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INFINITELY MANY SOLUTIONS FOR A NEW CLASS OF
FRACTIONAL SCHRODINGER-MAXWELL SYSTEMS

HAMZA BOUTEBBA, HAKIM LAKHAL, KAMEL SLIMANI

ABsTRACT. This work concerned with the fractional Schrédinger-Maxwell
system involving the distributional Riesz fractional derivative operator.
By using variational techniques in combination with the symmetric mountain
pass theorem, under certain assumptions on g, we prove the existence

of infinitely many solutions in the Bessel potential space without the
Ambrosetti-Rabinowitz’s 4-superlinearity condition.

Keywords: Fractional Schrédinger-Maxwell system, symmetric mountain
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1. INTRODUCTION

In this paper, we study the following fractional Schrédinger-Maxwell system
(1) —DY.(D%) + V(z)u + ¢u = g(z,u)  in R3,
—D.(D%¢) = u? in R3,

where o € (0,1), V : R® — (0,00) is a continuous functions, g : R x R — R
V :R? — (0, 00) is continuous, and —D*.(D®) is the distributional Riesz fractional
derivative. This operator will shortly be defined, and we will show its consistency
with the usual fractional Laplacian.

In recent years, this kind of systems with the fractional Laplacian operator was
studied in some papers, as a result of the fact that solutions (u(x),¢(x)) of (1)
involving the fractional Laplacian operator correspond to standing waves solutions
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(e~ Fty(x), ¢(z)) of the following system

P28 = (“A)* + V(@) + ¢ — §(a, [Y)e  in R3 xR,
(—A)% =y in R3,

where V(z) = V(z) + E is the potential function, i is the imaginary unit and
g(z, [u))u = g(z,u).

In [15, 16] Laskin introduced the first equation in (2) as a result of extending the
Feynman path integral from the Brownian-like to the Lévy-like quantum mechanical
paths, it is a fundamental equation in fractional quantum mechanics. It also appeared
in several areas such as plasma physics, water waves, optimization, and condensed
matter physics. For more details on the physical background, we refer the readers
to [2, 4, 6] and their references.

Taking o = 1, system (2) reduces to the following system

3 —Au+V(z)u+ du=g(z,u) inR3
) —A¢ = u? in R3.

which was first introduced by Benci and Fortunato in [3], to describe solitary waves
for nonlinear Schrédinger equations interacting with an electrostatic field. In the
fractional case, the classical analysis is not available and elliptic PDEs cannot be
treated pointwisely. This is one reason why, in the past several years, fractional
problems are extensively studied by many scholars. On the other hand, another
important reason is their various applications in many fields, such as fractional
quantum mechanics [15, 16], obstacle problems [17], and so on. Caffarelli and
Silvestre in their celebrated work [7] introduce the reduction method to overcome
these difficulties. Since then and with the aid of [11], there have been many interesting
works that considered the existence, multiplicity, ground state, and infinitely many
solutions to the fractional Schrédinger-Poisson system (2) through variational tools
and critical point theory, see for instance [9, 12, 13, 14, 23, 25].
More recently, an increasing number of authors have focused their attention on
problems involving the distributional Riesz fractional derivative in their works,
see e.g [5, 17, 20, 21]. Shieh and Spector in their pioneered work [20] gave a new
definition of fractional derivative, as they were the first to study a new kind of
fractional PDEs related to the distributional fractional gradient operator D% of
order o € (0,1), which is called here the a-gradient, they showed that the latter
operator satisfies three basic physical requirements as proved in [22] on fractional
gradient analysis, as well as it is an intrinsic object of interest for the study of
fractional PDEs. Then, they introduced an appropriate functional space to study
fractional problems in which the a-gradient is present.
Motivated by all the works just described, this aims paper is to prove the existence
of infinitely many solutions for (1) in the Bessel potential space. in particular, we
do not use the Ambrosetti-Rabinowitz condition.
The starting point of this work is the a-gradient for 1 < p < oo, if u € LP (RN),
such that I1_, * u is well defined, D® can be characterized as
(6%
(Dau)j = gxg = aijflo‘ xu 0<a<l, j=1,...,N,

J
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0
where e is defined in the distributional sense, for every ¢ € C5°(RY),
Ty

