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Abstract: In this paper, we prove a sufficient condition for the
effective infinity of classes of complete and precomplete numberings,
as well as numberings satisfying the recursion theorem, of computable
families. A sufficient condition for the effective infinity of classes of
non-precomplete numberings of computable families satisfying the
recursion theorem is also obtained. These conditions are satisfied
by the family of all c.e. sets and the family of graphs of all partially
computable functions. For finite families of c.e. sets, we prove a
criterion for the effective infinity of classes of their numberings
that satisfy the recursion theorem. Finally, it is established that the
classes of complete and precomplete numberings of finite families
of c.e. sets are not effectively infinite.
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1 Bsegenne

Crathsa nMeeT TeIbI0 N3yUeHne 0COOEHHOCTeN PaCIpeIeeHs BIUNCII-
MBIX HyMepammii CeMeifiCTB BBIYMCINMO TIEPEYUCTUMBIX (B.I1.) MHOXKECTB W
YACTHYHO BBIYUCIUMBIX (9.B.) (DYyHKIMI, TPUHAIEKAINX PACTPOCTPAHEH-
HBIM B TEOPUU HYMEpAIWil U TEOPUN BBIYUCIUMOCTH K/IACCaM HyMepaluii,
CpeiM Bcex HyMeparmii 9Tux cemeiicTs. Takoe pacrpesesierue n3yIaercs ¢
MO3UINUN PA3HBIX «YPOBHEN» GECKOHETHOCTH KJIACCOB HYMEDATHil, BhIeJIeH-
HbIx B coBmecTHOl pabore C.C. Tonuaposa, A. fxuauca n B. fxuuca [1]. Tax
B NPOIUTHPOBAHHON PabOTe KPOME KJIACCHIECKOTO MOHITHST HECKOHEIHOCTH
PacCCMaTPUBAJIUCE U €ro 3 DeK TUBHBIE Bepcuu. A UMEHHO, i DECKOHEYHbIX
KJIACCOB HyMeparuili pacCMaTPUBAJIUCH BOIIPOCHI CYIIECTBOBAHUS OECKOHEU-
HBIX BBIYMCJIMMBIX TOCJIEI0BATEIBHOCTEH MOIMAPHO HEIKBUBAJIEHTHBIX JIPYT
JPYTY UX 3JIEMEHTOB U UX afdexmuenas beckoneurnocms. Ilocaenuss o6wL1a
BBeJIEHA U BIIEPBble M3y4eHa B TOil ke crarhe [1] mw mmeer mecro, ecm mo
JIF000# BEIYUCIUMOM TIOCTIETOBATETFHOCTH HYMEPAIIAA, TPUHAIJIEKAIINX 3a-
JIAHHOMY KJIAcCy, MOXKHO 3(hEKTUBHO YKa3aTh BBIYUCIUMYIO HYMEDAIUIO,
OPUHAIEXKAIYI0 TOMY YKe KJIACCy U He SKBUBAJIEHTHYIO HU OIHOI 13 HyMe-
parnuit 5Toit mocsenoparespHoCTH. B [1] TakKe mostydeHa cepust 10CTATOIHBIX
yesioBuil 3 eKTUBHON HECKOHEYHOCTH TaKUX (DYyHIAMEHTAJbHBIX KJIACCOB
HyMepalinii, KaK KJIaCChl OHO3HAYHBIX, PA3PENIUMbIX, MUHUMAJBHbBIX, TI0-
SUTHUBHBIX (M HEPA3PEIINMBIX ), HEPATUBHBIX (M HEPA3PEINMBIX ) HyMepaIlnii
BBIYUC/IUMBIX CEMENCTB, KOTOPBHIM YIOBJIETBOPSIET B TOM YHUCJE U CEMEHCTBO
BCEX B.II. MHOYKECTB.

B macrogmeil crarbe m3ydaroTcs BOIPOCH 9 (DEeKTUBHON H6eCKOHEIHOCTH
KJIaCCOB HyMepalluil, yI0BJICeTBOPAIOIINX TeOpeMe PeKypPCUl ¢ TOM W MHOHR
creneHbio paBHoMepHOCTH. K HUM, KpOoMe HyMepaliuii, yJI0BJIETBOPSIONIUX
TeopeMe 0 HETOABIKHON TOUKe B ee KJIACCUYECKONH TMOCTAHOBKE, OTHOCSITCSI
60s1ee TOHKTE KIACCHI NOAHBIT U NPEINOAHBY HyMepaTuii, BBEIEHHBIX COOT-
BercTBeHHO B paborax A.M. Masbnesa [2,3] u FO.JI. Epmosa [4,5], koTopbie ¢
Pa3HBIX MO3UIUH WHTEHCUBHO UCCJIEIYIOTCS CO BTOPOH MOJOBUHBI TPOIILIOTO
Beka 110 Hacrosiee Bpems (cM., Hanp., paborst [6-11]). B 0630pe B.JI. Ce-
auBaHoBa [12] MOXKHO HafiTn Bce HEOOXOAMMBIE CBEJIEHUS, DOJIBIIYIO YaCTh
KJIFOYEBBIX PE3YJIbTATOB U moApodbnyro 6ubmmorpaduio mo sTuM Kaaccam Hy-
Meparuii. OTMeTuM, 9TO B TEOPHUH HYMEpPaIluii U3ydaiTcs U APYTue ecre-
CTBeHHBIE Kjacchl Hymepanmit [13—-15|, yaosiersopsiorue pasubiv dopmam
TEOPEMbI PEKYPCHH, UCCIEI0BAHNE KOTOPBIX BBIXOIUT 33 PAMKH HACTOAIIEH
CTATHU.

B pasnene 3 nacrosmeit crarbu mokasbisaerca (Teopema 1) mocraTounoe
ycaosue addexrusnoit 6eckoneunocru kiaaccos K. (A), K,(A) n K,(A) co-
OTBETCTBEHHO MOJIHBIX (OTHOCUTE/IHHO HAMMEHBIIIErO 110 BKJIFOUEHUIO 971EMEH-
ta A), TIpenoTHbBIX HyMepaluii 1 HyMepaluii, YI0BJIeTBOPSIIONINX TeopeMe
PEKypPCHH, BEIYUCIUMOTO ceMeiicTBa A. DTOMY YCIOBUIO YIOBIETBOPSIOT Ce-
MelicTBa BCeX B.II. MHOXKECTB € 1 Bcex 4.B. (pyukiuit F. Tam ke npuogurcs
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J0CTaTO4YHOe YCJ/IOBUE 1I0JIHOTHI Ka2KJA0M IIPEJIIONHON BbIYUC/JIUMON HyMepa-
oMM 33JaHHOrO cemedicrBa (npejioxkenue 1), KOTOPOMY TaK Ke yjI0BJIETBO-
pstioT cemeiictBa € u F.

B pasgesne 4 gokassiBaercst (TeopeMa 2), 94To st IIO0r0 HETPUBUATBHOTO
(HEOTHOJIEMEHTHOTO) BBIYHCIUMOTO ceMeicTBa A, 06/IaJai0ero pasperm-
MO¥ BBIYUCAUMON HyMepalueil ¥ coepzKallero HauMeHDBIUN 110 BKIIOYECHUIO
ssement, kiaacc K, (A)\ K,(A) sabdextusro 6eckoneden.

