåäëèâîñòü òåîðåìû âûòåêàåò èç òåîðåìû 4.
Ðàññìîòðèì òåïåðü âòîðîé ñëó÷àé. Ïðåäïîëîæèì ïðîòèâíîå. Ïóñòü {β,Kop}-

îïîðíûé êîïëàí çàäà÷è (1), ãäå β îïòèìàëüíûé êîïëàí, íî óñëîâèÿ òåîðåìû
íå âûïîëíÿþòñÿ. Äëÿ îïðåäåëåííîñòè ïóñòü äëÿ îïîðû K1

op, óñëîâíî-ðàâíîé

îïîðå Kop ñóùåñòâóåò óñëîâíî-ñîñåäíÿÿ ëó÷øàÿ îïîðà K2
op. Ýòî îçíà÷àåò, ÷òî

èìååò ìåñòî íåðàâåíñòâî

ψ((µ2, s2, t2) | K2
op) > ψ((µ1, s1, t1) | K1

op),

êîòîðîå ïðîòèâîðå÷èò îïòèìàëüíîñòè êîïëàíà β. □
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4. Ïðèìåð

Ðàññìîòðèì çàäà÷ó (1) ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ:

c = −1, f∗ = −10, f∗ = 3, d′ = (−2; 1; 0; 0; 0),

g′∗ = (0; 0; 0; 0; 0), g∗′ = (6; 7; 100; 100; 100),

A =

 1
−1
2

 , B =

 −1 1 1 0 0
1 1 0 1 0
1 −1 0 0 1

 , b′ = (4; 10; 5).

Ñòðàòåãèÿ x0 = 3 ÿâëÿåòÿ ëîêàëüíî-îïòèìàëüíîé ñòðàòåãèåé ïåðâîãî èã-
ðîêà, êîòîðàÿ èäåíòèôèöèðîâàíà ñ ïîìîùüþ ïàêåòà x0−îïòèìàëüíûõ îïîð
Kp

op(x
0) = {{1, 2, 3}, {1, 3, 4}, {2, 3, 4}} (Òåîðåìà 4 [23]).

Ïðè íåâûðîæäåííîì îïîðíîì êîïëàíå {β,K1
op}, β = (δ,∇), δ′ = (1; 0; 0; 0;−1),∇ =

−1, µ′ = (0; 0;−1),K1
op = {2, 3, 4}, óñëîâèÿ òåîðåìû 2 âûïîëíÿþòñÿ,ò.å.

ω2 = 7 ∈ [0; 7] ïðè δ2 = 0;ω3 = 0 ∈ [0; 100] ïðè δ3 = 0;

ω4 = 0 ∈ [0; 100] ïðè δ4 = 0.

Çíà÷èò, êîïëàí β ÿâëÿåòñÿ ëîêàëüíî-îïòèìàëüíûì. Ïðè ýòîì

ψ((µ, s, t) | K1
op) = −8, χ = 3, ω′ = (6; 7; 0; 0; 0).

Äëÿ îïîðíîãî êîïëàíà {β,K1
op} óñëîâèÿ òåîðåìû 4 òàêæå âûïîëíÿþòñÿ. Íî

êîïëàí β íå ÿâëÿåòñÿ îïòèìàëüíûì, ïîñêîëüêó óñëîâèÿ 2) òåîðåìû 5 íå âû-
ïîëíÿþòñÿ. Ò.å.:

à) îïîðû K1
op = {2, 3, 4},K2

op = {1, 2, 3},K3
op = {1, 3, 4} ÿâëÿþòñÿ âçàèìíî

óñëîâíî-ðàâíûìè îïîðàìè:
ψ((µ1, s1, t1) | K1

op) = ψ((µ2, s2, t2) | K2
op) = ψ((µ3, s3, t3) | K3

op) = −8;

á) ïî îòíîøåíèþ ê îïîðàì K2
op = {1, 2, 3},K3

op = {1, 3, 4} ñóùåñòâóåò ëó÷øàÿ
îïîðà K4

op = {1, 3, 5}:

ψ((µ4, s4, t4) | K4
op) > ψ((µ2, s2, t2) | K2

op), ψ((µ
4, s4, t4) | K4

op) = 10.

Èñïîëüçóÿ ôîðìóëó (8) ñ ëîêàëüíî-îïòèìàëüíîé ñòðàòåãèè ïåðâîãî èãðî-
êà (µ, s, t), µ′ = (0; 0;−1), t′ = (1; 0; 0; 0; 0), s′ = (0; 0; 0; 0; 1) ìîæíî ïåðåéòè ê
ñòðàòåãèè ïåðâîãî èãðîêà (µ4, s4, t4), µ4′ = (0;−2; 0), s4′ = (0; 3; 0; 2; 0), t4′ =
(0; 0; 0; 0; 0).Äëÿ îïîðíîãî êîïëàíà {β,K4

op}, β = (δ,∇), δ′ = (0;−3; 0;−2; 0),∇ =

3, µ4′ = (0;−2; 0),K4
op = {1, 3, 5}, χ = −10, ω′ = (0; 0; 14; 0; 25) óñëîâèÿ òåîðåìû

5 âûïîëíÿþòñÿ. Ïðè ýòîì êîïëàí β ÿâëÿåòñÿ îïòèìàëüíûì, â ÷åì ìîæíî óáå-
äèòüñÿ, ðåøàÿ çàäà÷ó àëãîðèòìîì, ïðåäëîæåííûì â ðàáîòå [26].
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6φ(x)

10

-

3 x−10

−11

−4 −0, 5

−8

{2, 3, 4}
0

{1, 2, 3}

��������

{1, 3, 4}

Q
Q

Q
Q

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

{3, 4, 5}{1, 3, 5}

Ðèñ.1.

Íà ðèñóíêå 1 ïðèâåäåíû x-îïòèìàëüíûå îïîðû (ïðè x = 3 x-îïòèìàëüíûå
îïîðû: {1, 2, 3}, {1, 3, 4}, {2, 3, 4}) è ñîîòâåòñòâóùèå ýòèì îïîðàì îáëàñòè, à òàê-
æå ãðàôèê ôóíêöèè φ(x), x ∈ X = [−10, 3] : φ(x) = −20−3x, x ∈ [−10;−4];φ(x) =
−12− x, x ∈ [−4;−1/2];φ(x) = −11 + x, x ∈ [−1/2, 3].

5. Çàêëþ÷åíèå

Â ðàáîòå äëÿ ëèíåéíîé ìàêñèìèííîé çàäà÷è ñî ñâÿçàííûìè ïåðåìåííûìè
äîêàçàíà òåîðåìà, ÿâëÿþùàÿñÿ îáîáùåíèåì íåîáõîäèìîãî óñëîâèÿ îïòèìàëü-
íîñòè "âûñîêîãî ïîðÿäêà"[23]. Ïðèâåäåí èëëþñòðàòèâíûé ïðèìåð, â êîòîðîì
òàêæå óäàëîñü ïåðåéòè ñ îäíîé ëîêàëüíî-îïòèìàëüíîé ñòðàòåãèè ïåðâîãî èã-
ðîêà ê äðóãîé, ïîçâîëÿþùåé óëó÷øèòü çíà÷åíèå öåëåâîé ôóíêöèè ïðè íåâû-
ïîëíåíèè óñëîâèé òåîðåìû 5. Íà îñíîâå òåîðåìû 5 ìîãóò áûòü ðàçðàáîòàí àë-
ãîðèòì ðåøåíèÿ çàäà÷è (1).
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