0% N — (- 9oy _ 9%
Gar ) = CDavw). 52 == [ (haswgZan,

where I, denotes the Riesz potential of order o, 0 < v < 1:

F(N;a

T or¥2er(9)
Moreover, the a-gradient (D®) and the a-divergence (D®.) can be written for
sufficiently regular functions u and vector ¢ [10, 17, 21], respectively by

Tyu(x) ::fy(N,a)/| U(szfad% with (N, a)
r—=y
RN

M\Q ~—

T—y 1

Dula) = (V.0) [ fule) = ) = e,
D"p(w) 1= 9(N.0) [ o) — ol s

As it was proved in [10, 20], for u € C§°(RY), the composition of a-divergence and
a-gradient it coincides with the well known fractional Laplacian as follows:

N go 9o
—

« (0%

= 8xj 8;vj

(4) = —D°.(D%u),

(a0 = -

where the fractional Laplacian may be given (see [11]), for € (0,1) and some
constant y(N, ) by

u(z) — u(y)
—A)u(z) = (N, a)P.V. dy.
( ) 'Lb(x) ’Y( ,CE) RN |y‘N+2a y
Furthermore, for u,w € C§°(RY) equation (4) is to be understood in the following
sense

/Do‘u.Dau)dx = /(—A)O‘u.wd;v = /(—A)%u.(—A)%wd:ﬂ,
RN RN RN

which is particularily useful for the variational formulation of PDEs involving
fractional operator. We refer to [10, 17, 20, 21, 22| for more details about this
new fractional operator.

The following assumptions on g and V' will be needed throughout the paper:

(Hy) : g € O(R3 x R;R) for every # € R® and u € R, there exists constant C; > 0
,and p € ]2;2%[ such that

lg(a, w)| < Ca(Jul + [ul”),

where 2%, = -5 the fractional critical Sobolev exponent .
(HQ) : g(:c, —U) = —g(ZE,U)7 T e R3 u € R.

(Hs) : For every € R3 and u € R, there exists g > 4 and A > 0 such that

pG(z,u) < ug(z,u) + Aul,
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u

where G(z,u) = /g(:c,s)ds.
0
(Hy) : We have for all (z,u) € R® xR

lim %’4“) = 400,
lul—oo  |u]
uniformly in # € R and G(z,u) > 0, G(x,0) = 0.
(V) : V e C(R3R),Vy := inf,egs V(x) > 0, where Vj is a constant, for every
M > 0 meas {:E eR3: V(z) < M} < 00, where meas represents the Lesbesgue
measure. Our main result is as follows:

Theorem 1. Assume that system (1) satisfies (Hy)-(H4) and (V), then (1) has
infinitely many non-trivial solutions.

The rest of the paper is organized as follows, in section 2, we present some
preliminary results that will be used in this paper. In section 3, we give the proof
of Theorem 1. In section 4, we give a discussion about our results.

Remark 2. (i) In this paper, we do not impose the Ambrosetti-Rabinowitz’s 4-
superlinearity condition:
(5) >4 such that 0 < pG(z,u) < ug(w,u) for all x € R3,

which was first introduced by Ambrosetti and Rabinowitz in [1], this condition is
important to ensure that the corresponding functional I has the mountain pass
geometry, and to guarantee that the (PS), or (C) sequence of I is bounded.

(i) Hypothesis (Hs), is weaker than the (AR)-condition.

2. PRELIMINARIES AND VARIATIONAL SETTINGS

In this section, we state some preliminary results that will be needed later.
For a € (0, 1), the fractional Sobolev space Wa’Q(RN ) is defined as follows

2
WOL,Q RN L2 RN / / )| =) I ded .
(RY) = {ue o Jo |x—y\N+2a zdy < +00

Is simply denoted by H*(RY). For a € (0,1) and u € C§*(RY), we can thus define
the vector space of fractional differentiable functions S%2(R¥) as the closure of
Cs°(RY) naturally endowed with the norm

2 2 o, 112
(6) ||U||sa-,2(RN) = ||u||L2(RN) + D UHL2(]RN)'
According to the Theorem 1.7 in [20], it is exactly the Bessel potential space defined
by
L2 (RY) := Go(LA(RY)) = {Go * f : f € L2(RY)},
for o € Ry, where the bessel potential G, is defined by (see [19, 20])

Go(z) = 1 /+m6ﬂtw264tta2 14t
T (4m)ET(%) Jo

The norm of this Bessel space is |[ul|o2@®~y = || fll 2@y if Ga * f.
We summarize the main properties of this Bessel space (see [20]).