B pazzene 5 usyuatorcs kiaccel Ko(A), Kp(A) n K, (A) KorednsIx ce-
MeficTB B.1I. MHOXKecTB A. B Hem J0Ka3bIBatoTCsa KpuTepuit adpheKTUBHON
6eckoneunoctn kiaccoB K, (A) (mpemioxenune 2) n HEOOXOAMMOE YCJIOBHE
s dexTuBHOl GeckoneanocTu knaccoB K .(B) u Kp(B) BolucmMbIX ceMeii-
ctB B (Teopema 3), KOTOPOMY HE YIOBJIETBODSIET HUKAKOE KOHEIHOE CEeMeli-
CTBO B.II. MHOXKeCTB. TakKe B 9TOM pazjene MOIyIeHO JOCTATOUHOE YCIIO0-
BU€ CYIECTBOBAHUST OECKOHETHOrO UHC/Ia MOMAPHO HESKBUBAJIEHTHBIX TOJI-
HBIX BBIYUCIUMBIX HyMeparuii KOHETHBIX CeMECTB B.II. MHOXKECTB (IIpeiIo-
JKeHue 3).

2 IlpenBapuresibHbIE CBEAEHUA

B obo3HaueHnsIX M TEPMUHOJIOTHE MBI PUIEPKUBAEMCST MOHOTpadnit
10.J1. Epmiosa [5] (u ero crarsn [16]) u P.J1. Coapa [17,18]. Uepes ¢, u We
OyaeM 0003HAYATDL COOTBETCTBEHHO U.B. (DYHKIINIO U B.II. MHOXKECTBO C Tefe-
JIEBCKUM HOMepoM e. st vactuanoil byHKIHK ¢ ee 06J1aCTh ONpPeIeseHnsT
oboznagaercs kKak dom ). Ucnonpsyem 3amuce ¢ (x) |, ecmn z € dom, u

¥ (x) T B mporuBHOM ciaydae. Oupenenum Tot d:ef{e : We = N}. Yepes ¢(z,y)
Oynem obo3uauaTh BuruncanMmyto bmekmmio N X N ma N.

st He 6oJjiee 4eM CYETHOrO HEIyCTOro MHOXKecTBa S JI000e CIOPbEeKTUB-
moe oTobpaxkenne a : N — S HasbIBaeTcd ero nymepayuet. MHOKECTBO BCex
uymepanuii S 6yem oboznauars kak H(S). Ecan «, € H(S), To roBopum,
aTo « ceodumcesa K [ (B 9TOM cirydae mcmonb3yerca obozmauenue a < [3),
ecsm CyIecTByer Takas Belamucanmas dbyakuus f, aro a(x) = B(f(x)) maa
Beex z. Eomm o < S u f < «a, To Hymepanun « u (3 Ha3BIBAOTCI IKEUGH-
AeHmMHoLMU (B 9TOM CIydae ucrnojb3yerca 3amuch « = 3). Jlaa mymeparwii
ag, a1 € H(S) ux npamaa cymma ap®ag € H(S) onpejiensiercs: Caepnyronmm
obpazom:

(oo ® a1)(2x + 1) = (), 1 =0, 1.

Hazosem mymeparnuio o paspewumoti, €Cian ee HYMEPAUUOHHAA IKEUBAAEHT-
HOCMD

e = {(z,y) e NxN:a(z) = a(y)}
BBIYHCIUMA, U 00103Ha4 10T, €CJIM OHA COBIIAJAET C OTHOIICHUEM DABEHCTBA.
Ounpenesenne 1 (A.U1. Masnsies [2]). Hymepanus o € H(S) nasbiBaer-

CST MOAHOTL OMHOCUMEABHO 0c06020 saemenma b € S, ecmn mast mobolt 9.B.
byHKIUK 1) CyIECTBYeT BbluucauMas DYHKIUS h Takas, 9TO JIJisi BCEX T
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BBIIIOJIHACTCA

a(ip(x)), ecm () |,
b, ecam (x) 1.

ameTnM, 9TO refesieBCKasd HyMepalus ceMeHCTBa BCeX B.II. MHOXKECTB « :
x — Wy saBnsiercs nosHoit oTHOcuTe bHO () € €. PaBHOCHIBHBIM yCa0BHEM
nosHOTE HyMepannu o € H(S) ormocurensno ocoboro smementa b € S
SIBJISIETCS CYIIECTBOBAHUE JIByXMECTHOI BbIYUCINMOi DyHKIUN f TaKoil, 4To
JIISL BCEX €, T BBIIOJIHSIeTCS

a(h(r)) =

ey {0 et

FEro moxmo mosryauTs, B34B B onpeaeiennn 1 9acTUTIHO BEIYUCIUMYIO (PYHK-
U0 1), OIIpejleJIeHHYI0 sl Beex e, o paBeHcTBoM Y(c(e, x)) = pe(x), u no-
noxus f(e,x) = h(c(e,x)).

Onpenenenne 2 (FO.J1. Epmos [4]). Hymepanus « HasbiBaercs npednos-
notll, ecau qyia 000 4.B. (DYHKIMH Y CYIIECTBYET BBIUUC/IUMAA (PYHKITHST
h rakas, aro a(h(z)) = a(y(r)) arsa Beex x € dom .

Bzas B onpemenennn 2 4acTUYHO BBIYUCIUMYIO (DYHKIIWIO 1), OMPEIE/ICH-
HyIO Js Bcex e,x paseHcTBoM Y(c(e,x)) = @e(x), n momoxus f(e,z) =
h(c(e, z)), moaydanm, 4T0 HyMEpAIUS (v ABJSIETCSA MPEITOJIHON TOTIA U TOJTh-
KO TOI/ia, KOIVIa CYIIECTBYET JIBYXMECTHasl BbluucauMas (QyHKims [ Ta-
kast, uro v(f(e,z)) = v(pe(x)) mus BCex e,, yIOBIETBOPSIONUX YCJIO-
suio © € dom .. Cremyomas XapakTepu3aIyst TPeIoTHBIX HyMEPAIuii B
TEPMUHAX HETOJBUKHBIX TOYEK TTOTIEPKUBACT €CTECTBEHHOCTh W BayKHOCTH
JBYX TIOCTEIHUX MOHITHA.

Teopema (10.J1. Epmios [19]). Hymepayusa o asasemes npednoanoti mozda
U MOABKO M0o20a, K0200 0Af A1060T d8YTMecmHOT 4.6, PYHKUUY P cyule-
cmeyem makas evnucsuman Gynryua h, wmo a(Y(x,h(z))) = a(h(z)) daa
6cex x, ydosaemeopaouuz ycaosuro (x,h(z)) € domp.

Bysem rosopurhb, 4o Hymepaius & Yydo8AemEopAem meopeme peKypeuu, ec-
JIu st 000 Beaucanmoii dpyukimn f cymectsyet Takoe n, uto af f(n)) =
a(n).

Hywmepalust o ceMeiicTBa B.II. MHOXKECTB A HA3BIBAETCS 6b4UCAUMOU, €CITH
MHOXKECTBO TIap

Go={(z,y) e NxN:y € a(z)}
B.11. st Kak1oro € 0003HAINM Uepe3 (e BHIYUCINMYIO HYMEPAINIO (v, ISt
kotopoit G, = W,. CewmeiicrBa, 06/1a0a0IHE BHIYUCIUMBIMEA HYMEPAIIH-

M, GyjieM Tak ke HazblBaTh evruucaumvimu. Kiace wymepanuii C C H(A)
HA30BEM GUHUCAUMDLM, €CJIA CYIIECTBYET B.II. MHOXKecTBO H Takoe, 9To

C={ac.:ec H}.
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Ecim H = W, o knace C 6ynem oboznadars kak C,. HerpyaHo Bugers, 910
BbruucMMocTb Herycroro kiacca C C H(A) paBHOCHJIBHO CyIIECTBOBAHUIO
BBRIUUCIUMON (DyHKIUU d, 79 KOTOPOit

C ={agy) :* €N}

Beraucnumyro mymepanuio o € H(A) nazosem ezaasnot, eciu [ < « s
BCcex BhramcsmMbIx Hymepanuit 8 € H(A).

Bce Bozamkaromme B gaabHEATIEM M3I0KEHUN HYMEPann « OyayT HyMe-
poBaTh CeMelCcTBa B.Ml. MHOXKECTB.

3ameuanne 1. Ecu sorancanMas HyMepaims o ceMetictsa A moaHa 0THO-
curensio B € A, To B gBIsieTCs HAMMEHDITHM 0 BKIIOYEHHIO 3IEMEHTOM

A.

B camom jienie, mpenoiozKumM, HanpOTUB, YTO CYIIECTBYET BhIYUCAUMAst Hy-
Mepanusi « cemeiicTBa A, MOJHAast OTHOCUTEILHO HEKOTOPOTO He HAUMEHD-
IIero 110 BKJIOYEHUO d1eMenTa B € A. Boibepem umcia y U z Takme, 9To
B Z a(y) u z € B\ a(y). Oupenesum 1.B. DYHKIHO 1), TIOJOKUB JJIsT BCEX
x

Y, eciim x € (),

P(x) =

Torna g BeraucauMoit GpyHKImu h u3 onpe/enenns 1 BBIIOTHIETCS
zealh(z) e xgl

ans kaxgoro € N. Orcioma () B.IL, 9TO TPOTHBOPEMHT €TI0 HEBBIMHC/II-
mocTH. [losToMy BCe MmoJIHBIE HyMeparnuy, BOSHUKAIOIINE B JAJTbHENIIEM U3~
JI0ZKeHUH, Oy/IyT TOJHBIME OTHOCUTEIbHO HAMMEHBIINX [0 BKJIFOYCHUIO 3716
MEHTOB HyMEPOBAHHBIX UMH CeMEHCTB, U Mbl He OyJeM SIBHO 9TO YKA3bIBATD.

Yepes K.(A), Ky(A) u K,(A) 6yzem 0603HaIaTL COOTBETCTBEHHO KJIAC-
Cbl BCEX TOJIHBIX, TIPEJIIOIHBIX HyMeparuii cemeiicrBa A u Hymepanuii A,
VJIOBJIETBOPSIFOIIAX TEOPEME PEKYPCHH.

He ompeseneno, ecau x &€ ().

Onpenenenne 3 (C.C. Tonuapos, A. fxuuc, B. fxuuc [1]). Knacc nywme-
pauunit K C H(A) nasbiBaercst aghexmueno 6eckoneumim, eCiam CymecTBy-
er 4.B. PyHKIUgA Y TaKas, 4T0 Jyis kaxoro x, ecaiu Cp € K| to y(z) |,
Qy(z) € K 1 auy(yy Z § st Beex § € Oy

DddexTuBHAT HECKOHETHOCTH KJIACCOB HyMEPAIWii CX0¥XKa C MPOTYyKTHBHO-
crbio [17] nogmuoxkecrs N u, kak jgemoncrpupyerca B 1], conocrasuma ¢ Heil
10 3HAYMMOCTH.

3 CewmeiicTBa ¢ 3¢pPeKTNBHO OECKOHEYHBIMHI KJIACCAMU

Ke(A), Kp(A) m K. (A)

B Hacrogmem pasmene T0Ka3bIBAETCS JOCTATOUHOE YCI0BHE 3P DEKTHBHOMN
6eckoneunoctu Kiaaccos K.(A), K,(A) n K,(A), 13 KOTOPOro BBIBOIUTCS
sdpdexkTuBHAS OECKOHEUHOCTL 3THX KJaaccoB Kak npu A = &£, Tak u mpu

A=F.
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Teopema 1. ITycmv A — cemeticmeso, codeporcausee HaUMEHHUUT NO 6KAN0-
YEHUIO IAEMEHM, 00AGAAIOWEE PA3PEWUMOTE BBIMUCAUMOT HYMEPayUuel U ydo-
BAEMBOPAIOULEE OAA KANCA020 KOHEUH020 MHodicecmea I ycaosuio

Rr d:ef{X €A:FC X} #0= Rp 6eckoneuno. (1)

Tozda cyusecmeyem GuMUCAUMAA GYNKUUA § MAKAA, N0 OAA 6CET T, €CAU
Cr C H(A), mo ayy) € Ko(A) u & £ ayy) Kaxosa 6o nu bviaa nymepayua
& ey,

Zoxasameavcmeo. JIocTaTOIHO J0OKA3aTh, ITO O JIIOOOH BBIYHCIUMOMN TT0-
crepoarenbHocTH { O }ren HyMepaiuii cemeiicTsa A (T.e. ocIe10BaTENbHO-
CTH, 71T KOTOpO#t By = ap(y), k € N, mist nekoTopoit Berancimmoit byHkmum
f) moxnuO 3ddexTnBHO (0 MHAEKCY f) TOCTPOUTH TAKYIO MOJTHYIO BBIYHC-
JINMYI0 HyMeparuio « cemeiictBa A, uro S € « mis Bcex k. s sroro
HAM TTOHAA0OWTCA B.II. OTHOIIEHWE 3KBUBAJIEHTHOCTH 1) Ha, N, MTOPOXKIEHHOE
MHOKECTBOM TIap

{(c(e,2), pe(2)) : pe(@) |, €,x € N},
Yepes {ns}sen Oyaem 0603HAUATH €r0 BBIYUCINMOE Tiepednciienne. Vcnon-
3ysl TeOpeMy PeKypCuu, BbibepeM 6eCKOHedHYI0 MOoC/I1e0BaTeIbHOCTE ToTap-
HO Pa3IMYHbIX Yuces {n;}ieN Takyio, 9To

90711'(0) = C(ni7 0)

Jutst Beex 4. st TI0ObIX PA3IUYHBIX ¢ U J UMEEM

<C(n’i7 0)7 C(nj7 0)> ¢ n.
DT0 cilejlyeT U3 TOro, YTO JJis BCEX €, T, 1 TOT/1a 1 TOJIHKO TOIa BBIIOIHIeTC
<c(e, x), c(ng, O)> € 1), KOTJa HAfIeTCa KOHeYHAsA TOCIe0BATeILHOCTE

cle,z) = c(eg, zp), cler, x1), ..., clek, xx) = c(n;, 0),
JJI KOTOPOit
Pe; (5) = clejrn, Tjt1)
anst Beex j < k. OupenesinM B.1I. MHOXKECTBO A, 110J102KUB