Theorem 3. (1) If a € (0,1), then H*(RY) = W*2(RN) = LY2RYN) =
S2(RN) with the norm given by (6).
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(2) If « > 0 and 2 < q < 2%, then L%2(RY) is continuously embedded in
LA(RN), and the embedding is locally compact if 2 < q < 2%,

Remark 4. According to the Theorem 3, The Bessel potential space L*?(RY) is
topologically undistinguishable from the well known fractional Sobolev space H*(RY).

The homogeneous Sobolev space D*2(RY) for a € (0,1), is defined by
DO2(RN) = {u € L% (RY): D°u e LQ(RN} :
which is the completion of C§°(R”Y) under the norm
a, 2 :
Jull sy = ([ 1D*uda)”.
RN

endowed with the inner product

(s W) pa2 gy :/(Dau.Do‘w)d:p.
RN

Now, we introduce our working space

E=QueLl* (RY): / |Du|® + V(z)u?)dz < 00 § |
RN

which is a Hilbert space equipped with the norm and the inner product respectively,

Julls = [ (D4l +V (&) )

RN

(u, w) p = / (D%u.D%w +V (2) uw)dz.
RN
Remark 5. The two definitions above of the fractional Spaces D*?(RYN) and E

coincides with any other standard definitions of them found in the literature.

Assumption (V) implies that [[ulz = [lul[ e.2gy), and we have the following
embedding properties of F.

Lemma 1. [23] E is compactly embedded in L (RY) for q € [2,2},), and continuously
embedded in L7 (RY) for q € [2,2}].

The following Sobolev embedding theorem are necessary.

Lemma 2. ([11]) For any o € (0,2), D**(RY) is continuously embedded in

L2 (RYN), i.e there exists Cy, > 0 such that :

2

/|U\2;d$ < Cq / |Du|’dx, v eD™? (RY).
N RN

The existence of a solution to a linear fractional PDEs with variable coefficients
is established by the following theorem.
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Theorem 6. ([20]) Let Q C RY is an arbitrary bounded open set. Assume that
h € L2(S2), such that I _ *u is well defined and A : RN — RN*N with coefficients
bounded and measurable such that

clyl? < A(@)yy and A(z)y.y < ¢yl
For all x,y € RN, and some c,,c* > 0. Then, there exists a unique u € L*%(RY)
such that

A(x)Do‘u.Dawdx:/hwdx

RN Q

for every w € L*2(RN).
From now on, we restrict the work space in dimension N = 3.

2.1. A reduced problem. For any u € E and w € D%?(R3) we have from Holder
inequality, Lemma 1 and Lemma 2

/u2wdm

R3

IN

2
[l 135 lwll L2z

IN

2
Cllullg 1wl pa.e-

(7)
For any v € E, the Lax-Milgram theorem implies that there exists a unique ¢¢ €
D*? (R?) such that
(8) /Dad)‘i.Dawdx = /uzwdz Yw € D*? (R?).

R3 R3

i.e. ¢ is a weak solution of —D%. (D%¢%) = u%. Moreover ¢ is given by

o u’(y
) 030 = o [
|z -yl
R3
which is the Riesz potential (see [19]), where
3—2a
Cor :7_[_7%272041—‘( 2 )
I (a)
Taking w = ¢ in (7) and (8), we derive
(10) |62 1o < Cllulls-
Substituting ¢ in (1), it leads to the equivalent form
(11) —D*.(D%u) + V(z)u + ¢%u = g(z,u), =R,
whose corresponding functional I : F — R is given as follows
1 1
(12) I(u)= 3 / (\Dau|2 + V(x)u2>da: + 1 /qﬁ‘qudx - /G(m,u) dx.
R3 R3 R3

Clearly, I is well defined in E and I € C*(E,R). Moreover, its derivative is

(13) < I'(u),w>= /(Dau.DO‘w + V(z)uw + djuw — g (z,v)w)dx, w € E.
R3

Thus, we have the following result:
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Theorem 7. the pair (u,¢) € E x D2 (Rg) is a weak solution of (1) if and only
if u € E is a critical point of functional I, where ¢ = ¢5.