A =Uletni,0)y,

re depes [y], 0b03Ha"aeTCH KIACC SKBABATIEHTHOCTH 1) JIEMEHTA, Y.
Ilepeitaem K TOCTPOEHUIO HYKHON HyMeparuu «. B cuty cripaBeainBocTu
JI KazKJ0r0 KOHEIHOro Muoxkecrsa F' ycmosus (1), cemeiictso A Gecko-
veuno. [lockoibKy oo obsiajiaer pazpermMoll BBIYUCJIUMON HyMepalueil,
0HO 00/1a0aeT TaKOH »Ke OJHO3HAYHON HyMepamueil. Beibepem ero omHo3Had-
HYIO BLIYUCTUMYIO HYMEPAIHUIO 4 TaKyto, 970 f1(0) — HANMEHbIIHIi 110 BKJIIO-
YeHUIO 37aeMeHT A, M CHIBHO BBIYUCAUMYIO TBOMHYIO IIOCIEI0BATEIHLHOCTD
{1a(2)}ewert, A1 KOTOPOI fue(z) C pups () 1 p(x) = U, ia(ar) smst mcex
t,z. Takke BbIOEpEM CHJILHO BBIYHCIMMYIO TPOMHYIO IOCIEI0BATEIHHOCTD
{Br,s () }swen, mst xKoropoit Bii(x) C Brer1(z) u Br(z) = Uy Br,s() nnz
BCcex k,t,x. B mocTpoennn o I BCeX y M 2z TAaKuX, 910 Y,z € [c(n;,0)],
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JJIsi HEKOTOPOI'O 4, BBIIOJHUM paBeHCTBO a(y) = «(z), a jus Beex = & A
soioiauM a(z) = p(0). Torga a Gyuer HOJHON, HOCKOIBKY JJisl BCEX €,
OyIeT crpaBeTuBO

alcle, ) = a(pe(r)), ecmn pe() I,
(c(e, z)) {M(O), ccont () 1. (2)

Yepez [ 6ymem 06030a9aTH (PYHKITHIO, OTIPEIETEHAYIO JJIst BCEX k, €, S paBeH-
CTBOM

l(k,e,5+1) =max{y < s: Vo <ypes(®) | &Brs(x) [y = as(pes(x)) [ Y]}
(nst onpegenenroct nosoxkum (e, k,0) = 0). B konue nocrpoenust 6ynem
nMeTh, 9TO Jist Beex k, e cymecrByer npegen limg l(k, e, s) n
Br = ao e < liml(k, e, s) = oc.
S

OIHOBpEMEHHO € TIOCTPOEHNEM HYMepaIuu o OYIyT ONpeaeaaThCst PyHKITNN
m, T, h, KOTOpble OYIAYT MCIOIb30BATHCS JIJIsT BBITTOJTHEHUS YCIOBHUS

/Bk#aoSpe

ayst Bcex k, e, m byHKIUK ¢ U CHOBA h, KOTOpBIE Oy1yT MCIIOIB30BATHCH I
Boimosinenuns «(N) = A.

Ilocmpoernue

IMTar 0. TToraraem ag(c(ni,0)) = 0 mra Beex i, w ap(x) = u(0) s Beex x,
TaKHNX 9TO

x & {c(n;,0) :i € N}.
Jis Beex k, e onpenennm

m(k,e,0) =r(k,e,0) = q(k,0) = h(k,0) = 0.

Ha kaxkgom mare s + 1 st Beex k, e, x 6ynem noaarars m(k,e,s + 1) =
m(k,e,s), r(k,e,s+1) =r(k,es), qlk,s+1) =q(k,s), h(k,s+1) = h(k,s)
1 as+1(r) = as(x), ecan gBHO He yKazaHO 0OpaTHOE. DTO K COIVIAIICHUE
MbI 6y;LeM HNCIIOJIB30BATH 1 B HOCJIe;LyIOH_U/IX ITOCTPOCHUAX.

IMar s+ 1 = 3¢(c(k, e),u) + 1. Bomomusiem By # ao @.. Ecaun l(k,e,s+1) >
m(k, e, s), To JyIst KazKA0r0 § < S, YAOBIETBOPSIIOIIETO YCIOBUSIM

Ve(p,d) < c(k,e)[r(p,d,s) < i,
Vb < c(k,e) [q(b, s) < i,
h(i,s) < 2i,
BBIOEpEM 2 > 2i U t, 11 KOTOPBIX
as(c(ni, 0)) € m(2),

U OIPeAe UM
h(i,s+1) = z.
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Ormerum, 910 B CHJLy CIPABEJIMBOCTH JIJIsSl KAZKJI0T0 KOHETHOTO MHOZKECTBA
F ycnosusa (1), tpebyembie t u z cymecrytor. Takzxe 110102KuM

m(k,e,s+1)=r(k,e,s+1)=s.

IMar s + 1 = 3¢(z,u) + 2. Bomonusem pu(z) € a(N). Ecin me cymecrsyer
i < q(z,s) Takoro, aro h(i,s) =z n
Ve(p,d) < 2 [r(p,d,5) < i,
Vb < z[q(b,s) < i,
TO BbIGEPEM HAMMEHBIIIEE i, YIOBICTBOPSAIOIIEE MOCJACTHUM JIBYM YCJIOBHUSIM,
JUIst KOTOPOTO

as(e(ng,0)) =0,
U OIPeAe UM

h(i,s +1) = z,

q(z,s+1) =1.
Ecau tpeGyeMoe i CyIIeCTByeT, TO TEPEXOIUM K CJIE/IYIOIEMY TIIary.
Iar s+1 = 3c¢(c(z, 1), u)+3. Bemmonusiem a(c(n;, 0)) = a(z), ecu (z, ¢(n;,0)) €
n, n a(N) = {a(c(nj,0)) : j € N}. Iloraraem

as1(2) = as(z) U as(c(ng;, 0)),
ccn (@, ¢(n;,0)) € ns, 1
a1 (e(ni, 0)) = ara(e(ni, 0) U pia ((i, 5)).

DTuM 3aBepiraeTcs mocrpoenne. s kaxgoro x nomoxuM o) = (J, o ().
ITokazkeM, 4TO HyMepaIsi (v ABJISeTCS HCKOMO.

JIemma 1. Jlas scex p,d cywecmsyem xonewnwid npedea limg r(p, d, s).

Jlokasamenwvcmeo. Tockonbky mag mo6bix p u d dyuakuuga s — 7(p, d, s) we
yowiBaer, npegen limg r(k, e, s), BO3BMOXKHO GecKOHeUHBIH, cymecTByer. [Ipes-
IIOJIOZKUM, 9TO, AJid HEKOTOPBIX k, € BBIIIOJIHAETCA

limr(k, e, s) = oco.

Bynem cumrarh, uto Takoe c(k,e) HanMmeHbInee 3 BO3MOXKHBIX. CoracHo
maram s + 1 = 3c¢(e(k, e),u) + 1, u € N, mocrpoeHusi, BBIMOJHSIETCST TAKKe

liml(k, e, s) = oo.

Torna S, = aop, u AeficTBHA, BBIIOTHIeMBIe Ha marax s+1 = 3c(c(k, e), u)+
lus+1=3c(e(x,i),u) + 3, i,u € N, Brexyr, aro A \ a(N) 6eckorneqano.
HeiictBurenbho, ecan Ha mare s + 1 = 3c(c(k,e),u) + 1 ara mexkoToporo 4
oupenensiercs h(i,s +1) = z, o z > 2i u q(z,s + 1) = i. Orciona u u3 10-
CTPOEHHS CJIEJYeT, 9TO JITsd BCEX, 33 UCKIIOUCHUEM JIUIIb KOHEYHOTO YHCIa, §
soiosasercst o(c(ng, 0)) = pu(z) = a(x) nas HeKoTOpOro z > 2i u J7d 11060~
ro & Takoro, 9o (z, c(n;,0)) € 1. YaurbBas 0JHO3HAMHOCTD HyMEDALWHL [,
npuxouM K 6eckonednocrr pasuoctn A \ a(N). Takmm obpasom, momydaem
nporusopeune ¢ pasenctsoM A = [ (N), O
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13 koneunocru st Beex k, e npeaena limg r(k, e, s) cremyer BuinoaneHne

Bk#aowa

a Tak»Ke KOHedHOCTh npenesos limg ¢(k, s) u limg h(k, s). Tlo onpeenennto «
mmeeM, 4o a(N) C A. JleiicrBust, BoinoJHseMbIe Ha marax s+1 = 3¢(z, u)+2
u s+ 1 = 3e(c(x,i),u) + 3, BaeKyT, 9TO JIsi KaxKJAOT0 z Halgercs 4, s
KOTOPOTO

a(c(ng, 0)) = p(z)
(orcioma, A C a(N)), n g5t Beex z,y Taknx, 9to (,y) € 1), BHIOIHAETCS

az) = aly).

Hakonerr, MoCKOIBKY B HOCTPOEHUU (v 3aTPArMBAIOTCA TOJIBKO HOMEpa T €
A, umeem a(y) = p(0) ans seex y ¢ A. Takum obpasom, ajis Beex e,
BBITTOJIHSIETCST (2). DTUM 3aBEPIIAETCsl TOKA3ATETHCTBO TEOPEMBI. O

CaencrBue 1. I[Tycmv A — cemelicmeo 6cer 6.n. MHONHCECTNS UAl (2padu-
Ko08) ecex w.6. Ppynryud. Toeda xaaccor K (A), K,(A) u K, (A) sfpexmusno
becxoneunol.

Aoxasamesvcmeo. Cormacuo [20] cemeiictBo A 06sa1aeT 0HO3HAMHON BBI-
qucauMoit Hymeparueit. [locko/ibKy OHO TakxKe I KaXKJI0r0 KOHEYHOTO
mHOXKecTBa F' ynosiersopsier yesosuto (1), npuMensist Teopemy 1, mosrydaem
BaKJII0YEHHE CJICJACTBUSL. O

13 caepyromero npenoxenns Beirekaet, 910 knace Kp(A)\ K.(A) apasercs
nycreiM kak nipun A = &, tak mw npn A = F, a 3HauAT 0H TeMm Oosiee He
siBIsieTcst 3 HEeKTUBHO HECKOHETHBIM.

MMpeamoxenne 1. IMycmvs A — ewviuucsumoe cemelicmeo, 0as KOMOPo2o
0 € A. Tozda awbas €20 NPeONOANaA GHMUCAUMAL HYMEPAUUA ACAACTICA
NOAHOU.

oxazamesavcmeo. Ilycts v — mpeamoHas BoIAUC/IMMAas HyMepalus cemeii-
crea A. He orpanuausas obmmoctu, Oyaem canrars, aro v(0) = (. Beibe-
PeM BBIYHMCIMMYIO JIBYyXMECTHYO (DYHKOUIO f TaKyro, 4T jIjisk BCEX € U BCeX
x € dom ¢, BBITOJTHAETCST PABEHCTBO

v(f(e,x)) = vipe(2)).

Ilycts ¢ — mpomsBosbHAA YACTUIHO BblUunCaAuMas QyHKIwms. Ompegeanm
YACTUIHO BBIYUCIUMYIO (DYHKIIHAIO (0, CAUTAd IO TEOPEMe PEKYPCHM W3HA-
9aIbHO M3BECTHBIM €€ WHAEKC N. JIjist mMpOu3BOIBHOTO T BhIOEpeM (ecam OHO
CYIIECTBYET) HAMMEHBIIEE S, YJIOBIETBOPSIONIEE OJHOMY U3 JIBYX YCJIOBHIL:

1) Vs(f(nax» 7é 0 u ‘;Dn,s(‘r) 1,

2) mpenblIyIee YCJIOBUE HE BBITOMHSIETCT U g (z) .

Eciu BeIOpaHHOE /17T © HANMEHBIIIEe S YI0BIETBOPSIET TIEPBOMY YCIOBHIO, TO
ompenennm @, (x) = 0, a ecm BTOpoMy, TO mostaraeM ¢, () = (z). Ecan ue
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CYIIECTBYET S, YJIOBJETBOPSIONIErO OJHOMY M3 9TUX YCJIOBUH, TO MOJIOKUM
on(x) 1. Mokazxkem, 9TO JyIsi BCEX T CUPABEJTMBO

v(p(x)), ecmm ¢(z) |,
0, ecm P (z) 1.

TIpeamonokum, HATPOTUB, CYIIECTBYET X, HE YAOBICTBOPAIOIINI STOMY YCIO-

suro. Torma mmbo ¥(z) T u v(f(n,z)) # 0, mbo ¥(x) | n v(f(n,z)) #
v(¢(z)). B xaxaom u3 9Tux Caydaes npuxoanM Kk tomy, 410 v(f(n,z)) # 0
u op(z) = 0. Torna

0 #v(f(n, ) = vien(z)) =v(0) = 0.
W3 nosrydeHHOro mpoTUBOPEYHs CJIEYeT, YTO JII000H T yJIOBJIETBOPIET Tpe-

byemomy ycaosuio. B cuiy nipousBosibHOCTH BbIOODA 1), HyMepalus vV 10Ji-
Ha. (]

v(f(n,z)) =

Herpyano Bugers, uro B npepnoxenun 1 ycinosue «@) € A» MOKHO 3aMe-
HUTH HA «B € A», rme B — BBIYNCAMMBIA W HANMEHBIIHHA 110 BKJIIOYEHHIO
snement A. C gpyroii CTOPOHBI, CYIECTBYIOT BLIYHCIUMBIE cemeiicTra A,
anst koropeix pasuocts Kp(A) \ K(A) ne mycras. Ipumep Takoro cemeii-
CTBa MOXKHO TIOJIYyYUTH, B34B ITO3UTUBHYIO IIPEAITOJIHYIO 9KBUBAJICHTHOCTDL Ha
N (cm. [5]) u nonoxus A pasabiM (HaKTOPMHOMXKECTBY 110 9TOH SKBUBAJIEHT-
voctu. Toryga ero kanonwveckasi Hymeparus 6yAeT npearnoHoi, HO, B CHUILY
OTCYTCTBUSA B HEM HAMMEHBIIIETO 110 BKIIOUEHUIO 3JIEMEHTa, He Oy/IeT TOJHOi.
Taxum 0bpazom, ecau ceMeicTBO A He COMEPKUT BBLIYUCIUMBIH HANMEHBITTHH
[0 BKJIIOUEHUIO 3JIEMEHT, TO TPUXOIUM K CJIEIYIOIIEMY BOIPOCY.

Bompoc 1. Cywecmsyem au swwuciumoe cemeticmeo A, daa komopozo

kaace Kp(A) \ K (A) sfpexmusro becxoneuen?

4 CemeiictBa ¢ 3 PeKTUBHO OECKOHEYHBIMU KJIACCAMMU

K (A)\ K (A)

B macTosiimem pazene JOKa3bIBACTCS JOCTATOUHOE YCI0BHE 3D DEKTUBHOM
6eckoneunocru Kiaaccos K, (A) \ Kp(A), KOTopoMy Tak 2Ke yJOBJIETBOPAIOT
cemeiictBa € u F.

Teopema 2. IIycmv A — cemeticmeo, codeporcausee HAUMENDUWUT N0 6KAI0-
uenuto aaemenm u obaadarousee paspewumoti svucaumoti nymepavyueti. To-
20a Cyw,ecmeyem maxas GuHMUCAUMAS GYHKUUA §, 40 OAf 6CET T, eCAU
C, C H(A) u C, me codeporcum paspeusumvis Hymepayutl, mo o €
K (A)\ Kp(A) u & £ ay wavosa 6v nu Oviaa nymepayua & € Cy.