Since we do not suppose (5), the verification of (PS), condition at level ¢ € R
becomes complicated, thus we introduce the Cerami condition, which was etablished
by Cerami [8]. Let E’ be dual space of E and assuming that I € C.

Definition 1. The functional I satisfies the Cerami condition at level ¢ € R,
denoted by (C)., if any sequence {u,} C E satisfying

I(up) ¢ and  |I'(up)|l g (14 lunllg) = 0 asn— +oo.
has a convergence subsequence.

Choosing {e}; an orthonormal basis of E and define X; = Re;,
Y. = @leXi 2 :m keZ.
Clearly, £ =Y} & Z.
To prove our results, we need the following symmetric mountain-pass theorem [18].

Theorem 8. (Symmetric mountain-pass theorem) Let E =Yy @ Zy, be an infinite
dimensional Banach space where Y is finite dimensional, let I € C1(E,R) be even,
satisfies the (C), condition and I(0) =0, if

(i) there exist constants p,d > 0 satisfying I ’(')Bpﬂz = ZiIHIf” I(u) > 4;
ues,||ul|l=p

(ii) for every finite dimensional subspace E € E, there is a constant C = C(E) > 0

such that  max I(u) <0,
uEE [lul|2C

then I has an unbounded sequence of critical points.

3. PROOF OF MAIN RESULT
Before the proof of theorem, the following Lemma plays an important role in

obtaining the existence of weak solution for (1).

Lemma 3. Let o € (0,1), the functional I satisfies (C). condition on E, if
(H1),(Hs),(Hy4) and (V) hold.

Proof. Seeking a contradiction. We assume that ||u,||z; — oo as n — oo. Define

{vpn} C E such that v, = T then clearly llvnl|lp = 1. Hence, there exists a
nllg

subsequence {v,} such that v, — v in E as n — oco. From Lemma 1 we get, for

2<p<2;

(14) vp — v ae inR® and v, v in LP (Rg) as n — oo.

There are two possible cases.
First, we consider the case v(z) = 0. From (H3) we have

(n) — AT (1) )

I

(; ;) a2 + (—)/qﬁg”undm—&—/(g(w’q;n)un—G(m,un)>dm
> (3-3) HunuE—f/manx

<

2 A 2 2
lnll = 2 lonllze unle

c+1 >
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which implies
c+1 S 1 1 A

~>-——-Z
lunlle — 2
Since ||uy || — 00 as n — 0o, then

2 _ p—2
[vnllzz = BTN

which shows that v(x) # 0, then we arrive at contradiction. In the second case
v(z) #0inR3, weset A = {x € R®: v(z) # 0}. Thus meas(A) > 0. Since ||u,||; —
oo as n — oo and by Definition 1 and (12), we obtain

1 1
(15) c=3 ||un||% 4/ u?¢%dr — /G T, Uy )dr — 0.
R3
Combining (10) and (15), we obtain
(16) /G v+ = 3 i} + /u dade < 3 lunlly.

R3

Moreover, it follows from (Hy) that there exists so > 1 such that G(z,s) > |s|*
V |s| > sp, z € R3. Since G(z,s) is continuous. By (H;), there exists a positive
number K such that |G(z,s)| < K, V (z,s) € R3 x [~sg, 50]. Then, we can choose
Ko € R such that G(z,s) > Ko, ¥ (z,5) € R® x R, and so

It follows from (Hy) that

Gz, up) y G(z,up)

4
m = lim
w2 unlly # fual |

(18) |vn|” = +o0,

for all x € A. Thus, we see that meas(4) = 0. Indeed, if meas(A) # 0, then it
follows from (16)-(18) and Fatou’s Lemma that

3 f G(z,up)dx

3 . R
- = limin
]R3
3@
> liminf/de
w5 ) S el
> 1iminf/G(x > n) —
n=oe ) lup | i hn ||un||E
G n) — K
> liminf (:c,u—)40
w5 )l
(19) > 7 dx = +o0,

"m0 |unllg n—oo ||unl|

/liminf G(lel)dr /hmsup
A

R3
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which is a contradiction, then v(x) = 0 a.e z € R®. Thus, {u,} is bounded in E.
Up to a subsequence, we can assume that u,, — v in F, from Lemma 1 we conclude
Uy — u in LP (R3), for all 2 < p < 2% . Clearly, we have

(20) (I' (up) = I' (1) ,up — u) — 0 and [u, — ul|32 — 0 as n — oco.