9(x)

Jloxasamenavecmeo. JTocTaTOUHO JT0KA3aTh, 9TO MO JIIO0OH BBLIYUCIUMON T10-
crefoBaTebHOCTH { SOk }keN HEpaspermmMbIx HyMepanuii cemeiictBa A MoXK-
HO 3(DPEKTUBHO MOCTPOUTL TAKYIO YIOBJIETBOPSIONLYIO TEOPEME PEKYPCHH
HENPEJINOIHYI0 BEIYUCIUMYIO HyMeparuio « cemeiicrsa A, aro [ € a mist
Beex k.
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Ounpenemum dynkuuio [(k,e,s) kak B gokasarenscrse Teopembr 1. Og-
HOBPEMEHHO C IIOCTPOEHUEM HYMEPAIMU ¢ OyiyT OupeieasaThbcsd (byHKIUU
m, 7, h,q, KOTOpLle OyIyT MCHOIB30BATHLCSA IS BLITOJTHEHHUS TEX KE YCJIO-
BHii, 9TO U B J0OKa3aTEJbLCTBE TeopeMbl 1, a Tak:Ke QPyHKIUU ¥ U W [IJIs
BLIIIOJTHCHUSL B (v TEOPEMBI PEKYPCUU U YCIOBHS €€ HEIPEIIOTHOTHI COOT-
BETCTBEHHO. Taxzke, 4TOOBI o He OBLIA IPEANOJIHOM, TOCTPOMM HYaCTHIHO
BLIYHCIUMYIO (DYHKIHIO 1P TaKyl0, 9TO /IS KazKI0i BEIYHCIUMON (PyHKINI

f Gyner cymectBoBaTh x, 11t Kotoporo ¥(x) | u a(¢(z)) # a(f(x)). Ilycts
{4 — pa3pelnnMasi BeIYucImMas HyMepaims cemeiicrsa A takas, aro pu(0) —
HAMMEHBIIWIT 110 BKJIIOYEHUIO 31eMenT A.

Iocmpoenue

IMTar 0. omaraem ag(z) = p(0) n Yo(x) T mas seex x. dast Beex k, e onpe-
JIeJTM

m(k,e,0) =r(k,e,0) = q(k,0) = h(k,0) = v(k,0) = w(k,0) = 0.

IMar s+1 = 5¢(c(k, e),u) + 1. Bomosusem B # ao .. Ecau l(k,e,s+1) >
m(k,e,s), To nonaraem m(k,e,s +1) =r(k,e,s+1) =s.

Iar s + 1 = 5¢(z,u) + 2. Bemoausiem u(z) € a(N). Ecin me cymecrsyer
x < ¢(z, s) Takoro, uro h(x,s) = z u

Ve(p,d) < z[r(p,d,s) < z], (3)
Vb < z [max{q(b, s),v(b,s),w(b,s)} < z, (4)

TO BBIOEPEM HAMMEHBIIIEE X, YIOBJIETBOPIIONIEE OC/AEIHUM JABYM yCJAOBUIM,
JJI KOTOPOTO

h(z,s) =0, (5)
U OIPe/Ie/ UM
h(z,s+1) =2z, q(z,s+1) =x. (6)
Ecau tpefyeMoe & CyIecTBYeT, TO MEPEXOINM K CJICYIONIEMY IIary.

IMMar s+ 1 = 5¢(e, u) + 3. Boinonusiem In [a(pe(n)) = a(n)], eciau @. Berogy
onpegenena. Ecmu e cymecrsyer n < v(e, $) TAKOro, 4TO

Ve(p,d) < elr(p,d,s) < nl, (7)
Vb < elg(b, s) < nl, (8)
Vb < e [max{v(b,s), w(b, s)} < n], (9)

Pe,s(n) TV pes(n) 1< v(e, s) & h(n, s) = h(ge(n), s),
TO BBIOEPEM HAMMEHbIEe N, yJoBjaeTBopgatomiee yceaosuam (7)—(9), aaa xo-
toporo h(n,s) = 0, u onpeaeum

h(n,s+1) = h(pe(n),s), vie,s + 1) = max{n, gcs(n)}, (10)

(mostaraem v(e, s + 1) = n, ecnu e s(n) T). Ecan nyxmoe n cymecrsyer, To
HEepPEXOIUM K CIEIYIOMEMY IIary.
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ITar s + 1 = 5¢(e,u) + 4. Bomoansgem Jz [¢(z) | & a(y(z)) # a(pe(x))],
eCIIn P BCIOIY onpenesena. Ecm cymecrByer y takoe, 9o

Ps(@) IS wle s), wes(@) IS wle,s), p(h(Y(z),s)) # p(h(pe(z), s))

npu = = ¢(y, €), TO mepexoauM K CIeyImemMy mary. B npoTusHoM Ciaydae,
€C/IU CYIIECTBYET Y, JUIst KOTOPOro @e s(x) | npu x = c(y,e), 1o Beibupaem
LIepBOE Z, Y/I0BJIETBOPLIONIEe YCI0BUAM

Ve(p,d) < e[r(p,d, s) < 2], (11)
Vb < e [max{q(b, s), v(b, ) < 2], (12)
Vb < e [w(b, s) < 2], (13)
h(z,s) =0, (14)

U [0J1araeM
Ysr1(x) = 2z, wle,s + 1) = max{z, oc(x)}, h(z,s+1)=a, (15)

IUlsl HaUMeHbIero ¢ takoro, 9to p(a) # pu(h(pes(x),s)). Eciu rpebyemoro
Y HE CYIIECTBYET, TO IEPEXOUM K CJIETYIOMEMY IIary.

Mar s + 1 = 5¢(x, u) + 5. Ilomaraem
as+1(x) = ps(h(z, s)). (16)

D1uM 3asepiaercs nocrpoenue. [onoxnm ax) = (J, o (x) g kazxgoro
u Y = J, ¢s. [lokazkeM, 9T0 HyMepanus o ABJIFETCA HCKOMOIL.

Jlemma 2. Jlas scex p,d cywecmeyem xonewnuit npedea limg r(p, d, s).

Aokazamenvcmeo. [lockonbKy mist m06bix p u d dyukuug s — r(p,d, s) He
yoniBaer, mpegesn limg r(k, e, s), BO3MOXKHO GeckoHeUHBIH, cyrecTyer. IIpen-
[IOJIOKUM, 9TO, JIJIsi HEKOTOPHIX Kk, € BBITIOJIHIETCS

limr(k, e, s) = oc.

Bynem cumrarh, uto Takoe c(k,e) HanMmeHbInee 3 BO3MOXKHBIX. CoracHo
maram s + 1 = 5c(e(k, e),u) + 1, u € N, mocrpoeHusi, BbIMOJTHSIETCST TAKKe
liinl(k:,e,s) = 00.
Torma B = a0 @e. g mo0bIX, 33 UCKIIOYEHNEM JIUIIL KOHEIHOTO IHCIA,
nap (s, ) BBIIOIHAETCH
x <r(k,e,s) = alx) = ulh(x,s)).

IlockobKy HyMepalius (4 pa3pelmMma, TO Pa3peruMoi 6yaeT u HyMepaus
Br. Takum ob6pazoMm, TpUXOIUM K MPOTHBOPEUHIO C BLIOOPOM HyMeEpaIuit

{Bi}ien O
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13 koneunocru st Beex k, e npeaena limg r(k, e, s) cremyer BuinoaneHne

616750508067

a Tak>ke KoHedHOCTh npejenos limg q(k, s), limg h(k, s), limg v(k, s), lim, w(k,

ITo onpenenennio o mmeem, aro «(N) C A. TTockonbKy st KaxKJ0ro 2
CYIIECTBYIOT CKOJIb YTOZHO GOJIBINME T W S, YJOBJIETBODSIONINE YCIOBUSIM
(3)-(5), a BCe MepeunC/IEHHbIE BBIME NPEJETbl KOHEUHBI, B CHUTY JefCcTBuit
(6) u (16) umeem A C a(N).

TToxaxkem, aT0 o ymommerBOpsier Teopeme pekypcuu. Ilycth . BCIOTY
onpejenena. [IoCKOIBKY CyIIECTBYIOT CKOJIb YIOJHO OOJBIIUE M W S, Y/0-
Biaersopsrone ycaosusam (7)—(9), B CHIy KOHEYHOCTH TEX JKe MPENeNoB |
neficTeuii (10) momyuaem cymectBoBanue n, aag kotoporo ape(n)) = a(n).

Ocranock mokasarh, 4TO HyMepalusd (v He ABJAeTCa npeanoanoi. [ycrs
Ve BCIOAY onpejieieHa. [T0CKONbKY CyMIECTByeT HECKOHEYHO MHOTO Z, yJ0-
Biersopsifoiux yeaosusm (11)—(14), B cuay peficreuit (15) npuxogum K cy-
mecrBoBanuto © € dom ), must koroporo a((x)) # a(pe(x)). Drum 3asep-
[IAETCS TOKA3ATETHCTEO TEOPEMBL. O

Caencrue 2. [Tyemv A — nempusuasvhoe cemeticingo, codepoicauiee Ha-
MENLWUT N0 BKAONEHUI0 IAeMeN U 0bAadatousee Paspewumoti 6uucAuMOl
nymepayuet. Tozda xaace K, (A)\ Kp(A) apdexmueno beckonenen.

Joxasamesvcmeo. Tlokaxkem, 9T0 HUKaKas pa3peIuMas BLITHUCIUMAS Hy-
Mepanns i HeTPUBUAIBLHOTO CeMefCTBa HE YJOBJIETBOPAET TEOPEME PeKyp-
cum. Tlocsre 3TOr0 MpUMEHEeHHeM TeopeMbl 2 Cpasy MPUJEM K 3aKJII0YEHUIO
cnepcrBust. Beibepem Homepa xg u 1, aaa kotopeix p(zg) # p(r1). Torma
BbIYHCIUMAsA (DyHKIUS

L) = J %o, ecm (@) = (1),
T =01, com pla) # pa),

HE nMeeT HEIIOABUXKHBIX TOYEK B HYMEpPallunu U. O

Caencrsue 3. I[Tycms A — cemelicmeo 6cex 6.1. MHONCECS UAU BCET 4. 6.
pynryui. Tozda xaacc K, (A)\ Kp(A) aspdexmusno beckoneqen.

5 3ddexrnBuas 6eckoneuHocTs KiaaccoB K, (A), K,(A),
K.(A) KOHEYHBIX CEMENHCTB B.Il. MHOYKECTB

ITepeitagem K oOpMyIUPOBKE W JI0KA3ATEILCTBY KpuTepusi 3hdeKTUuBHOM
beckomneunoct kK1accoB K (LA) KOHEIHBIX CeMeICTB B.II. MHOYKECTB.

IIpeamoxenne 2. [lycmsv A — nempusuasvhoe KoHewHoe CEMETCMBEO 6.1.
muoocecms. Tozda caedyroujue Ycro6ua IK6UBAACHIMHDL:

(1) A codeporcum naumervwuti no 6KA0MEHUIO IAEMENTN,

(2) waace K, (A) afpexmusno beckoneqen,

(3) cywecmsyem swuuciumas nymepayus cemelicmea A, ydosaemeops-
HWAR MEOPEME PERYPCUL.

VA
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Jlokasamenavemeo. Ummmkanusa (1 = 2) cpasdy caemyer m3 Teopembl 2.
Umimkanus (2 = 3) oueBuzna. JJokarkeMm CHPaBeIIMBOCTH UMILIMKALIUY
(3 = 1). IpeamonoxkumM, 9To ceMeHcTBO A He CONEPKUT HANMEHBIINiT 110
BKJIOUEHUIO 31eMenT. [1ycTs

Rgy,...,Ry,n >0,

BCe MUHIMAaJIbHBIE [0 BKIo4eHuio sseMentsl A. Crenys |5] (mpeaioxenue 4,
1§2), Bribepem KOHEUHBIE MHOKECTBA

Fo € Ro, ..., Fn C R,

rakue, 4ro F; € R; nnag nobbix pasauusbx 4,j < n. Ilyers a — mpo-
nU3BOJTbHAS BhIUMCanMAas nymeparms A. SadburcupyeM g, x1, J19 KOTOPBIX
a(zg) = Ry u a(z1) = Ry. Onpenennm brancaumyro dbyHkimo f, He oba-
JIAIOIIY IO HEMOABUKHBIMU TOYKAME B HYMEPAIUN (v, BLIOPAB [T KayKJI0T0 X
HamMeHbIee s Takoe, 910 F; C as(x) 7J1st HEKOTOPOTO i < N, ¥ TOJIOKUB

x1, ecmn Fy C ag(x),

fz) =

xg, ecmu Fy € as(x).

Ilo onpenenenunto byukipn f s Kazka0ro o BeimosHsercs o f(x)) # a(z).
O

13 crenyrormeit Teopembl BoiTekaeT Heobxoaumoe yeaoBue 3 PeKTuBHOMN bec-
koreanocTn KaaccoB K.(A) n K,(A), KOTopoe TOKa3bIBAET, YTO I BCEX
KOHEYHBIX CEMEeHCTB B.II. MHOXKECTB 3TH KJIACCHl He dBJIA0TCA 3PDOEKTUBHO
OECKOHEYHBIMHU.

Teopema 3. Ilycmv A — cemeticmso, obaadatousee 2A06HOT GHUUCAUMOT
nymepayuet Vv u nymepayuet; [, ceo0umott ¥ 10000 BuHUCAUMOT HYMEDQ-
yuu A. Ilyemv K — xaacc e20 nymepayuti, 3aMEHYmMol OMHOCUMEALHO
IKBUBAACHIMHOCTUY, TAKOT, Mo

IE) Y eeTot: pa (vop.) € K} € 59 u I(K) # 0.