Combining the Holder inequality, Lemma 2 and (10), we obtain

[ ot = wyds| <65, sl gl

< olles, | wn =l .
< C\lunllEHun*UIlLﬁ~
Similarly, we derive that
/ B0 un — w) | < Culfy fum — g
We have
/ ( wy Un — qi)fju) (up, — u) dx
3
(21)
§/¢3n“n(un dx—l—/¢u u)dz| — 0 as n — oo.
3

According to (Hy) and the Holder inequality, we obtain

/ (9/(@rtn) — g (& 0)) (t — ) d

3
< Ci / (Jun| + |u]) |un — ul dx + Cy / <|un‘1’*1 + ‘u|p*1) [y, — u| dz
R3 R3

—1 —1
< Ci (Junl o+ Nl o) on =l + Cr (a5 + el ") lwn = w0

-1 -1
< Clllunllp + llullg) llun = ull 2 +C (Ilunl\% + llullg ) [ —ullpp =0

as n — oo. Thus

e — ll?, = (I' () = I' () s — ) / (V (@)un (1, — w) = V(@)u(u, — ) da
R3

,/ (08 un — du) (uy fu)dz+/(f(x,un) — f(z,u)) (uy, —u)dz — 0
R3 R3
as n — oo. Therefore, {u,} converges strongly in E. O

Lemma 4. Suppose that (Hy),(Hy) and (V) are satisfied. Then, for each E C E,
we have
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I(u) = —o0, |ull g — 00, w€E.
Proof. Arguing indirectly, suppose that there exists M > 0 for some {u,,} C F and

all n € N, such that I(u,) > —M with ||u,||; — oco. Set v,, = ﬁ, then |Jv,|| 5 =
nll g

1, up to subsequence we may suppose that v, — v in E. Since dim(E) < oo, then
vy, = v € Ein E, v(z), — v(z) a.e. in R and so ||v||; = 1. Hence, by similar
argument in (17)-(19) with (Hy),(H4), we get

4G n 4G y Y'n
(22) lim / Lz)dx > lim / (xiz)d:v = 4o0.
e [un g e l[unl g
which is a contradiction. O

Corollary 1. Under assumptions (Hi),(Hs) and (V), for every finite dimensional
subspace E C E, there is a constant C = C(E) > 0 such that

I(w) <0 foral we E with |u]z > C.

Lemma 5. For 2 < p < 2}, we have that

«?

I'y:=  sup lull,, =0 as k— o0
u€Zy,||ull=1

Proof. Since the embedding from F into LP is compact, then we can prove Lemma
5 by a similar way as Lemma 2.10 in [9)]. O

By Lemma 5, we can choose an integer m > 1 such that

1
(23) lul 72 < 20, el lullf, < 4C lulz  Yu € Zm.

Lemma 6. Suppose that (Hy),(Hy) and (V) are satisfied, there exist constants
p,6 > 0 satisfying I ’(')Bpﬂzm >46>0.

Proof. From (H,) and (23), for u € Z,,, choosing p := ||u| , = 3, we derive
1 1
I(u) = 5/(|D"‘u|2 + V(x)u2>dx+ Z/gbﬁ‘qux - /G(x,u) dx
R3 R3 R3
Cy Cy
> 5 lullly = 5 lullzede — =~ ullj,da
1
> (s = llullf)
2P=2 1
This completes the proof. O

Proof of Theoreml.1 Let Y =Y, and Z = Z,,. Clearly, I(u) is even due
to (H3). By Lemma 3, Lemma 6 and Corollary 1, all conditions of Theorem 8 are
satisfied. Thus, the problem (1) has infinitely many solutions.
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4. CONCLUSION

The aim of this paper is the study the existence of distributional solutions
in the Bessel potential space for fractional Schrédinger-Maxwell system involving
distributional Riesz derivative without (AR)-condition, by exploiting the symmetric
mountain pass theorem. From our perspective, this paper seems to enrich the related
results of this class of systems that involves this kind of fractional operator.
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