Tozda cyuwecmeyem maraa 6uNuUCAUMEA PYHEYUA G, 4MO gy € K daa
A106020 T U OAA M000T evruucasumott nymepayuu & € K natidemesa y, dan
KOMOP020 GINOANACTNCA & = Qlg(y).-

Jlokazameavcmeo. Hockosbky 1(K) € $9, cymiecrsyer Bbrauc/umas JByx-
MecTHas (DYHKIUs h Takas, 9To JJist BCEX € CIPABEIJINBO

e € I(K) < 3z [Wi,») Geckomedmo.
SadukcupyeM BEITHCIAMYO HyMeparnuio § € K. PaBHoOMepHO 0 TPOU3BOTH-
HOM TTape <e,z> OTNPEJIEJINM HYMEPAIUIO (U = (g(c(e,z))s YAOBIETBOPSIONIYIO
YCJIOBASM
1) udacK;
2) ecim Wi ) Geckoneuno, 1o 1 @ o = @ (Vo @),
3) ecrm Wi, ) KoHedHO, TO 1t ® o = f3.
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s kazxaoro x 0603HaumM uepes t, HauMmenbliee ¢ (eCm OHO CyIEeCTBYeT),
AJ15 KOTOPOTO

@e,t(x) L& |Wh(e,z),t| > x.
O6o3maqanm vepe3s A BBIUACIHMOE (BO3BMOKHO KOHEIHOE) MHOXKECTBO
A:{t0<t1 <}

s KaxKa0To T, eCyiu t; OIpe/iesieHo, TO MoJaraeM

a(ta:) = V(‘Pe('r))'

Hng kaxa0ro y € A 1 KaKJIOTO S OIPEIeTIM

as(y) = Bs(y),

ecnm He cymecTByer t € A, mist KoToporo y < t < . B mpotuBHOM cirydae
BBIOepeM HamMenbinee t € A, ajst Koroporo y < t < 8, a JJIsT HETO, B CBOIO
ovepe/ib, HanMmenblee ¢(z,u), m1ias Koroporo Bi(y) C py(x), u onpeneanm

as(y) = p(@).
IMonoxnv a(y) = U, as(y).

Ecin Wy, .y Geckoneuno, o beckoneunnim Oyner n A. Torga no onpeje-
JIEHUIO (v 1 Beex & Bhinosasiercs aty,) = v(pe(x)) w ars kaxmoro y € A
MOKHO 3(PdekTuBHO ykazaTh x, aast koroporo «(y) = u(z). Orcrona coe-
ayer, uto 1 & o = p @ (v o @e). Ecim we Wy, ) Koneuano, To aia Beex, 3a
HCKJTIOUEHNEM JINITb KOHETHOTO uncia, y BeimosHsercs a(y) = S(y). Orcio-
Jla ¥ B CWIy BbIOOpaA HYMepaIuu f uMeeM i P o = . DTUM 3aBepIIaeTCs
JI0Ka3aTeJIbCTBO TEOPEMBI. [l

Caencrsue 4. [Tyemv A — cemeticmeo, obaadarousee 2406H0T SBHUCAUMOT
nymepayuet V u nymepayuets (b, c600umoti x 410607 6bMUCAUMOT HYMEDPAUUL
A. Tozda waaccor Kp(A) u Ko (A) ne asaatomea spdexmusno beckoneuro-
MU.

Hoxasameavcmeo. [11a Bcex e nMeeM
e € I(K,(A)) < eeTot&3ii € Tot & ViV [pi(c(f, z)) | &pj(z) I—

= (1@ (Vo)) (pilc(d, r)) = (1@ (v o pe))(p;(2))]] &
& M9 &I &V[E) — I0)] < 9.
Orcioma 1(K,(A)) € X9 u, no teopeme 3, kiracc K,(A) ne apisercs s¢-
dbekrusHO GeckoneunbiM. Ecim A cofepKuT HAMMEHBIIN{ 110 BKJIIOUCHUIO

snemeHT X, TO, 106ABUB B IIPEJIbIIYIIEM BbipaxkeHuu mnocyie «i € Toty KOHb-
FOHKT

ViV [p;(x) = wi(c(d, ) 4 & (p® (Vo @e))(pi(c(d z))) = X]
(e v - 20 &19] < 119),

noyanm, uro I(K.(A)) € X3. Cnenosarensto, K.(A) Takxe He sBisgercs
9 PeKTUBHO HECKOHEYIHDBIM. ([l
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Coruacho [5] siroboe koHeuHoe cemeiicTBO B.11. MHOXKeCTB A yjoBierBopsier
ycsoBusim caeacrsud 4. I[Toaromy nostyuaem

Caenctsue 5. ITycmov A — xoneunoe cemeticmeo 6.n. mnooicecms. Tozda
waacevs Kp(A) u K.(A) ne asasomea sfifexmueno beckonennoimu.

BakoHunM 3Ty paboTy IPEIOKEHNEM, KOTOPOE IIOKA3BIBAET, 9TO CYIIECTBO-
BaHue 6ECKOHETHOr0 YHCIa BEIYUCIUMBIX Hy MEPAIUil, IPUHAIEKAIINX KIaC-
cam K,(A) u K (A), ve Breder ux spdexrusayio Geckoneanocts. Harom-
HUM, 910 37emeHT R € A HaswiBaercst cywecmeennvm [5], ecim cymecrsyer
Takoe @) € A, ato R C Q.

IMpeanoxenne 3. [lycmv A — Koneunoe cemeticmso 6.1n. MHONCECNS, CO-
depoicauiee HAUMERDWUT O BKANOUEHUIO INCMEHTM, U OMAUNHBT OM HE20 CY-
weemsennoiti aaemenm. Tozda A obaadaem GeckomeuHbLM YUCAOM NONAPHO
HEIKBUBAACHTNHILT TLOAHVT BHHUCAUMBT HYMEPAUUT.

Aokazameavcmso. Ilycts A = {Ry, R1, R, ..., R}, rie Ry — HanMeHbImit
0 BKJIIOYEHNTO deMenT A n

Ry C Ry C Ry.

ITycts {Bj}jen — MOCIEIOBATENBHOCTH MOMAPHO HE M-CBOANMBIX APYT K
ApyTy B.1I. MHOXKECTB. Mcmons3yd Teopemy pekypcuu, BhibepeM HEeCKOHETHY IO
[0C/I/10BATENHHOCTD [OHAPHO PA3IMIHbIX Yuces {n;}ieN Takylo, 9To

n; (0) = ¢(ng, 0)
I Beex 4. JId KasK0ro j OIpeIesiuM MOJTHYIO BEIYUCTUMYIO HYMEPaIuio
Bj cemeiicrBa A, IOI0KUB

IBj(C(nﬂv 0)) =Rs,... vﬁj(c(nk—?n 0)) = Ry,

Bj(c(nk—244,0)) = fg:: 222 i i g?
T Beex x & {c(ni,0) : i € N} nosoxum
8;(x) = Ry, ecau Vi [<:c, c(ni, 0)> & nl,

Bj(c(ni,0)), eciu [<x,c(ni,0)> € ),
r7le 1) — OTHOIIEHNE IKBUBAJIEHTHOCTH, ONIPEIETEHHOE B JOKA3aTETECTBE TEO-
pemet 1. Io onpenenenuro mymepanuii 8, j € N, mmeem, 9To a1 TIOOBIX U, U

/8u<5U:>Bu gm B’U'
Orcroga cmemyer, aro A obnagaer 6ECKOHETHBIM YHUCIOM TOTAPHO HEOKBHU-
BaJIEHTHBIX MOJIHBIX BBIYMCJIUMBIX HYMEDPAIU. O

Ilpumensas ciencTBue 5 U MpeAsoKeHNe 3, MOIYTaeM

CaencrBue 6. Cywecmeyem ewuucaumoe cemeticmeo A, daa xomopozo
kaacco, Kp(A) u K.(A) asasomes 6eckoHedHbmu, HO He ABAAOMCA -
PexmusHo becKoreuHMU.
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Bompoc 2. ITycmo cemeticmseo A obaadaem 6eCKOHEUHbIM YUCAOM NONAPHO
HEIKBUBANEHTMHIEL BLIYUCAUMBEL HYMEPGUUT, YOI08AECTNBOPAIOUUL MeEoPeME
pexypcuu. Heasemea au kaace K, (A) sfexmueno beckoneunvim?
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